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Abstract

We give applications of integral canonical models of orthogonal Shimura varieties and the Kuga-Satake morphism
to the arithmetic of K3 surfaces over finite fields. We prove that every K3 surface of finite height over a finite field
admits a characteristic O lifting whose generic fibre is a K3 surface with complex multiplication. Combined with
the results of Mukai and Buskin, we prove the Tate conjecture for the square of a K3 surface over a finite field.
To obtain these results, we construct an analogue of Kisin’s algebraic group for a K3 surface of finite height and
construct characteristic 0 liftings of the K3 surface preserving the action of tori in the algebraic group. We obtain
these results for K3 surfaces over finite fields of any characteristics, including those of characteristic 2 or 3.

1. Introduction

The integral canonical models of orthogonal Shimura varieties and the Kuga-Satake morphism have
applications to the arithmetic of K3 surfaces over finite fields. For example, Madapusi Pera used it to
prove the Tate conjecture for divisors on K3 surfaces over finitely generated fields [49]. (See [38] for
the case of characteristic 2.)

The aim of this article is to give further applications. More specifically, we shall prove the following
results:

(1) (see Theorem 1.1) Every K3 surface X of finite height over a finite field F, with g elements admits
a complex multiplication (CM) lifting after replacing [F, by its finite extension (i.e., it admits a
characteristic O lifting whose generic fibre has complex multiplication).

(2) (see Theorem 1.5) The Tate conjecture holds for algebraic cycles of codimension 2 on the square
X x X of any K3 surface X (of any height) over F,,.

These results are consequences of our results on characteristic 0 liftings of K3 surfaces; see
Theorem 1.7.

Our strategy of the proof is as follows. Let (X, &) be a quasi-polarised K3 surface of finite height
over Fq. Here & is a (primitive) line bundle on X that is big and nef. We shall attach an algebraic group /
over Q to each polarised K3 surface (X, &) of finite height over Fq, which is an analogue of the algebraic
group attached by Kisin to each mod p point on the integral canonical model of a Shimura variety of
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Hodge type [41]. Then, for each maximal torus T C I over Q, we shall construct a characteristic O lifting
of the quasi-polarised K3 surface (X, Z) such that the action of each element of 7(Q) on the singular
cohomology of the generic fibre preserves the Q-Hodge structure. We use integral canonical models of
Shimura varieties to control the rationality of the action of 7(Q). From these results, the result (1) follows
by comparing the rank of the algebraic group I and the general spin group attached to the orthogonal
Shimura variety. Combined with the results of Mukai and Buskin on the Hodge conjecture for products
of K3 surfaces, we shall prove that the action of every element of 7(Q) is induced by an algebraic cycle
of codimension 2 on X X X. Applying this result for several maximal tori 7 C I, the result (2) follows.

Note that we do not impose any conditions on the characteristic of the base field. Thus, the main
results of this article are valid over finite fields of any characteristics, including those of characteristic 2
or 3. To overcome certain technical difficulties, we essentially use the integral comparison theorems of
Bhatt-Morrow-Scholze [6], at least in small characteristics. (Note that, when the characteristic is greater
than or equal to 5, we can avoid most of the technical difficulties. Instead, we can use the results of
Nygaard-Ogus to obtain the main results of this article. See Subsection 1.4.)

In the course of writing this article, we found an error in the proof of the étaleness of the Kuga-Satake
morphism in characteristic 2, which was also used in the proof of the Tate conjecture for K3 surfaces
in characteristic 2 [38]. We correct it using our results on F-crystals on orthogonal Shimura varieties,
which depend on the integral comparison theorem of Bhatt-Morrow-Scholze [6]; see Remark 6.9 for
details. (See also Remark 6.10.)

In the rest of the Introduction, we shall first give precise statements on our results on CM liftings and
the Tate conjecture; see Theorem 1.1 and Theorem 1.5. Then we explain our results on characteristic 0
liftings (see Theorem 1.7) and how to obtain (1) and (2) from them.

1.1. CM liftings of K3 surfaces of finite height over finite fields

First we state our results on CM liftings.

Recall that a projective smooth surface X over a field is called a K3 surface if its canonical bundle
is trivial and it satisfies H' (X, Ox) = 0. More generally, an algebraic space 2 over a scheme S is a K3
surface over S if & — S is proper, smooth and every geometric fibre is a K3 surface.

We say that a projective K3 surface Y over C has complex multiplication if the Mumford-Tate group
associated with the singular cohomology Hé(Y, Q) is commutative; see Subsection 9.1. We say that a
K3 surface Y over a number field F has CM if Y has CM for every embedding F — C.

We fix a prime number p and a power g of p. Let X be a K3 surface over F,. We say that X admits
a CM lifting if there exist a number field F, a finite place v of F with residue field F, and a K3 surface
Z over the localisation O () of the ring of integers O of F at v such that the special fibre 2, is
isomorphic to X and the generic fibre 2 is a K3 surface with CM. The height 4 of the formal Brauer
group of X is called the height of X it satisfies 1 < 7 < 10 or & = co. When 1 < & < 10 (respectively
h = o0), we say X is of finite height (respectively supersingular).

Here is the first main theorem of this article.

Theorem 1.1 (see Corollary 9.10). Let X be a K3 surface over Fy. If X is of finite height, then there is
a positive integer m > 1 such that Xg . = X XspecF, Spec Fgm admits a CM lifting.

Remark 1.2. After we completed the first draft of this article, the authors learned that Yang also
proved the above theorem under the additional conditions that p > 5 and X admits a quasi-polarisation
whose degree is not divisible by p; see [74, Theorem 1.6]. Under these assumptions, our method (or a
simplified version presented in Subsection 1.5) and Yang’s method share several ingredients, but there
is one difference; Yang used Kisin’s result [4 1, Theorem 0.4] on the CM liftings, up to isogeny, of closed
points of the special fibre of the integral canonical model of a Shimura variety of Hodge type, whereas
we give a refinement of Kisin’s result (or argument) itself; see Theorem 1.7 for details.

Remark 1.3. Deuring proved that every elliptic curve over a finite field admits a characteristic O lifting
whose generic fibre is an elliptic curve with CM; see [17, Theorem 1.7.4.6]. Theorem 1.1 is an analogue
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of this result for K3 surfaces of finite height. It is an interesting question to ask whether Theorem 1.1
holds also for supersingular K3 surfaces over finite fields. Our methods in this article cannot be applied
to supersingular K3 surfaces.

Remark 1.4. We also have similar results on the existence of quasi-canonical liftings (in the sense of
Nygaard-Ogus) of K3 surfaces of finite height over a finite field; see Corollary 9.11.

1.2. The Tate conjecture for the squares of K3 surfaces over finite fields

Next we state our results on the Tate conjecture. (For the statement of the Tate conjecture, see [55,
Conjecture 0.1], [69, Section 1], [70, Conjecture 1.1] for example.)

As the second main theorem of this article, we shall prove the Tate conjecture for the square of a K3
surface over a finite field.

Theorem 1.5 (see Theorem 10.1). Let X be a K3 surface (of any height) over Fy. We put X X X :=

X Xspecr, X and XR, X Xﬁq = XF{, XSpecE, XE. Then, for every i, the {-adic cycle class map

ely: Z1(X % X) ®2 Qr = Hgl (Xg, x Xz, , Qe (D) /%)
is surjective for every prime number £ £ p. Moreover, for every i, the crystalline cycle class map

ot ZH(X x X) ® Q) — HZ (X x X)/W(F,))*" ,Q

cris *

is surjective.

Here Z'(X x X) denotes the group of algebraic cycles of codimension i on X x X, and W(E,) is the
ring of Witt vectors of F,. The map ¢ denotes the action of the absolute Frobenius endomorphism on
the crystalline cohomology.

Remark 1.6. Theorem 1.5 was previously known to hold for some K3 surfaces.

(1) Theorem 1.5 obviously holds forany i ¢ {1,2,3 }.

(2) The surjectivity of cl}; and cl?, follows from the Tate conjecture for X [18, 38, 49, 52]; see also
Lemma 10.9.

(3) Theorem 1.5 holds when X is supersingular. In fact, the Tate conjecture for X implies the Picard
number of XF(, is 22; see Lemma 10.6. Then the Tate conjecture for the square X x X follows by
the Kiinneth formula; see Lemma 10.7 and Remark 10.8.

(4) Zarhin proved the Tate conjecture for X X X when X is an ordinary K3 surface; see [77, Corollary
6.1.2]. Here a K3 surface X is called ordinary if it is of height 1. (More generally, Zarhin proved
the Tate conjecture for any power X X --- X X of an ordinary K3 surface X.)

(5) Yu-Yui proved the Tate conjecture for X X X when X satisfies some conditions on the characteristic
polynomial of the Frobenius morphism; see [75, Lemma 3.5, Corollary 3.6].

In the cases studied by Zarhin and Yu-Yui, it turns out that all of the Tate cycles of codimension 2
on X X X are spanned by the classes of the cycles of the form X X {xo}, {xo} X X and D| X D; and the
classes of the graphs of powers of the Frobenius morphism on X. Here x is a closed point on X, and
D and D, are divisors on X. In general, there are Tate classes on X X X that are not spanned by these
classes. Therefore, in order to prove Theorem 1.5 in full generality, we shall prove the algebraicity of
Tate cycles on X X X that are not spanned by Tate cycles considered by Zarhin and Yu-Yui. We shall
prove it by constructing characteristic O liftings and applying the results of Mukai and Buskin on the
Hodge conjecture.
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1.3. Construction of characteristic 0 liftings preserving the action of tori

Here we explain our results on the construction of characteristic 0 liftings of K3 surfaces.

Let X be a K3 surface over F, and & a line bundle on X defined over F, that gives a prim-
itive quasi-polarisation. Assume that X is of finite height. After replacing FF, by a finite extension
of it, the Kuga-Satake abelian variety A associated with (X, %) is defined over F,. (Precisely,
we shall use the Kuga-Satake abelian variety introduced by Madapusi Pera in [49, 50], which has
dimension 22!; it is larger than the dimension of the classical Kuga-Satake abelian variety. See
Subsection 4.3.)

We have an action of a general spin group, denoted by GSpin(Lg) in this article, on the cohomology
of X and A. We put G := GSpin(Lg) in this section. We do not recall the precise definition of G here.
Instead, we give some of its properties:

o For every prime number ¢ # p, the group of Q,-valued points G (Qy) acts on the primitive
part

P (Xz,. Qe(1)) := che(2)* € Hg(Xz ,Qe(1))
of the {-adic cohomology of X and the £-adic cohomology
Hg(Az . Qo)

of A.
o There is a G(Q¢)-equivariant Q,-linear map

P5(Xz,. Qe(1)) — Endg, (Hg (Ag,. Qr)"),

where () denotes the Qg-linear dual.

o There is an element Frob, € G(Q¢) whose action on Pét(XFq’ Qe (1)) (respectively H gt(AR,’ Qr))
coincides with the action of the geometric Frobenius morphism on the £-adic cohomology of X
(respectively A).

Following Kisin [4 1], we attach an algebraic group I over Q to the quasi-polarised K 3 surface (X, £);
see Definition 8.1. Instead of giving the precise definition here, we give its properties:

o The group of Q-valued points 1(Q) is considered as a subgroup of the multiplicative group of the
endomorphism algebra of AFq tensored with Q:

1(Q) c (Endg (Af,) ®z Q™.

o For every prime number ¢ # p, there is an embedding Ig, — Gg, and an element of G (Qy) is in
1(Qy) if and only if it commutes with Froby' for a sufficiently divisible m > 1.
o The algebraic groups G and I have the same rank.

The existence of an algebraic group / over Q that satisfies these properties is not obvious; it is
considered as Kisin’s group-theoretic interpretation and generalisation of Tate’s original proof of the
Tate conjecture for endomorphisms of abelian varieties over finite fields.

As the third main theorem of this article, we shall construct a characteristic 0 lifting of a quasi-
polarised K3 surface of finite height preserving the action of a maximal torus of the algebraic
group 1.

Theorem 1.7 (see Theorem 9.7). Let T C I be a maximal torus over Q. Then there exist a finite
extension K of W(F‘q)[l /p] and a quasi-polarised K3 surface (X, L) over Ok such that the special
fibre (fxﬂsq, L?q) is isomorphic to (XE, .S/”E) and, for every embedding K — C, the quasi-polarised
K3 surface (X¢, Lc) satisfies the following properties:
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(1) The K3 surface X¢ has CM.
(2) There is a homomorphism of algebraic groups over Q,

T — SO(Pg(Xc, Q(1))).

Here P%(DCC, Q(1)) is the primitive part of the Betti cohomology of Xc.
(3) Forevery{ # p, the action of T(Qy) on P%(DCC, Q(1)) ®q Qg is identified with the action of T (Qg)

on Pgl(XE , Q¢ (1)) via the canonical isomorphisms

P (Xe, Q1) ® Qe = P& (Xe, Qe(1) = PE(Xz . Qe(1))

(using the embedding K — C, we consider K as a subfield of C).
(4) The action of every element of T(Q) on PZB(DCC, Q(1)) preserves the Q-Hodge structure on it.

Remark 1.8. It is known that every K3 surface with CM is defined over a number field; see Proposition
9.1 and Remark 9.2. Therefore, Theorem 1.7 implies Theorem 1.1.

Remark 1.9. Our construction of characteristic O liftings relies on the theory of integral canonical
models of Shimura varieties of Hodge type developed by Milne, Vasiu, Kisin, and Kim-Madapusi Pera.
In particular, we need an explicit description of the completion at a closed point of the special fibre of
the integral canonical model of a Shimura variety of Hodge type given by Kisin when p > 3 [40] and
by Kim-Madapusi Pera when p = 2 [38]. (When p > 5, we can also use the results of Nygaard-Ogus
[55] to obtain necessary results on characteristic O liftings; see Subsection 1.4 and Remark 7.2.)

Remark 1.10. When X is ordinary, Theorem 1.7 was essentially proved by Nygaard in [54], although
the algebraic group / did not appear there. When X is ordinary, the canonical lifting of X is a CM
lifting. On the other hand, when the height of X is finite and p > 5, Nygaard-Ogus proved that X admits
quasi-canonical liftings [55]. But a quasi-canonical lifting is not necessarily a CM lifting.

Remark 1.11. As suggested by the referee, our methods should be able to be applied to more general
mod p points on orthogonal Shimura varieties (not only to K3 surfaces over F,, of finite height) in order
to show that they admit CM liftings. See also Remark 9.8.

1.4. Remarks on the characteristic and the Kuga-Satake morphism

In this article, we do not put any restrictions on the characteristic p. There are several technical difficulties
in small characteristics. But, when p > 5 and p does not divide the degree of the quasi-polarisation,
most of the technical difficulties disappear and the proofs of the main theorems can be considerably
simplified. See Subsection 1.5 for some details.

We construct characteristic 0 liftings of quasi-polarised K3 surfaces corresponding to characteristic 0
liftings of formal Brauer groups in Section 7. Our construction depends on the calculations of F-crystals
in Section 6, which in turn depend on the integral comparison theorems of Bhatt-Morrow-Scholze [6].
When p > 5, we can avoid them. Instead, we can use the results of Nygaard-Ogus [55] to obtain
necessary results on liftings of K3 surfaces; see Remark 7.2.

Our notation on the Shimura varieties is slightly complicated because we use the Kuga-Satake
morphism introduced by Madapusi Pera in [49, 38], which is denoted by

. sm
KS: MZd,K(’)’,Z(m — ZK(IJ? (A).

(See Subsection 5.2.) To define ZKg (A), we embed the Shimura variety, which is the target of the
classical Kuga-Satake morphism, into a larger Shimura variety and put additional structures (called
A-structures); see Definition 4.3.
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We use the morphism KS to avoid certain technical difficulties that arise when p divides the degree
of the quasi-polarisation. (The same technique was used by Madapusi Pera in [49, 50, 38]. See also
Remark 4.1.)

When p does not divide the degree of the quasi-polarisation, we can avoid it and directly work with
the classical Kuga-Satake morphism into the integral canonical model of the (smaller) Shimura variety.

Remark 1.12. In the course of writing this article, we found some issues on the proof of the étaleness
of the Kuga-Satake morphism. The étaleness was used in our construction of characteristic O liftings in
Section 7. It was also used by Madapusi Pera in his proof of the Tate conjecture for K3 surfaces [49, 38].
We can avoid these issues using our results in Section 6; see Remark 6.9 and Remark 6.10 for details.
After we communicated the first draft of this article to Madapusi Pera, he found a somewhat different
argument; see [51].

1.5. Outline of the proofs of the main theorems

We shall prove Theorem 1.1 and Theorem 1.7 at the same time. Then, combined with the results of
Mukai and Buskin, we shall prove Theorem 1.5.

Proofs of Theorem 1.1 and Theorem 1.7 (when p > 5)
In order to simplify the exposition, we first explain the proof of Theorem 1.7 when p > 5 using the
results of Nygaard-Ogus. In the following argument, we replace F,, by a sufficiently large finite extension
of it. We put W := W(F,).

Let Br := Br(X) be the formal Brauer group associated with X. First we shall show that Iy, acts on

Br, up to isogeny. Then we take a finite totally ramified extension £ of W[1/p] and a one-dimensional
smooth formal group G over O lifting Br such that the action of /g, on Br lifts to an action of Ig, on
G, up to isogeny.

Let P2 (X/W) denote the primitive part of H

cris

cm(X /W). The lifting G defines filtrations on
PZHS(X /W) ®w E and H‘}HS(A /W) ®w E as follows. The Kuga-Satake construction gives embeddings
that are homomorphisms of F-isocrystals after inverting p:

D(Br)(1) ¢ P2, (X/W)(1) C Les C Endyy (Hclris(A/W)V).

cris
(Here D(TS\{) is the Dieudonné module of Br considered as a connected p-divisible group. For the
W-module L, see Subsection 4.6.) The lifting G defines a filtration on D(Br)(1) ®w E:

Fil'(9) c D(Br)(1) ®w E.

Thus, it gives the filtration on P2, (X/W)(1) ®w E:

cris

Fil'(G) c Fil' (9)* ¢ P2, (X/W)(1) ®w E.

Crlb

Take a generator e € Fil' () and write
Fil' :=Im(e) c H., (A/W) ®w E.

It gives a filtration on H lm(A/ W) ®w E that does not depend on the choice of e.

When p > 5, the results of Nygaard-Ogus [55] imply the existence of a lifting (X, £) over Og
corresponding to the filtration defined as above.

We shall show that, for every embedding E < C, the action of an element of 7(Q) on P% (Xe, Q1))
preserves the Q-Hodge structure. To show this, we note that each element of 7(Q) can be considered as
an element of (Endg, (A) ®zQ)*. Because its action preserves the filtration on H, L. (A/W)®w E, itlifts

cris
to an element of (End@ (Ac) ®z Q)*, where Ac is the Kuga-Satake abelian variety over C associated
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with (X, L¢). In particular, it preserves the Hodge structure on the singular cohomology H g (Ac, Q).
Because we have a T'(Q)-equivariant embedding respecting the Q-Hodge structures

P%(Xc, Q(1)) = Endc(Hp(Ac,Q)Y),

the action of each element of 7(Q) on Plzg (Xe, Q(1)) preserves the Q-Hodge structure on it.

Because the algebraic groups G and I have the same rank, we conclude that the Mumford-Tate group
of Pé (X, Q(1)) is commutative. Thus, X¢ is a K3 surface with CM. Consequently, the quasi-polarised
K3 surface (Xg,LEg) is defined over a number field, and Theorem 1.1 and Theorem 1.7 are proved
when p > 5.

Proofs of Theorem 1.1 and Theorem 1.7 (for p = 2 or 3)
When p = 2 or 3, we cannot use the results of Nygaard-Ogus to construct liftings of K3 surfaces. Instead,
we use p-adic Hodge theory and the étaleness of the Kuga-Satake morphism to construct liftings. (The
following argument works for any p, including p > 5.)

Using the p-adic Tate module of G, we first constructaZ, [Gal(E/E)]-module L p such that L pl1/p]
is a crystalline Gal(E /E)-representation whose Hodge-Tate weights are in {—1,0, 1}; see Lemma 7.3.
On the other hand, we can show that the filtration Fil' ¢ H Clris(A /W) ®w E gives the structure of a
weakly admissible filtered ¢-module on H Clris (A/W)[1/p]. It corresponds to a crystalline representation
of Gal(E/E), which is denoted by He g, -

Next we find a Gal(E/E)-stable Z,-lattice in Hg g, as follows. We can show that there is an

embedding of Gal(E /E)-representations

L,[1/p] = Endg, (Ha,q,)-

Moreover, it can be shown that there is an isomorphism of Q,-vector spaces
CI(L,[1/p]) = Ha g,
such that the actions of Gal(E/E) on L p and He g, factor through a homomorphism
Gal(E/E) — GSpin(L,)(Z,) c CI(L,)*.

Here Cl(z,,)X acts on CI(AL',7 [1/p]) = He,q, by the left multiplication. We take a Gal(E /E)-stable

Zp-lattice in Het,g,, corresponding to CI(L,) C CI(L p[1/p]). Then we take a p-divisible group H over
OF corresponding to it.

Let K be the composite of E and W(Fq) [1/p]. We can show that the p-divisible group He, satisfies
a certain technical condition, called ‘adaptedness’. Then we can find an appropriate Ok -valued point s of
the integral canonical model of the Shimura variety lifting the Fq -valued point associated with (X, &).
(Precisely, 5 is an Ok -valued point of the target ZK(/; (A) of the Kuga-Satake morphism.) It gives rise to
an abelian scheme A over Ok lifting A whose associated p-divisible group A[p*] is He, .

By the étaleness of the Kuga-Satake morphism, we obtain a quasi-polarised K3 surface (X, £) over
Ok corresponding to s.

The rest of the argument is the same as before.

Proof of Theorem 1.5
Fix a prime number ¢ # p. By the Kiinneth formula, we have

Hg(Xz, % Xz ,Qe(2))

= EB Hét(X@q, Qr) ®q, Hét(X@q, Q¢) ®q, Qe(2).
(1,7)=(0,4),(2,2) (4,0)
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It is enough to show every element fixed by Frob, in the component of type (2,2) is spanned by the
classes of algebraic cycles of codimension 2 on X X X. By the Poincaré duality, such an element can be
considered as an endomorphism of He?t(Xﬂsq, Q¢ (1)) commuting with Frob,,.

Thus, we consider the action of 7(Q¢) on P?:t(XFq ,Q¢(1)). It can be shown that, after replacing F,
by a finite extension of it, there exist finitely many maximal tori 77, . ..,7,, C I over Q such that the Q.-
vector space of endomorphisms on Pét(XE, Q¢(1)) commuting with Frob, is spanned by the images
of T1(Q), ..., T,(Q).

Therefore, it is enough to show that, for each 7, the action of every element of 7; (Q) on cht (X?q ,Qe(1))
comes from an algebraic cycle of codimension 2 on X x X. It can be proved by combining Theorem 1.7
with the results of Mukai and Buskin on the Hodge conjecture for certain Hodge cycles on the product
of two K3 surfaces over C.

1.6. Outline of this article

As explained in Subsection 1.4, most of the technical difficulties can be avoided when p > 5 and p does
not divide the degree of the quasi-polarisation. Readers who are mainly interested in the applications of
the integral canonical models of orthogonal Shimura varieties to CM liftings and the Tate conjecture
may skip earlier sections in the first reading and may go directly to Section 7.

The organisation of this article is as follows.

In Section 2, we recall basic results on Clifford algebras and general spin groups. In Section 3, we
recall basic results on Breuil-Kisin modules and integral p-adic Hodge theory. Then, in Section 4 and
Section 5, we fix notation and recall necessary results on the integral canonical models of orthogonal
Shimura varieties and the Kuga-Satake morphism used in this article.

In Section 6, we compare F-crystals on Shimura varieties and the crystalline cohomology of K3
surfaces. We essentially use the integral comparison theorems of Bhatt-Morrow-Scholze [6]. We also
explain how to avoid some issues on the proof of the étaleness of the Kuga-Satake morphism; see
Remark 6.9 and Remark 6.10.

