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Abstract

We establish some supercongruences for the truncated , /| and 3 ', hypergeometric series involving the p-
adic gamma functions. Some of these results extend the four Rodriguez-Villegas supercongruences on the
truncated 3 F, hypergeometric series. Related supercongruences modulo p* are proposed as conjectures.
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1. Introduction

Rodriguez-Villegas [9] observed the relationship between the number of points over
F, on hypergeometric Calabi—Yau manifolds and the truncated hypergeometric series.
To state these results, we first define the truncated hypergeometric series. For complex
numbers a;, b; and z, with none of the b; being negative integers or zero, the truncated
hypergeometric series are defined by

" [al,az,---,ar; ] :Zn: (a(a - (@)

Z : _’
by, by, ..., by b2+ (b k!

where (a)g =1 and (a)y =a(a+1)---(a+k—-1)fork > 1.

Throughout this paper, p is a prime with p > 5. Rodriguez-Villegas [9] proposed
four conjectural supercongruences associated to certain modular K3 surfaces. These
were all of the form

k=0

[%, —a, a+1 5

3F; i1 = ¢, (mod p?), (1.1)
1, ol

where a = —%, —%, —%, —é and c, is the pth Fourier coefficient of a weight-three

modular form on a congruence subgroup of SL(2,Z). The case with a = —% was

confirmed by van Hamme [18], Ishikawa [5] and Ahlgren [1]. The other cases with

a=-— %, - %, —é were partially proved by Mortenson [8], and finally proved by Sun [15].
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Let {a), denote the least nonnegative integer r with a = r (mod p). Sun [12,
Theorem 2.5] showed that for any p-adic integer a with {(a), = 1 (mod 2),

%, —a, a+1

3 F, | : 1] =0 (mod p?), (1.2)
’ p—l

which partially extends (1.1). Guo and Zeng [4, Theorem 1.3] obtained an interesting
g-analogue of (1.2). Using the same idea, Sun [12, Corollary 2.2] also proved that for
(a), =1 (mod 2),

=0 (mod p?). (1.3)

F —-a, a+1 1
21471 1 ai
p-1

The cases when a = —%, —%, _4]'1’ —é on the left-hand side of (1.3) have been dealt with

by Sun [11, 12], Sun [14, 16] and Tauraso [17].

In this paper, we will prove some supercongruences for the truncated ,F; and 3F»
hypergeometric series involving p-adic gamma functions. Some of these results extend
the four Rodriguez-Villegas supercongruences on the truncated 3 F, hypergeometric
series. Our proof is based on some combinatorial identities involving harmonic
numbers and properties of the p-adic gamma functions.

Tueorem 1.1. Let p > 5 be a prime. For any p-adic integer a with {a), = 0 (mod 2),
AT e R e s

where I' () denotes the p-adic gamma function recalled in the next section.

THEOREM 1.2. Let p > 5 be a prime. For any p-adic integer a with {a), = 0 (mod 2),

5 G
1,

F
3l 7 3

a+1 2 +1 2
1; 1} = (—1)<P+'>/2rp(—‘—’) rp(“—) (mod p?).  (1.5)
-1
In order to prove Theorem 1.2, we need the following supercongruence which is a
special case of a result due to Sun ([13], Theorem 2.2).
TueoreM 1.3. Suppose p > 5 is a prime. For any p-adic integer a,

%, —-a, a+1
3k ;1

1, ’ 1

—-a, a+1 1 . 5
=,F ;5 (mod p?). (1.6)
p-1 p-l1
Supercongruence (1.6) is a p-adic analogue of the identity
1, —a, a+1 —a, a+1 1]
3F> L | ;1] =2F) | 5 (1.7)

which can be deduced from Clausen’s formula. We shall give an alternative proof of
(1.6) by using some combinatorial identities.
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The rest of this paper is organised as follows. In the next section we recall some
properties of the p-adic gamma functions and establish some combinatorial identities
involving harmonic numbers. We prove Theorem 1.1 in Section 3, and Theorems 1.2
and 1.3 in Section 4. Related supercongruences modulo p? are proposed as conjectures
in the final section.

