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ABSTRACT. Prese nt und erstanding of th e su bg lac ia l water sys tem a nd its role in 
tra nsporting so lute a nd sedim ent is la rgely based on subglac ia l obsen 'a ti o ns of wa ter 
pressure, turbidity a nd elec tri cal co ndu cti\'ity and on porta l measurements. Such d a ta 
revea l a wea lth of intrig uing phenom ena, but convincing interpre ta tio ns ean be 
elusi, 'e . A ltho ugh a proper ma th ema ti ca l d esc ripti on or th e subglac ia l \I'a ter sys tem 
wo uld unques ti o na bl y lead to a co upled svs tem of non-lin ear pa rtia l differentia l 
equ a ti ons, it is no t fruitful to int roduce thi s le\ '(:'1 o f complex ity un til th e impo rt a nt 
physical processes have bee n identified a nd qu a ntifi ed, Lumped- clem ent m od els offer 
a n emeien t a pp roach to exa mining th e complex but diml y peree il 'ed phys ics of th e 
subg lacia lll'a ter sys tem. \V a ter volum e, hyd ra uli c head , di scha rge a nd [low resista nce 
ha \'e th e res pec ti ve elec tri ca l analogues or ch a rge, vo ltage, curren t a nd ohmic 
res ista nce. Thus, su bglacia l h yd ra uli c circuits ca n be approx im a ted by elec tri ca l 
circ uits, ~la th em a ti ca ll )', this circ uit desc ripti on commo nl y leads to a co upl ed sys tem 
of a lge bra ic a nd differenti a l equ a ti ons w hich ca n be so h-ed num eri call y. Tt is 
st raigh tforwa rd to enri ch this rep rese llla ti on by ad d ing so urces a nd sinks of so lute a nd 
scdim ent. T o d emonstra te th e meth od , mod el res ults a re com pared to reco rds of 
subglac ia l p ressure, elec tr ica l co nduct i\'ity a nd turbidit y measured benea th Trap rid ge 
G lacier, Yukon T erri to ry, Ca na d a. 

INTRODUCTION 

Obsen'a ti o ns o f t he suspe nd ed-sedim e nt loa d a nd 
dissolved-i on con te nt of glac ia l outl et streams p ro \'ide a 

,'a luab le a p p roac h to stud ying the subglac ia l wa ter 
sys tem (Collins, 19 78, 1979a, b ). R ece ntl y th ese tec h­
niq ues ha \ 'E been ex tended to in si t u obsen 'ations fro m 
instrume11led boreho les (Stone, 1993; Stone a nd o th ers, 
1993; S tone a nd C la rke, in press ) . As ye t, interpre ta ti o n 
of th ese direc t o bsen 'a ti o ns has been largely qu a lita ti \'e . 

In this pape r I a pply a lum ped-elemen t a pproach to 
simul a te th e res ponses of subglacia l h ydra uli c, sediment 
a nd solute c ircui ts. Th e merit of th e lumped-elemen t 
a pprox im a ti o n is th a t it g reat ly sim plill es o th er wise 
compl ex calcul a ti ons . A lthough there is som e sac rifi ce in 
ma th ematical rigo ur it is likely that th e most seri ous 

limita ti on on subg lac ia l h ydrological models is poo r 
knowledge of th e d ra in age confi gura ti on , in cl uding 
so lu te a nd sedim en t sources, ra th er th a n O\'e rsimplifl ca­
lio n of th e ma th em a li cal treatment. 

WATER TRANSPORT 

A lum ped-e leme nt fo rm alism to d escribe subg lac ia l 
hydra uli c circui ts was in troduced at th e Internationa l 
Workshop on G lac ier H ydrology (Ca mbridge, U .K., 8 
10 Sep tember 1993 ) a nd will be full y described elsewhere. 

Because wa ter tra nsport is a n essenti a l preconditi on fo r 
suspended-sedim ent a nd so lute transport , I must intro-
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du ce severa l h ydra uli c-c irc ui t elem ents in o rd e r to 
deve lo p simpl e wa te r-di sc ha rge c ircu its capabl e o f 
tra nspo rtin g sedim ent a nd so lu te , In a dditi on to sta ti ng 
th eir m a th em a ti ca l a ttributes I pro pose sch em a ti c 

represen ta ti ons [or each circ ui t el emcn t (Fig . 1) . These 
elements a re res pec ti ve ly th e crevasse input, squ a re-law 
res istO r, closed storage vo lume, sing le-pole d oubl e-th row 
(SPDT) switch a nd subae ri a l o utle t. Viewed in iso lat io n, 
eac h element is cha rac te ri zed by rela ti onships be tween 
input a nd output valu es of h ydra uli c head (d enoted hill 
a nd hOur ) a nd di scha rge (d eno ted Qill a nd QOlll ), When 

th ese e lem ents a r e combin ed to fo rm circuits, the 
gO\'e rnin g equ a ti ons co mmo nl v yie ld a dilTerenti a l­
a lgeb raic sys tem , Such equ a ti o ns can be cha ll enging to 
integ ra te, so spec ia l compu ta tiona l a pproac hes m ust be 
a pp li ed (H a irer and others, 1989; H a irer and W a nn er, 