In Section 7, we construct a characteristic O lifting of the Fq-valued point of the Shimura variety
corresponding to characteristic 0 liftings of formal Brauer group of the K3 surface. We construct such
liftings using our results on F-crystals in Section 6 and p-adic Hodge theory.

In Section 8, we define and study an analogue of Kisin’s algebraic group associated with a quasi-
polarised K3 surface of finite height over a finite field. We also study its action on the formal Brauer
group.

In Section 9, we combine our results in Section 7 and Section 8 to construct a characteristic 0 lifting
of a K3 surface of finite height over ﬁq preserving the action of a maximal torus of /. Then we prove
Theorem 1.1 and Theorem 1.7. In Section 10, combined with the results of Mukai and Buskin, we prove
Theorem 1.5.

Finally, in Section 11, we give necessary results on the compatibility of several comparison isomor-
phisms in p-adic Hodge theory used in this article.

1.7. Notation

Throughout this article, we fix a prime number p and we let g be a power of p. Let F, denote a finite
field with g elements and F,, an algebraic closure of F,,.

For a perfect field k of characteristic p > 0, the ring of Witt vectors of k is denoted by W (k). The
Frobenius automorphism of W (k) is denoted by o: W(k) — W(k). If the field k is clear from the
context, we omit k and simply write W.

A quadratic space over a commutative ring R means a free R-module M of finite rank equipped
with a quadratic form Q. We equip M with a symmetric bilinear pairing ( , ) defined by (x,y) =
Q(x+y)—0(x)—Q(y) for x,y € M. For a module M over a commutative ring R equipped with a
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symmetric bilinear form (, ), we say M (or the bilinear form (, )) is even if, for every x € M, we have
(x,x) = 2a for some a € R.

The base change of a module or a scheme is denoted by a subscript. For example, for a module M
over a commutative ring R and an R-algebra R’, the tensor product M ®g R’ is denoted by Mg:. For
a scheme (or an algebraic space) X over R, the base change X Xspec g Spec R’ is denoted by Xg'. We
use similar notation for the base change of group schemes, p-divisible groups, line bundles, morphisms
between them, etc. For a homomorphism f: M — N of R-modules, the base change fr': Mrpr — Npg/
is also denoted by the same notation f if there is no possibility of confusion. For an element x € M,
the R-submodule of M generated by x is denoted by (x). The dual of M as an R-module is denoted by
MY := Homg (M, R).

2. Clifford algebras and general spin groups

In this section, we introduce notation on quadratic spaces and Clifford algebras that will be used in this
article. Our basic references are [3], [50, Section 1].

2.1. Embeddings of lattices

A quadratic space U := Zx & Zy whose associated bilinear form is given by (x,x) = (y,y) = 0 and
(x,y) = 1is called the hyperbolic plane. The K3 lattice Ags3 is defined by

Aks3 = ESGBZ @ U$3,

which is a quadratic space over Z. It is unimodular and its signature is (19, 3).
We fix a positive integer d > 0. Let L denote the orthogonal complement of x — dy in Ag3, where
x — dy is considered as an element in the third U. Hence, L is equal to

Es®> o U® & (x +dy),

and its signature is (19, 2).
The following result is well known.

Lemma 2.1. Let p be a prime number. There is a quadratic space L of rank 22 over Z satisfying the
following properties:

(1) Its signature is (20,2). _
(2) Lis self-dual at p (i.e., the discriminant of L is not divisible by p).

(3) There is an embedding L — L as quadratic spaces that sends L onto a direct summand of Lasa
Z-module.

Proof. This result was proved in [50, Lemma 6.8] when p > 2. Here we briefly give a proof that is
valid for every prime number p. We consider a quadratic space L’ := Zv; @ Zv; such that the associated
bilinear form is given by (vi,v) = 2d, (v2,v2) =2p and (v, v2) = 1. We put
L=E*oU%aL.
This is of signature (20, 2) and self-dual at p. We have an embedding of quadratic spaces
L=E*?oU®® @ (x+dy) — L
that is the identity on E3®> @ U®? and sends x + dy to v. O
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2.2. Clifford algebras and general spin groups

In the rest of this article, we fix an embedding of quadratic spaces L C L as in Lemma 2. 1.

Let Cl := CI(L) denote the Clifford algebra over Z associated with the quadratic space (L, g5 ). There
is an embedding of Z-modules L <> Cl that is universal for morphisms f: L — R of Z-modules into
an associative Z-algebra R such that f(v)? = ¢ 7(v) forevery v € L. The algebra Cl has a Z/2Z-grading
structure CI := CI* @ CI~, where CI™ is a subalgebra of Cl. The quadratic space Lis naturally embedded
into C1™.

Let Z(p) be the localisation of Z at p. We define the general spin group G = GSpin(ZZ(l7)) over
Zp) by

G(R):={g € (CI})* | gLrg™" = Lg in Cly }

for every Z)-algebra R. Because L is self-dual at P, the group scheme G is a reductive group scheme
over Zp).

The special orthogonal group 50 = SO(ZZ(M) is areductive group scheme over Z ) whose generic
fibre 5(),Q = 5() ®7,) Qis SO(ZQ). N _

We have the canonical morphism G — G defined by g — (v +— gvg~!) whose kernel is the
multiplicative group Gy, z,,, over Z(,). We have the following exact sequence of group schemes over
Z(py:

1 > Gz, — G=GSpin(Lz,,) = Go=S0(Lz,) — 1.

2.3. Representations of general spin groups and Hodge tensors

We define a Z-module H by H := Cl. We consider Hz,, as a é-representation over Z(p) by the left
multiplication. We have a closed embedding of group schemes over Z):

G — GL(Hz,,).

The representation Hz, ,, has a natural Z/2Z-grading structure, which is preserved by the action of G.

+. + : -. — ;
Let p*: Hz , — HZ(,,) — Hy,, (respectively p~: Hz, — HZ(,,) — Hyz,, ) denote the idempotent
corresponding to H%( ) (respectively Hi( )).
P P
The representation Hz, ,, is equipged with a right action of Clz, given by the right multiplication,

which commutes with the action of G. We fix a Zp,)-basis {e;}, <;<»» for Clz ,, and let r,,: Hz, —
Hz,, denote the endomorphism defined by x — xe;.

We regard Zz(p) asa G-representation via the canonical homomorphism G — 50 as above. Then
the injective homomorphism

it Lz, < Endz, (Hz,)
defined by v +— (h +— vh) is a-equivariant. The cokernel of this homomorphism i is torsion-free as a

Z(py-module.
As in [50, Section 1], we define a nondegenerate symmetric bilinear form [, ] on Endg(Hg) by

[g1,82] :==272" - Tr(gi o g2)

for g1, 8> € Endg(Hg). Then the embedding i ®z,, Q is an isometry. By [50, Lemma 1.4], there is a

unique idempotent 7: Endg(Hg) — Endg(Hg) with the following properties:

(1) The image of x is i(ZQ).

(2) The kernel of 7 is the orthogonal complement i(Lg)* of i(Lg) in Endg(Hg) with respect to the
bilinear pairing [ , ].
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3) GQ is the stabiliser of the Z/2Z-grading structure, the right action of Clz ,, and the idempotent 7;
that is, the stabiliser of p*, {re, }|<;<>22 and 7.

Asin [40, (1.3.1)], let Hz ) denote the direct sum of all Z,)-modules obtained from HZ<,,) by taking
r

tensor products, duals, symmetric powers and exterior powers. (In fact, symmetric powers and exterior
powers are unnecessary; see [26].) By [40, Proposition 1.3.2], the group scheme G over Z,) is the
stabiliser of a finite collection of tensors

®
{sa} C HZ(,,)'

(See also [38, Lemma 4.7].)

In the rest of this article, we fix such tensors {s, }. We may assume that {5} includes the tensors {sg}
corresponding to p*, {r¢, }| <; <> and the endomorphism 7’, where we put 7’ := p”r for a sufficiently
large n such that 7" maps Endz, , (Hz,,,) into itself.

2.4. Filtrations on Clifford algebras defined by isotropic elements

In this subsection, let F be a ﬁe@ of characteristic 0.
Take a nonzero element e € L satisfying (e, e) = 0. We consider an endomorphism

i(e):=(0 ®z,) F)(e) € Endr (HFp)

that is the image of e under the embedding

i ®,, F: Lp <= Endp (Hp).

Leti(e)(HF) denote the image of the endomorphism i(e): Hp — Hp. _
We define a decreasing filtration {Fil' (Lg)}; (respectively {Fil'(Hg)};) on L (respectively Hg) by

0 i>2, 0 o
l— 9
g (e) =1, i . .
Fil'(Lg) := @t i=0 Fil'(Hfp) :=qi(e)(HF) i=0,
e i=0,
Hp i<-1.

The following proposition immediately follows from the results of [50, Section 1]; see especially
[50, 1.9].
Proposition 2.2.

(1) The dimension of Fil’(Hp) as an F -vector space is 221,
(2) We define a decreasing filtration {Fil' (Endr (HF))}; on Endg (HF) by

Fil'(Endr (Hr)) = { g € Endp (HFr) | g(Fil/ (Hr)) C Fil'* (HF) for every j }.
Then the homomorphism i ®z,,, F preserves the filtrations.

(3) The Z/2Z-grading structure and the right action of Clz,, preserve the filtration {Fil'(HF)}; on
Hp. The endomorphism r of Endg (HF ) preserves the filtration {Fil'(Endg (HF))}; on Endg (HF).

Proof. We sketch the proof for the convenience of the reader. We first note that there is a decomposition
Lr=(e)@(f)® (&)@ ()"

such that (e, f) = 1 and (f, f) = 0. Let v3,..., v be an orthogonal basis for ({¢) ® {f))*. Then we
have

— a) gap . ,as3 an
Hp = EB (e f vy vyyt)
ajE{O,l}
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by [11, §9.3, Théoreme 1].
(1) Because e? = 27! (e, ) = 0 in the Clifford algebra Hr = Cly, we have

Fil’(Hp) = GB (ef™vg...v?).

(l_,'E{U,I}

Hence, its dimension as an F-vector space is 2%!.

(2) The assertion immediately follows from the description of the filtrations.

(3) Itis clear that the Z/2Z-grading structure and the right action of Clz, ,, preserve the filtration on
Hp. We shall show that the idempotent 7 preserves the filtration on Endg (HF).

We recall an explicit description of 7 from [50, Section 1]. We put 8 := (v;,v;)~! for 3 < j < 22.
Then 7 sends g € Endp (HF) to the element 7(g) € Endr (HF) given by

n(g) = [&.i(N)]i(e) + [g.i(e)]i(f) + Z Bjlg.i(vj)li(v;).

3<j<22

Recall that we have [g1, g2] = 2721, Tr(g o g2) for g1, 8> € Endg(Hg), and the embedding i ®z,) F
preserves filtrations by (2). Hence, it is enough to show the following assertions to prove that 7 preserves
the filtration on Endg (Hp):

o Tr(g oi(e)) = 0 for every g € Fil’(Endr (Hr)).
o Tr(goi(e)) =0and Tr(g o i(v;)) = 0 forevery g € Fil' (Endr (Hr)) and every 3 < j < 22.

These assertions can be checked by using the explicit basis for Hr as above. O

3. Breuil-Kisin modules

In this section, we introduce some notation and recall some well-known results on Breuil-Kisin modules
and integral p-adic Hodge theory, which play important roles in this work. The reader who is familiar
with them may skip this section.

3.1. Preliminaries

In this section, we fix a perfect field k of characteristic p > 0 and an algebraic closure k of k. To simplify
the notation, we put W := W (k).

Let K be a finite totally ramified extension of W[1/p]. Let K be an algebraic closure of K. We fix a
uniformiser @ of K and a system {@!/P" },,5¢ c K of p"throots of @ such that (wl/”"+1 Y =w!/P" Let
E(u) € W[u] denote the (monic) Eisenstein polynomial of @ (i.e., it is the monic minimal polynomial
of w over W[1/p]).

Let C denote the completion of K. Let O¢ denote the ring of integers of C. We put

Op = lim Oc/p,

x—xP
which is a perfect F,-algebra. It is an integral domain and the field of fractions is denoted by C’. Write
Aun = W(6F)

for the ring of Witt vectors of @g. Let: Ajpr — Ajnr denote the automorphism induced by the Frobenius
and the functoriality of Witt vectors. There is a unique Gal(K /K)-equivariant surjection

6: Ajns > O¢
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such that its reduction modulo p is the first projection @g — Oc/p. We also have a surjection
Aint - W(k) induced by the natural surjection @g - k.
We put

S = W[[u]].

The ring S admits a Frobenius endomorphism ¢ that acts on W as the canonical Frobenius o and sends
utoul.
We put @” := (@'/P" mod p),so € @g. We have a W-linear homomorphism

S — Ajnr

that sends u to the Teichmiiller lift [@”] of @”. This homomorphism is compatible with the Frobenius
endomorphisms. Note that the composite

S — Ainr — Oc

is a W-linear homomorphism given by u — @.

We also need p-adic period rings Bgg, BgR, B.is and B:ris associated with C defined by Fontaine.

For example, see [0, Subsection 3.3] for the definition and basic properties of these rings.

3.2. Breuil-Kisin modules and crystalline Galois representations

In this subsection, we recall some basic results on Breuil-Kisin modules and crystalline Galois repre-
sentations from [40, (1.2)].

For an S-module 9, we put ¢* M = S @y M . A Breuil-Kisin module (over Og with respect to
{@!/P"},50) is a free S-module M of finite rank equipped with an isomorphism of &[1/E (u)]-modules

1@ p: (¢"M)[1/E ()] = M[1/E(u)].
We say that a Breuil-Kisin module 9t is effective if the equipped isomorphism 1 ® ¢ of 9t is induced
by a homomorphism
1Q¢: "MW — M.
We say that an effective Breuil-Kisin module 9t is of height < £ if the cokernel of 1 ® ¢ is killed by

E(u)".
For a Breuil-Kisin module 90, we define a decreasing filtration {Fil' (¢* 9%)}; on ¢* 9 by

Fil' (") == {x €@’ M| (1®¢)(x) € E)' M }

forevery i € Z.

We say thata Z,, [Gal(K/K)]-module N is a Gal(K /K)-stable Z p-lattice in a crystalline representa-
tion if N is a free Z,-module of finite rank and N[1/p] is a crystalline Gal(K /K)-representation. Kisin
constructed a covariant fully faithful tensor functor

N — M(N)

from the category of Gal(K/K)-stable Z p-lattices in crystalline representations to the category of
Breuil-Kisin modules (over Ok with respect to_{wl/ r" }n0); see [40, Theorem 1.2.1].

In the rest of this subsection, we fix a Gal(K/K)-stable Z,-lattice N in a crystalline representation.
We put

Mar (N) == " M(N) Q¢ Ok,
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where © — Ok is a W-linearhomomorphism given by u — @. The K-vector subspace of Mqr (N)[1/p]
generated by the image of Fil' (¢* M(N)) is denoted by Fil' (Myr(N)[1/p]). We have a canonical
isomorphism B

Dar(N[1/p]) == (N @z, Bar) ™ */®) = Mer (N)[1/p],
which maps Fil'(Mgr (N)[1/p]) onto Fil'(Dar (N[1/p])); see [40, Theorem 1.2.1]. We define a de-
creasing filtration {Fil' (Mar (N))}; on Myr (N) by taking intersection

Fil' (Mar (N)) == Fil' (Mar (N) [1/p]) N Mar (N).
Note that, by the construction, the quotient
Gr' (Mgr (N)) := Fil' (Mgr (N)) /Fil™ (Mag (N))

is a free Ok -module of finite rank for every i € Z.

Lemma 3.1. Assume that I (N) is effective. Then the image of Fil' (¢* M(N)) under the surjection
©* M(N) » Mar (N) coincides with Fil' (Mar (N)).

Proof. Let Fil’ be the image of Fil' (¢* 9t(N)) under the surjection ¢* M (N) - Mar (N). It suffices
to show that the cokernel of the inclusion Fil” < M4g (N) is p-torsion-free. Because

E(u)¢" M(N) C Fil' (¢" M(N)),
the inverse image of Fil’ under ¢* MM(N) - Mar (N) is Fil' (¢* M(N)). Hence, the assertion follows
from the fact that the cokernel of Fil' (" M(N)) — ¢* M(N) is p-torsion-free. O
We put
EIRcris(]v) = 90* EIR(N) ®c W,

where © — W is a W-linear homomorphism given by u +— 0. The Frobenius 1 ® ¢ of 9t(N) defines
a o-semilinear endomorphism of M..is(N)[1/p], which makes M,is(N)[1/p] a p-module. We have a
canonical isomorphism of ¢-modules

Des(N[1/p]) := (N ®2, Beris) ' K/K) = Mo (N)[1/p];

see [40, Theorem 1.2.1].

Let N be a Gal(K/K)-stable free Zp-module of finite rank in a crystalline representation and f
a Gal(K /K)-equivariant endomorphism of N. The endomorphism of the Breuil-Kisin module 9t (N)
induced by f is denoted by M (/). The endomorphism of M4r (N) (respectively M..is(N)) induced by
f is denoted by Mar (f) (respectively Meris (f))-

3.3. Breuil-Kisin modules and p-divisible groups
Let & be a p-divisible group over Ok . Let
T,% :=lim g [p"](K)

n

denote the p-adic Tate module of &, which is a free Z,-module of finite rank and admits a continuous
action of Gal(K /K).

For the base change ¥ of &, we have a (contravariant) crystal D(%y) over CRIS(k/Z); see [4,
Définition 3.3.6]. Here CRIS(k/Z,) is the (absolute) crystalline site of k. Its value

D(k) (W) = D(Zr)w »k
in (Spec k < Spec W) is an F-crystal.
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We have a crystal D(%,/,,) over CRIS((Ok /p)/Zp) for the base change T, /,, of €. Its value
D (G 1p)(Ok) = D(Gog 1 p)ox »0k /p
in (Spec Ok /p — Spec O ) is a free Ox-module of finite rank and admits a Hodge filtration
Fil' D(Eo,/p) (Ok) = D(Eo,/p) (Ok).-
By [5, Proposition 3.14], there is an isomorphism over K:
D(Z)(W) ®w K = D(%p,/p)(Ok) ®ey K.

Using this isomorphism, we consider D(&)(W)[1/p] as a filtered ¢g-module. (For example, see [39,
1.1.3] for the notion of filtered ¢-modules.) .
In [29, Theorem 7], Faltings constructed a Gal(K /K)-equivariant isomorphism

T,%[1/p] = Homg,, (D(%x)(W)[1/p]., Bs)-

(See also [31, Subsection 5.2, Remarque 2] and Subsection 11.4.) It induces an isomorphism of filtered
p-modules

¢z Deris(Tp %) [1/p]) = D(Z)(W)[1/p].
There are integral refinements of them:

(1) The composite

Meris (T, %)) [1/p] = Denis(T,%)¥[1/p]) < D(G)(W)[1/p]

maps Meis (T, €)") onto D(Zy ) (W).
(2) The composite

Mar ((T,%)")[1/p] = Dar(T,©)"[1/p]) £ D(Go /) (Ok) €0, K

maps Mar (7, %)) onto D(F, /) (Ok ) and maps Fil' (Mar ((T,%)")) onto Fil' D(Zpy /) (Ok).

These results were proved by Kisin when p > 2; see [40, Theorem 1.4.2]. The general case follows
from the results of Lau [44, 45] as explained in [38, Theorem 2.12]. (See also Remark 11.11.)

3.4. Integral p-adic Hodge theory

In this subsection, we recall integral comparison theorems proved by Bhatt-Morrow-Scholze [6]. (See

also Subsections 11.1 and 11.2.) Although the results of [6] can be applied in more general cases
(including the semistable case [16]), we only recall their results for K3 surfaces with good reduction for
simplicity.

Let X be a K3 surface over Ok. It is possibly an algebraic space, not necessarily a scheme. We
remark that the generic fibre £k and the special fibre 2 are both schemes because a smooth proper
algebraic space of dimension 2 over a field is a scheme. We refer to Subsection 11.2 for details on how
to apply the results of [6] to the proper smooth algebraic space & over Ok . We will freely use GAGA
results implicitly below.

By [6, Theorem 14.6 (i)], we have the following B,js-linear isomorphism

Ceris, I - chris(%k/w) ®w Beris — Hgt(%f, Zp) ®z, Beris,

https://doi.org/10.1017/fms.2021.24 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.24

16 Kazuhiro Ito et al.

which is compatible with the action of Gal(K /K) and the Frobenius endomorphisms. By its construction
and [6, Theorem 13.1], this is compatible with the following filtered Bgr-linear isomorphism constructed
in [62, Theorem 8.4],

car.7x - Hix(Xk /K) ®k Bar — He (X5, Zp) ®z, Bar,

which is Gal(E/ K)-equivariant. More precisely, ccris, 7 and cqr, 2, are compatible via the Berthelot-
Ogus isomorphism
H2% (L /W) ®w K = Hip (2 /K):

see Proposition 11.5.
The isomorphism cgr g induces an isomorphism

Dar(H: (X%, Zp)[1/p]) = Hip (2 /K),
which is also denoted by cqr a7y - Similarly, the isomorphism cis, ¢ induces an isomorphism
Deris (Hy (X Zp) [1/p]) = Hiy (2i/W)[1/p],

which is also denoted by cris o
Let i)Jt(He?t(fl”f, Z,)) denote the Breuil-Kisin module (over O with respect to {@'/P"},50) associ-
ated with Hgt(fl”f, Zp,). We have the composite of the following filtered isomorphisms:

Mar (Hz (X Zp)) [1/p] = Dar (Hz (L Zp) [1/p])
= Hio (Zx /K).

We also have the composite of the following isomorphisms of ¢-modules:

Elncris(Hgt('%‘f’ Zp))[l/p] = Dcris(Hgt(&/‘f7 Zp)[l/p])
= H2, (2 /W) [1/p].

As in the case of p-divisible groups, there are integral refinements of them.
Theorem 3.2 (Bhatt-Morrow-Scholze [6]).
(1) The isomorphism
Mar (He (L. Zp)) [1/p] = Hog (Tx /K)
maps EIRdR(Hgt(.El"f, Z,,)) isomorphically onto HgR(SX/@K).
(2) The isomorphism
Meis (He (L Zp)) [1/p] = Hogo (ie/W)[1/p]

maps EIRmS(Hg[(SXf, Z,,)) isomorphically onto H?

cris

(Zi/W).