2. Some lemmas

Let p be an odd prime and let Z, denote the set of all p-adic integers. For x € Z,
Morita’s p-adic gamma function [3, Definition 11.6.5] is defined by
—1; _1ym
L = lim-1" [ ] &

O<k<m

(k,p)=1
where the limit is for m tending to x p-adically in Z.,. We recall some basic properties
of the p-adic gamma function (see [3, Section 11.6] for more details). For x € Z,,

r,1)=-1, (2.1
L,(0l,(1 - x) = (=), (2.2)
I,(x+1) _ ) %f x|, =1, (2.3)
I',(x) -1 if x|, <1,
where s,(x) € {1,2,..., p} with 5,(x) = x (mod p) and | - |, denotes the p-adic norm.

ForaeZ,, set Gi(a) = F;(a)/l"p(a). Then Gi(a) € Z, (see [6, Proposition 2.3]).
Lemma 2.1, Let p be an odd prime. For any x € Z,,
Gi1(x) =G (1) + Hy(x)-1 (mod p), (2.4)
where H, denotes the nth harmonic number H, = };_, (1/k).

Proor. The p-adic logarithm is defined by
sl (_ 1)n+1xn
1 1 = EE—
0g,(1 + x) ,,Z::‘ -

It converges for x € C, with |x|, < 1. Taking the log, derivative on both sides of (2.3),

x ifd, = 1,
Gi(x+1)-Gi(x) = (2.5)
0 iflx, <.

For any p-adic integers a and b with a = b (mod p), by [6, (2.2) and (2.3)], we have
I',(a) =T ,(b) (mod p) and F’p(a) = F},(b) (mod p), and so G(a) = G{(b) (mod p). By
repeatedly applying (2.5), we obtain

G1(x) = G(sp(x)) (mod p)
=G -D+ —
1(sp(x) = 1) + =1

=Gi(1) + Hy, -1
which is the desired result. O
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We also need some combinatorial identities.

Lemma 2.2. For any even integer n,

n+k
S - a0

n+ k) n/z
, 2.7
S0

,:0 (Zkk)(” y k)(_l)k _i % T - Z)Zn)/z(lH - %Hn/Z)’ (2.8)
0 (2:) (n+k)( l)kin _ n’/‘z)

i=1
k=0 i=

(%H,, - Hn/z). 2.9)

Proor. Identities (2.6) and (2.7) are deduced directly from (1.7) and the identity

-a, a+1 1 I'(1/2)
F == 2.10
20 [ 1 2| TWA-a)/2)IAd +a/2) ( )
(see [2, (2), page 11]), by setting a = n.
Note that
. n+i — ptk ne
i=1
In order to prove (2.8) and (2.9), by (2.6) and (2.7), it suffices to show that
2n
2k\(2n + k\/ 1\
PN =35) @k = 30+ H =0, @.11)
k 2k 2
k=0
2n 2
2K\ (2n + k\/ 1\K
Z( ) ( " )(——) (2Hyy41 — SHy, + 2H,) = 0. (2.12)
pan k 2k 4

Let A, and B, denote the left-hand sides of (2.11) and (2.12), respectively. Using the
software package Sigma developed by Schneider [10], we find that A,, and B, satisfy
the recurrences

Cn+ DA, +2(n+ DA, =0
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and
4n + 1)’Qn + D*(@n + 7)B, — (4n + 5)(32n* + 160n° + 2961 + 240n + 71)B,+1
+4(n+2)°2n +3)’(4n + 3)Bysn = 0,

respectively. It is easy to verify that Ao =0 and By = B; =0, and so A, = B, =0 for
alln > 0. O

Remark 2.3. The combinatorial identities (2.8) and (2.9) can also be automatically
discovered and proved by Schneider’s computer algebra package Sigma. We refer
to [10, Section 3.1] for an interesting approach to finding and proving combinatorial
identities of this type.
3. Proof of Theorem 1.1
We can rewrite (1.4) as
p-1 k
2k\fa +k\( 1 1 a a+1
—2) = neoerp (—)r (——)r (—) dp). (1
;(k)(zk)(z) D 7o\ =3 Joo m5— ) (mod p) @D

Let 6 = (a — (a),)/p. Itis clear that J is a p-adic integer and a = {(a), + 6p. Since