199 1). 
T he cre\'asse in put (A in Fig . l a ) is a com bin a ti o n of 

an id eal disc ha rge so urce a nd a storage \'olume h a \'ing 
th e poss ibility of ove rilo\\' when th e vo lum e is wa ter-fill ed. 
If the vo lume is ass um ed to be stra ight-sided with base 

a rea A a nd ove rflow heig ht hR th e gO" erning equ a ti o n is 

dh = { (Qill - QOllt)/A 0 < h < hR (1) 
dt 0 o th er wise 

where h is th e h yd ra uli c head in th e storage \'olum e 
(m eas ured re la ti ve to th e base ), Qill is th e in put discha rge 

to th e crevasse, a nd QOlll is th e ou tpu t to th e su bglacia l 
\I'a ter sys tem . 
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Fig . 1. Se/ccled (irwil elemeJlls Ior 11ImjJed-elemenl 
modelling oI [('aler. sedimelll alld solule discharge. ( a) 
Cirfllil elemellls .for /~J'drologiral cirtlli/: ."J re/)resenls a 
(TfI 'asse ill/ml : B. {/ sqllare-Im( ' resislor; C. dosed slorage: 
D. all SPDT .m'ilch; E , a subaerial outLe! . ( b) CirCllil 
elemtlllsfor solule and sedill/eII l e\challge: A rejJrese/lls a 
resislor/ flc /wnger: B . a sLorage/ flcilmlger : Sed illdirales 
sedimen/ flchallge: Ca illdi{({les elchange o.f Ca 2 + 1011.1: 

olher chemical s/Jecies could also be added. 

Th e squa re-I a ll' res istor (B III Fig . l a ) o beys til e 

rela ti o ns 

wh ere Q is th e di sc ha rge thro ug h th e rcs is to r a nd R is a 

res is ta nce coe ffi c ie nt. C a lcul a ti o n o f R is based o n th e 

equ a ti o ns fo r tu rbule nt pi pe no\\" . T a kin g S as th e cross­
scct io na l a rea o r th e co nduit. th e cross -see ti o na ll y 
a \"C raged fl ow \ 'C locit y is 11 = Q /S, and th e wa ll s tress is 
g i\ 'C n by TO = j pv2 /8 (e.g. Sc hli chting, 19 79, p.89 7) 

\\'here f is th e D a rcy- \\'e isbac h fri ct io n facto r a nd p is th e 

d ensit y o f lI'a te r. Fo r a conduit o f leng th e ha \'ing \\'e tted 

perim e ter P, th c ba la nce o f press ure fo rces act ing o n S 
a nd rri c ti o n a l drag ac ting o n th e pipe lIall ha\ 'ing a rea p e 
g i\ 'es pg(h ill - h'JlLt)S = p eTu, li'o m \V hi c h it ro ll o\Vs tha t 
hill - hOI

" = (f p e/8gs:J) Q2, a nd R = j P e/8gS: I . 

C losed sto ragc (C in Fig , l a ) co rres po nds to a sea led 

wa te r-sto rage \"olume \\'ithin th e g lacier. Fo r a vertica l­

wa lled rese l""\" o ir ha \'ing base a rea A v a nd m ax imum 

heig ht h\' th e gO\'e rning cqua ti o ns a re 

0 < h < hv 

h > hv 

h ::::: 0 a nd dh / dt ::::: 0 

(3) 

" 'here th e p a ra m e ter 0 < Ar « A\· has bcc n in troduced 
to a ttenua te th e discontinuity a t h = hI; . Fo r suitabl y 

Clarke : LlImped-elelllenl slIbgfacial-lrallSporl l1Iodel 

sm a ll \ 'a lu cs of A, th c equ a ti o n rlh / clt = (Qill - QOIII) / A, 
approxim a tcs th e a lgebra ic equ a ti o n Qil! = Q'''" a nd 

m a tc hes th e c irc uit be h a \'io ur 0 1" a comp le te ly I"ull 

sto rage \·olum e. 

The S PDT s\\'itc h (D in Fig . l a ) a ll O\\,s th e \ n 1(('I"­

ro utin g to be cha nged. Hth e in p ut di sc ha rge to th e S\,'itc h 
is d e no ted Q ill and a t tim c Is th e s\,' it c h c ha nges th c 
routing Iro m pa th /\ to pa th B t he go\'C rnin g eq ua ti o ns 

a re 

Q A = Qill, 

Q B = Qill . 

hA = hill t < ts 

hB=hill t ~ ts, 

( -la) 

(411 ) 

Th e las t h\'dra uli c cle m e nt th a t 1 introd uce is th e 
subae ri a l o ut let l E in Fig . l a ), This pl ays th e sim ple role 

o f fi xing th e hydra uli c head to zero . Thus, th e gO\'e rning 

equa ti o ns a re 

11 = 0 a nd (5) 

GENERAL BALANCE EQUATION FOR LUMPED 
ELEMENTS 

I n th e I um ped-e lem c n t id cali za ti o n . th e exc ha nge of 
sedime nt a nd so lute to th e ,,'a ter-di sc ha rge circ uit is 

a ss umed 10 occ ur a t spec ifi c sitcs ra th er th a n co ntinu o us'" 

a lo ng th e \\·a te r-flO\\· pa th , Eac h o f th cse sit cs is rega rd ed 

as a " \\"C II-stirred reactor" so th a t spa ti a l \ 'a ri a ti o n in th e 
co ncentra ti o n of th e reac to r conte nts ca n be neglec ted , 
The ge nera l ba la nce equ a ti o n of continuulll mec ha ni cs 
prO\' id es a use rul s ta rtin g-po int fo r cs ta bli shing th c 

lumped-e lcm cnt fo rms o f' th e sedim e nt- a nd so lute­

bal a nce equ a ti o n s . Suppose th a t z is th e \ 'o lum e 

co ncentra ti o n o f' so m e ex tensi\'C prope rt~ ' Z \\ 'ithin a 
regio n h m 'in g \'olum c V a nd bo und ed by a surface S, (T o 
be spec ifi c. o ne mi ght rcga rd z as th c m ass o f so lute or 
suspend ed sedime nt pCI' unit \'o lume, and Z as th e to ta l 

m ass o f' so lut e o r suspend ed sediment \\'ithin th e reac to r 

\ 'o lum e V .) By d efiniti o n 

Z = (' Z d:37·. 