Proof. (1) Because this part was not stated explicitly in [6], we shall explain how to deduce it from the
results of [6].
First recall that

¢ MHZ (X5, Zp)) ®c Ain
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naturally becomes a Breuil-Kisin-Fargues module in the sense of [6, Definition 4.22]. Under Fargues’s
equivalence [6, Theorem 4.28], this corresponds to a B(‘;R-lattice

Dar (H3(X%.2,)[1/p]) ®k Blg = (Hi (X, Zp) ®z,, Bar) K/ @ B,
C Hy(X%.Zp) ®z, Bar.
Note that the following isomorphism
Dar (Hg(Ze Zp) [1/p]) = (9" M(H (. Zp)) ® €)F /)
= Mar (Hz (X5, Zp)[1/p]

obtained by the reduction modulo £ is the same as the one given before.
The above Breuil-Kisin-Fargues module is realised as the Aj¢-valued cohomology constructed in
[6]. In [6], Bhatt-Morrow-Scholze constructed the Ajys-valued cohomology Hi_ f(.fl” ) and showed that

other cohomology theories can be obtained from it. (Here, Hi_ f(ﬁl” ) denotes the Aj,r-cohomology of
the completion of &s..) In our case, Hf‘_ f(&" ) is a free Ajpe-module of rank 22. By [6, Theorem 14.3],
Hf“nr(fl” ) is equipped with an Ajn¢-linear Frobenius isomorphism

10 ¢: (At ®p.ay H (DN[1/0(E)] = H (2)[1/¢()],

inf

where ¢ is a generator of the kernel of the surjection 8: Ay - O¢. Hence, it is a Breuil-Kisin-Fargues
module. By [6, Theorem 14.6], it is isomorphic to the Breuil-Kisin-Fargues module associated with
He?t(.fl"f, Z,) using cdr 2% - Indeed, by [6, Theorem 14.3(iv)], there is an isomorphism (actually, there
are two constructions giving the same map; see [ 16, Proposition 6.8]):

H3, (X) ®a, Bar = Hy (X, Zp) ®z, Bar,
and Hf‘inf(fl" ) is determined, via Fargues’s equivalence, by a Bl -lattice
car,7x (Hi (X /K) ®k Bly) € Hy(Xz,Zp) ®z, Big.

which is exactly
Dar (Hz (X, Zp)[1/p]) ®k By

Therefore, there is an isomorphism
¢ M(H (X, Zp)) ® Ains = Hy ()

making the following diagram commutative:

Hi (Zx /K) @ C H} () ®4,, C

Dar (H2(Xz.2,)[1/p]) @k C —— Mar (H (X Zp)) ®cy C

and ide(He?t(fl’f, Zp)) ®py Oc is identified with Hf“ f(Sl" ) ®a,,; Oc. The inverse of the composite of
the left vertical arrow and the bottom arrow is the map appearing in the statement of (1).
By [6, Theorem 14.3(ii)], we have an isomorphism

Hj (X)®a

inf inf

Oc = Hix (2 /0k) ®oy Oc.
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It is compatible with the top arrow in the above diagram; this is essentially checked in the proof of [6,
Theorem 14.1]. See also [16, Proposition 5.41, Theorem 6.6].

To complete the proof of (1), it now suffices to remark that two Ok -lattices in a K-vector space are
the same if and only if the corresponding two O¢-lattices are the same in the C-vector space obtained
by extension of scalars.

(2) See [6, Theorem 14.6(iii)]. We briefly recall the arguments for the convenience of the reader. By
[6, Theorem 14.5(i), Theorem 12.1], there is an isomorphism

H124inf (g‘) ®Ai“f Bcris = Hgt(%f, Zp) ®Zp Bcris
that underlies the following isomorphism used in the proof of (1):

Hiinf (!EZ‘) ®a BdR = Hgt(‘%‘f’ ZP) ®Zp BdR'

inf
This induces an isomorphism

Hiinf () B A B:ris = DCFiS(Hgt(‘%‘f’ ZP) [1/p]) ®w [1/p] B:ris
such that the composite

CP* gﬁ(Hgt(‘%‘f’ Z17)) ®s B:ris = HIZAinf (‘%‘) ®Ainf B:ris
= Dcris(Hgt(&ﬁE’ Zp) [1/p]) AW 1/p] B:ris

is the canonical map. Namely, the map obtained by the specialisation

Dcris(Hgt(frE’ Zp)[l/P]) = (Emcris(Hgt(%f’ Zl’)) ®w W(E)[l/p])Gal(K/K)
= Meris (Hz (L, Z,)[1/p]

is equal to the canonical map given before.
Moreover, by the construction of cis, o, the following isomorphism [6, Theorem 14.3(i)]

H2 (2) ®a, W(K) = H2((L/W) @w W(K)

inf

induces cris, o by the specialisation

Deris (H2 (. Zp) [1/p]) = (H2 (Lic/ W) ©w W(R)[1/p]) S E/K)
~ H2

cris(t%‘k/w)[l/p].

Now a reasoning similar to that used at the end of the proof of (1) implies (2). O

4. Shimura varieties

In this section, we recall basic results on Shimura varieties and their integral models associated with
general spin groups and special orthogonal groups. We follow Madapusi Pera’s paper [50] for orthogonal
Shimura varieties. (For integral models of more general Shimura varieties of abelian type, see Kisin’s
paper [40]. For the construction of 2-adic integral canonical models, see also [38].)

In this section, we use the same notation as in previous sections. Recall that we fixed the embedding
of quadratic spaces L C L as in Lemma 2.1.
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4.1. Orthogonal Shimura varieties over Q

Let X7 denote the symmetric domain of oriented negative definite planes in Lz. We have Shimura
data (GO,Q, X7) and (GQ,XZ). Each of them has the reflex field Q; see [1, Appendix 1, Lemma] for
example. The canonical homomorphism G — G induces a morphism of Shimura data (Gq, X7) —
(Go.o» Xp)- N N N N

We put Ko , := Go(Z) (respectively K,, :== G(Z,)), which is a hyperspecial subgroup. Let Kop C
(~}0(A?) (resl?f:ctivilyjzp C~5(A]’i)) be an open compact subgroup and Ko := Ko, pﬁ(’)’ C Go(Ay)
(respectively K := K,KP c G(Ay)). We have the Shimura varieties

Shk0 = ShKO(GO-Q’ Xz) and Shk = ShK(FG'Q, Xz)

associated with the Shimura data (50@, X7) and (5@, X7), respectively. We assume that I~((’)7 and K? are
small enough so that Shg, and Shg are smooth quasi-projective schemes over Q. Moreover, we assume

that the image of KP” under the homomorphism G — Gy is f{g . Then we have a finite étale morphism
over Q:

Shﬁ g Shﬁo .

We also consider the reductive group SO(Lqg) over Q. Let X;, denote the symmetric domain of
oriented negative definite planes in Lr. We have a Shimura datum (SO(Lg), Xz ) and a morphism of
Shimura data: (SO(Lq), X.) — ((~}0,Q, X7). Let Ko,p € SO(Lg)(Qp) be the maximal subgroup that
stabilises Lz, and acts on L%p /Lz, trivially. Let K} c SO(Lq) (A;) be an open compact subgroup that

stabilises Lz, and acts on L%p / Lz, trivially. We assume that K(’; is small enough so that it is contained

in Kg and the associated Shimura variety Shg,(SO(Lg), Xr) is a smooth quasi-projective variety over
Q, where Kg := Ko, p, Kg . Note that we have Ko, C Ko,p; see the proof of [50, Lemma 2.6]. Hence, we
have a morphism of Shimura varieties over Q:

Shi, (SO(Lg). X1.) — Shg,.

4.2. Symplectic embeddings of general spin groups
By [50, Lemma 3.6], there is a nondegenerate alternating bilinear form
v:HxH—>Z
satisfying the following properties:
(1) The left multiplication induces a closed embedding of algebraic groups over Q,
Gg < GSp = GSp(Hg, ¥q).
(2) The left multiplication induces a morphism of Shimura data
(Gg. Xp) — (GSp, §%),
where S* denotes the Siegel double spaces associated with the symplectic space (Hg, §).

LetK’? c GSp(A;) be an open compact subgroup containing the image of K?. Let K}, € GSp(Qp)

be the stabiliser of Hz,. We put K’ := K}, K’P. After replacing K’” and KP by their open compact
subgroups, we may assume that the associated Shimura variety Shi/(GSp, $¥) is a smooth quasi-
projective scheme over Q and the morphism of Shimura data (Gg,X;) — (GSp,S*) induces the
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following morphism of Shimura varieties over Q:
Shg — Shg: (GSp, §¥).

Let us summarise our situation by the following commutative diagram of algebraic groups over Q:

GSpin(Lg)© Go© GSp
SO(LQ)(—> GO,Q.

We also have the corresponding diagram of Shimura varieties over Q:

Shg = Shz(Gq, X;) — Shg/(GSp, $*)

|

ShKO(SO(LQ), XL) —_— Shk0 = ShKO(EO,Q7 X]:).

4.3. Integral canonical models and the Kuga-Satake abelian scheme

Because I~(p cG (Qp) and I~(0, pC GO(QP) are hyperspecial subgroups, the Shimura varieties Shy and
Shﬁo admit the integral canonical models &% and SEO over Zp), respectively. (This result is proved by
Kisin when p # 2 [40] and by Kim-Madapusi Pera when p = 2 [38]. The integral canonical models are
characterised by the extension properties. See [40] for details.)

By the construction of 8% , the morphism Shy — Shg extends to a finite étale morphism 8 — S

0 0

over Zp).

Let m := |H) /Hz| denote the discriminant of Hz. We put

g := (dimg Hg)/2 = 2*".

Let o := dg . x be the moduli space over Z ) of triples (A, 4, €’”) consisting of an abelian scheme A
of dimension g, a polarisation 1: A — A" of degree m and a K’P-level structure €’”. For a sufficiently
small K7, this is represented by a quasi-projective scheme over Z,). We have a canonical open and
closed immersion

Shg/ (GSp, $*) — g
over Q. Hence, we have a morphism Shy — &g over Q. By the construction of §%, this morphism

extends to a morphism S — & over Z(,); see [40, (2.3.3)], [38, Section 4.4].
In summary, we have the following diagram of schemes over Z,):

Sg —d

l

Sg

0"

Let Ag, — &g be the abelian scheme corresponding to the morphism S — &/. The abelian scheme
As, is called the Kuga-Satake abelian scheme. We often drop the subscript S in the notation. For
every Sg-scheme S, the pullback of Ag, to § is denoted by Ag.
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Remark 4.1. If the discriminant of the quadratic space L is divisible by p, we do not yet have a
satisfactory theory of integral canonical models of the Shimura varieties Shx (GSpin(Lg), X;.) and
Shk, (SO(Lq), X1.) associated with L. (The open compact subgroup Ko,, € SO(Lg)(Q,) may not be
hyperspecial.) Following Madapusi Pera [49, 50, 38], we embed L into L whose discriminant is not
divisible by p as in Lemma 2.1 and use the integral canonical models % and oS’f(O associated with L.

4.4. Local systems on Shimura varieties
In this subsection, we introduce some (complex analytic, £-adic and p-adic) local systems on orthogonal
Shimura~ varieties. For de@ils, see [50, 38].
The G-representation Lz, and the G-equivariant embedding
i: Lz, — Endz, (Hz,)
induce the following objects:

o A Q-local system Vg over the complex analytic space Sh%n - and an embedding of Q-local systems:
ip: Vg < End(H})).
Here Hp is the relative first singular cohomology with coefficients in Q of Ag ~ over Sh%n o and
K,C 5
H}, is its dual.
o An A? -local system V? over the integral canonical model S8k and an embedding of A? -local systems:
i?: VP < End(VPA).

Here we put
PA = (L
VPA = Q%HA[”]) ®z Q
pin

and consider it as an A;ﬁ -local system over Sg.

o A Zp-local system Ep over the Shimura variety oS’KQ = Shg and an embedding of Z-local systems:

ipi Ep — @(Tpﬂs}li).

Here T,,ASh].( is the p-adic Tate module of AShI~< over Shg.

4.5. Hodge tensors

Recall that we fixed tensors {s,} C Hg ) defining the closed embedding G — GL(Hz, ) over Z(p);
P
see Subsection 2.3. The tensors {s,} C Hz ) give rise to global sections {s,. 5} of HE, global sections
i
{sh} of (VP A)® and global sections {sq,,} of (T,A)®.
We recall properties of these tensors. (See [41, (1.3.6)], [38, Proposition 4.10] for details.)

(1) Let k be a field of characteristic 0. For every x € &% Q(k) and a geometric point x € 512@(%) above

x, the stalk Epj at X is equipped with an even perfect bilinear form (, ) over Z,. The bilinear form
is Gal(k /k)-invariant; that is, we have

(8y1,8y2) = (¥1,y2)
for every yi,y2 € EI,,; and every g € Gal(k/k).
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We identify T}, (Ax) with H, ét(ﬂy, Zp)". The Gal(k /k)-module EP’} and the homomorphism
ip x are characterised by the property that there is an isomorphism of Z,-modules

Hz, = H(Ax,Zp)"

that carries {5, } to {54 , x} and induces the commutative diagram

ZZP —l> Ende (HZP)

—_~ l‘,y}
Lp,? IH Ende (Hélt(‘AYa Zp)v)s

where ZZP =] Ep,f is an isometry over Z,. (We will often drop the subscript x of i), %.)

(2) Let k a field of characteristic 0 or p. For every x € 8 (k) and a geometric point X € oS’IZ(Z) above
x, the stalk iv’g at X has a bilinear form (, ) over A? satisfying the same property as above with Z,
replaced by A? .

(3) Forevery x € 8%(C), the stalk v B,x atx has a bilinear form (, ) over Q satisfying the same property
as above with Z, replaced by Q.

4.6. F-crystals and Breuil-Kisin modules

In this subsection, let k& be a perfect field of characteristic p > 0 and x € SI?JFP (k). We recall basic
results on F-crystals attached to x € ¢ F, (k). (For details, see [40, 41, 50, 38].)

The é-representation ZZ(,,) and the é-equivariant embedding
it Lz, < Endz,, (Hz,)

induce a free W-module st,x of finite rank and an embedding

. 1
fcris © Leris,x = Endw (Hcris

(Ax/W)Y).
The W|[1/p]-vector space Zcris,x[l /p] has the structure of an F-isocrystal. Namely, it is equipped
with a Frobenius automorphism ¢. The embedding i.;;s becomes an embedding of F-isocrystals after
inverting p. _

There is an even perfect bilinear form on Ls x. When p is inverted, we have

(e(y1)¢(y2)) = o (y1,y2)

for every y1, y2 ELcris,x[l/pL _

We recall the definition of Leis,x and icris when & is a finite field F, or F,. Take a lift x € S¢(Ok) of
x, where K is a finite totally ramified extension of W[1/p] and Ok is its valuation ring. Note that such
a lift exists by [40, Proposition 2.3.5], [38, Proposition 4.6]. Let = Spec K denote the generic point of
Spec Ok and 77 a geometric point above 7.

We fix a uniformiser @ of K and a system {@'/?"},,50 of p"th roots of @ such that (wl/PnH)p =
@!/P" Let

M(H (A7, Zp))
be the Breuil-Kisin module (over O with respect to {w'/P" },,50) associated with the Gal(K /K)-stable

Zp-lattice H, ét(ﬂﬁ’ Z,) in a crystalline representation. (For the definition of Breuil-Kisin modules, see
Subsection 3.2. See also [40, (1.2)].)
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Because 9i(—) is a tensor functor, the tensors {s, , 5} in (T,A5)® give rise to Frobenius in-
variant tensors {M(sq, 7)) in M(H élt(.Aﬁ, Zp))® and Frobenius invariant tensors {Meris(5q,p,77)} in
EIRcris(Hét(Aﬁ, Zp))®. By [40, Corollary 1.4.3], [38, Theorem 2.12], we have a canonical isomorphism

Meris (Hy (A7 Zp)) = Hey (A /W),

cris

(See also Proposition 11.12.) Using this canonical isomorphism, the tensors {Wicis(Sq,p.7)} give rise

to Frobenius invariant tensors {sq cris,x } in H clris(Ax /W)®. The tensors {s 4 cris,x } do not depend on the

choice of the lift X € 8 (Ok ) of x; see [41, Proposition 1.3.9]. (See also the last paragraph in the proof
of [38, Proposition 4.6].)
Kisin proved the following results.

Proposition 4.2 (Kisin [40, Proposition 1.3.4, Corollary 1.3.5]). There is an isomorphism of S-modules
H(A7.Z,)" ®z, & = M(HY(A7.Zp)")

that carries {sq,p 7} t0 {M(5q,p.7)} and induces the following commutative diagram:

~ i
L, 75 ®z, @ —— Ends(H! (A7.Z,)" &z, ©)

l M(ip) l

W(EP,T]) — Endg (Em(Hét(Aﬁ, ZP)V))’

where Ep,ﬁ ®z, © = EIJE(EI,,T]) is an isometry over S.

Proof. The assertion follows from [40, Proposition 1.3.4, Corollary 1.3.5]. Precisely, the statements in
[40, Proposition 1.3.4, Corollary 1.3.5] do not claim the existence of the commutative diagram above,
but the same argument works. |

We define
Zcris,x = EIRcris(Ep,T]) and  ics = gﬁcris(ip)~

The even perfect bilinear form on Ep,ﬁ induces an even perfect bilinear form on Zcm,x. By (1) in
Subsection 4.5 and Proposition 4.2, there is an isomorphism of W-modules

HW EHI

cris

(Ax/W)"

that carries {sq} t0 {Sq cris.x } and induces the following commutative diagram:

Ly ——— Endw (Hw)

Leris.x — == Endy (H'_ (A /W)Y),

cris

where ZW =] st,x is an isometry over W. It follows that ch-s,x and i.js do not depend on the choice
of the lift x € S (Ok) of x.
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4.7. A-structures for integral canonical models

Recall that we have fixed an embedding of quadratic spaces L — L.Let A := L* c L denote the
orthogonal complement of L in L and ¢: A < L the natural inclusion.
We recall the definition of A-structures from [50].

Definition 4.3 (see [50, Definition 6.11]). A A-structure for an Sg-scheme S is a homomorphism of
Z(py-modules
LS : Az(p) — Endg (.As)z(m

satisfying the following properties:
o For any algebraically closed field K of characteristic 0 and x € S(K), there is an isometry
tp: Az, — Lj x over Z), such that the composite
tp ~ ip
AZF —> Lp,x — Endzp (Tp-Ax)

coincides with the map induced by 5.
o For any perfect field k of characteristic p and x € S(k), there is an isometry teris: Aw — Leris x
over W such that the composite

AW i>Lcrlsxﬂ>EndW(}Il (A /W) )

cris

coincides with the map induced by ¢gs.
It turns out that these conditions imply the following:

o By [50, Corollary 5.22], for every geometric point x — S, there is an isometry (¥ : A A2 \7&’ over

A? such that the composite
P o~ P
AA;; — V- EndA/fJ (VP(Ay))

coincides with the map induced by ¢s. _
o For every C-valued point x € §(C), there is an isometry tg: Ag — Vp , over Q such that the
composite

Ag 5 T« 2 Endg(Hp (A, Q)Y)

coincides with the map induced by ¢s.

We recall the definition of a K”-level structure. Here K” < GSpin(Lg) (A?) is an open compact
subgroup whose image under the homomorphism

GSpin(Lg) (AT) — SO(Lg)(AF)

is K-

Let S be an Si-scheme. For simplicity, we assume that S is locally Noetherian and connected. Let
€’ be the corresponding K’P-level structure on Ag; as in [40, (3.2.4)], for a geometric point s — S,
the K’P-level structure €’ is induced by a 7{ (S, s)-invariant K”-orbit € of an isometry H AP = VP(Ay)

over A? that carries {54} to {s% .} and carries L ap 1o VP Here 7 (S, 5) denotes the étale fundamental

group of S, and the Tate module V? (Ay) over A‘? has a natural action of (S, s).

Definition 4.4. Let S be a locally Noetherian connected scheme over 8. Let s — § be a geo-
metric point. A KP-level structure on (S,ts) is a (S, s)-invariant K”-orbit €, of an isometry of
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A? -modules

Hup = VP (Ay)

satisfying the following properties:

(1) Itcarries {sq} to {s5 ¢ }.
(2) The following diagram is commutative:

i

App —>L,» End,» (H
AP AP HA?( A;)

N

yr T End, (VP ().

113

(3) The KP-orbit ¢, induces the K”-orbit € on S.

Definition 4.5. Let Zg» (A) be the functor on §%-schemes defined by
Zxr (MN)(S) := { (ts,€,) | ts is a A-structure and €, is a K”-level structure on (S, ts) }

for an oS’~-scheme S.

Similarly, we can define a A-structure ¢p s for an cS’~ —scheme S,a Kp level structure on (S, t9,s) and
a functor ZKp (A). (See [50, Definition 6.11] for detalls )
The followmg result was proved by Madapusi Pera.

Proposition 4.6 (Madapusi Pera [50]). The functor Zxr (A) (respectively ZK{; (A)) is represented by a
scheme that is finite and unramified over Sk (respectively Sﬁo ). Moreover, there is a natural morphism

ZK[) (A) g ZK(I)’ (A),

which is finite and étale.

Proof. See [50, Proposition 6.13]. m

5. Moduli spaces of K3 surfaces and the Kuga-Satake morphism

In this section, we recall definitions and basic properties of the moduli space of K3 surfaces. Then we
recall definitions and basic results on the Kuga-Satake morphism over Z,) introduced by Madapusi
Pera [49, 38].

5.1. Moduli spaces of K3 surfaces

Recall that we say f: & — S is a K3 surface over S if S is a scheme, Z is an algebraic space and f is
a proper smooth morphism whose geometric fibres are K3 surfaces.

A quasi-polarisation of f: & — S is a section & € Pic(Z/S)(S) of the relative Picard functor
whose fibre £(s) at every geometric point s — S is a line bundle on the K3 surface 2 that is nef
and big. We say & € Pic(2'/S)(S) is primitive if, for every geometric point s — S, the cokernel of
the inclusion (£(s)) < Pic(Z;) is torsion-free. We say & has degree 2d if, for every geometric point
s — S, we have (£(s),£&(s)) = 2d, where (, ) denotes the intersection pairing on Z;. We say a pair
(f: & — S,¢) is a quasi-polarised K3 surface over S of degree 2d if f: 2 — S is a K3 surface over
S and ¢ € Pic(2'/S)(S) is a primitive quasi-polarisation of degree 2d.
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Let M5, be the moduli functor that sends a scheme S to the groupoid consists of quasi-polarised K3
surfaces over S of degree 2d. The moduli functor M»,4 is a Deligne-Mumford stack of finite type over
Z; see [60, Theorem 4.3.4] and [52, Proposition 2.1].

We put MZd,Z(,,) = M>q ®7 Z(p). Let S be an MZd,Z(,,) -scheme. For the quasi-polarised K3 surface
(f: & — 8§.¢) associated with the structure morphism § — M>q4,7,,, and a prime number £ # p, we

equip R? f.Z¢(1) with the negative of the cup product pairing. Let
P2 £.Z¢(1) = che(6)* € R* £.Ze(1)
denote the orthogonal complement of the £-adic Chern class ch,(£) € R?f,Z(1)(S) with respect to
the pairing. We set
PLRZP(1) = [ | PP AZe(),

t#p

The stalk of P%f.Z.(1) (respectively P? f*zp(l)) at a geometric point s — S will be denoted by
P2 (X5, Ze(1)) (respectively P2 (2, ZP (1))).
Let M5™ ) denote the smooth locus of M2d,z(p) over Z(p). Madapusi Pera constructed a twofold

2d,Z,
. < 1 7sm sm s : . 2, .
finite €tale cover M3 dz, M} .2 parametrising orientations of P*f,ZP (1) that satisfies the
following property. For every morphism S — M35 _ | there is a natural isometry of Z”-local systems

2d.Zp)
on S

v:detL ®; ZF = dethf*zp(l)
such that, for every s € S(C), the isometry v restricts to an isometry over Z,
vg: det L = det P3(Zs, Z(1)),
under the canonical isomorphism
Py(%, Z(1) ®2 2P = PL(Zs, 2P (1)),

where we put P%} (Xs5,Z(1)) :=chp(&(s))* C H%;(SXS, Z(1)). See [49, Section 5] for details.

For an open compact subgroup K(’)’ C SO(Lg) (A?) as in Subsection 4.1, we recall the notion of
(oriented) KOP -level structures from [49, Section 3]. For simplicity, we only consider the case § is a
locally Noetherian connected M;Z‘,Z(m -scheme. Let s — S be a geometric point and 7 (S, s) the étale
fundamental group of S. A Kg -level structure on (f: X — S,&) is a (S, s)-invariant K(’)’ -orbit i of
an isometry over Zp s

Ax3 ®2ZF = H3(Z,ZP (1)),

that carries e — df to chs, (£(s)) such that the induced isometry

det L ® ZP = det P2 (%, ZP (1))

coincides with vg. Here the étale cohomology Hét(fl’s,ip(l)) has a natural action of 7(S,s), and
Ag3 ®z 7P has a natural action of K” ; see [50, Lemma 2.6].

