A NOTE ON BAKER’S METHOD
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(Received 3 June 1968)

1. Introduction

Let o5, -, &, (n = 2) be (fixed) multiplicatively independent non
zero algebraic numbers and set M (H) = min |f,log a,+ - -+ +8, log «,|
the minimum taken over all algebraic numbers g,, - - -, §, not all equal to
zero, of degrees not exceeding a fixed natural number 4;, and heights not
exceeding an arbitrary natural number H. Then an important result [1]
of Baker states that M (H) > Ae~U8E)™*'** for every fixed & > 0 and an
explicit constant 4 = A («;, - -, &, dy, €). [t may be remarked that Baker
deduces his general result from the special case where g, is fixed to be —1.
The following straight forward generalization might be of some interest
since it shows that the exponent #+1+¢ need not be the best, and that the
best exponent obtainable by his method has some chance of being 1-+¢
(see the corollary to the Theorem).

THEOREM. Let oy, -, a,,, (0 =1,f = 1) be (fixed) multiplicatively
independent non-zero algebraic numbers and set

M(H, a,,,;) = min [, logay+ - - +f,loga,—loga,sl, (E=1,---f),

the minimum taken over all algebraic numbers B, - -+, B, of degrees not
exceeding a fixed natural number d,, and heights not exceeding an arbitrary
natural number H. Then there holds

5
$ M(H, 0y > Ao-tosmmspesss
i=1
with an explicit positive constant A = A(xy, - - -, a,yy, dy, €).
COROLLARY. Given o, - -, a, as in the theorem and an & > 0, there

exists an algebraic number «,,, for which M (H, a,,,) exceeds Ae—(08H)'**
for infinitely many H, with an explicit positive constant

A=Ay, ", iy, dy, €)-

The corollary follows from the theorem on making f large and using
Dirichlet’s box principle. The author is thankful to Professors A. Baker,
K. Mahler, K. G. Ramanathan and C. L. Siegel for encouragement.
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2. Proof of the theorem
We begin by stating

LEMMA (Generalization of Siegel's, [2] pp. 35—38). Suppose that the
coefficients of the linear forms y, = @y 2+ <+ + a2, (k=110 p, p <gq)
are integers in an algebraic number field K of degree d and [a_kl =4(=1).
Then cthere exist ravional integers w,, -, %, not all zero, satisfying
Yy, =0,---,y, = 0 such that

el < 1+ (2gA ) @3@+1)/(2a-pd(a+1)) A

provided 29 > pd(d+1).

The proof of the lemma consists of an estimation of the number of
algebraic numbers of bounded height and degree and will be left as an
exercise to the reader.

Let us write a,,; = ofa---afingfi (; =1,--- f) where ||;]| is an
[ < » matrix of algebraic numbers and |§,| are all small say all < 1/e and so
et = 14-B,y, where

[
—

e
» 3

B: B}
|‘}’i|=|1+§—!+3—!+""§6-

For a natural number N we have also ¢/ = 14-8,y; where

% (Zj) Bava)

y=1

1
B

We shall fix |§,] to be much smaller later. We shall write S, = max; size(8,;),
S = max; S; (by size («) for any algebraic number « we mean d(a)—{—ﬂ
where d(«) is the least natural number for which ad(x) is an algebraic
integer. The notation |&| denotes maximum of the absolute values of the
conjugates of «). We introduce the fundamental function

< 2V,

lyil =

{(1+.5i'}’i)N— l}l = |yl

L
D(zy, 7+, 2,) = 2 p(A)afr?r-- - aln*» 1 where
M A=
Ve = Mt Ap1Brit -0 FAusBr (i=1---n),
with an estimate for the rational integers p(1) = p(4,, - - -, 4,4,) not all
zero, to be specified immediately. We shall see that
L 1<I1<h
2 1 All... Aﬂ-;.]l"m-.. L — ( - - )
( ) Agop(_)ml %y gt Va 0, 0 m+ -+ +m, < k

with 4 and & large and |p(4)| small. This will be done by the lemma above.
We have i) number of equations = %(k-+1)"; ii) number of unknowns

! The sum is over all ,, **+, ,,, running independently from 0 to L.
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= (L+1)*¥ > L™+ and iii) estimate for the size of the coefficients

< CI*C,SL)™* where C, = (max,_, n+f size («;))"t and C, = 2 (because
size y, = d(y,—4,)+ |y:i—A:|+4, < size (y;—4;)+L < (SLY'+L < (2SL)").
So under the condltlon