.k (6) 

I f th e \'o lume 11 \'ari es tempo ra ll y a nd substa nce no\\"s 

in to a nd o ut of' V , th e n in ge nera l 

\\·here th e first t\\'o rig hth a nd-sid e te rms o f' Equ a ti o n 7) 

res pec ti\ 'e ly represent th e cO Il\ 'ec ti\ 'e a nd difTusi\'e nu x or 

z into th e \ 'o lum e V , a nd th e la tte r two term s represc l1l 
th e p rodu c ti o n a nd suppl y o r z \\ 'ithin th e \'o lumc, 
COIl\'ect in' !lu x o f' z occ urs a t th e entry a nd cx it po rts of 
th e reacto r. I I" th e surfaces th a t d escribe th ese po rts a rc 

d eno ted Sill a nd 5<)l1t, res pec ti vel y, th en th e d isc ha rge or Z 
ac ross th ese surfaces is g iH' n by 

(8) 

Jo O llt = j' L. n dS , 
S'(~llr 

(9) 

153 https://doi.org/10.3189/1996AoG22-1-152-159 Published online by Cambridge University Press

https://doi.org/10.3189/1996AoG22-1-152-159


Clarke: LUlIlped-element subglacial-tral1s/Jorl model 

In th e cases wh ere z is th e concentra ti on o f suspend ed 

sedim ent or so lute, diffusive (lux occ urs across th e lower 

bound a ry surface A o f th e reac to r. i. e. from th e glacie r 
bed. thus, 

(10) 

The bas ic ass umpti ons of th e lumped-element approx­
ima ti on a rc th a t z, <P a nd a a rc spa ti a ll y homogeneo us in 
V a nd th a t j ~ . n is homogeneous over A . Thus Equ a ti on 
(7) can be written 

dz dV · I V _ +z_= J _lI1 _ J.Ollt_ JC + V <[> + V a. (11) 
dt dt • - z 

For su bsequ ent wo rk I sha ll assume th a t ddfi.l sion Du xes 
onl y occ ur ac ross th e bo ttom bound a ry surface A a nd 

th a t th e suppl y term va ni shes . 

SUSPENDED-SEDIMENT TRANSPORT 

Let Cs d eno te the m ass concentra ti o n o f suspend ed 

sedim ent. Beca use th e moti\'a tion for thi s wo rk is to 

compa re subglac ia l obse rva ti ons of sedim ent tra nsport 
(a nd th ese a re limited to opti cal turbidi ty meas urements) 
[ sha ll no t conce rn m yse lf with th e bed-l oad compo nent o f' 
sedim en t tra nsport . 

Eros ion 

Fo r erosion o f cohes ionl ess sediment construc ted o f simil a r 
pa rticl es , A Li en ( 1970, p .52 ) suggests th e re la tio n 

(12) 

where E is th e eros ion ra te, kE is a consta nt relating to th e 
cha racte r of th e now a nd th e bed surface, TO is shear st ress 
exerted by the Dow on to its bed , T* is a c riti ca l bo und a ry 
sh ear stress th a t must be exceed ed before e rosio n can 
p roceed , a nd N is a consta nt d e termined from ex peri­
ments; typica ll y N :::o 2. fn th e present wo rk I ass ume th a t 

the suppl y of sedim ent is inexh a ustibl e, but it wo uld not 
be difTi cult to l'Cmo\'e thi s ass ump tio n. For a permeable 
sedim ent subs trate ha\ 'ing porosit y n a nd so li d -phase 
d ensit ), Ps. the bed-norma l m ass Du x of sediment from th e 
bed in to nuid suspension is 

., - ( )k ( *)N Js - p, 1 - n E TO - T (13) 

As has been no ted , fo r turb ulent n ows th e wall shear is 
written TO = fpv 2/8 wherc v = Q /S . T he criti cal bound­
a r y stress depends on gra in-size , a nd for ex tremely sma ll 

parti c les such as sil t T* :::0 O. 

Sedimen tation 

1 sha ll assume th a t Stokes' law gove rns the sedimenta ti on 
of suspend ed sedim en t. T hus, 

(14) 
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is th e se ttling ve locity o f sph erica l gra ins having di a meter 

Dp a nd d ensity Ps from a nuid of d ensity p a nd viscosity p, . 
For a suspension of id enti cal sph eri cal g ra ins, th e bed ­
no rm a l m ass nu x assoc ia ted \V i th sed i men ta ti o n is 
th erefo re 

(15) 

As a ma tte r of interes t , th e stead y-sta te concentration Cs 
of suspended sedim ent can be ca lcul a ted by se tting 
j~ = j! a nd using Equa tions (13) a nd (15 ) to obta in 

*)N 18p, Cs = p,(1 - n)kdTo - T 2 ' 
(Ps - p)gD p 

(16) 

Sediment balance 

I now a ppl y the lumped-element ass umptions a nd ta ke Cs 

as spa ti a ll y consta nt within th e volum e V a nd j! a nd j~ as 
consta n t on th e pla na r bed surface A. Sed im ent a nd 
water di sc ha rge a re ass um ed to be full y coupl ed so th a t 
J ,ill = csill Q ill and J ,out = Cs°llt Q Oll i wh ere Cs°ut. = Cs . YVith 

these ass umptions, Eq ua ti ons (11 ), ( 13) a nd (15) yield the 

sediment-ba la nce equ a ti on 

where V = Ah(t ) fo r a ve rti cal- wa lled conta iner. 