Let M5™ be the moduli functor over M™ that sends an M3 -scheme S to the set of
2d.KE 2 2d.Zp) 2d.Zp)

(oriented) KOP -level structures on the quasi-polarised K3 surface (f: & — S, &).
The following result is well known.

ogs P Py sm , ,
Proposition 5.1. If Ky C SO(LQ)(Af) is small enough, MM,K{{,Z(,,) is an algebraic space over Zp)
that is finite, étale and faithfully flat over M3 Zi'

B(p
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Proof. This result was essentially proved by Rizov [60, Theorem 6.2.2], Maulik [52, Proposition 2.8]
and Madapusi Pera [49, Proposition 3.11]. Note that their proofs work in every characteristic p, including
p = 2. Their proofs rely on the injectivity of the map

Aut(X) — GL(H2(X,Qy))

for every £ # p, where X is a K3 surface over an algebraically closed field of characteristic p > 0.
The injectivity was proved by Ogus when p > 2; see [56, Corollary 2.5]. (Precisely, Ogus proved it
for the crystalline cohomology. The injectivity for the {-adic cohomology follows from Ogus’s results;
see [60, Proposition 3.4.2].) Recently, Keum proved that the injectivity holds also when p = 2; see
[37, Theorem 1.4]. ]

We will assume that an open compact subgroup Kg C SO(Lq) (A;’.) as in Subsection 4.1 is small
enough so that Proposition 5.1 can be applied.

5.2. The Kuga-Satake morphism

Rizov and Madapusi Pera defined the following étale morphism over Q:

MS?,K{)’,Q i ShKO (SO(LQ), XL).

It is called the Kuga-Satake morphism over Q. (See [61, Theorem 3.9.1], [49, Corollary 5.4] for details.)

sm . .
Because M2 dKD Z0) is smooth over Z(,), the composite

M;;,K(’;,Q — Shg, (SO(Lq), X)) — Shﬁo

extends to a morphism over Z(,,),

sm
— §~
2d,KE . Z ) CS?K() >

by the extension properties of the integral canonical model c5’~0; see [40, (2.3.7)], [49, Proposition 5.7].
The following results are proved by Madapusi Pera.

Proposition 5.2 (Madapusi Pera). There is a natural étale &Ko-morphism

. sm
KS: M3} n s = Zip (A).

Proof. The morphism Shg,(SO(Lg), X1) — Shg, factors through the generic fibre ZK(I)’ (A)g of
ZK{I)J (A); see [50, 6.15] for details. Hence, we have a morphism over Q,

sm
M2d,K(’)’,Q — ZK(I)’ (A)g.

This morphism extends to a § -morphism
0

. Sm
KS: M;dxg’z(p) - ZKg (A)
by [30, Chapter I, Proposition 2.7].

For the étaleness of the morphism KS, see the proof of [38, Proposition A.12]. See also
Remark 6.9. O

One usually calls the morphism KS in Proposition 5.2 a period map and calls a morphism from the
moduli space of K3 surfaces to the moduli space of abelian varieties a Kuga-Satake morphism. In this
article, following Madapusi Pera, we call the morphism KS a Kuga-Satake morphism for convenience.
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Summarising the above, we have the following commutative diagram of algebraic spaces over Z):

Zr (A) — S¢

sm KS

——Z.p(A) ——= &% .
2d.KP 2 ) Ké’( ) Kp

Here % (respectively S ) is the integral canonical model of the Shimura variety associated with
G = GSpin(ZZ(m) (respectively Gy = SO(ZZ(],))), and Zgr (A) (respectively ZK(’; (A)) is the scheme
over 8% (respectively é’ﬁo) as in Definition 4.5 and Proposition 4.6.

6. F-crystals on Shimura varieties

In this section, let k be a perfect field of characteristic p > 0. We shall study the W-module st,s
associated with a k-valued point s € Sz (k) of the integral canonical model k.

We use the same notation as in Subsection 3.1. In particular, W := W(k), S := W[ [u]], K is a finite
totally ramified extension of W[1/p] and K is an algebraic closure of K. We fix a uniformiser @ of K
and a system {@'/P"},¢ of p"th roots of @ such that (wl/”"H)I’ = @!/P" Let E(u) € W[u] denote
the (monic) Eisenstein polynomial of @.

6.1. The primitive cohomology of quasi-polarised K3 surfaces

Let? € M;‘; KP 7, (Ok) be an Ok -valued point and (%, ¢) the quasi-polarised K3 surface over Og of
B -=(p)

degree 2d associated with . We assume that £ is a line bundle.
The orthogonal complement with respect to the cup product of the first Chern class of £ in the de
Rham cohomology is denoted by

PI(¥ [0k ) := char (€)* C Hyp (¥ /Ok).

We define P?t(?f’ Z,(1)) and P2 (% /W) similarly.

cris
We shall recall some well-known properties of the de Rham cohomology of K3 surfaces; see [24]

for details. The de Rham cohomology HgR(? /Ok ) admits the Hodge filtration Fil;—[dg:
0 = Filjyy, C Filfy, C Fily,, € Fily, = Hie (% /0k).
The graded piece Grf{dg = Fil;mIg / Filﬁrdlg is a free Ok -module for every i. The Hodge filtration Fil;ldg on

H(%R(? / Ok ) is mapped onto the Hodge filtration ﬁlHdg on HdZR (% [ k) under the canonical isomorphism

H3 (Y |Ok) ®0y k = Hig (% /k).

Moreover, Filfidg is the orthogonal complement of FilII{dg with respect to the cup product on HgR (% /0k).
In other words, the cup product induces an isomorphism of Ok -modules

2 o0V
Griygq = (Gerg) .

We define a decreasing filtration Fil;Jr on PﬁR(? /Ok) by

Fily, := Filjyy, NP3 (7 /Ok ).
We put Grl,, := Fill, /Fill+!.
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Lemma 6.1. The natural homomorphisms Grgr - Gr%dg and Grlz,r - Gr2Hdg are isomorphisms. In
particular, the cup product induces an isomorphism of Ox -modules:

Gr, = (Gry,)".

Proof. Because the first Chern class chgg (¢) is contained in Filll_[dg, we have Filf1dg C PéR(? /Ok) and
2 o2
Gy = Gy,

We shall show Grgr = Grgldg. By the definition of Fil;r, the homomorphism Grgr - GrOHdg is

injective. To prove the surjectivity, it suffices to prove that it is surjective after taking the reduction
modulo w. Because both Glrgr and Gr% dg are free Ox-modules of rank 1, it suffices to show that

Grgr Qo k — GlroHclg ®py k is injective.
Because ¢ is primitive, the cokernel of the map (chqr (£)) — HgR(? /Ok) is p-torsion-free by [56,
Corollary 1.4], and the following composite

Hip (¥ [0k) = Hip (¥ /0k)" — (char (£))"

is surjective, where the first isomorphism is obtained by the Poincaré duality and the second homomor-
phism is the restriction map. Thus, we have the following split exact sequence:

0 — P2 (¥ [Ok) — Hax (¥ /0k) — (char(£))¥ — 0.
It follows that

P (¥ [0k) ®ox k = Poe (% /k) = char (éx)* © Hap (Y /k).

Hence, it is enough to show that the injection
. =1
Fil}, ®g, k <> Filyg, N PIp (% /k)

—1
is an isomorphism of k-vector spaces. It suffices to show that the intersection Fily, N PﬁR (% /k)is a20-
—1
dimensional k-vector space. If the dimension is greater than or equal to 21, we have Filyy, ﬂP(ZiR (Y [k) =

ﬁll{dg and
—1 -2
char (éx) € (Filygy) ™ = Filjyg,.

Then, by the proof of [56, Proposition 2.2.1], this implies that the versal deformation space of (%, £x)

is not regular. This contradicts our assumption that (%, &x) lies on the smooth locus M ;‘; <Pz
5o -&(p)

We consider the Breuil-Kisin module
M(PL(Y%.Zp))
(over Og with respect to {@w'/P" },,50) associated with Pg;t(?f’ Zp).

We define a decreasing filtration Fili(EITEdR(Pgt(?f, Zp))) on ‘de(P;(?/E, Z,)) as in Subsection
3.2. Let

car i Dar (H (Y- Zp) [1/p]) = Hop (¥ /0x) [1/p),
Ceris. ¢ Deris(Hg (- Zp) [1/p]) = Hey (%ic/W)[1/p]
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be the isomorphisms in Subsection 3.4. These isomorphisms are compatible with Chern classes, cup
products and trace maps; see Subsection 11.1 and Subsection 11.2. Hence, we have canonical isomor-
phisms of filtered K-modules

Mar (P3P Zp)[1/p] = Dar (Pe(Y, Zp)[1/p]) = P (¥ /0x) [1/p).

We also have canonical isomorphisms of filtered ¢-modules

Meris (PL (V> Zp)) [1/p] = Deis(Pe (Y Zp) [1/p]) = Po (% /W)[1/p).

Lemma 6.2. The canonical isomorphism

Mar (Pe (Y Zp))[1/p] = P (¥ /Ok)[1/p]

maps EIRdR(Pé(?f, Z,)) onto P(ZIR(?/@K). It also maps Fili(ide(Pg[(?f, Zp))) onto Fillij,for every
i€’

Proof. We shall show the first assertion. The cup product on Hgt(?f’ Z,) induces a perfect pairing on

the Breuil-Kisin module EUI(H;(?F Zp)). Because the kernel of a homomorphism of free S-modules
of finite rank is free, the orthogonal complement

M((chy ()Y (1) € M(HZ (Y Zp))

is a free S-module of finite rank. Hence, it is a Breuil-Kisin module (of height < 2). By the characteri-
sation of W(Pgt(??, Z,)) in [6, Theorem 4.4], we have

M (P (Yi> Zp)) = M({ch, (£)) (=)™

By Theorem 3.2, we have EIRdR(Hgt(?f, Zp)) = HfiR(? /Ok). Under this isomorphism, the homo-

morphism Migr ((chp, (£))(-1)) — ﬁRdR(Hgt(?f, Zp,)) is identified with the inclusion (chgr (£)) —
H3: (% | Ok) by Proposition 11.2.
To prove the first assertion, it is enough to show that the cokernel of the injective homomorphism

J @ M(chy (€) (1)) = ¢ M(H (Y, Zp))

is a free ©-module. Indeed, if the cokernel of j is a free S-module, we have the following split exact
sequence of S-modules:

0 = ¢ M(PL( Y Zp)) = ¢ MH (Y- Zp)) = 9" M(HG (Y Zp))”
— " M((chy ())(~1))" = 0.

By taking ®s Ok , we obtain the following exact sequence of Ox-modules:

0 — Mar (PL(Y Zp)) — Hag(¥ /0k) — (char(£))¥ — 0.

Hence, we have iUidR(Pét(?f, Zp)) = PﬁR(? /Ok). We shall show that the cokernel of j is a free
S-module. As above, we have

M((chy, (£))(=1)) = M(PL(Yx, Zp))*-

Hence, the cokernel of j is a torsion-free ©-module. Therefore, in order to prove that it is a free S-
module, it now suffices to show that the cokernel of (chgr(£)) — HﬁR(? /Ok) is p-torsion-free. This
follows from [56, Corollary 1.4].
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The second assertion follows from the fact that Gri(widR(Pgt(?f, Z,))) and Gr;;,r are free Ok-
modules. m]

Lemma 6.3. The canonical isomorphism
Meris (PL (Y Zp)) [1/p] = PLi(%/W)[1/p]

maps gﬁcris(P?:t(?E’ Zp)) onto Pfris(?k/W)-

Proof. As in the proof of Lemma 6.2, the assertion follows from the fact that the cokernel of j is a free
S-module by using Theorem 3.2 and Corollary 11.6. O

6.2. F-crystals on Shimura varieties and the cohomology of K3 surfaces

In this subsection, we assume that k is a finite field F, or Fq. We shall compare the W-module st,S
associated with a k-valued point s € S (k) of the integral canonical model i with the crystalline
cohomology of K3 surfaces.

We consider the following situation.

(1) Lets € M;‘; <Pz (k) be a k-valued point and (X, &) the quasi-polarised K3 surface over k of
2B =(p)

degree 2d associated with s.

(2) Theimage of s under the Kuga-Satake morphism KS is denoted by the same notation s € ZK{)) (A) (k).
After replacing k by a finite extension of it, there is a k-valued point of Zg» (A) mapped to s. We fix
such a point, and it is also denoted by s. Let A, be the Kuga-Satake abelian variety over k associated
with the point s € Zgp (A) (k).

(3) We take an Ok -valued point ¢ € MSI;,K”,Z“,) (Ok) lifting s. The morphism Zgr(A) — ZK[;; (A)
is étale by Proposition 4.6. Hence, the 0image of the Ok-valued point ¢t under the Kuga-Satake
morphism lifts to a unique Ok -valued point of Zg» (A) lifting s € Zgpr (A) (k). It is also denoted by
t € Zgr (N)(Ok).

(4) Let (¥, ¢) be the quasi-polarised K3 surface over Ok of degree 2d associated with 1. We assume
that ¢ is a line bundle.

(5) Let 7 be a geometric point of Zgr (A) above the generic point of t € Zgr (A)(Ok).

Then the Gal(K /K)-stable Z p-lattice in a crystalline representation

ro_ T
L,:=L,3
satisfies the following properties:

o Z;g admits an even perfect bilinear form ( , ) over Z,, that is compatible with the action of Gal(K/K).

o There is a Gal(K /K)-equivariant homomorphism ¢ pi Az, & Z:D preserving the bilinear forms. The
cokernel of ¢, is a free Z,-module.

o There is a Gal(K /K)-equivariant isometry

PL(Y e Zp(1) = 1, (Az,)"

See [49, Proposition 5.6]. _ _
o There is an isometry iIRms(L;,) = Ls,s that becomes an isomorphism of F-isocrystals after
inverting p. (See Subsection 4.6.)

We use the following notation on twists of ¢-modules. Let (N, ¢) be a pair of a free W-module of
finite rank and a o--linear map ¢ on N[1/p]. The pair (N, p~"¢) is denoted by N (7).
We put

Leis := Lcris,s .
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The Frobenius automorphism of Zcris(—l) [1/p] maps the W-module Zcris(—l) into itself. Therefore,
Leis(—1) is an F-crystal.
We now prove the following proposition, which plays a crucial role in this article.

Proposition 6.4. We have an isomorphism of F-crystals
PZris(X/W) = Lcris(AW)L(—l) - Zcris(_1)~

Proof. This proposition was proved in [49, Corollary 5.14] when p # 2. Here we give a proof using
the integral comparison theorem of Bhatt-Morrow-Scholze [6]. (Our proof works for any p, including
p=2)

By Pe?t(?E, Zp) = 1p(Az,)(=1)*, we have

M(PL( Y- Zp)) = M(1p(Az,) (=1)*.

(See also the proof of Lemma 6.2.) Moreover, we have ichriS(Pé(?f, Zp)) = P2 (X/W) by Lemma

cris
6.3. Thus, as in the proof of Lemma 6.2, the proposition follows from Proposition 6.5. O

Proposition 6.5. The cokernel of the homomorphism
M(ep): M(Az,) = M(L),)

is a free S-module.

Proof. Because the cokernel of ¢}, is a free Z,-module, it follows that
M(ep(Az,)) = M(ep(Az,) ) = M(p(Az,) D)™

Let M’ be the cokernel of the homomorphism M (¢, (Az, ) (=1)*) — E)JE(Z;, (=1)). It suffices to prove
that 9%’ is a free S-module.

The cokernel 9’ is a torsion-free S-module. Note that EIJE(Z;,(—I)) is an effective Breuil-Kisin
module of height < 2 and it induces a Frobenius 1 ® ¢: ¢* M’ — M’ .

It is enough to show that the Frobenius of )i’ satisfies the following properties:

(1) For every x € ¢* IR’, the image (1 ® ¢)(x) is divisible by E (u).
(2) The cokernel of 1 ® ¢: ¢* M — I’ is killed by E (u).

In fact, if (1) and (2) are proved, the homomorphism 1/E (u)(1 ® ¢) makes M’ a torsion-free ¢p-module
of height 0 in the sense of [47]. Then, we see that 9’ is a free S-module by [47, Lemma 2.18 (2)].
We shall prove (1). For simplicity, we put

M = Mty (Az,) (1)), Mar := Mar (¢p (Az,) (-1)7),
Mm = EIR(Z;,(—I)), Mar = Ede(pr(—l))-

Recall that we have Pgt(?F, Zp) = tp(Az,)(=1)*. Thus, by Lemma 6.1 and Lemma 6.2, the bilinear

form on My induces Gr2(Mar) = Gr¥(Mar)".

Let us show that the perfect bilinear form on ﬁdR induces Grz(ﬁdR) =~ Gr¥ (iﬁdR)V. Because the
cokernel of Grz(ﬁdk) — IMar (respectively Gr° (iﬁdR)V — ﬁZR) is p-torsion-free, it suffices to show
that we have the desired isomorphism after inverting p. This follows from the isomorphism

Ly, (=D[1/p] =, (Az,)(=D[1/p] ® Pi( Y Zp)[1/p].
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We obtain the following commutative diagram:

G (Mgr) — Gr' (Mgr)"

| |

Gr?(Mar) —— Gr'(Mar)".

Hence, Gr¥(Mar)¥ — Gr’(Mar)V is surjective. Because both Gr’(Mgr)" and Gr’(Mqr)" are free
Ok -modules of rank 1, we have Gr’(Mgr)" = Gr’(Mqr)". Therefore, we have

Gr'(Mapr) = Gr(Mar) and  Gr*(Mar) = Gr* (Mar)-

By Gr’(Mar) = Gr’(Mar) and Lemma 3.1, we have Fil' (¢*IM) + ¢* M = ¢*IM. The assertion (1)
follows from this equality. .
We shall prove (2). By Gr?(Mar) = Gr?(Mar) and Lemma 3.1, we have

Fil2(¢*M) c Fil' (¢* M) + E (1) " M.

We take an element x € 9. Because 9t is of height < 2, there is an element y € "9 such that
(1 ® ¢)(y) = E(u)%x. By the above inclusion, there are z € Fil' (¢*9%) and w € ¢p*§fﬁ such that
y=z+E(u)w. Weput (1 ® ¢)(z) := E(u)z’ for z’ € M. Then we have E(u)x = 7'+ (1 ® ¢)(w). This
shows that E (u)x is zero in the cokernel of ¢* I’ — M’ and completes the proof of the assertion (2).

The proof of Proposition 6.5 is complete. O

6.3. Formal Brauer groups

We consider the situation as in Subsection 6.2. .
Let Br := Br(X) denote the formal Brauer group associated with the K3 surface X. Recall that Br is
a one-dimensional smooth formal group scheme pro-representing the functor

d>§(: Arty — (abelian groups)

defined by
R > Ker(H2(Xg, Gpm) — HZ(X,Gp)),

where Arty is the category of local Artinian k-algebras with residue field k£ and (abelian groups) is
the category of abelian groups; see [2, Chapter II, Corollary 2.12]. (For basic properties of the formal
Brauer group, see also [46, Section 6].) The height h of the K3 surface X is defined to be the height of
Br.Wehave 1 < h < 10or h = 0.

There is a natural equivalence from the category of one-dimensional smooth formal group schemes of
finite height over k to the category of one-dimensional connected p-divisible groups over k. If the height
of X is finite, we identify the formal Brauer group Br with the corresponding connected p-divisible
group over k and let Br denote the Cartier dual of Br.

For a crystal & over CRIS(k/Z,), the value &w .k in (Spec k — Spec W) will be denoted by the
same letter & . By [4, (5.3.3.1)], we have a canonical perfect bilinear form

D(Br ) x D(Br)(=1) — W(=2).

The following Proposition 6.6 and Lemma 6.8 are presumably well known to experts (see [50, 6.27]
for the case p > 3). We include proofs for completeness.
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Proposition 6.6. Assume that the height of X is finite. The following assertions hold:

(1) There is an isomorphism of F-crystals
Lers(=1) = D(Br) @ D(D)(-1) @ D(Br)(-1),

where D is an étale p-divisible group over k.
(2) Under this isomorphism, the bilinear form on Leis(—1) is the direct sum of a perfect bilinear
form

D(D)(=1) xD(D)(=1) = W(-2)

and the canonical perfect bilinear form D(E\r*) X D(E;)(—l) — W(=2).

Proof. The breaking points of the Newton polygon of Zcris(—l) lie on the Hodge polygon of it; see
Lemma 6.8 and its proof.

By the Hodge-Newton decomposition [36, Theorem 1.6.1], there is a decomposition as an F-crystal
over W,

Lesis(—=1) = Ly_y/, ® Ly @ Lysi/ns
where L, is an F-crystal over W that has a single slope A for each A € {1 - 1/h, 1, 1+1/h}. Via this
decomposition, the bilinear form ( , ) is the direct sum of a perfect bilinear form Ly x L1 — W(-2)

and a perfect bilinear form Li_y/, X L1/ — W(=2).
Similarly, we have a decomposition

(X/W)=Li_1y, ® L1 ® Li41/.

CrlS

By Proposition 6.4, we have P2. (X /W) = Lcm(/\w)( 1)*. Because teris(Aw)(=1) is contained in

cris
Ll, we have Li_y/, = L1 1n and Ligyyp = L1+1/h We have a natural isomorphism of F-crystals
over W

]D(E; ) = Li_1p.
(See [68, Proposition 7] for example. See also Remark 6.7.) Using the perfect bilinear form Zl_l /n X

Lisijn — W(=2), we identify Ly, with LY, (=2) = D(Br)(-1).

Because we have pz] = ¢(Zl), there is an étale p-divisible group D over k such that
D(D)(-1) = L;. O

Remark 6.7. We assume that the height of X is finite. The proof of [68, Proposition 7] shows that there
is a natural isomorphism of F-crystals over W,

TC(Br) = Ly_y 5.

Here TC(E;) is the Cartier-Dieudonné module of typical curves of Br; see [2, I, Section 3] for example.

The F-crystal TC(Br) is naturally isomorphic to the F-crystal D(/B;*) by [12, (5.8)], [4, Théoreme
4.2.14,(5.3.3.1)].

The following strong divisibility result is used in the proof of Proposition 6.6.

Lemma 6.8. We have an isomorphism of W-modules

Zcris(_1)/‘1‘7(zcris(_1)) = (W/p)EBZO @ W/pz'

Proof. We put
M = gﬁcris(z;y)(_l) = Zcris(_l)-
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The Newton polygon of M has three slopes with multiplicities described as follows:

Slope 1-1/h 1 1+1/h
Multiplicity h 22 —-2h h

The Newton polygon of M is above the Hodge polygon of M and both polygons have the same initial
point and endpoint; see [36, Theorem 1.4.1]. We put

M :={xe M| pxelm(p)}.

Then it is enough to show that there is a surjection W/p — M /M.
We put I := M(L,(—1)) and define

M ={xeM|Ewxelm(1®¢: oM —> M) }.

Via ¢*IM @ W = M, we have a surjection (¢*I/p*M’') @ W — M /M’. We shall show that
(" M/™" M) @ W = W/p.

Because we have a perfect bilinear form I x M — S(-2) over S that is compatible with the
Frobenius endomorphisms, we have

E(u)*M c Im(¢"M — M).

Hence, Wi /M’ is killed by E (u) and M /I’ is a finite S/ E (u)-module. Using the perfect bilinear form
on M again, we see that W /M’ is p-torsion-free. Because S/E (u) = Ok is a discrete valuation ring,
it follows that 9t /M’ is a free S/E (u)-module of finite rank. The dimension of the K-vector space
gr'Dar (L), (=1)[1/p]) is as follows:

0 i#0,1,2,
dimg gr' Dar (L), (-1)[1/p]) =420 i=1,
1 i=0,2.

It follows that M /W’ is a free S/ E (u)-module of rank 1 by [39, Lemma 1.2.2]. Therefore, we have

(" M/"M') @ W = (S/@(E(u)) @ W = W/p.

6.4. Remarks on the étaleness of the Kuga-Satake morphism

The étaleness of the Kuga-Satake morphism

KS: M;Zl,K{)’,Z”,) — ZK(I)’ (A)
plays an important role in this article. It also plays an important role in Madapusi Pera’s proof of the
Tate conjecture for K3 surfaces [49, 38]. The proof of the étaleness was given by Madapusi Pera in [49,
Theorem 5.8] when p is odd and in [38, Proposition A.12] when p = 2.