]j[(C+xi i) = (]j(ci o)1 +x§ ) vow,

it follows that

ey

2k\({a), +op + k
%)

2% k k 2k
(k)l—[(<a),, +6p+ i)]_[(<a>,, +op+1- i)ﬂfl
i=1 i=1

i=1

2k\({a), + k k 1 k 1
(N5 eorly i Bl o
(3.2)

where we have used the fact that (zkk) H,-Zf,(l/i)ezp forO0<k<p-1. Now
p-1
2k <a>p+k( 1)"
LHS 3.1) = ——
SUEDI Y (AR &

51 : 1
x 1+ o ; @it ; T J)amod A 33)
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Letb = p —{a),. Itis clear that {a), = —b (mod p) and0 < b -1 < p— 1 is aneven

integer. Note that( "”‘) = (h 1+k) Thus,

p-1 (zk) <a>p+k)(_1) Z
= (a>p+1—z

= —bh+k\ 1 1
SR S e

S iy e )

k

Pp—

'G

bl-1 ) 1
@8 _\e-vp
40 (3o~ 5t

Slnce( )( 1) —( 1/2) and b + (a), = p,
( b—1 1 p-1 p-1 1 ( (a)p )
o) (—5)_(7) ( 7 )_( 2) (@,/2
— = = = = = ———— (mod p).
-2 bt b-1 @, | =\, | = @2
(=4)®=-1)/ bl = @ (= 4@,/
It follows from (3.4) and (3.5) that

”2 (2k)(<a>p +k)( 1)k Zk: 1
v - (@yp+1-i
(<<I>1>72) 1 1
) W(§H<ﬂ-<a>p-w2 = 3Hr-w, 1) @04 )
Furthermore,
. @,
’zi (Zk)((a)p + k)(_l)k 2.6) <<u>p/2)
- a),/2
p k 2k 2 (=4)la/
and
(@)p
”Zi 2k (a>p+k (_l) Z 238 (<a>p/2) (1H 1H )
o \k <a>p i Ca@z\p @ Ty an2)

Combining (3.3) and (3.6)—(3.8) gives

1\“@2( (a) 5
LHS (3 1) = (——) ( P )(1 + TP(H(p—<a>p—l)/2 — H(mp/g)) (mod pz),

4 (@)p/2

where we have used the fact that H,,_j_x = Hy (mod p) forO0 <k < p - 1.
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Note that

2%k
(%l = @ (3.10)
(L 47 .
and for a € Z,, n € N such that none of a,a+1,...,a+n—1 are in pZ, (see [7,
Lemma 17, (4)]),
I'y(a+n)

(@n =1y
p

(3.11)

From (3.10) and (3.11), we deduce that
(_ )<”>1 /2( (ay, )(3 10y 12y, 6. D pytans2 Lp(DE,((1 +<ayp)/2)
4

(@)p/2 (D¢ay, 12 L,(1/2)T (1 +<a),/2)
(3.12)
By (2.2),
1 2
rp(i) = (-2, (3.13)
r (1 (@p @p\ _ 1+(ay, /2
1+ T)rp(—T) = (1)1 @2, (3.14)
Applying (2.1), (3.13) and (3.14) to the right-hand side of (3.12) and then using
(@), =a—dp,
NP (@ | _ Cposoep (Dp (L@ (4D
(_4) (( >,,/2) =¥ r,,(z)r,,( 2 )r"(_ 2 )
1 1+a-06p —a+op
— (_1\(ptD/2 _
- (A () s
Note that for a, b € Z,, (see [7, Theorem 14]),
I'y(a+ bp) =T ,(a)(1 + Gi(a)bp) (mod ). (3.16)

Furthermore, applying (3.16) to the right-hand side of (3.15),

(_411)<a>p/2(<c<z§l:l/72) = (- 21"1’(%)”(1%)1}(_;)

x (1 ; %”(Gl(—%) - G1(1 ;“))) (mod pY).  (3.17)

It follows from (3.9) and (3.17) that

s B (52

op l+a
(1 2t 1) () mod
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In order to prove (3.1), it suffices to show that