SOLUTE TRANSPORT 

Dissolution kinetics 

L et Ci de no te th e mass concentra ti on of solute spec ies i. In 
a sea led reactor th a t is well mixed , th e solute concentra ­
ti on is spa ti a ll y homogeneo us a nd th e chemical reacti on 
equ a ti ons for di sso lutio n of constituent z can 1I1 ma ny 

simple cases be written as 

(18) 

where Si is th e surface area of con tac t between so lid a nd 

so luti on , ki is th e chemi cal rea cti on ra te parame ter, V is 

th e \ '01 um e of th e chemi cal reactor, sgn d eno tes th e 
a lge bra ic sign fun c ti o n sgn(x) = x/lxi, C; is th e equil­
ibrium concentra ti on of constitu ent i, a nd 1/ is th e ord er of 
th e chemi cal reac ti on (e.g . YVhi te, \988 ) . T yp ica ll y, 
ki = koiex p(- E i/RT) where kOi is a consta nt, Ei is a n 
ac ti va ti on energy, R is th e gas cons ta n t a nd T is absol u te 

tempera ture . Beca use the subg lac ia l enviro nm ent is 
nea rl y iso therma l, tempera ture d ependence of ki will be 
neg lected. N ote th a t th e dim ensio ns of k ; d epend on th e 
va lu e o f 1/, bu t for a ny choice of 1/ th e term k i lei - Ci 11/ has 
d· . k - 3 1 Im enslons 'g m s . 

For simplicity I sha ll assume th a t th e reac tor can be 

trea ted as a stra ight-sided rese rvoir having base a rea A 
a nd height h(t ). Thu s, th e reac tor vo lume is 
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V(t ) = Ah(t) . (19) 

At th e base of th e reactor th e surface area or contact 

bet'ITen solid and so luti o n is denoted Si . a nd I ass um e that 

Si =F;A (20) 

\I-here F; is a form factor ( re la ted to th e ro ug hn ess o r th e 

reacto r basc. i_c_ the g lac ie r hed, as \lTII as to th e 

a bundan ce o f co nstitu ent i re lat iw' to o th e r spec ies ) _ F o r a 

perrCCl ly fl a t surf;lce ha,-in g a single m ine ra logy Fi = l, 
but in :'\ a turc th e nl lue co uld be hi g her ifth c surf:1Ce \I-as 
roug h, o r 10\l-e r i r cons ti t u e n t i \I-as \I-ea kh- co ncc n tra ted 

in th e so lid subsrrate_ T o illustra te th e influe nce o f sur ra Cl' 

ro ug hness, suppose that the reacto r base is , -ie\lTd as a 

o nc- layer paH' m ent o f id enti ca l particles h a,- in g dianwrer 

Dp a rra nged to be in closes t a rea pac kin g; the area 
number density nA or particles ro rmin g thi s pa,-eme nt is 

IIA = 1/ Dp2 Eae h panicl e has su r race a rea SI' = TiD /. 
a nd ir rhe ent ire particle surf;lce is ex p osed to rhe so lut io n 

th en Fi = 1I A S" = Ti _ Hm o re th a n o ne layer \I-as inyo h-ed , 

Fi 'I-o u ld ta ke e\T n large r \-alues_ Substitutin g Equations 

( 19 ) and (20 1 into Equation 18 g i'Ts 

dCi F;I;;i _ ) I - I" ill = - h sgu ((', - Ci Ci - c; -

Chenlical balance 

(21) 

In the spirit of th e lumped- clem ent a pproach . I ass um e 
th a t disso lu tio n reac tions proceed at specdi c sit es benea th 

th e g la c ie r a nd th at eac h o f th ese sites can be represented 

h\- a continuo us-no\l- stirred ta nk reactor_ Thus, \I-ithin 

th e reacto r th e c h cmica l co ncentra tio ns a re uniform but 

th e in f1 o\l-i ng a nd o u tfloll' i ng co nce lllra t io ns d i fTer_ The 
inflo\l-in g co ncentrat io n o r co nstitu e nt i \I-il l b c d eno ted 
Ci ill and th e o ud1 o ll-in g co ncc ntrat ion is id c nti ca l to that 

II-ithin the reac tor so th a t Ci UU1 = Ci- Solute d isc ha rge is 

assu m ed to be fully coupled to \I-ate r di sc h a rge, thus 

J i
iu = Ciin Q iu a nd J;'"U = CiQOlIl _ Chemical di sso luti o n 

occ urring a t th e basal bo und a ry or the reac to r ca n be 
represented as a difrusi,-c d isc ha rge o r co ns titucnt i a cross 

th e arca A a nd exp ressed as 

D isso lut io n or co nstitu c nt i ri-o m suspended sedimcnt 
c, leacls ( 0 , -o lull1 e-d istributccl production o r co ns tituent i 
within the reactor_ rr all suspend ed particles are ident ica l 

sp heres hm- in g cliameter Dp a nd d ensit y p" th e n th e mass 

o f a n indi,idual part icl e is 

(23) 

a nd the number density or suspended particles is 

(2-1 ) 

The surrace area or a n indi,-iclual pa rticl e is SI' = TiD / 
and th e sp ec ifi c surface 0 1' s uspend ed sedim e nt is 