In the course of writing this article, we found some issues on the proof of the étaleness of KS. We
can avoid these issues using our results in this section. See Remark 6.9 and Remark 6.10 for details.
(See also [51], where Madapusi Pera gave a somewhat different argument.)

Remark 6.9. When p = 2, the proof of the étaleness of KS in [38, Proposition A.12] seems to
rely on an incorrect statement on the relation between endomorphisms of an abelian scheme and the
crystalline cohomology. Here we explain how to avoid this issue using Proposition 6.5. First, we briefly
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recall Madapusi Pera’s proof. Let Lgr be the filtered vector bundle with integrable connection on SKO

associated with the 50-representation ZZ(,,)- The pullback of Lar by KS is also denoted by the same

symbol Lgqr. The A-structure for M ;3 <7 induces a homomorphism of vector bundles
Ko »Z(p)
LR : A ®z Opysm — Lgr.
24X 2

In order to prove the étaleness of KS (see [49, Theorem 5.8], [38, Proposition A.12]), Madapusi Pera
showed the orthogonal complement

— L -7
Lar == tr(A®z Opsm )~ C Lar
2K 2 (p)

with respect to the canonical bilinear form on Lgr is isomorphic to PiR (up to twist):

Q@R : }P%R = Lar(-1).

Here }P%R is the primitive part of the relative de Rham cohomology of the universal family on M ;3 KD Zi”
o &(p
See [49, Proposition 5.11] for p > 3 and the proof of [38, Proposition A.12] for p = 2. In oroder to

prove that IP%R and Lggr (—1) are isomorphic, he proved that the cokernel of t4r is a vector bundle on

M;‘; kP See the proof of [38, Proposition A.12]. To prove this, it suffices to show that the cokernel

»Bo »2(p)

of (R is a free W (IF, )-module at every W (F,)-valued point of M ;Z‘ KP Z0) ; see the proof of [50, Lemma
2B &=(p

6.16 (iv)]. When p > 3, this freeness property was proved by applying [50, Lemma 6.14] for e = 1.
However, when p = 2, we cannot apply [50, Lemma 6.14] because the statement of [50, Lemma 6.14] is
false when e = p—1. (There are counterexamples when p = 2 and e = 1; see [5, Example 3.18].) To avoid
this issue, we can use Proposition 6.5 to prove the required freeness property. Note that we essentially
used the integral comparison theorem of Bhatt-Morrow-Scholze [6] in the proof of this proposition.

Remark 6.10. There is another issue on the integral comparison map used in the proof of the isomor-
phism agr : P<21R = Lgr(—1). This issue exists for every p (including odd p). In [49, Theorem 5.8] and
[38, Proposition A.12], Madapusi Pera used the integral comparison map for varieties with ordinary
reduction proved by Bloch-Kato [9, Theorem 9.6] and the density of ordinary locus in the special fibre

of M;‘; KD Z, ; see the proof of [49, Lemma 5.10]. Madapusi Pera used the compatibility between the
>0 -=(p)

integral comparison map of Bloch-Kato with other comparison maps used in [49, Section 2]. However,
we could not find appropriate references for the compatibility used in [49, 38], at least for small p. We
can avoid this issue by using the de Rham comparison map cgr,; of Scholze [62] and the crystalline
comparison map ceris,z of Bhatt-Morrow-Scholze [6]. The integral comparison map cis, is a substi-
tute for the integral comparison map of Bloch-Kato; see also Proposition 6.4 in this article. The results
of Blasius-Wintenberger [8], which were used in [49] and [38, Appendix A], also hold using cqr %, and
Ceris, % > See Subsection 11.3. Finally, we remark that the integral comparison map cis, can be applied
to all K3 surfaces including nonordinary ones.

7. Construction of liftings of points on orthogonal Shimura varieties

Let s € Zgr (A)(F,) be an F,-valued point that is the image of the point corresponding to a quasi-
polarised K3 surface (X, Z) of finite height over F,. Because the Brauer group of [, is trivial, &£ is a
line bundle on X. (See [10, Chapter 8, Section 1, Proposition 4].)

In this section, we shall construct characteristic 0 liftings of the point s € Zx» (A)(F,) over a finite
extension of W(Fq) [1/p] corresponding to characteristic O liftings of the formal Brauer group Brof X.
We construct such liftings using integral p-adic Hodge theory and our results on F'-crystals on Shimura
varieties in Section 6.
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Note that, when p > 5, a stronger result can be obtained by the method of Nygaard-Ogus [55]; see
Remark 7.2. But, when p < 3, it seems difficult to apply their methods. (The deformation theory of K3
crystals developed in [55] does not work in characteristic p = 2 or 3; see [55, p. 498].) The method of
this article can be applied to K3 surfaces of finite height in any characteristic.

7.1. Liftings of points with additional properties

In this subsection, we shall state our results on characteristic 0 liftings of points on Zgp (A) with
additional properties.

We put k := F,, and consider the situation as in Subsection 6.2. We assume that the height / of the
K3 surface X is finite.

Let E be a finite totally ramified extension of K =’_YV[1/ p] and G a one-dimensional smooth formal

group over O whose special fibre is isomorphic to Br. We shall construct a characteristic 0 lifting of
the point s € Zx» (A)(F,) over a finite extension of W(FF,;)[1/p] corresponding to §.

By Proposition 6.6, we have an embedding D(’B?) — Zcris. Let
Fil(§) < D(Br) ®w E <> Leis ®w E

be the filtration associated with G; see Subsection 3.3. Take a generator e of Fil(G) and let i(e) :=
(icris ®w E)(e) denote the image of e under the embedding

icris Ow E: zCris Ow E — EndE([icl (AS/W)V Ow E)

Tis

Leti(e)(H!

cris

(As /W)Y ®w E) be the image of

i(e): H. (As/W)' ®w E — H!

cris cris

(As/W)" @w E.
We define a decreasing filtration on st ®w E by

0 i>2,
Fil(9) =1,
Fil(G):  i=0,
Zcris®WE i<-1.

Fﬂi(zcris ®w E) =

We also define a decreasing filtration on H!. (As/W)" ®w E by

cris

0 i>1,
Fil' (H (A5 /W)Y ®w E) = Ji(e)(H! . (A;/W)" @w E) i=0,
HL (As/W)Y @w E i <-1.

The following theorem is the main result of this section.

Theorem 7.1. Let K be the composite of E and W(Fq)[l/p]. There is an Ok -valued point s €
Zxr (A)(Ok) satisfying the following properties:

(1) Sisalift of s € Zxr (N) (Fq), where s is a geometric point above s.
(2) The Hodge filtration on Hclris(AS /W)Y ®w K corresponding to Az over Ok coincides with the
filtration defined by

Fil' (H! (As /W)Y ®w K) = Fil' (H. (A5 /W)" ®w E) ®k K.
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Remark 7.2. Recall that the K3 surface X over IF, comes from the F,-valued point s € M;Zl <Pz (Fy)
*Bo »&(p)

satisfying the conditions as in Subsection 6.2. In particular, the Kuga-Satake abelian variety A, is defined
overF,. When p > 5, aresult stronger than Theorem 7.1 can be obtained by the method of Nygaard-Ogus
in [55]. In fact, when p > 5, Nygaard-Ogus constructed a characteristic 0 lifting of the K3 surface X over
Of corresponding to the one-dimensional smooth formal group G. By the Kuga-Satake morphism, we
find an O -valued point s € Zg»r (A)(OF) lifting s such that the Hodge filtration on H Clﬁs(AS /W)Y ®w E
corresponding to As over O coincides with the filtration {Fil' (H gris(/{s /W)Y ®w E)}; defined as
above. Namely, we do not need to take the composite with W(Fq) [1/p] when p > 5. Currently, we do
not know how to obtain an Og-valued point by the methods of this article.

7.2. Some lemmas

In this subsection, we give some lemmas that will be used in the proof of Theorem 7.1.
Let

Leis = D(Br )(1) @ D(D) @ D(Br)

be the decomposition as in Proposition 6.6. Becausee D is an étale p-divisible group over k, it canonically
extends_ over Og and the exten_sjon is also denoted by D. Let §* denote the Cartier dual of G. We define
a Gal(E/E)-stable Zp,-lattice L, in a crystalline representation by

L, = (T,5")" (1) ® (T,D)" & (T,9)".
Lemma 7.3. The Gal(E /E)-module Zp satisfies the following properties:

(D Zp admits an even perfect bilinear form ( , ) that is Gal(E | E)-invariant.
(2) There is a Gal(E | E)-equivariant homomorphism . p i Nz, — L preserving the bilinear forms.

(3) There is an isometry Dms(Zp [1/p]) = Leis[1/p] of filtered o-modules such that the following
composite

Meris(Lp)[1/p] = Deris(Lp[1/p]) = Leris[1/p]

maps EIRmS(Zp) isomorphically onto Less.
(4) The following diagram is commutative:

¢ ~
Aw — gﬁcris(Lp)

Ny

Lcris .

Proof. We equip the Z,-module (7,5*)"(1) ® (T,9)" with a natural bilinear form that is even and
perfect. Because D is an étale p-divisible group, the even perfect bilinear form D(D) x D(D) — W
induces an even perfect bilinear form (7),D)" x (T, D) — Z,, that is Gal(E/E)-invariant.

Let A%p be the p-divisible group over Og associated with the Z,-module A%p with the trivial

Gal(E/E)-action. So we have an isomorphism of F-crystals D(A%p) = Aw.

The image of the homomorphism tcis: Aw — Zcris is contained in D(D); hence, we have a
homomorphism Ay, — D(D). Therefore, we have a morphism D — A%p of étale p-divisible groups

over k. This extends over Og. Then we have a Gal(E/E )-equivariant homomorphism Az, — (T,D)".
This homomorphism preserves the bilinear forms by construction.

The other properties follow from [38, Theorem 2.12]. See also Subsection 3.3 and Subsection
11.4. m]
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Lemma 7.4. There is a crystalline Gal(E/E )-representation He g, over Q, such that

Dcris(Hét,Q,,) = Hclris(As/W)v [1/P]

as filtered o-modules.

Proof. It is a theorem of Colmez-Fontaine that any weakly admissible filtered ¢-module is admissible;
see [20, Théoreme A]. (Today, there are several alternative proofs of this theorem. For example, see
[39, Proposition 2.1.5].) Hence, it is enough to prove that the filtered ¢p-module H Clris (As/W)V[1/p]is
weakly admissible.

As in Subsection 4.6, we fix an isomorphism of W-modules

HW = H(}rjs(‘AS/W)V

that carries {sq} t0 {Sq cris,s } and makes the following diagram commutative:

Lw ——— Endw (Hw)

Zcris A EndW (Hl (AV/W)V)

cris

Using this isomorphism, we equip H Clris (As /W)Y with a right action of the Clifford algebra Cly, :=

Cl®zW using the natural right action of Cly on Hy .

The Clifford algebra Clg,, is a central simple algebra over the finite field F), by [11, §9.4, Corollaire].
Hence, it is isomorphic to M,,(F,) as an F,-algebra where n = 21 Then Clz, is isomorphic to M,,(Z,)
as a Zy-algebra by [42, Chapter IV, Lemma 5.1.16]. We fix an isomorphism Clz, = M,(Z;). Using
this isomorphism, we equip H clris(‘As /W)Y with a right M,, (W)-action.

The right M,,(Z,)-action on H L (As/W)V[1/p] is compatible with the Frobenius automorphisms,

cris
and Fil® is an M,, (E)-submodule of H' . (A,/W)" ®w E. Therefore, a o--linear endomorphism ¢ ® - on

cris
iy (A5 /W) [1/p] ®m, (k) (Ko")

is well defined, and we consider the following E-vector subspace:

Fil ®w, (&) (E") C (Hlyis(As /W)Y @w E) ®m,(5) (E™).
They determine the structure of a filtered ¢-module on

B = Hy(As /W) [1/p] @, (k) (Ko™
Because we have an isomorphism of filtered ¢-modules
B" = Hly (As /W) [1/p],

it suffices to show that B is weakly admissible.
The embedding i.;s induces an isomorphism of W-modules

Cl(zcris) = Endclw (Héris(‘A'S/W)v)7
which is an isomorphism of filtered ¢-modules after inverting p. By the Morita equivalence, we have

Endcy, (Hly (As/W)'[1/p]) = End, (B).
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Hence, we have an isomorphism c1(ZC,is [1/p]) = Endg,(B) of filtered p-modules. Because Leris [1/p]
is weakly admissible by Lemma 7.3, the filtered ¢-module Cl(Leris[1/ p]) is weakly admissible. There-
fore, B ®k, B" = Endk,(B) is also weakly admissible.

In order to show that B is weakly admissible, we have to show tg (B’) < tn(B’) for every filtered
¢-submodule B’ c B. (For the definition of the functions 7y and 7, see [39, 1.1.3] for example.) Note
that we have 1 (B) =ty (B) = —2!0. Because B ®k, B" is weakly admissible, we have

ty(B’®BY) <tny(B'®BY).
Each side of the inequality may be computed as

tg(B’' ® Bv) = dimKo(B’)tH(B’) + dimKO(BV)tH(BV)
= dimg, (B") 1 (B') — dimg, (B)tx (B)

and

in(B' ® BV) = dimKO(Bl)l‘N (B") + dimKO(Bv)lN (BV)
= dimKO (B,)IN (B') - dimKO(B)tN (B).

It follows that 155 (B’) < tn (B’).
Therefore, B is weakly admissible, and the proof of Lemma 7.4 is complete. O

7.3. p-Divisible groups adapted to general spin groups

By Lemma 7.4, there is a crystalline Gal(E / E)-representation He q,, over Q) such that

Dcris(Hét,Q,,) = cns(‘A /W) [1/17]

as filtered ¢p-modules.
The tensors {sg cris,s} € {Sa,cris,s} corresponding to p*, {re, };<;<22, and the endomorphism 7’
preserve the filtration on (H. (As/W)" ®w E)® by Proposition 2.2. (For the tensors p*, {re, } <j<o»

and 7', see Subsection 2.3 for details.) Therefore, the tensors {sg cis,s } induce tensors {sb p} in Hg o,
? P

By Proposition 2.2 again, the injection

lcris ®w E: Lcm ®w E — EndE(H (AS/W)V ®w E)

cris

preserves the filtrations. Therefore, ics ®w E induces an inclusion of crystalline Gal(E/E)-
representations

Zl, [1/p] <= Endg, (He,q,)-

(See Subsection 7.2 for the Gal(E / E)-stable Z,-lattice L pina crystalhne representation.)
The derived group Gder of GQ , is the spin double cover of Go Q, = SO(LQP) and a simply connected

semisimple algebraic group over Q,,. So, we have H'(Q P G?Qer) = 1 by [59, Theorem 6.4]. This implies
r

that H'(Q P GQP) = 1 and every 5Qp -torsor over Q,, is trivial. Hence, there is an isomorphism of
Qp-vector spaces

HQP = é,Qp
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that carries {sg} to {sk p} and induces the following commutative diagram:

ZQP —I>Ende(HQp)

L,[1/p] — Endg, (Haq,)-

where ZQp = Z [1/p] is an isometry over Q.
Because the tensors {s } are fixed by Gal(E/E) and G(Qp) is the stabiliser of the tensors {sg},
we have the following commutatlve diagram:

GSpin(L,)(Q,) —— G(Qp)
2 |
Gal(E/E) —2—~ SO(L,)(Q,) —— Go(Q,).

Here py is the map corresponding to the action of Gal(E/E) on L pl1/p].
Lemma 7.5. We have p(Gal(E/E)) c GSpin(L,)(Z),).

Proof. Because we have an exact sequence of group schemes over Z,,
1 = Gz, — GSpin(L,) — SO(L,) — 1,

it follows that
GSpin(L,)(Z,) — SO(L,)(Z,)

is surjective by Hilbert’s theorem 90 and the smoothness of G, z,, . Moreover, we have po(Gal(E/E)) c
SO(L,)(Zp). Thus, for every g € Gal(E/E), there are g’ € GSpin(L,)(Z),) and a € Q; such that
p(g) =ag’. Letv: GSpin(Lp,) — Gy z, be the spinor norm. Because Gal(E/E) is compact, we have
v(ag’) = v(p(g)) € Zy. Hence, we have a € Z} and p(g) = ag’ € GSpin(L,)(Zp). In conclusion, we
have p(Gal(E/E)) c GSpin(L,)(Z,). O

By Lemma 7.5, we see that c1(’L“,,) is a Gal(E /E)-stable Z,-lattice in the crystalline representation
He g, which will be denoted by Hg.

Let K be the composite of E and W(ﬁq) [1/p]. In Proposition 7.7, we shall show that Hg satisfies
properties that should be satisfied when Hyg is the p-adic Tate module of the abelian scheme Ajz
associated with a desired lift s € Zgp (A)(Ok).

The next lemma will be used in the proof of Proposition 7.7.

Lemma 7.6. There is an isometry Z = ZZ over Zp.

Proof There is an isometry Lcm = LW over W; see Subsection 4.6. We have an isometry wicm(L p) =
Lcm over W by Lemma 7.3. By using [40, Corollary 1.3.5], we see that there is an isometry L p®z, W=

Meris (L p) over W. So, the functor Isom(L P LZ,,) on Z,-algebras that sends a Z,-algebra R to the set
of isometries over R from (L )r to Lg is represented by an O(Lz,,)-torsor, which is also denoted by
Isom(Lp, Lz, ). Here O(Lz,,) is the orthogonal group over Z,,. This O(Lz, )-torsor corresponds to an
element x € H' (Zp, O(Zzp)). Because there is an isometry Z,, [1/p] = ZQp over Q,, it follows that x
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comes from an element of H' (Zp, SO(ZZP)). By Lang’s theorem and the smoothness of SO(ZZP), we
have H' (Zp, SO(ZZP)) = 1. Thus, we see that the O(Zzp)-torsor Isom(zp, ZZ,,) is trivial. O

Proposition 7.7. There are Gal(E | E)-invariant tensors {sq, prin Hg’ and an isomorphism of W(Fq)-
modules

d: EIRcris (He’t) Ow W(Fq) ;) Héris(-As/W)v Ow W(Fq)
satisfying the following properties:
(1) There is an isomorphism of Z,-modules Hz, = Hg that carries {sa} t0 {Sa,p} and induces the

following commutative diagram:

ZZP % Endzp (HZP)

L, — Endz, (He).

where ZZ,) = ZI, is an isometry over Zp.
(2) @ is an isomorphism of F-isocrystals after inverting p.

(3) ® carries {chris(s(t,p)} to {s(t,cris,s}-
(4) The following diagram is commutative:

mcris(zp) w W(Fq) — El‘ldW (Fq)(gﬁcris(Hét) Ow W(Fq))

Lcris 1

Zcris Aw W(ﬁq) % EndW (ﬁq) (H (‘AY/W)V Aw W(Fq)),

cris

where we identify imcris(ip) Ow W(Fq) with Lesis ®w W(Fq) using the isomorphism smms('i p) =
Lis in Lemma 7.3.
Proof. There is an isometry f: Zp = ZZ,, over Z,, by Lemma 7.6. We fix such an isometry. Let

{f*(sq)} be the tensors in Hft’ = 01(Z,,)® corresponding to the tensors {s, } under f. Because we have

p(Gal(E/E)) c GSpin(Zp)(Zp), these tensors are Gal(E/E)-invariant. Let {9 (f*(sq))} denote the
induced tensors in M (He ) ®.

As in the proofs of [40, Proposition 1.3.4, Corollary 1.3.5], there are an isomorphism of S-modules
(I)f . EIR(Hét) = Hg

and an isometry ¢ S)J?(Zp) ~ L such that @y carries {MM(f*(54))} to {s¢} and a similar diagram
as in Proposition 4.2 commutes. Let

@: Hy = H!

cris

(As/W)”

be an isomorphism as in Subsection 4.6. Let ¢ : ZW = Zcris denote the induced isometry. Consider the
composite of the following isomorphisms:

~ ~ ¢y ~ ¢~
Vi Legs = iIRcris(Lp) — Lw — Lesis-

We may assume det(y) = 1 as follows: Suppose det(y) = —1. We take an isometry & : ZZ,, = ZZ,,
with det(h) = —1. (For example, & can be constructed using a decomposition ZZP = Uz, ® Uz of
P
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quadratic spaces.) The isomorphism Hg — Hg induced by this isometry is also denoted by 4. Then the
composite

@ h
M(He) — He — Hg
carries {M((h o f)*(sq))} to {s.} and the composite

— ~ hogr ~ ¢’ —
Leyis = E);Rcris(Lp) —> Lw —— Leiis

has determinant 1. Therefore, after replacing { f*(s¢)} by {(h o f)*(so)} and replacing @ by ho ®,
we may assume det(y) = 1. _ _ _

Then there is an element g € G(W) whose image under the surjection G(W) = Go(W) is (¢f o
¢')"" € Go(W). After replacing @ by @’ o g, we may assume ¢ = id.

Under the isomorphism @, the Frobenius on Micris(He)[1/p] has the form of bo for some b €
G (Ko). Similarly, under the isomorphism @’, the Frobenius on H lris(flx /W)Y [1/p] has the form of b’c

C
for some b’ € G (Ko). Because ¢ = id, the elements b and b’ have the same image under the surjection
G(Ko) » Go(Kp). Hence, there is an element u € K{J such that b = ub’.

We shall show u € W*. Because the Hodge-Tate weights of He,q, are in {0,1} (.e.,
Gri(DdR(Hét’Qp)v) =0if i # 0, 1), the effective Breuil-Kisin module 9t(H},) is of height < 1. Hence,
the cokernel of the Frobenius of Mis(He )" is killed by p. Moreover, because A; is an abelian vari-
ety of dimension 22!, the cokernel of the Frobenius of H'. (As/W) is isomorphic to (W/p)®?" as a
W-module. From these facts, we conclude u € W*.

Take an element v € W(Fq)X such that o (v)/v = u. Then the isomorphism

—_ (l)f X [0l —_
imcris(Hét) ®w W(]Fq) - Hw(ﬁq) —v> HW(E) - Hclris(As/W)v ®w W(Fq)
is an isomorphism of F-isocrystals after inverting p. This isomorphism satisfies the properties of the
proposition.
The proof of Proposition 7.7 is complete. O

Recall that there is an equivalence of categories between the category of p-divisible groups over
O and the category of Gal(E /E)-stable Zp-lattices in crystalline representations whose Hodge-Tate
weights are in {0, 1}; see [39, Corollary 2.2.6], [48, Theorem 2.2.1]. Therefore, there is a (unique)
p-divisible group H over O whose p-adic Tate module is isomorphic to Hg.

By Proposition 7.7, the base change J{(s, is a lift of the p-divisible group Az[p*] associated with
As. As a corollary of Proposition 7.7, the p-divisible group He, is C~;—adapted to As[p™] in the sense
of [38, Definition 3.3].

Corollary 7.8. The p-divisible group He, is G—Qdapted to As[p™].

Proof. The assertion follows from Proposition 7.7 and [38, Theorem 2.5]. ]

7.4. Proof of Theorem 7.1

In this subsection, we shall complete the proof of Theorem 7.1.

By Corollary 7.8, there is alift s € S5 (O ) of 5 € 8§ (Fq) such that the p-divisible group associated
with Ay is isomorphic to Hp, . See [38, Lemma 3.8] and the proof of [38, Proposition 4.6] for details.
Although the residue field is assumed to be finite in [38, Lemma 3.8], the same result holds for Ok
because the p-divisible group As[p*] is defined over the finite field k.

Proposition 7.7 (4) implies that the Oth piece of the Hodge filtration on H éri .
with Fil®(H!. (As/W)Y ®w K) defined in Subsection 7.1.

cris

(As /W)Y ®@w K coincides
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To prove Theorem 7.1, it remains to show 5 € §&(Ok) lifts to an Ok -valued point of Zx» (A). By
the construction of Hg, we have a Gal(K /K)-equivariant homomorphism

Azp C Zp e Endzp (Hét).