Hp—a),-1)/2 = Heay, 2 + Gl(_%) - G1(1 ; a) =0 (mod p). (3.18)
By (2.4),
Gl(_g) - Gl(l er a) = H,(~a/2-1 = Hs,((1+a)/2)-1 (mod p). (3.19)
Since {a), is an even integer,
sp(—g)—1=p—%— 1, (3.20)
s,,(“-a)—l:%—l. 3.21)

Substituting (3.19) into the left-hand side of (3.18) and then using (3.20) and (3.21),
LHS (3.18) = Hip—a),-1)/2 = Hay, /2 + Hp-ay,/2-1 = Hipitay,-1y/2 = 0 (mod p),

where we have utilised the fact that H,_x_; = Hy (mod p) for0 <k < p - 1.

4. Proofs of Theorems 1.2 and 1.3

The proof of Theorem 1.2 directly follows from (1.4), (1.6) and (3.13). It remains
to prove Theorem 1.3. We distinguish two cases to show (1.6).

If {(a), = 1 (mod 2), by (1.2) and (1.3), then (1.6) clearly holds.
If {a), = 0 (mod 2), by (3.9) and (3.10), it suffices to show that

ST

1\ (a, \ )
=(5) ( @ /2) (1 + 6p(Hop—(a,- 12 — Hegy2)) (mod p). (A1)

Applying (3.2) to the left-hand side of (4.1) yields

LHS (4.1 = pz_l (2:)2((11)51: k)(_%)k

k=0

501 : 1
x (1-+ o ; @it ; T J)amod pA. @2)
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Using the same idea as in the previous section and the identities (2.7) and (2.9),

S (ay, +k
Z_:(k)( ) )(__) Z:(a)p 1-i
_ (<f§,?’/72) (H 3,
= 4@, (p~ay=1/2 7 5 ,,_<a>,,_1) (mod p), (4.3)
p-1 @, \?
,(ZO ( ) (<a>p ) k)( }L)k - (?é;/;) ’ (4.4)
and
S @p+ky_1 <u>,§/2)2 3
kZ(; ( k) ( )( ) Z <a>p +i 4{adp (EHW)/; - H(a),;/z)- 4.5)

Combining (4.2)—(4.5) gives the desired result that

(a)p

(@)p/2

LHS (4.1) = (Z)<a (

) (1 +6p(Hp—ay,-1)/2 — Hay,/2)) (mod P

5. Some open conjectures

Long and Ramakrishna [7, Theorem 3] have extended the case when a = —% in(1.1)
to a supercongruence modulo p?. Numerical calculation suggests that the other three
cases when a = —%, —%, —% in (1.1) have similar modulo p? extensions. These three
conjectural supercongruences follow.

CoNJECTURE 5.1. Let p > 5 be a prime. Then, modulo p?,

12 (1)
L2 (—1)(”+“/2Fp(—) F,,(—) if p=1 (mod 6),
20 3 3. _ 6 3
3F> | l,1 = BT (5.1)
’ pml (=D 1)/2181" (6) Fp(g) if p =5 (mod 6),
sz (1 (3V .
11 3 (=D F,,(—) F,,(—) if p=1,3 (mod 8),
2 3 7 _ 8 8
3F> | 1,1 = 37 (12 (3 (5.2)
’ Pl (—D“"“”ar,,(g) Fp(g) if p=5,7 (mod 8),
L 1 s F(I)ZF(S)Z if p =1 (mod 4)
3 & 3. 2] 12 p= ’
3f2 | 1,1 = 5p ) s (5.3)
’ -1 —T —r(—) if p =3 (mod 4).
! 144 ”(12) Apz) p=3(modd)
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There is strong numerical evidence to suggest that supercongruence (1.5) also holds
modulo p.

ConiecTUrE 5.2. Let p > 5 be a prime. For any p-adic integer a with (a), = 0 (mod 2),

3

i, —a, a+1 2 +1y?
2 | = (—1)(P+'>/2r,,(—f) r,,(“ ) (mod p¥).  (5.4)
1, 1 ., 2 2

It is clear that (5.4) reduces to the first cases of (5.1)—(5.3) when a = —%, —i, —%.

Unfortunately, the method in this paper is not applicable for proving these conjectures.
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