(;/({rke : L UII/lm/- f/I'II/enl subg/acia/- lwlIsI)orl lIIodd 

0-, = n,Sp = 6c,/p,D p_ From thc c h c llli ca l-r caC'l io n 
Equati o n ( 18 1, the ra te or di sso lution o r co ns titu c nt i 
fi -om suspend ed scdim e nt is therefore 

(
d Ci) _ I - 1" d! ,= -o-);:i sgn (ci - c,) c, - C, - (25 ) 

Clea rii- , I:::q ua ti on 125 ) rcp rcse n ts th e 1-0 1 um e-distri iJut cd 

c hcm ica l production of co nst itu e nt i so th at <P , = 
(dc;jcltt a nd fi 'om Equa ti ons 12+ 1 a nd 25 

6r 
<P i = - --' k; sgll (Ci - ri) lei - ril"- (26) 

p,D p 

Substituting Ji
in = CiillQill . .1;'" 11 = ('iQ OUI and Equa­

ti o ns (22 ) a nd (26 1 into Equ a ti o n 11 g l\ -es 

d ei 

d/ 
1 { clV - , - -c _ + C · 11l Q !l1 - C' .Q ()III 
If ' dl ' , 

- FiAki sgn (ri - Ci) Ic, - ril"] } 

Gc, - - ,I (2 -r) - - D ki sgn (ri - Ci) lei - ('il 
Ps " 

as th e so lutc-balancc cq uat io n __ -\ n intercs tin g featu rc 0(' 

Equ a ti o n 27 i, that it ill\ -o ll-cs a threc-II-ay coup lin g 

be tllTe n lI-a tLT tran sp o rt I thro u g h Q iu and Q OIII I. 

sed im e nt transpo t'l Ithrou g h C, \ and c hem ica l transport. 

SYNTHESIS 

Th e fo rego in g anah-s is ill ustrates th a t th e lump ed 

e leme nt s fo r sedim c nt a nd so lut e exc h a nge sh are 

com m o n at tributes \I-ith th c prc,- io usly defin ed (l Oll-­

resis to r a nd sto rage elemc nts_ F o r exa mple . it is n Oli­

resista nce (in th e fo rlll or II-a ll stress Ti ll th a t leads to 
scd im e nt e ntra inlllent a nd a rin ite res idcnce tim e a 

property that impli es " -,Her sto rage ) that a llo\l 's Sto kes 

se ttling to proceed _ Thus it is preferable to add sedime n t 

a nd ~o lut e t'xc h a ngc as att ribut C's o f th e resistor and 
s to ra ge c le m c nts rat h cr than introduce e ntirel y nl'lI­
e lem ents_ These comb inati o n e lem c nts a rc rci(.' rrerl to as 

th e res is to r /exchange r a nd sto ra ge 1exc h a nger e lem e nt s 

a nd a re sc hemat ica ll y depicted in Fig ure I b _ 

Th e prope rti es o f resis to r /exc h a nger clemenrs arc 

summ a ri ze d by th e folloll-ing ('q u<lti o ll s 

\I-ateI' , sedim c nt and so lut e t l-a nspo rt: 

dei _ 1 [ _ illQil1 Q ()lIt ill - 11 Ci - - Ci 

- FiAki sgn(c, - ri) lei - c il"l ] 

- GDr, k, Sgll (Ci - ri) ICi - c, I" 
p, p 

<Y[)\Tr nln O-
,~ i""l 

(2 "<:1 ) 

(28(' ) 
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Clarke : LlIm/led-element sllbglacial-trallsjJorl model 

\,\'he re Q = Q ill = Q Ollt , c" = c" Ollt a nd C; = c;out , Th e 

res is ta nce, a rea a nd \'o lu me a p pea rin g in Eq ua ti o ns 

(28 ) a re ass um ed to d esc rib e a co mm o n dra in age 
conduit. Fo r simplic itv thi s is ass umed to ha\'e th e 
geo m e try oC a rec ta ng ul a r du c t hav ing dimensio ns e 
(a lo ng-Oow leng th ) , w ( e ross-O O\~I w idth ) a nd d (he ig ht ) , 

fro m w hi eh it immedi a tely (a ll ows that A = we is th e base 

a rea, 5 = wd is th e cross-sec ti o na l a rea a nd P = 2( w + d) 
is th e perime te r of th e conduit. R es isto r/exch a nge rs are 
ass umed to be ,,'a te r-fill ed a nd to ha \'e co nsta nt vo lum e; 
thus P corresponds to th e we tt ed pe ri me te r a nd dV Idt 
\ '(lIl ishes, Fo r turbule lll Oow thro ug h th e co nduit , th e wa ll 

stress is g i\"en by TO = f pQ2 /852
, a nd th e Oow resis ta nce 

coeffi cient is R = f p e/8g5J. 
Th e pro perti es of the sto rage/exc ha nger ele m ents a re 

g t\ "C n hI' 

de" 

elt 

0 < h < hv 

h> hv 

h'::; O and dh/ dt.::; O 

d c; = 2. [-c dV + Cill Q ill _ c ,Q out 
dt V ' dt' , 

- F;Avki sgn (c; - (i) Ic; - (in] 

6c, _ _ /1 

- - D k; sgn (c; - c;) Ic; - c;1 ' 
Ps p 

(29a) 

(29b) 

(29c) 