Therefore, we get Az, — Endg, (3o, ) lifting the map Az, — Enqu (As[p*]) induced by . By
the Serre-Tate theorem, the A-structure ¢ lifts to a homomorphism

AZ(P) — Endg, (.Ag)z(p) .

By construction, this is a A-structure for s. The proof of Theorem 7.1 is complete. O

8. Kisin’s algebraic groups associated with Kuga-Satake abelian varieties over finite fields

In this section, we attach an algebraic group / over Q to a quasi-polarised K3 surface of finite height
over F,. It is a subgroup of the multiplicative group of the endomorphism algebra of the Kuga-Satake
abelian variety. Then we study its action on the formal Brauer group of the K3 surface.

8.1. Kisin’s algebraic groups
Let s € Zxr(A)(F,) be an F,-valued point and 5 € Zgr(A) (Fq) a geometric point above s. Let
Autg (As) denote the algebraic group over Q defined by

Ath (.A?)(R) = (EHqu (‘A7) ®7z R)><

for every Q-algebra R.
After replacing F, by a finite extension of it, we may assume that all endomorphisms of Ag are
defined over F,. Namely, we have Endg, (A;) = End@q (Az).

The global sections {sh} of V?(A)® give rise to global sections {s4.¢} of V;(A)®. The Afc -local

system V” and the embedding i” give a Qp-local system V, and an embedding i : V, <> End(V,(A))
of Qg-local systems for every ¢ # p. The A-structure for s € Zxr (A)(F,) gives a homomorphism
te: Ag, — V5. We fix an isomorphism of Q,-vector spaces

Hg, = Vi(As)

that carries {so} to {s4 ¢ 5} and induces the following commutative diagram:

Ag, Lq, l EndQ(‘ (H Qe )

NN

Vs ——= Endg, (V;(As)),

where Lo, = V5 is an isometry over Q.

Let Hy = H, Clris(./ls /W)Y be an isomorphism as in Subsection 4.6. After inverting p and composing

an element of G (W[1/p]), we can find an isomorphism

Hy (1/p) = Hly(As/W)"[1/p]

that carries {s4} t0 {Sq cris,s } and induces the same diagram as above by [50, Lemma 2.8] and the fact
that every GSpin(Lw [1/p])-torsor over W[1/p] is trivial (see [59, Theorem 6.4] and the arguments in
Subsection 7.3). We fix such an isomorphism.

https://doi.org/10.1017/fms.2021.24 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.24

Forum of Mathematics, Sigma 45

Kisin introduced an algebraic group I; over Q¢ for every prime number ¢ (including £ = p) and an
algebraic group I over Q as follows; see [41, (2.1.2)] for details.

(1) For a prime number ¢ # p, let Frob, € Endg, (Hg,) denote the Q,-endomorphism of Hg, induced
by the gth power Frobenius of Aj. Because Frob,, fixes the tensors {s, ¢ 5}, we have Frob, € G(Qy).
For every integer m > 1, we define an algebraic Q,-subgroup T[,m of Gg, by

Ttm(R) = {g € G(R) | g Frob" = Frob g }

for every Qg-algebra R. For sufficiently divisible m > 1, the algebraic group E,m does not depend
on m, and it is denoted by I,. _
(2) For ¢ = p, we define an algebraic group I, ,,, over Q,, by

Iym(R) ={g € G(R®qg, W(E,)[1/p]) | g¢ = g}

For sufficiently divisible m > 1, the algebraic group Ffp,m does not depend on m, and it is denoted
by Tp.

(3) Let I C Autg(Ag) be the largest closed Q-subgroup of Autg(Ag) mapped into I; for every ¢
(including ¢ = p).

Replacing F, by a finite extension of it, we may assume 7&,1 = 75 and Tp,l = Tp.

For our purpose, we need an algebraic subgroup I C I over Q defined using the A-structure; see
Definition4.3.If L is self-dual at p, it coincides with Kisin’s algebraic group associated with an F,-valued
point of the integral canonical model of Shg,(SO(Lg), X1) taken in a similar way as in Subsection 6.2.

Definition 8.1.
(1) Let I c I be the algebraic subgroup over Q defined by

I(R) :={geI(R) | ghg”' =hin Endﬁq (As)r for every h € «(Ag) }

for every Q-algebra R. _
(2) For a prime number ¢ # p, let I, C I, be the algebraic subgroup over Q, defined by

Ie(R) := {g € I;(R) | ghg™" = h in Endprop, (Hg, )r for every h € i(Ag,) }
for every Q¢-algebra R.
(3) For £ = p,letI, C I, be the algebraic subgroup over Q,, defined in a similar way as above.
As in Kisin’s paper [41], we shall prove that the natural map
lo, — Ir
is an isomorphism of algebraic groups over Q, for every ¢ (including £ = p). Here we prove it for some
¢ # p. The case of general £ will be proved later; see Corollary 9.9.
Proposition 8.2.

(1) For some prime number € # p, the natural map lg, — I is an isomorphism of algebraic groups

over Q.
(2) The algebraic groups I and GSpin(Lg) over Q have the same rank. (Recall that the rank of an
algebraic group over a field k is the dimension of a maximal k-torus of it.)

Proof. (1) We fix a prime number ¢ # p such that GSpin(Lg) and 5@ are split at € and all of the
eigenvalues of Frob, acting on Hg, are contained in Q.. We shall show that the assertion (1) holds
for such ¢. By the proof of [41, Corollary 2.1.7], the homomorphism Ig, — I, is an isomorphism.
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(Precisely, Kisin proved it in [41] assuming p > 3 and the restriction of ¢ to Hz,, is perfect. These
assumptions are unnecessary; see the proof of [38, Theorem A.8].) By Tate’s theorem, we have

Enqu (-AS)Q[ = Endpmbq (HQe)‘

Now, the assertion (1) follows from the definitions of I and I,.

(2) We follow Kisin’s proof of [41, Corollary 2.1.7]. Because Frob, and I, act trivially on i(Ag,), we
have Frob, € GSpin(Lg,) and I, C GSpin(Lq,); see [50, (2.6.1)]. The element Frob, € GSpin(Lq,)
is semisimple because the action of Frob, on V,(As) is semisimple. Thus, the connected component
S of the Zariski closure of the group (Frob,) generated by Frob,, is a split torus in GSpin(Lg,) by the
hypotheses on £. Because I, is the same as the centraliser of Frobfl" in GSpin(Lq,) for a sufficiently
divisible m, it follows that I, coincides with the centraliser of S. Therefore, I, contains a split maximal
torus of GSpin(Lq,). (Hence, I, is a connected split reductive group over Q;.) In particular, the rank
of I, as an algebraic group over Qy is equal to the rank of GSpin(Lg,) as an algebraic group over Q.
Because we have I, = Iy, the ranks of the algebraic groups / and GSpin(Lg) over Q are equal. O

Remark 8.3. With the results of [38], it should be possible to show that Kisin’s result [41, Corollary
2.2.5] on CM liftings of mod p points on integral canonical models of Shimura varieties of Hodge type
up fo isogeny is valid in any characteristic p > 0 including p = 2. Then this would imply that, for every
p > 0 including p = 2, the map IQ{ — I, (and hence Ig, — 1) is an isomorphism for every prime
number ¢ (including ¢ = p); see [41, Corollary 2.3.2] for the case p > 3. In this article, we will prove
such a result only under the assumption that s € Zx» (A)(F,) arises from a quasi-polarised K3 surface
of finite height; see Corollary 9.9.

8.2. The action of Kisin’s groups on the formal Brauer groups of K3 surfaces

We consider the situation as in Section 7 and keep the notation. In particular, we assume that the height
h of X is finite. We attach the algebraic group I over Q to s € Zg» (A)(F,).
As in the proof of Proposition 6.6, we have a decomposition

2 (X/W) = Li_1, ® L1 ® Lisi/n-

Cl’lb

Here, L, is an F-crystal over W that has a single slope A for each A € {1 — 1/h, 1, 1+ 1/h}. Moreover,
there is an isomorphism of F-crystals over W:

D(/B\r) = L1+]/h(1)'

By Proposition 6.4, the algebraic group I acts on me (X/W)(1)[1/p]. Hence, we have the following
homomorphism of algebraic groups over Q,:

Ig, — Resg,jq, GL(P2(X/W)(1)[1/p]).

For a one-dimensional smooth formal group & over a ring A, let Autg, (¥) denote the Q,-group
such that

Autg, (9)(R) = (Enda (%) ®z, R)*
for every Qp,-algebra R.

Lemma 8.4. There is a homomorphism
Iy, — (Autg, (Br))®

2 (X/W)(1) -

cris

that is compatible with 1, — Resk,/q, GL(Pgm (X/W)(1)[1/p]) via the projection P
D(Br).
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Proof. We put V := Li2(1)[1/p] for each A € {-1/h, 0, 1/h}. For an F-isocrystal M over Ky, let
GL (M) denote the algebraic group over Q, defined by

GLy(M)(R) = { g € GLkye,,rR(M ®q, R) | 8¢ = pg }

for every Q,-algebra R, where ¢ is the Frobenius of M. We have an isomorphism of algebraic groups
over Qp:

GL (P2 (X/W)(1)[1/p]) = GLy(V-1/n) X GLy (Vo) X GLg (Vi)

LetIg, — GL (Vi) be the composite of the map /g, — GL,, (Pgﬁs(X/W) (D)[1/p]) with the projec-
tion GL,, (P2 (X/W)()[1/p]) — GL(Vi/n). Note that we have an isomorphism (Autg, (B\r))of’ =

cris

GL (Vi/n), which completes the proof. o

9. Lifting of K3 surfaces over finite fields with actions of tori

In this section, we prove our main results on CM liftings of K3 surfaces of finite height over finite fields
using the results of Section 7.

9.1. K3 surfaces with complex multiplication

In this subsection, we recall the definition and basic properties of K3 surfaces with complex multipli-
cation over C.
Let Y be a projective K3 surface over C. Let

Ty :=Pic(Y)g C Hyz(Y,Q(1))

denote the transcendental part of the singular cohomology, which has the Q-Hodge structure coming
from H2(Y,Q(1)).
Let

Ey := Endnge(Ty)

denote the Q-algebra of Q-linear endomorphisms on 7y preserving the Q-Hodge structure on it. We say
that Y has complex multiplication (CM) if Ey is a CM field and dimg, (Ty) = 1. Here a number field is
called CM if it is a purely imaginary quadratic extension of a totally real number field.

Let MT(Ty) denote the Mumford-Tate group of Ty. By the definition, it is the smallest algebraic
Q-subgroup of SO(Ty) such that hy (S(R)) € MT(7y)(R), where

/’ly: S — SO(Ty)R

is the homomorphism over R corresponding to the Q-Hodge structure of 7y . By the results of Zarhin [76,
Section 2], the K3 surface ¥ has CM if and only if the Mumford-Tate group MT(7y) is commutative.

In the rest of this subsection, we fix a C-valued point ¢ € M;? <P Q(C). Let (Y, &) be the quasi-
XY

polarised K3 surface over C associated with z. The image of ¢ under the Kuga-Satake morphism KS is
also denoted by ¢ € ZKg (A)(C).

Proposition 9.1. Assume that Y is a K3 surface with CM over C. Thent € Mzs’d’f1 <P Q(C) is defined over
K

a number field.

Proof. This proposition follows from Rizov’s result [61, Corollary 3.9.4] as follows. The image of
t e ZK([)’ (A)(C) under the morphism ZK(:; (A — CS)KO is denoted by the same symbol ¢. If Y has CM,
then the residue field of the image ¢ € (5’120 (C) is a number field by the definition of the canonical
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model cS’f(O Q= Shﬁo over Q. Because the morphism ZK(I)’ A) — K, 18 finite by Proposition 4.6, the
residue field of ¢ € ZK(I)’ (A)(C) is a number field. Now, the assertion follows from the étaleness of the
Kuga-Satake morphism KS (in characteristic 0). O

Remark 9.2. Pjateckii-Sapiro and Safarevi¢ also showed that every K3 surface with CM is defined over
a number field; see [58, Theorem 4].

For the quasi-polarised K3 surface (Y, ¢) over C, the primitive singular cohomology is defined by
PR(Y,Q(1) = chp(é)* c Hp(Y,Q(1)).

We fix a C-valued point of Zgr (A) mapped to ¢, and it is also denoted by ¢ € Zgr (A)(C). We have the
Kuga-Satake abelian variety A; over C corresponding to t € Zypr (A)(C). As in Subsection 6.2, the stalk

‘7[ = vB,t
satisfies the following properties:

V, admits a perfect bilinear form (, ) over Q that is a polarisation.

There is a homomorphism tg: Ag — V; preserving the bilinear forms and the Q-Hodge structures.
There is an isometry P%(Y, Q(1)) = tp(Ag)™ over Q preserving the Q-Hodge structures.

The following diagram commutes:

O O O O

GSpin(V;)r —> GL(H) (4, Q)")s

/ l
S = SO(V2)e.,
0

where hy is the homomorphism of algebraic groups over R corresponding to the Q-Hodge structure
on V; and the composite

s L Gspin(V,)p — GL(HL(A,,Q) )z

corresponds to the Q-Hodge structure on Hll3 (A;, QY.
Proposition 9.3. The K3 surface Y has CM if and only if the Kuga-Satake abelian variety A, has CM.

Proof. This proposition was essentially proved by Tretkoff; see [71, Corollary 3.2]. We give an argument
from the point of view of algebraic groups. Because % is the composite of hy with the following
inclusions,

SO(Ty Jr = SO(P3(Y,Q(1)))r = SO(V;)r.

we have MT(Ty) = MT(V,). We shall show that MT(V,) is commutative if and only if MT(H}9 (A, Q)Y)
is commutative. Because MT(H}3 (A;,Q)Y) is contained in GSpin(V,) and MT(V,) is contained in the
image of MT(H,(A,,Q)"), we only have to show MT(HJ, (A,,Q)") is commutative if MT(V;) is so.

We assume that MT(VQis commutative. Then the inverse image of MT(V,) under the homomor-
phism GSpin(V;) — SO(V;) is a solvable algebraic group and contains MT(H;} (A;,Q)Y). Because
MT(H 113 (A;,Q)Y) is a reductive group (see [25, Proposition 3.6]), it is commutative. O

Corollary 9.4. Let F be a field that can be embedded in C. Let Z be a K3 surface over F. If Z ®f ; C
has CM for an embedding j: F — C, then Z ®f j» C has CM for every embedding j': F — C.

Proof. The assertion follows from Proposition 9.3 and the fact that, for an abelian variety A over C with
CM and every automorphism f: C = C, the abelian variety A ®c ¢ C has CM. O
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Remark 9.5. Let F be a field of characteristic O that can be embedded into C and Z a K3 surface over
F. We say that Z has CM if Z ®F ; C has CM for some embedding j: F < C, in which case Z ®f j» C
has CM for every embedding j’: F < C by Corollary 9.4.

9.2. A lemma on liftings of formal groups with action of tori

The following result on characteristic 0 liftings of one-dimensional smooth formal groups is presumably
well known. (For the definition of Autg, (Go) and Autg, (5), see Subsection 8.2.)

Lemma 9.6. Let Gg be a one-dimensional smooth formal group over F,. Let T, be an algebraic torus
over Q, and

p: Tp — Athp(Qo)

a homomorphism of algebraic groups over Q,,. Assume that the height of Gy is finite and the Frobenius
® of Go over F, is contained in p(T,(Qp)). Then, there exist a finite totally ramified extension E of Ky
and a smooth formal group G over Og satisfying the following properties:

(1) The special fibre of G is isomorphic to G.
(2) The homomorphism p factors as

T, — Autg, (9) — Autg, (S0)-

Proof. We fix an isomorphism Gy = Spf F, [[x]] and consider G¢ as a formal group law in F, [[x, y]].

The composite of p with the inclusion Autg,(S0) — Autg, (G, E) is also denoted by p. Take a
maximal Q) -torus 7, of Autg, (So,Fq) containing p(7},). It is well known that Endﬁq (So,Fq) ®z, Qp
is a central division algebra over Q, and Endﬁq (90 E) is the maximal order of it; see [33, Corollary
20.2.14]. Hence, there is a maximal commutative Q,,-subalgebra

K c Endﬁq(So’E) ®Zp Qp

such that K™% = T1I7 as algebraic groups over Q,,, and we have Ok, C Endﬂgq (SO,E). Moreover, because
T,(Qp) contains the Frobenius @ of Gy over Fy, the endomorphisms in K’ commute with ®. Hence,
we have Ok C Endr, (9o).

We regard the formal group law Go as a formal Ok -module over F, in the sense of [33, (18.6.1)].
The universal formal Og/-module G"V exists and it is a formal Og-group over a polynomial ring
Ok [(Si)ien] with infinitely many variables over Ok-; see [33, (21.4.8)]. (See also [28, Proposition
1.4]. Beware that G""V does not classify isomorphism classes of formal O -modules but formal Ok -
modules.)

We take a finite totally ramified extension E of Ky such that E is a K’-algebra. Then there is a formal
Ok-module G € Og[[x, y]] over O whose reduction modulo the maximal ideal of OF is equal to Go
such that the homomorphism Ok, — Endg,, (S0) factors as

@K’ — End@E(S) — El’ld]pq (90)
(See also [28, Corollary (2) to Proposition 1.4].) Therefore, the homomorphism p factors as T, —

Athp(S) - Athp(go). ]

9.3. Liftings of K3 surfaces over finite fields with actions of tori

Let (Y, &) be a quasi-polarised K3 surface over a field & of characteristic 0 or p. Let k be an algebraic
closure of k. For a prime number ¢ # p, the primitive part of the {-adic cohomology is denoted by

P3 (Y7, Qe(1)) = che(&)* c HZ (Y, Qe(1)).

https://doi.org/10.1017/fms.2021.24 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.24

50 Kazuhiro Ito et al.

It is equipped with a canonical action of Gal(k/k). When k is a subfield of C, we have a canonical
isomorphism

P; (Y7, Qe(1)) = Py (Ye,Q(1)) ® Q.

We consider the situation as in Subsection 6.2 and Section 7 and keep the notation. In particular,
(X, Z) is a quasi-polarised K3 surface of finite height over F,. We attach the algebraic group I over Q
to the IF,-valued point s € Zg» (A)(F,); see Definition 8.1.

The following theorem concerns characteristic 0 liftings of K3 surfaces of finite height over fi-
nite extensions of W(Fq)[l/ p]. Because every K3 surface with CM is defined over a number field
(see Proposition 9.1 and Remark 9.2), Theorem 9.7 implies Theorem 1.1 in the Introduction; see
Corollary 9.10.

Theorem 9.7. Let T C I be a maximal torus over Q. Then there exist a finite extension K of W(Fq) [1/p]
and a quasi-polarised K3 surface (X, L) over Ok such that the special fibre (xﬂgq, LE) is isomorphic
to (XFq’ ZE) and, for every embedding K — C, the quasi-polarised K3 surface (Xc, L¢) satisfies the
following properties:

(1) The K3 surface X¢ has CM.
(2) There is a homomorphism of algebraic groups over Q

T — SO(P%(Xc, Q(1))).

(3) Forevery{ # p, the action of T(Qy¢) on PzB(DCc, Q(1)) ®q Qp is identified with the action of T(Qg)
on Pé(XE , Q¢ (1)) via the canonical isomorphisms

P (Xe, Q1)) ® Qr = P (Xe, Qe(1) = Pg(Xz . Qe(1)))

(using the embedding K — C, we consider K as a subfield of C).
(4) The action of every element of T(Q) on P%(DCC, Q(1)) preserves the Q-Hodge structure on it.

Proof. Recall that Br= E\r(X ) is the formal Brauer group associated with X. Let I, — (Autg, (]’?Tr))"p
be the homomorphism in Lemma 8.4. This induces a homomorphism

TQP - AthP (’B\r)

of algebraic groups over Q.
By Lemma 9.6, there exist a finite totally ramified extension E of K¢ and a one-dimensional smooth
formal group G over O whose special fibre is isomorphic to Br such that the homomorphism p factors as

Ty, — Autg, (9) — Autg, (/B\r)

P
As in Section 7, we have the filtration associated with G,
Fil' (G) — D(Br) ®w E < Leyis ®w E.
Take a generator e of Fil' (G) and let i(e) := (ieris ®k, E)(e) denote the image of e under the embedding

icris ®w E: Leris ®w E < Endg (HL. (As/W)Y @w E).

By Theorem 7.1, there exist a finite extension K of W(Fq) [1/p] containing E and an Ok -valued
point s € Zgp (A)(Ok) such that
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o sis alift of 5 and
o the Oth piece Filg c HL. (As/W)Y @w K = H(liR (Az/K)"Y of the Hodge filtration coincides with the

image i(e)(H!. (As/W)Y ®w K).

cris

Because the embedding icis is /g, -equivariant and the action of T, on Leris [1/p] preserves Fil' (9),

we see that the action of 7 on HéR (As/K)Y preserves Filg. Therefore, the Q-torus 7 can be considered
as a Q-torus in (Endg, (Az) ®z Q)*.
Because the Kuga-Satake morphism is étale (see Proposition 5.2), the Og-valued point s €

Zxr (A)(Ok) can be lifted to an Ok -valued point of MS‘; KP 20" This lift is also denoted by s. Let
Ko -&(p

(X, £) be the quasi-polarised K3 surface over Og corresponding to s. Its special fibre is isomorphic to

(X5, Z5,)-

We choose an embedding K — C. We shall show that X ®¢, C satisfies the conditions of Theorem
9.7. Let x denote the C-valued point that comes from s and the embedding K < C. The algebraic group
T over Q can be considered as a subgroup of GL(H }3 (Ax,Q)Y). We fix an isomorphism of Q-vector
spaces

Hq = Hp(A+, Q)"
that carries {s.} to {so B x} and induces the following commutative diagram:

i

Aq

Endq (Hg)

N

— > Endg(H (Ax,Q)Y).

This isomorphism identifies GSpin(Vx) with the subgroup of GL(H}Ee (Ax,Q))Y defined by {sq¢.B.x}-

Then T is contained in GSpin(Vx). Moreover, because 7T is contained in I, we see that T' is compatible
with tg(Ag). Hence, we have

T < GSpin(P%(Xe, Q(1))).

Composing this inclusion with GSpin(P%(Xc,Q(1))) — SO(P%(Xc,Q(1))), we have a homomor-
phism of algebraic groups over Q,

T — SO(Pj(Xe. Q(1)).
The base change of this homomorphism to Q, is identified with the homomorphism
To, — SO(P} (X5, . Qu(1)))

via the canonical isomorphism P% (Xc,Q(1)) ®g Qf = P?:t(XR, ,Qe(1)).

Finally, we shall prove that the K3 surface X¢ has CM. It is enough to show that the Mumford-
Tate group of P%(DCC, Q(1)) is commutative; see Subsection 9.1. It suffices to prove that the
image of S — SO(P%3 (X, R(1))) is contained in the image of Tg. To prove this, it suffices to show that
the image of

S — GSpin(P%(Xc, R(1)))

is contained in Tg. By Proposition 8.2, it follows that 7" is a maximal Q-torus of GSpin(Plz9 (X, Q(1))).
Therefore, it suffices to show that the image of S is contained in the centraliser of Tg. Because T'(Q) is
Zariski dense in Tg, this follows from the fact that every element of 7(Q) comes from an element of
Endc(Ax) ®z Q.

The proof of Theorem 9.7 is complete. m}
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Remark 9.8. As suggested by the referee, it should be possible to apply our methods to any F,, -valued
point s of Zgp (A) (or on more general orthogonal Shimura varieties), such that the associated F-crystal
Leris,s (—1) has a decomposition

Leris,s(=1) = Li_1, ® Ly ® Lys1n

as in the proof of Proposition 6.6, in order to show that the point s admits CM liftings. However, we do
not discuss it in this article.

Using Theorem 9.7, we can show that the assertion of Proposition 8.2 (1) holds for every ¢ (including
{=p).