T he stO rage \'o lume is ass um ed to have th e geo me try ora 
\'e nica l- wall ed conta ine r with base a rea Av a nd temp­

o ra ll y va ry ing wa te r \ 'o lum e vet) = Avh(t) , W a ter 

di sc ha rge thro ug h th e sto rage vo lum e is ass umed to 

proceed suffi c ie ntl y slowly th a t the substra te erosio n term 

ca n be d ro pped fro m Equa ti on (29 b ) , 

SIMULATION EXAMPLE 

S in ce summe r 1989 th e subg lac ia l \va te r sys te m o f 
T ra pridge Glac ier (6 1 ° 14' N, 140°20' \\') , Yuko n T erri­
to ry, Ca nad a, has bee n suhj ecred to co n tinuo us yea r­
ro und m eas ure m e nts o f s ubg lac ia l wa te r press ure, 

turbidity a nd el ec tri cal conduc ti v ity , The la tte r o bse rva­

ti o ns a re prox ies fo r subg lae ia l suspend ed -sediment load 

a nd to ta l dissolved -io n conte nt. I n th e course o f this 

measure m ent progra mme, occas io na l subglac ia l wate r­
release e \'e nts halT bee n obse r\'('d (Stone, 1993; pe rso na l 
commun ica ti on Cro m C, C, S m a rt , 1986 ) , r sha ll ta ke th e 

Ju ly 1990 release e\'ent , d escribed by Stone ( 1993 ), as th e 

o bse rl'a ti o na l bas is fo r thi s simula ti o n example , Fig ure 2 

shows m eas ured wate r press ure, tur b idit y a nd elec tri ca l 
conduc ti vity befo re a nd a ft e r the e\ 'e nt. Th e event itse lf 
occurred a t 23 16 h o n 22 Jul y 1990 a nd is c lea rl y 
indi ca ted by a ra pid inc rease in wa te r turbidity (Fig , 

2b ) , A no teworth y fea ture o f th e e\'enl is th e cha nge in 

ch a racte r o f th e wa ter-pressure sig n a l ( Fig , 2a ); as 

recogni zed b y S to ne ( 1993 ), p rio r to th e e\'enl th e 
\\'a te r-pressure sig na l is q uasi-expone n ti a l a nd fo llowing 
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I:t ~a ~ : 
J ~ .--"",",." ---

! : YP04 

~:j l b I 
~; 90TB06 ~ _ 

:",L, C.I 
22 23 24 25 26 

July 1990 

Fig, 2, SlIbglarial u'ater /mssllre . lurbidi~JI and eleclrical 
condllc/ivi{l' measurements Jrom Tra/Jridge Glacier. ]U(l' 
1990, ,\ 'ole lite orrurren(f 0/ a s/lbglacial /~J'drological fI' eI!t 
at 231611 0/1 22 ]ll(l' 1990, 

it th e sig n a l is qu asi-sinuso idal. Th e e \'ent is m a rked by a 

ra p id ri se in turbidity (Fi g, 2b ) a nd a less rapid fa ll in 

electri ca l conduc ti\'il y ( Fi g , 2c ) , 
S to ne's interpreta ti o n o r the .J ul y 1990 re lease e\Tnt is 

a mpl>' bo lstered by o bserl'<l t io ns th a t will no t be d isc ussed 
he re , In o utlin e , th e eve nl is th o ug ht to co incide with th e 

es tab lishment of a n exit co nd uit fo r su bglac ia l wa te r. Th e 

fo rm a ti o n o f this conduit initi a tes f] O\\' in th e subg lac ia l 

wa leI' svs tem a nd re pl aces m ine ra li zed subg lac ia l \\'a ter 
with un mine ra li zed wa ter ro uted fro m th e g lac ier surface , 

Th e lumped -e leme nt c irc uit th a t I introd uce to 

emula te th ese fea tures is show n in Fig ure 3 , A n esse nti a l 

fea ture o f th e circ uit is the prese nce of th e switch w hi c h 

di ve r ts th e wa ter Dow fro m a hig h -resista nce pa th 

( thro ug h RX-2B) to a low-res ista nce pa th ( thro ug h 
RX-2A ) , The stO rage/exc ha nge r \'X-I has been in­
cluded to e nh a n ce th e tu to ri a l \ 'a lu e oC this exam p le , Its 
prese nce ac tu a ll y d eg rad es th e ag reem ent be t\\'Ce n 

o bse n 'a ti o ns a nd mod el p redi c ti o ns, a nd fo r this rea so n 

RX-2A 

o f)f) 
()() Ca Sed 
Ca Sed 

()() 
Ca Sed 

RX-2B 

Fig , 3, ProjJosed circllit to rejJresent water, sediment alld 

solule discharge before and (Uler Ihe ] uLl' 1990 I~) 'dro ­

logical el'enl , T he onset ~f the e1'enl is illitiated b litroll'illg 
tlte Sl.f.'itch[rom /)osiliol1 B 10 /)osilioll A , 
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1 ha\'e chose n para mct ers that mlnlml ze th e impac t o f 

\'X-I o n th e simulati o n res ults, Th e circuit nod es 

numbered 0, 1, 2 a nd 3 in Figure 3 denote points at 

\\hi ch h yd r a uli c hea d a nd di schargc are e\'a lu a ted, 
" a lu es 0 [" the physica l para m e ters of th e m od el a re 
summari zed in Table I and spec ifi c nl lu es assoc ia ted with 
indi\'idu a l c ircuit elements are presented in Table 2 , 

Carbonat e ro c ks a re a bundant in th e \ 'icinit y or 

Trapridge G lac ie r. so for th e simul a ti o n m od cl I ha\"c 
thought o fCa 2+ as th e predomin a nt cat ion, White (1988, 
p, 144) notcs th a t fo r di sso luti on oCCaC0 3 it is ro und that 
1/ = 2 for many situ a ti o ns in i'\ature, so I ha\"C acccpted 

thi s \ ',t1u e in T a ble 1. The pa ra m e te rs Dp , TL , T* , Nand Fi 

Ta ble I, Plus/ca I cOils/ants Jor simulation nam/Jle 

ProjJerO' 

\\ 'a ter d ensity, P 
Sediment d ensit y, Ps 
Gra\'i t y acce lera ti on , g 

\' iscosi t y of \\"a tcr , If 

Sedim ent pa rti cle d iamete r , D p 
Porosity o l scdim ent bed , n 
Thres hold stress for erosion , T * 

Expon ent of e rosion la\\", N 
Erosion rate co nstan t, /.;E 

Equilibrium concen tra ti on, Ci 

Ord e r o[ di sso luti on reaction, 1/ 

Ch cmi ca l rate co nsta nt, k i 

Su rlace area form [ac tor. Fi 

1000 kg m 3 

2700 kg m :l 

9 ,80m s ~ 
- 3 1. /87 x 10 Pas 

7,81Im 
0 ,35 

o Pa 

2 
5 x 10 9 III S 1 Pa ,v 

1,000 kg m J 

2 
5 x 10 8 kg1- '1 m 311- 2 s 1 

1.00 

Table 2, Pare/meten Jo r Illm/Jed-elemmt simulation example 

Circuit elemellt ProjJer!), I'alue 

Crn'asse feeder ~Iaximum he ig ht , hn. 80 III 
" Base a rea , An. 100 Ill -

RX-l L ength , e] 500 m 

\\'idth , Wl 50 m 

H cig ht. d1 0 ,0 I m 

Friction coclTicie llt , 11 0,25 

\':\,-1 ~Iaximum heig ht , hv I III 

Base area, A v 5 111 2 

RX- 2A Leng th , £2/-, 1500 m 

\\ ' idth , W2A 50 m 
H eight, d~A 0 ,0 I m 
Fri c tion codIi cient , h A 0,25 

RX-2B L eng th , e2B 1500 m 

Width , W2B lm 

H eigh t, d2B 0,00 1111 
Frict ion coem cienl, hB 0,25 

Switch S\litchin g tim e, 11 10,0 d 

S\\'itchin g tim c, t2 23 ,0 d 

Clarke : LllmfJed-element 5I1bglacial-tran5/Jort model 

ha \'e bee n assig ned plausibl e \'alues, a nd kE , Ci a nd ki 

ha \'e bee n chose n to v ie ld m ax imum sedimcnt a nd so lute 

co ncentra ti ons in th e' ra nge I kg m 3 , 

Th e input lorcings a re ass lIm ed to be Q o = Qo(t), 
c,(] = 0 a nd Cia = 0 , whi ch co rres pond s to surface m elt­
\I'a te r input conta ining no initi a l susp end ed sediment or 
so lutc, l'\ o ting th a t hi = h2 , th e go\'c rnin g equ a ti o ns fo r 

th e mod el a re as [ollo \·\s: 

dhu = { (Q n - Q I)/ A R 0 < h o < hR 

elL 0 o th erwi se 

ho - hI = R 1Ql 2 

dh, { (Q, - Q2)/ Av 0 < hi < h" 

dt = ~Qt - Q2)/A, hi > h v 

o th en\'ise 

h2 = R 2Q/ 

1 
(C",t Q l - Cs2Q2)/Av h] - B scsdh1 

(Cs lQl - Cs2Q2)/A\,h1 - B sc,l/h1 

-C;;2 (dhd elt) / hi 

o 

[Q2(Cs2 - cs:)) + A 2 (BE (TU2 - T*) 'V 

- BscsJ) 1 /V2 

[Q 2(Cs2 - (\:3) - A2B s C,;J] /V2 

d Cil _ ill = [Ql (CiO - Cil) - FikiA 1 8 (Cil - Ci)l/ V1 

-6kiCs1 8 (Cil-Ci)/PsD p 

(Cil Q l - Ci2 Q2)/ Avhv 

-F,ki8 (Ci2 - ci)/hv 

- Gkics28 (Ci2 - Ci)/ PsD p 

(Ci1Q1 - Ci2 Q2)/ A v hv 

-FJ'i8 (Ci2 - ci)/hv 

-6kiCs2 8 (Ci2 - ci)/PsD p 

(30) 

(31) 

(32) 

(33) 

(3-1) 

(35) 

(36) 

(37) 

-cddhl/dt)/h l o th erwise 

(38) 

dCi:l _ Tt = [Q2(Ci2 - CiJ) - F;kiA2 8 (Ci:3 - Ci) ]/V2 

- 6kic,3 8 (Ci3 - ci)/p,Dp (39) 

" 'he re 8 (x) = sgn(x)lxl ll
, B E = Ps( l - n)kE a nd B s = 

(p, - p) gD~/ 1 81I ' Th e s" ' it c h p os iti o n d e te rmin es 
w he th e r Q2 passes throu g h RX-2A o r RX-2B and 

whe th e r th e pa rameters or RX-2A or RX-2B a re used 

to ca lcul a te R2 , A2 , V2 a nd T02 in Equations (33 ), (36) 
and (39 ) , 
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Clarke: L lImped-elemenl slIbglacial-lraJlj'porl 1II0del 

Simu lat io n res ult s a re giq >ll in Fig ure 4 . Switching 
tim es and switch sta tes arc indi ca ted by a rrows a nd 
annota ti ons a lo ng the uppe r li-ame bou nd a ry. In Figu re 5 
the inten'al Cro111 day 20 to day 26 is replotled to sho\\' 

d etail s o r the behm'iour before and a rt e r th e B =} A 
switching e\'en l th a t re leases stored sLlbg lac ia l I\·a ter. 