Corollary 9.9. For every prime number € (including € = p), the canonical homomorphism lg, — I is
an isomorphism.

Proof. The assertion follows from Proposition 8.2 and Theorem 9.7. (See the proof of [41, Corollary
2.3.2] for details.) O

We shall give applications of Theorem 9.7 to CM liftings and quasi-canonical liftings of K3 surfaces
of finite height over a finite field. For the definition of CM liftings used in this article, see Subsection
1.1. For the definition of quasi-canonical liftings, see [55, Definition 1.5].

Corollary 9.10. Let X be a K3 surface of finite height over F,. Then there is a positive integer m > 1
such that Xg,,, admits a CM lifting.

Proof. After replacing F by its finite extension, we may assume that X comes from an F,-valued point

seEM ;3’ K7 (F,) satisfying the conditions as in Subsection 6.2. By Theorem 9.7 and Proposition
2B »2(p)

9.1, after replacing F, by its finite extension again, there exist a number field F, a finite place v of F
with residue field F; and a K3 surface 2" over Of (,,) whose special fibre 2, is isomorphic to X and
generic fibre 2 is a K3 surface with CM over F. O

Corollary 9.11. Let X be a K3 surface of finite height over F,. Then there is a positive integer m > 1
such that Xg,,, admits a quasi-canonical lifting.

Proof. After replacing F, by its finite extension, we may assume that X comes from an F,-valued

point s € M;? <Pz (Fy) satisfying the conditions as in Subsection 6.2. Because Froby' € T(Q)
o -4(p)

for a sufficiently divisible m > 1, the characteristic O lifting constructed in Theorem 9.7 is a quasi-

canonical lifting in the sense of Nygaard-Ogus. Hence, the assertion follows from Theorem 9.7 and

Proposition 9.1. o

Remark 9.12. Corollary 9.11 was previously known when p > 5 by Nygaard-Ogus [55, Theorem
5.6]. Precisely, when p > 5, Nygaard-Ogus proved the existence of quasi-canonical liftings without
extending the base field F,;. On the other hand, by the methods of this article, it is necessary to take a
finite extension Fym of F, for some m > 1, and we do not know how to control m.

10. The Tate conjecture for the square of a K3 surfaces over finite fields

In this section, combining Theorem 9.7 with the results of Mukai and Buskin on the Hodge conjecture
for products of K3 surfaces, we shall prove the Tate conjecture for the square of a K3 surface over a
finite field.

10.1. The statement of the main results

We recall the statement of the Tate conjecture. Let V be a projective smooth variety over F,. For a
prime number £ # p, the Tate conjecture for £-adic cohomology states the surjectivity of the {-adic
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cycle class map

cly: ZH(V) ®2 Qe — Hgti(VFq’Q[(i))Gal(Fq/Fq)

for every i. Similarly, the Tate conjecture for crystalline cohomology states the surjectivity of the
crystalline cycle class map

ol Z'(V) 82 Q, — H2 (V/W(F,)¥™" &2Q

cris *

for every i. Here Z' (V) denotes the group of algebraic cycles of codimension i on V. (See [55, Conjecture
0.1], [69, Section 1], [70, Conjecture 1.1].)

Here is the statement of our results on the Tate conjecture for the square of a K3 surface over a finite
field. As before, let p be a prime number and g a power of p.

Theorem 10.1. Let X be a K3 surface (of any height) over Fy. We put X X X := X Xspecr, X and
X5, X X5, = X5, XspecF, X5,

(1) For every prime number £ + p, the (-adic cycle class map
Cli;: Zi(X X X)®z Qp — Hgti(X?‘I % Xﬁq’Qf(i))Gal(]Fq/]Fq)

is surjective for every i.
(2) The crystalline cycle class map

ol ZH(X x X) 82, Q, — H2 (X x X)/W(F,))¥" &, Q

cris * cris

is surjective for every i.

10.2. Previous results on the Tate conjecture

In this subsection, we recall previously known results on the Tate conjecture that will be used to prove
Theorem 10.1.

Lemma 10.2. Let V be a projective smooth variety over F,. Let t be a prime number different from
p. Let i be an integer and m > 1 a positive integer. If the Tate conjecture holds for algebraic cycles
of codimension i on the variety Vg, over Fgm, then the Tate conjecture holds for algebraic cycles of
codimension i on the variety V over F,.

Proof. See [70, Section 2, p.6] for example. m

Lemma 10.3. Let X be a K3 surface over Fy. Let { be a prime number different from p. The {-adic
cycle class map cly for X X X is surjective for every i # 2. The same is true for the crystalline cycle
class map cll ;g for every i # 2.

Proof. Tt is enough to prove the assertion for i = 1,3. For i = 1, the Kiinneth formula gives an
isomorphism:

Hg (Xg, x X5, Qe(1))
= P H(X.Q) e Hi(Xs Q) ®g, (D).

(4,)=(0,2),(2,0)

Every element in the left-hand side fixed by Gal(Fq /Eq) is written as prja + pr;8 for some @, €
Hgt(X ®F, Fq, Qe (1)) fixed by Gal(Fq /F4), where pry, pr,: X XX — X are the projections. By the Tate
conjecture for the K3 surface X (see [18, 38,49, 52]), such elements « and S are Q,-linear combinations
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of classes of divisors on X. Hence, prja + pr;B is a Q-linear combination of classes of divisors on
X X X. This proves the surjectivity of clll,.

To show the surjectivity of cli,, we take an ample line bundle £ on X X X. By the hard Lefschetz
theorem, the cup product with the square (chy(Z))? of the first Chern class induces a Gal(Fq [Fg)-
equivariant isomorphism:

Hg(Xg, * Xz, Qe(1) = Hg(Xz % Xz ,Qc(3)).

Taking the Gal(Fq /E,)-invariants and using the surjectivity of cl!, we see that clf; is surjective.
The proof for the crystalline cohomology is exactly the same. O

Lemma 10.4. Let X be a K3 surface over F. Assume that Theorem 10.1 (1) holds for i = 2 and for some
€ # p. Then Theorem 10.1 (1) holds fori = 2 and for every £ # p, and Theorem 10.1 (2) holds fori = 2.

Proof. Let N*>(X x X) := Z*(X X X)/~num denote the group of numerically equivalent classes of

algebraic cycles of codimension 2 on X X X. Itis a finitely generated abelian group. Assume that Theorem

10.1 (1) holds for a prime number £y, # p. Because the action of the geometric Frobenius morphism

Frob,, on the {y-adic cohomology HQI(X@, X XFq’ Qg,(2)) is semisimple (see [24, Corollaire 1.10]), the

order of the zero at ¢t = 1 of the characteristic polynomial P(¢) of Frob, on Hgt(XFq X Xz ,Qg(2)) is
q

equal to the rank of N?(X x X); see [69, Theorem 2.9]. For any prime number £ # p, the following
inequality holds (see [69, Proposition 2.8 (iii)]):

rankz N2(X X X) < dime(Hgt(XE X Xz, Qe (2))CFalFa)y,

Because the characteristic polynomial of Frob, does not depend on ¢, the above inequality is an equality
for any £ # p. Hence, Theorem 10.1 (1) holds for i = 2 and for every € # p.

The same argument works also for crystalline cohomology. We put g = p”, Ko := W(F,)[1/p] and

H = He (X X X)/W(F,)) ®2 Q.

The rth power ¢ of the absolute Frobenius automorphism acts Ky-linearly on H, and the characteristic
polynomial of ¢" on H coincides with the characteristic polynomial of Frob,, on the £-adic cohomology
for every ¢ # q. Hence, we have the following equality: ranky N>(X x X) = dimg, (H ‘/’r:qz). The
action of p_zgo on the Ky-vector space H ¢"=4* can be considered as a semilinear action of Gal(Ko/Q))
on HY =", By Hilbert’s theorem 90, we have dimg, (H ‘/’:”2) = dimg, (H ‘/’r:qz). Hence, we have
ranky N2(X x X) = dimg, (H‘P:I’Z). Consequently, Theorem 10.1 (2) holds for i = 2. O

Remark 10.5. We can prove the following: If Theorem 10.1 (2) holds for i = 2, then Theorem 10.1 (1)
holds for i = 2 and for every £ # p. To prove this, it is enough to show that, for a K3 surface X over F,
with g = p”, the action of ¢" on the crystalline cohomology of X is semisimple. When X is of finite
height, it follows from the semisimplicity of Frobenius for the Kuga-Satake abelian variety. (See [49,
Theorem 5.17 (3)]. For the case p = 2, see also [38, Appendix A].) When X is supersingular, it follows
from the Tate conjecture for X; see Lemma 10.6.

The following results on supersingular K3 surfaces are well known.

Lemma 10.6. Let X be a K3 surface over an algebraically closed field k of characteristic p > 0. Then
X is supersingular (i.e., the height of X is o) if and only if the rank of the Picard group Pic(X) is 22.

Proof. See [46, Theorem 4.8] for example. (Precisely, the characteristic p is assumed to be odd in [46,
Theorem 4.8]. But the same proof works in the case p = 2 because the Tate conjecture for K3 surfaces
in characteristic 2 is now proved by [38, Theorem A.1]. See also [51].) O
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Lemma 10.7. Let X be a supersingular K3 surface over F. Then the Tate conjecture for X x X holds
for the £-adic cohomology for every prime number € # p and for the crystalline cohomology.

Proof. Fix a prime number ¢ # p. After replacing FF, by a finite extension of it, we may assume that
Hgt(XFq’ Q¢ (1)) is spanned by classes of divisors on X defined over F, by Lemma 10.6. The Kiinneth

formula implies that Hgt(XFq X X@q ,Q¢(2)) is spanned by classes of algebraic cycles of codimension
2 on X x X. Thus, the Tate conjecture holds for X x X. The same proof works for the crystalline
cohomology. O

Remark 10.8. By the same argument, we can prove that the Tate conjecture holds for any power
X X ---x X for a supersingular K3 surface X over F,,.

10.3. Endomorphisms of the cohomology of a K3 surface over a finite field

Let X be a K3 surface of finite height over F,,. After replacing F, by its finite extension, we may assume

that X comes from an F,-valued point s € M, ;‘; <P (F,) satisfying the conditions as in Subsection
B -&(p)

6.2. Let I be the algebraic group over Q associated with s € Zg» (A)(F,); see Definition 8.1.
In this subsection, we fix a prime number ¢ # p. Let

Vp = Chg(PiC(Xﬁq))l c Hgt(X?q’ Qe(1))

denote the transcendental part of the £-adic cohomology. By the Tate conjecture for X [18, 38, 49, 52],
none of the eigenvalues of Frob, is a root of unity.

Lemma 10.9.

(1) Thereisa Gal(]?q [Eq)-equivariant isomorphism

Hi(Xz, x Xz, Qe(2)
= Q¢ @ (Pic(Xz )®? ®2 Qr) @ (Pic(Xz ) ®z Ve)®* @ Endg, (Vo).

(2) The Tate conjecture holds for X x X if and only if the Q¢-vector subspace
Endfiob, (Ve) = Endg, (V[)Gal(ﬁq /Fq)

is spanned by classes of algebraic cycles of codimension 2 on X X X.

Proof. (1) We have

Qe i=0

P L J(Pic(Xg ) @z Qe(=1)) @ Ve(=1) =2

Hal¥e, 90 =1 0,2 i=4
0 i#0,2,4.

By the Poincaré duality, we have isomorphisms V, ®q, Ve = V; ®q, V¢ = Endg, (V). Hence, the
assertion (1) follows by the Kiinneth formula. _
(2) The Q,-vector space Pic(X?q) ®z V¢ has no nonzero Gal(F, /F,)-invariants. Hence, the assertion

(2) follows. m]

Because the action of 1(Qy) on the primitive part Pe?t(X@q ,Q¢ (1)) commutes with Frob,, it also acts
on V. For a sufficiently divisible m > 1, the following conditions are satisfied:
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o Ip = I, = Ig, (for the definition of I, I7 ,,, see Subsection &.1).
o The image of I, ,, under the homomorphism GSpin(Vy) — SO(Vy) is equal to the centraliser
SOFrob; (V) of Frobj' in SO(Vy).
In the rest of this subsection, we fix an integer m > 1 satisfying the above conditions.
Let EndFrOb;]n (Ve) denote the set of Q,-linear endomorphisms of V, commuting with Frob;”. Similarly,
let Endprobgl(Vg ®q, @5) denote the set of @g-linear endomorphisms of V, ®q, @{; commuting with
Froby'. We have a map

1(Q¢) — Endpropy (V).

Similarly, we also have a map / (@[) — EndFrOb’q" (Ve ®g, @g).
Lemma 10.10. The @g-V@C[OF space Endpmbz1 (Ve ®g, @5) is spanned by the image of 1 (@5).

Proof. LetR C End@ (Ve ®q, @g) be the @[ -vector subspace generated by the image of / (@[). Because
the action of 1 (@[) on Vy ®q, @[ is semisimple, R is a semisimple @g—subalgebra. Hence, it suffices to
prove that every element of EndFrobZl (Ve ®q, @,5) commutes with every element in the commutant of R.

Because the action of Froby/' preserves the bilinear form on Vy, if « is an eigenvalue of Frobj', then a”!
is also an eigenvalue of Frob;". Because none of the eigenvalues of Frob;" on Vy is aroot of unity, we may
1‘1, e, Ay, a/r_l € @[ for the distinct eigenvalues of Frobm Let Wy, Wi W, W denote

the eigenspaces of the eigenvalues a1, al‘l , O, @ respectwely Because Frobm acts semisimply
on Vp, we have

write aq, @

-
Ve ®q, Qp = @(Wl eWw,).
i=1
Hence, we have

,
Endgropy (Ve ®g, Q) = (P)(Endg (W) @ Endg (W),
i=1

SOkaty (Ve ®q, Qp) = l_[ GL(W;).

i=1

By Schur’s lemma, every element g € End@[(Vg ®q, @[) in the commutant of R is written as g =
@;:1 (i ®g;), where g1,¢7,...,8r, g, are multiplication by scalars. Hence, g commutes with every
element of EHdFrObZT (Ve ®g, @[). O

Lemma 10.11. Let G be an algebraic group over an algebraically closed field k of characteristic 0. Let
V be a finite-dimensional k-vector space and p: G — GL(V) a morphism of algebraic groups over
k. For any Zariski dense subset Z C G(k), we have {p(Z)) = {(p(G (k))), where {p(Z)) (respectively
(p(G(k)))) is the k-vector subspace of Endy (V) spanned by p(Z) (respectively p(G(k))).

Proof. We put d := dimg{(p(G(k))). Let ¢ be the composite of the following maps:
G(k)? := ]_] G(k) — ]_[ End; (V) — A9 Endg (V).
Ifdimy ((p(Z)) < d,wehavey (Z%) = {0}. Because Z¢ c G (k)4 is Zariski dense, we have ¢/ (G (k)?) =

{0}, which is absurd. The contradiction shows dimy (p(Z)) = d. O
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Lemma 10.12.

(1) As a Qg-vector space, End]:mb;" (Vp) is spanned by the image of semisimple elements in 1(Q).
(2) There exist maximal tori Ty, ..., T, C I over Q such that the Qe-vector space Endpmb:,n (V) is
spanned by the image of T1 (Q), . .., T, (Q).

Proof. (1) Because [ is a connected reductive algebraic group over Q, the set of semisimple elements
in 7(Q) is Zariski dense in 1(Q;); see [27, Expose XIV, Corollaire 6.4]. By Lemma 10.10 and Lemma
10.11, the Q,-vector space EndFrob;n (Ve ®q, Q) is spanned by the image of semisimple elements in

1(Q). Because El’ldpmbg‘ (Ve ®q, @5) = El’ld]:rob;" (Ve) ®q, @g, the Q-vector space Endpmbg (Vp) is also
spanned by the image of semisimple elements in /(Q).

(2) The assertion follows from the fact that every semisimple element of 7(Q) is contained in a
maximal torus of I over Q. m]

10.4. The results of Mukai and Buskin
The following theorem will be used in our proof of Theorem 10.1.

Theorem 10.13 (Mukai, Buskin). Let T and S be projective K3 surfaces over C. Let i : H%(S, Q) =
leg (T, Q) be an isomorphism of Q-vector spaces that preserves the cup product pairings and the Q-
Hodge structure. Let [Y] € Hé(S X T,Q(2)) be the class corresponding to by the Poincaré duality
and the Kiinneth formula. Then (] is the class of an algebraic cycle of codimension2 on S X T.

Proof. See [13, Theorem 1.1], [53, Theorem 2]. (See also [35, Corollary 0.4].) m]

10.5. Proof of Theorem 10.1

In this subsection, we shall prove Theorem 10.1.
By Lemma 10.7, it is enough to prove Theorem 10.1 for K3 surfaces of finite height.
Let X be a K3 surface of finite height over F,. After replacing FF, by its finite extension, we may

assume that X comes from an F,-valued point s € MZS'; <Pz (F,) satisfying the conditions as in
»Bo »2(p)

Subsection 6.2. Let I be the algebraic group over Q associated with s € Zg» (A) (Fy); see Definition 8.1.

By Lemma 10.4, it is enough prove Theorem 10.1 (1) for a fixed €. We fix a prime number £ # p.
We take a sufficiently divisible integer m > 1 as in Subsection 10.3. Replacing F, by a finite extension
of it (see Lemma 10.2), we may assume m = 1.

By Lemma 10.12, there exist maximal tori 71, ..., T, C I over Q such that Endgprob,, (Vp) is spanned
by the image of 71(Q),...,7,(Q). By Lemma 10.3 and Lemma 10.9, it is enough to show that, for
every [ with 1 < i < n, the image of 7;(Q) in Endprobq (V) is spanned by classes of algebraic cycle of
codimension 2 on XE, X XR’.

Fix an integer { with 1 < i < n. By Theorem 9.7, there exist a finite extension K of W(Fq) [1/p] and
a quasi-polarised K3 surface (X, £) over Ox whose special fibre is isomorphic to (Xﬁq, .,?Fq) such that,
for any embedding K < C, there is a homomorphism of algebraic groups over Q,

T; — SO(P3(Xe, Q(1))),

and the action of every element of 7;(Q) on Plz9 (Xe,Q(1)) preserves the Q-Hodge structure on it. We
extend the action of 7;(Q) on the primitive part P% (Xe, Q(1)) to the full cohomology Hé (Xe, Q(1))
so that every element of 7;(Q) acts trivially on the first Chern class chp(£Lc). Hence, we have a
homomorphism of algebraic groups 7; — SO(H%(DCC, Q(1))) over Q whose image preserves the Q-
Hodge structure on Hz(Xc, Q(1)).

By the results of Mukai and Buskin (see Theorem 10.13), the image of every element of 7;(Q) in
SO(H%(I)CC, Q(1))) is a class of an algebraic cycle of codimension 2 on X¢ X X¢.
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Taking the specialisation of algebraic cycles, we conclude that the image of every element of 7;(Q)
in Endprop,, (Vp) is a class of an algebraic cycle of codimension 2 on XE X XE'
The proof of Theorem 10.1 is complete. O

11. Compatibility of p-adic comparison isomorphisms
Throughout the article, we only use the following types of p-adic period morphisms from the literature:

(1) the de Rham comparison map of Scholze [62],

(2) the crystalline comparison map of Bhatt-Morrow-Scholze [6],

(3) Faltings’s comparison map for p-divisible groups over O [29] and
(4) Lau’s period morphism in display theory [45].

All of these period morphisms are known to be compatible. The maps (1) and (2) are compatible via
the Berthelot-Ogus isomorphism by [6, Theorem 13.1]. For abelian schemes over Ok, (2) and (3) are
compatible by [65, Proposition 14.8.3]; see also [63, Proposition 4.15] for the Hodge-Tate counterpart.
Finally, (3) and (4) are compatible by [45, Proposition 6.2]. More details are given in the rest of this
section.

We also check some basic properties of (1) and (2) to use the results of Blasius-Wintenberger [8].

In this section, we fix a perfect field k of characteristic p > 0. We put W := W (k). We fix a finite
totally ramified extension K of W[1/p] and an algebraic closure K of K. We use the same notation as
in Section 3.

11.1. The de Rham comparison map of Scholze

We give some basic properties of the de Rham comparison map constructed by Scholze [62]. (Compare
with [73, Theorem Al].)

Let X be a smooth proper variety over K, and let X4 denote the adic space associated with it. By
[62, Theorem 8.4], we have an isomorphism

H'R (X*/K) ®k Bar = H. (XX, Q,) ®g, Bar,

where C is the completion of K. Another construction of the same map is given in [6, Theorem 1 13.1].
Combined with GAGA results such as [34, Theorem 3.7.2], we get a filtered isomorphism of Gal(K /K)-
modules

car.x 1 Hig(X/K) ®k Bar — Hiy(Xz, Qp) ®q, Bar.

By construction, the de Rham comparison map cgr,x is functorial in X with respect to pullback and
compatible with cup products.

Remark 11.1. The construction of cqr_x can be generalised to any smooth proper algebraic space X
over K. Indeed, [22] supplies a functorial construction of the analytification of X and the corresponding
adic space X ad ' Ag before, we have an isomorphism

Hi(X*/K) ®k Bar = HL(X¥,Q,) ®q, Bar
by [62, Theorem 8.4]. In order to construct cgr x, it is enough to show
H'x(X/K) = Hig(X*/K) and H, (X%, Q,) = HL(X¥,Q,).

(The analytification induces a morphism of étale topoi.)

o Concerning the isomorphism for de Rham cohomology, by the Hodge-de Rham spectral sequence, it
is enough to show H' (X, Q) = H! (X", QJ) for every i, j. It follows from GAGA results in [22].
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o For the isomorphism for p-adic étale cohomology, we take an étale covering U = {U, — X}, of X
that consists of schemes. We put Uz := {(Uy)r — Xz}o and llgj = {(Ua)g‘]l - Xéd}a. The
analytification preserves étale coverings. We have the Cech-to-cohomology spectral sequences

Ey) = ' (W, H (Z/p"Z)) = Hy (X, Z/p"2),

(¢

Ey) = H'(WE B (2/p"2)) = Hy' (XE.Z2/p"2).

(See [66, Tag 030W].) There is a canonical morphism between these spectral sequences. By
Huber’s theorem [34, Theorem 3.8.1], it induces isomorphisms between E,-terms. Therefore, we
have an isomorphism

Hi (X%, Z/p"2) = Hy(XE, 2/p"2)
for every i and n. Taking the projective limit with respect to # and tensoring with Q,, the required
isomorphism for p-adic étale cohomology follows.

Proposition 11.2. Let £ be a line bundle on X, and let chygr (Z) and ch,(Z) denote the first Chern
classes of & in the de Rham cohomology and the p-adic étale cohomology respectively. The following
equality holds:

car,x (char (Z)) = ch, (L) € H3 (X, Qp) (1) € H (X%, Qp) ®q, Bdr.

Here, Qp, (1) is naturally embedded into Bgg.

Proof. The proof given below shows an analogous statement for any smooth proper rigid analytic variety
over K as well.
First, we recall the definition of chgr (). There are an exact sequence of complex of sheaves on X

0 (128021 - (03 ¥ 02ty 5 0% -0

and an isomorphism

(1232l = (0 — 2.

These induce the Chern class map
char: H'(X,0%) — Hix (X/K).

This construction can be analytified.
There is a similar construction on the pro-étale site X ;foét. Recall that Scholze [64] defined a sheaf

(‘)BgR of Ox-modules on X;‘foét with a surjection 6: OB;R — @X. In the above construction, we will
dlog
replace 0% — Q' by

dl
OB =5 OB, @0, Q3.
-0
Similarly, we replace (1 et Q') by

dl
1+Ker == OBl ®0, Q3.
Because OBy, is complete with respect to Ker 6, we have the logarithm map
log: 1+ Kerf — Ker6.
This finishes the construction on X2¢ _ .
proét
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On the other hand, ch,, (Z) is defined at the level of the pro-étale site as follows: it is induced by the

following exact sequence of sheaves on X
proét

0-2Zp(1) - 0%, = lim 0% — 0% —o0.