M a ny qualitati\T features of the o ri g ina l d a ta (Fig . 3 ) a re 

reprodu ced. BeCore the switching e\'e nt th e h ydra u lic 

§.-----------A~.~B~------------~~------_rEo 
I o~ 
00 ~ I 
<c "' 0 ~ 
W ~ G> 
I m 

i ;1 jNwMt-- --- -- -- - -- h_~ 0 

~i 3 Cl 
UJ kg/m __ - - - - - - - - -I 
~ : ~' -----------Ch------. 

0- i - I 

o 5 10 15 

DAY 
20 25 30 

Fig. 4. S'illllllaled res/Jail sI' oJ /~l'draulic circuil 10 swilch-
1//I'OlCillg. Tlt e SlI 'ileltillg limes are illdi(({led ~J ' a!TOlC'S, 

alld sluilelt slales ~) ' l/ie fellers A alld B alollg Ihe II/J/J rr 

Fame bOlllldal}. ( a) Sill/ace discharge ( dashed lille) inlo 
cre1'({sse Jeedrr alld /!) ,dralllir It ead (\olid lille ) al lI ode 1 ill 
Figure 3. ( b ) SlIs/JeI}(led-jHlimflll load al lI od!' 2 (lO lid 
lille) alld lIode 3 ( dashed filiI' ) ill Figllre 3. (c) Solllle 
cOllceJI/ralion alnode 1 ( doli I'd lille ) . lIode 2 ( daslt ed lille) 
and lIode 3 (solid hlle) ill Fig1lre 3. 

0 B A 
~ a ~--------------------~---------------------rE o 

I 
0 
<c 
W 
J: 

" I ' 
0 I , I \ 
III I \ 

I 
, I 

\ 
\ 

\ 
I , , , , 

I 
, 

I \ 

\ 
I 

I \ 
I I 

" " 

" I 

~~ 
~J: 

o ~ 
~ Q 

m 
o 0 

I :J:~~: ---no no no f'APv1 
~ ~ L ___ 3 - ---------- Cl 
fl of kg/m k __ ______ _____ _ 

o I i I i 
20 21 22 23 24 25 26 

DAY 

Fig. 5. Delailed I'iac oJ simulaled respollse qf f~)'(lralllic 
cirwil 10 sceilelt -Ihrowing. The swilching limes ([r{' 

illdicaled Il)' anOLl'S. alld sll'ilc/t slales b)' 1171' lellers .:l 
alld /J a/ollg Ihe IIjJJm Fame UOIlIlr/rn) '. ( ([) Sill/ace 
discharge ( daslted lille) illlo IHNIsse Ieeder alld /~Jldralllic 

head (so lid line ) al lIode I ill Figure 3. ( b) Sus/Jeluled­

sedimelll load al lIode 2 (so lid lille) alld lI ode 3 ( dashed 
lille ) ill Figure 3. (c) Solule cOllcmlraliol1 al lIode I 
( doLi I'd lille). node 2 ( dashed filiI' ) al1d lIode 3 (solid lilll' ) 
ill Figure 3. 
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head sho\\s no diurnal \'a riation; fo llowing th e e\'Cnt 

there is a sinuso idal diurnal sig na l. At th e moment of the 
sll' itc h ing e\ 'ent th e suspend ed-sediment load increases 
rapidly in assoc ia ti o n with inc reased subg lac ia l II'ate r 

di sc ha rge. As a res ult of th e increased di sc ha rge a nd 

red L1 ced resid ence time of su bglac ial wa ter th e so lu te 

concentrat ion drops dramaricalh' . No a ttempt was m ade 
lo optimi zc rhe se lection oC m odcl parameters. 

CONCLUDING REMARKS 

Fruitful directions 101' future researc h l\'Quld be to includ e 
more com ple:-.; ch emica l rel a tionships, [or namplc the 
e ffec t of di sso h'ed CO 2 on ca rbon a te di ssol ution ra te a nd 
to proper'" quantify th e c he m ica l ra te co nstants. 

Im'e rsio n m ethod s (e.g . ?\Iurray a nd Clarke, 1995 ) 

mig ht be employed to est im ate the param e ters o f simple 

c ircu ils th at op tim a ll )' em ul a te obse n 'ed record s of 
hydraulic head, turbidit y and elec tri ca l condu c ti vit y. As 
a firs t s tep it \I 'o uld be necessary to recast the lumped­
e leme nt eq ua ti ons in dimensionless Corm in order to 

recluce the number of free parameters. Wh e lher such an 

a pproach proves useful will in part depend upon the 

\ 'igou r or non-linearities in the hyd rau li c circu it. L astly, 
computer models or ice-shee t d yna mi cs are beginning to 
in co rpora te subglacia l hydrology (e.g. Arno ld and Sharp, 
1992; Arnolcl , (993 ) . Beca use the main purpose or suc h 

model s is to promote und e rstanding of th e climate sys te m 

it w ill soon become a priority to m ode l the sedim ent a nd 

c hem ica l Du:-.; es Crom ice shee ts. Th e lumped-clement 
formali sm desc ribed in thi s paper o ffe rs a compa rati\ 'C' ly 
simple starting-point. 
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