X—xP

The following commutative diagram completes the proof:

Z,(1) 0%, 0%

e

1 +Kerf —— OB} —— ©§,

where [—] denotes the Teichmiiller lift. O

Corollary 11.3. The de Rham comparison map cqr x is compatible with Chern classes of vector bundles
and hence classes of algebraic cycles.

Proof. This follows from the splitting principle and the previous proposition. (The class of an algebraic
cycle is written as a Q-linear combination of Chern classes of vector bundles.) O

Corollary 11.4. If X is of equidimension d, the de Rham comparison map c4r,x is compatible with
trace maps. Therefore, cqr x is functorial in X with respect to pushforward.

Proof. This follows from the compatibility with cycle classes of a point. O

11.2. The crystalline comparison map of Bhatt-Morrow-Scholze

Let 2 be a smooth proper algebraic space over O with generic fibre X. We assume that the generic
fibre X and the special fibre & are both schemes. For example, it is satisfied for smooth proper curves
and surfaces over Ok because a smooth proper algebraic space of dimension < 2 over a field is a
scheme.

As in the proof of [19, Theorem 2.4], the formal completion X of 2 along the special fibre is a formal
scheme (rather than a formal algebraic space), and there is an isomorphism 7(X),, = X ad of adic spaces
over K, where #(X),, denotes the adic generic fibre of X. We remark that the isomorphsim #(X),, = X ad
is functorial in &'; this can be seen by an argument similar to [22, Theorem 2.2.3].

We recall the construction of the crystalline comparison map of Bhatt-Morrow-Scholze in
[6]. Let A.s denote the p-adic completion of the divided power envelope of Aj,r with respect
to Ker 6.

The absolute crystalline comparison theorem in [6, Theorem 14.3 (iii)] (and [6, Theorem 14.3 (iv)])
gives the following isomorphism:

H:;ris(‘%‘@c/P/AcriS) ® Ay Beris — Hét(Xf, Zp) ®Zl, Beris.
By [6, Proposition 13.21] and the base change of crystalline cohomology, we have an isomorphism

Héris(‘%‘@c/p/ACriS)[l/p] = H(L;rig(‘%‘k/W) ®w Acris[1/p].

The above two isomorphisms give us the crystalline comparison map

. i
Ceris, &+ Hcris

(!%‘k/W) ®w Beris i’ Hét(Xf’ Zp) ®Z,, Beis.
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Proposition 11.5. The crystalline comparison map cis o is compatible with the de Rham comparison
map cqr,x under an isomorphism

Hi (2 /W) ®w K = Hig (X/K)
of Berthelot-Ogus [5].
Proof. By [6, Proposition 13.23, Remark 13.20], we have an isomorphism
H(l;ris(‘%@c/P/ACriS) BA, Big = H(iiR(X/K) 8K Bjg-

It is already shown in [6, Theorem 14.5(i)] that c4r x is compatible with cs 9~ under this identification.
The above identification induces a K-linear map

SdR - HéR(X/K) - Héris(‘%‘@c/p/Acris) B Aris B;R
such that the composite of sqr with the following map obtained by the reduction modulo &
Héris(”cz.@c/P/ACriS) ®Acris BgR - H(l‘:ris(‘%‘@C/p/ACriS) ®Acris C
= Hyz (Xc/C)
(this has no ambiguity; see the commutative diagram (6.5.7) in [16]) is equal to the canonical map
H'x (X/K) — Hiz (Xc/C).

The K-linear map sqg is characterised as a unique Gal(K /K)-equivariant K-linear map satisfying this

property.
On the other hand, [6, Proposition 13.21] gives a W-linear map

Seris : Hegis (Lic/W)[1/p) = Hi (Lo p/ Acris) [1/ ]
such that the composite of s¢is with the following map obtained by the specialisation Acis — W (k)

Héris(&/‘@c/P/Acris)[l/p] - Héris(‘%‘@c/P/AcriS) B Acrs W(E)[l/p]
= H. (2 /W (k) [1/p]

is equal to the canonical map
Heris(Ze/W)[1/p] = Heo (LW () [1/p].

The W-linear map s is also characterised as a unique Gal(K/K)-equivariant W-linear map satisfying
this property, which is p-equivariant. Because the images of sqr and sqis ® K coincide, the reduction
modulo Ker 8 induces an isomorphism

Seris ® K : H:

cris

(/W) ®w K = Hip (X/K),

and cris, and cgr,x are compatible under sis ® K. So, we need only show that s¢is ® K is equal to
the Berthelot-Ogus isomorphism.

We can finish by recalling the following well-known interpretation of the Berthelot-Ogus iso-
morphism: Fix a uniformiser @ and a system {@w!/?"},50 c K of p"th roots of w such that
(z!/ P"H)” = @!/P", and let S, be the p-adic completion of the PD envelope of the surjection
Wu] — Ok defined by u + w. Then, there is a unique p-equivariant section

s Higis (L /W) [1/p] = Heis( o 1p/Sw) [1/p],
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and s ® K induces the Berthelot-Ogus isomorphism. The section s can be constructed in a way parallel
to [5] and [6, Proposition 13.21]; see [ 14, Proposition 5.1] for example. This implies that s = s¢,js under
an isomorphism

Hi (Lo 1p/Sw) ®s,y Acis[1/p] = He(ZLoe)p/ Acis) [1/p]

by base change along the embedding S — Acrs defined by u — [@”], and the specialisation of s is
indeed the Berthelot-Ogus isomorphism. O

Corollary 11.6. The crystalline comparison map Ceis,a IS

o functorial in X with respect to pullback and pushforward and
o compatible with cup products, Chern classes of vector bundles on &, classes of algebraic cycles on
X and trace maps.

Proof. The above properties are already checked for the de Rham comparison map cgr, x . Therefore, it
suffices to show that the Berthelot-Ogus isomorphism satisfies the above properties. This is done in [5]
and [32, B. Appendix], at least when & is a scheme.

Let us briefly explain a variant using the interpretation of the Berthelot-Ogus isomorphism given
in the proof of Proposition 11.5, which works in the semistable case as well. The functoriality with
respect to pullback and the compatibility with cup products are checked (by the same argument as) in
[72, Corollary 4.4.13]. Next, we check the compatibility with the first Chern classes of line bundles. We
freely use the notation from the proof of Proposition 11.5. Let & be a line bundle on . This gives the
first Chern class cheris(Z/S ) in H> (Zog /p/Sw) lifting cheis(Z). By the characterisation of s, we

cris

see that the following equality holds:
5(Cheris(Z£)) = cheis(Z/S ).

Because it is well known that cheis (£ /S ) maps to chgr (&) modulo Ker(S5 — Ok ), we conclude
that the Berthelot-Ogus isomorphism maps chis (&) to chgr (Z). Now, the other compatibilities and
functoriality can be deduced from what we have shown. O

Remark 11.7. In the above proof, we implicitly use that the isomorphism #(X),, = X ad j5 compatible
with line bundles in the following sense: For a line bundle £ on Z, let £ be the formal completion of
< along the special fibre and #(£),, the corresponding line bundle on #(X),,. Let £k be the restriction
of Z to the generic fibre X and (Zk ) its analytification. Then there is an isomorphism of line bundles
1(8)77 = (Q(ZK)ad on t(x)n = X,

This can be seen as follows: By the construction of #(X),, = X ad and étale descent for line bundles
on rigid analytic varieties, the above claim reduces to an analogous statement in the case where X is a
scheme of finite type, but not necessarily proper, over O : we only have a morphism #(X),, — X ad jp
this case, and the statement is that the pullback of (Zx )¢ is isomorphic to ().

11.3. Remarks on the work of Blasius-Wintenberger on p-adic properties of absolute Hodge cycles

The theory of integral canonical models of Shimura varieties relies on the results of Blasius-Wintenberger
[8], where p-adic properties of absolute Hodge cycles were studied.

Technically speaking, one chooses constructions of comparison maps when using their results. In
this article, we choose the comparison maps cqr,x and ccis,o- Then the main results of [8] hold as all
requirements are checked above. This fact for cgr x is also used implicitly in [15].

Moreover, to fill in details of the proofs of [49, Proposition 5.3, Proposition 5.6 (4)], one should
generalise ‘Principle B’ in Blasius’s paper [8] to smooth algebraic spaces. (Let DCMMQ — M4 g be
the universal family considered in [49]. This morphism is representable by an algebraic space, not a
scheme.) For this purpose, one needs to generalise the arguments in the proof of [8, Theorem 3.1]
allowing X in its statement to be an algebraic space. This requires us to check the following:
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o Artin’s comparison theorem and GAGA for algebraic spaces over C. (See [67, Proposition 3.4.1
(iii)] for the former. GAGA is well known and follows from the standard argument using Chow’s
lemma.) Artin’s comparison theorem for algebraic spaces was also used in the construction of a, in
[49, Proposition 5.6 (1)].

o A functorial construction of pure Hodge structure in the cohomology of smooth proper algebraic
spaces over C. (The usual construction works; see [57, Part I, Section 2.5]. Also, we have geometric
variations in this setting; see [57, Part IV, Corollary 10.32].)

o A generalisation of Deligne’s theorem on the fixed part [23, Théoréme 4.1.1] to algebraic spaces
over C. (The argument in [23] works using Chow’s lemma for algebraic spaces.)

o Existence of a smooth compactification of X. (Use [21] and [7].)

o The de Rham comparison theorem for smooth proper algebraic spaces over a p-adic field. (See
Remark 11.1.)

11.4. Comparison isomorphisms for p-divisible groups

In [29], Faltings constructed a comparison map

¢z Deris(Tp )" [1/p]) = D(Z)(W)[1/p]

for a p-divisible group & over O . The purpose of this subsection is to show that Faltings’s comparison
map cg coincides with the comparison map used by Kim-Madapusi Pera in [38, Theorem 2.12 (2.12.3)].
This fact is used implicitly in the proof of [38, Proposition 3.12] to apply Kisin’s result [41, Lemma
1.1.17].

Let & be a p-divisible group over Ok . For the base change s, ;, of &, we have a (contravariant)
crystal D(€, /) over CRIS((Ok /p)/Zp). Its value

D(?@K/p)(Acris) = D(?@K/p)Acm%@C/p

in (SpecOc/p < Spec Ags) is a free Acps-module of finite rank and equipped with a Frobenius
endomorphism ¢. We define a filtration

Fﬂl D(?@K/p)(Acris) — D((gﬁk/p)(ACris)

by the inverse image of the Hodge filtration Fil' D(%, « /p) (Oc) under the surjection D(Zp, /) (Acris) >

D (& 1p)(Oc).
In [29], Faltings constructed a period map

Perris, @ : Tpg - HomFil,q)(D(g@K /p)(Acris)’ Acris).

Here the right-hand side is the Z,-module of Ajs-linear homomorphisms from D(Z, ) (Acris) to Acris
that commute with Frobenius endomorphisms and map Fil! D(Cox /p) (Acris) into Fil' (Aeris) = Ker 6.
When p # 2, the period map Pergs ¢ is an isomorphism by [29, Theorem 7] (see also [31, Section
5.2]). When p = 2, it is an injection and the cokernel is killed by 2.

By the rigidity of quasi-isogenies, there is a unique quasi-isogeny

fe Hom@K/p((gk ®r Ok /p, Gox/p) ®z, Qp
lifting the identity of &x. The quasi-isogeny f induces an isomorphism
D (o 1p)(Ok)[1/p] = D(Z1) (W) ®w K,

and the Hodge filtration on the left-hand side makes D (&) (W)[1/p] a filtered ¢-module. This isomor-
phism is equal to the isomorphism given by Berthelot-Ogus [5, Proposition 3.14]; see Remark 11.10.
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The quasi-isogeny f also induces an isomorphism
D(g@K/p)(Acris) ®Acm B:n's = D(gk)(W) w B:ris’
which in turn induces a bijection

HomFil,<p(D(gﬁx/p)(Acris)s Acris)[l/p] = HomFil,‘p(D(?k)(W)[l/p]’B:ris :

Here the right-hand side is the set of homomorphisms from D(Z; ) (W)[1/p] to B,  that commute with

Frobenius endomorphisms and preserving the filtrations after base change to K; we equip B, ®w [1/p1K
with a filtration Ker(6 ®w K) C BY,  ®w[1/p] K. The following composite is Gal(K /K)-equivariant:

Tp?[l/P] = HomFil,ap(D(?@K /p)(ACriS)a Acis) [1/p]
= Homgi, o, (D(Z1) (W)[1/p], Bais)»

where the first isomorphism is Percis & with p inverted. It induces an isomorphism of filtered ¢-modules

cg: Deris(Tp %) [1/p]) = D(Z1)(W)[1/p].

Next, we shall recall the construction of the comparison map given in [38, Theorem 2.12 (2.12.2)],
which is based on the theory of Dieudonné displays developed by Zink and Lau.

We put G := W[[u]]. For a Breuil-Kisin module 9% (over Ox with respect to {@'/P"},s0) of
height < 1, there is an S-linear homomorphism ¢: I} — ¢* M such that ¢ o ¢ is the multiplication
by pE(u)/E(0). Let M’ be a Breuil-Kisin module such that its underlying &-module is IJRY :=
Homg (9%, ) and its Frobenius ¢* (M) = (¢* M)¥ — M is given by f > f o ¢.

Lau constructed an equivalence 9)t” from the category of p-divisible groups over Ok to the category
of Breuil-Kisin modules (over Ok with respect to {wl/ p" +n>0) of height < 1; see [44, Corollary 5.4,
Theorem 6.6]. Let MR~ be the (Cartier) dual of the equivalence of categories constructed by Lau. Namely,
we put

M- (9) = M(©)".
By [45, Proposition 4.1, Proposition 8.5], there is an isomorphism
T,% = Hom,(M"(%),&™).

For the ring G™, see [45, Section 7] for example. It is equipped with a Frobenius endomorphism and
there are inclusions G < S™ < Ajy commuting with the Frobenius endomorphisms.

Let Fil' (S &) be the kernel of the surjection S — Ok . (Recall that S is the p-adic completion of
the PD envelope of the surjection W[u] — Ok defined by u +— @.) Let D(Fg,/,,) (S ) be the value in
(Spec Ok /p — Spec S ). It is equipped with a Frobenius endomorphism ¢ and a filtration

Fil! D(?@K/p)(sm) — D(?@K/p)(sw)’

which is the inverse image of the Hodge filtration FillD(Z@K /p)(Ok) under the surjection

D (o 1p)(Sw) » D(Fog/p)(Ok).
Let ¢’ € S be a unique unit that maps to 1 € W with

c'o(c"™") = @(E(u)/E(0)) € Sq.

(For the element A € S [1/p] in [39, Subsection 1.1.1], we have ¢’ = ¢(1).) By [44, Proposition 7.1],
there is a canonical isomorphism

M (Y) B S = D(?@K/p)(sw)v-
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The dual of this isomorphism multiplied by ¢’ is an isomorphism
D(Gox/p)(Sw) = ¢" M (Y) ®3 S
that is compatible with Frobenius endomorphisms and maps Fil! D(C5x/p)(Sw) onto
{x € " M"(Y) ®s Sw | (1®¢)(x) € Fil' (S5) (M"(¥) ® So) }-

Let M((T,%)") be the Breuil-Kisin module associated with the dual (7,,€)" of the p-adic Tate
module of & defined by Kisin; see Subsection 3.2. By construction, there is a canonical isomorphism

T,% = Homy,(M((T,%)"), ™).
By [38, Theorem 2.12 (2.12.2)] and its proof, there is an isomorphism of Breuil-Kisin modules
M- (9) = MU(T,9)")

such that, under this isomorphism, the isomorphism 7, = Hom,, (ML (%), G™) is compatible with
the above isomorphism.

The comparison isomorphism used by Kim-Madapusi Pera in [38, Theorem 2.12 (2.12.3)] is defined
as the composite of the following isomorphisms:

Deis(Tp©)"[1/p]) = Meris (T, €))[1/p]
= 0" MM (%) @5 W[1/p]
= D(Gox/p)(Sw) ®s, Sw/uSw[1/p]
= D(G)(W)[1/p],

where the last isomorphism is provided by the crystalline property of D(%p, /p,). It is an isomorphism
of filtered ¢-modules and denoted by cé.
Proposition 11.8. cé coincides with cg.

Proof. We put EUtCLriS(?) = ¢* ML (¥) ®s W. There is an S, -linear homomorphism
finr (@) Mis(F) @w So[1/p] = 9" M (Y) @ S [1/p]

that commutes with Frobenius endomorphisms and lifts the identity of EIRCLriS(?). In fact, it is charac-

terised by such properties. Translating the construction of the isomorphism

Dcris((Tp?)v[l/p]) = EIRczris((TIr)E‘g)v)[1/17]

in [39, Proposition 2.1.5] in terms of Gal(K/K)-representations, we see that the isomorphism cé

corresponds to the composite of the following isomorphisms:
T,%[1/p] = Hom, (IM“(%),&")[1/p]
= HomFil,<p (90* gﬁL(?)a Acris) [1/17]
= Homp, o (Meris (D) [1/p], Blris)
= Hompi, o (D(Gk) (W)[1/p], B,

cris/*

Here, the second isomorphism is induced by the Frobenius of EIRL(S?) and the injection S™ — Ay,
and the third isomorphism is induced by fy,z (g). Using the uniqueness of the isomorphism fgyz (¢, we
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may replace the composite of the last two isomorphisms by the following composite:

HOIl’lFi],(p (90* gﬁl‘(g), Acris) [1/17] = HomFil,CP(D(Z@K/P)(SW)’ Acris) [l/p]
= HOmFi],(p(D(g@K/p)(ACriS)’ Acis)[1/p]
= Homgi,, (D(%x) (W) [1/p], BLis)-

Here, the second isomorphism is induced by the base change D(%py/p)(Sw) ®s, Acis =
D(%py /p) (Acris), and the third isomorphism is induced by the quasi-isogeny f.

Therefore, the assertion follows from the following Proposition 11.9, which was essentially proved
by Lau in [45]. O

Proposition 11.9 (Lau). Ler Per’ be the following composite:

T,% = Hom, (MM (%), &™)
— Homgiy, (9" M5 (2), Acris)
= Homgi),, (D(Fey /p) (Sw), Acris)
= Hompil, o (D(Zoy /p) (Acris), Acris)-

Then, Faltings’s period map Pergis @ coincides with Per’.

Proof. We shall explain how the equality Perqis» = Per’ follows from Lau’s result [45, Proposition
6.2]. We freely use the notion of a frame and a window from Lau’s papers [44, 45].
We have the following commutative diagram of homomorphisms of rings:

nr

G G X -~ W(0k)

|

Hcris A =
Agis — W*(0Ok).

The above diagram induces the following commutative diagram of homomorphisms of frames:

(For the above two commutative diagrams, see [45].) The homomorphism %™ : "™ — 9@( (respec-
tively ¢: QEK - QAZ% ) is a u-homomorphism (respectively up-homomorphism) of frames for a unit
K

ue W('@"K) (respectively ug € W+(5K)). There is a unique unit ¢ € W(@K) (respectively c € W+(5K))
that maps to 1 € W with co(c™!) = u (respectively c0<p(c(;1) = up).

The Breuil-Kisin module 9’ () corresponds to a window over 9, and let i’ (€)™ be the window
over B" obtained by base change. There is a window over Ac;s associated with D(Zpy/p) (Acris),
which will be denoted by the same notation; see [45, Section 6]. The base change of IR’ (&)™ to Acys is
identified with the dual D(%p, /) (Acris)’ by [44, Proposition 7.1]. (For the dual of a window, see [44,
Section 2A].)
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For a window &, let T(Z) denote the module of invariants; see [45, Section 3]. There are natural
isomorphisms

T(M'(¥)™) = Hom, (M" (%), &™),
T(D(?@K/p)(Acris)t) = HomFil,cp(D(?@K/p)(Acris)’Acris)~

Under the above isomorphisms, the isomorphism Per’ is identified with the following composite:

T,% ——=T(W' (%)) == T(D(Goy 1) (Acris)')-

Here the image of ¢’ € S in A is denoted by the same letter.
In [45, Proposition 4.1], Lau constructed a period isomorphism

Perg: T, @ = T ()" M (E)™).
Here we normalise this period map as in [45, Remark 4.2]. By [45, Proposition 8.5], the homomorphism
T(M'(Z)™) = T M (9)™)

defined by x +— ¢ ® x is an isomorphism. The composite of Pery with the inverse of the above
isomorphism is identified with the isomorphism 7,& = T(IM'(¥)™) by the definition of 7),& =
Hom,, (M- (%), E™).

By [45, Proposition 6.2], the following diagram commutes:

Percris,fﬁ

1,9 ——— T(D(?@K/p)(Acris)t)

T(EIR/ (?)nr) Pery x—=1®x

ch@x\L
XHCc)®x

T (" M ()™) ——— T (" M ()™).

Let 7 denote the right vertical homomorphism, which is an isomorphism; see [45, Proposition 6.2].
Using t(¢)cg = x#eris(c”), we see that the composite of Perg and the bottom horizontal arrow is equal to
the composite of Per’ and 7. Therefore, we have

7 o Pergis. e = T o Per’.

Because 7 is an isomorphism, the equality Per.is ¢ = Per’ is proved.
The proof of Proposition 11.9 is complete. O

Remark 11.10. The isomorphism D(%s, /) (Ok)[1/p] = D(%)(W) ®w K induced by the quasi-
isogeny f is equal to the isomorphism given by Berthelot-Ogus [5, Proposition 3.14]. This follows from
the fact that there is a unique ¢-equivariant isomorphism

D(ox 1p)(Sw) ®s, Sw[1/p] = D(G) (W) ®@w S [1/p]

that lifts the Berthelot-Ogus isomorphism. This isomorphism can be constructed in a way similar to [5,
Proposition 3.14].

Remark 11.11. Given the construction of cé and Proposition 11.8, we can restate [38, Theorem 2.12
(2.12.3), (2.12.4)] using Faltings’s comparison map cg as follows:
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(1) The composite

EIRcris((Tp?)v)[l/P] = Dcris((Tp?)v[l/p]) Cé; D(&)(W)[1/p]

maps Meis (T, €)") onto D(Zy ) (W).
(2) The composite

Mar ((7,%)")[1/p] = Dar(T,©)"[1/p]) £ D(o, /) (Ok) €0, K

maps Mar (T, %)) onto D(Z, /) (Ok ) and maps Fil' (Mar ((T,%)")) onto Fil' D(Zpy /) (Ok).

Assume that & is the p-divisible group B[p™] associated with an abelian scheme B over Ok . By [4,
Théoreme 2.5.6, Proposition 3.3.7], there is a natural isomorphism

D(Gk) (W) = Hly (Bi/W).

Proposition 11.12. Let B be an abelian scheme over Og and & := B[p™] the p-divisible group
associated with B. Let T, & denote the p-adic Tate module of €. Under the isomorphisms (T,%)" =
He}t(Bf’ Z,) and D(G)(W) = Hcln.s(Bk/W), the isomorphism cg is compatible with the crystalline
comparison map Cris, B -

Proof. By [4, Théoréeme 2.5.6, Proposition 3.3.7], there is a natural isomorphism

D(?@K/P)(Acris) = Hc}ris(B@K/P/AcriS)‘

After inverting p, this isomorphism is identified with the base change of the map D(%y)(W) =
Hclris(Bk/W) along W — Ais[1/p] under the isomorphism

D(g@K/p)(Acris)[l/p] = D(?k)(w) Aw Acris[l/p]

induced by the quasi-isogeny f and the isomorphism

Hlio(Bog jp/Acis) [1/p] = Hlio(Bi/W) ®w Acris[1/p]

in Subsection 11.2. This follows from the characterisation of the W-linear map s.is in the proof of
Proposition 11.5. Now, the assertion follows from [65, Proposition 14.8.3]. (Alternatively, one can use
the Hodge-Tate version [63, Proposition 4.15] by checking a certain compatibility, but we omit the
details.) |
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