(3) L™ = h(k1)rd(d+1)

(where d is the degree of the number field obtained by adjoining a, * - -, &,
and B;; (j=1,---,m ¢=1,---f) to the rationals), the conditions (2)
are all satisfied with
(4) 1p(2)] < 2(2(L+1)" CT#(C, SL)*) < Cg™*(SL)™*
where since

4(LA-1)+ CEIACUE < (CRgnH)IM(CHE Cy — max (C28"H, CY).
The rest of the argument is by induction. Suppose now that
1=1Zh(=h)

L
A, n+!l m ., My — .
6) 2P Yt yen =0 (0 Sy m, < by (< k))

A=0
Then we shall require 8, to be so small that
L hh<<IZh
6 AV LI lml. mnzo(l =72 )
( ) lzop(_)‘x'l 1{ O é ml_i_ P +mn g k2(< kl)
We now set
(M) 1) =Py (2107 Za)y e mgymn (O Syt Fmy, S k),
and we have for b, < 1 < &,
1 f(2) B fl—p\FrFetl
=o| EH(E)T"e

2m1 lzl:‘mgz—l r=1 \2—7%

(8)

2701 72y me0y !

i—7

) f (z—r)mﬁ(l—f)"“"’“ dz.
|

2—~rl=} z—1 r=1

This formula shows that |f(/)] is considerably small, while f(!) being apart
from a power product of log «,, - - -, log «,,, very close to a non zero algebraic
number, the assumption that f(J) # 0 leads to a lower bound for |f(/)]
which when § = max, |g,| is small, leads to a contradiction. We note the
relation
f(m)(r):(i_+_..._|_i)mq5 (z z)
azl azn My, v My \71 ) nig = =2 =T
m!

i Pt msa (00 7)
b tig=m J1 Tn-

and the fact that (m;+7,)+ - - - 4 (m,+7,) = kat+-hy—Fky = k4.
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We now split up the proof into five parts (Cy, C,, - - - will denote
constants = 2).

1. Upper estimate for f™ (r). Now for all l and m,, - - -, m

n

L
Q)ml,'--,m,,(l’ R l) = (log o(l)ml o (log an)m",\zop(é)alllll e a:::—"}"l

N LI ﬁlhn+fluyi"1 . y:‘”n‘
We use e #fitnrit = 1498, with [y;| < €22+ and so since |f;| <

we have for natural numbers Ny, - - -, N,

(1e),

k
jeptie 4t 1] = | T |((e¥—1)+1) 1]

— S TI@™—nes 3 T (Bdea™)e

6y, 6,=0,1 =1 ey, ", 6p=0,1 i=1
not all the é's =0 not all the ¢’s = 0

f
g ﬂl_I (1—|—82Ni) é ﬂX7N1+NI+"'+Nf
i=1

where f = max,_; ,|f]-
Hence () givesfor 1l 7 <hand 04+ -7, <k

= bk,
(@m1+jv...'m"+5n(7; Tt 7”
= [(lg 5+ (o a)5s 3 p(A)” -
X (e—-ﬁv\un"'-"' —ﬁy/\nw"__l)»y;”r*"l ce y;”n+f»|

= B(L-+H 1) CM* (SLYMFCEMTEM(C,SLY™
where C, = max (1+4]|log «;),

i=1,--1,m
< BCEMHH(SLYret  where Cgtt = CHCMt*CiCiMabmn,
Cy = 7 C,y ie. we may set Cq = 2"+ CLC,C,Cs.

So we have

9 ™ ()] S wmBCEHHH(SLy asa®
®) < BCEM+*(SLY3%  with C, = nCs.
2. Estimate for max |f(z)] on |z| = 4k,

L
f(z) = (log oy)™ - - - (log an)’""AEOP@)ai‘" A

~B1An41% o« o p—BrAnirza, M1 L . 0 4
X e € yl Yn
and so
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max |f(z)] = (L41)"CZ*(SL)#*Cg™(C,SLY*Cgr with Cg = (3,
lzl=4n,
(10) < CImH(SL)%™  where

CgL’l.+k 2 (C3C8)Lh’+k (2n+fcé C4)Lh’+k
We fix C, = 27+ C}C,C,Cs.

3. Lower estimate for |[(1)| on the assumption that

L
ozzp(&)aéll-- t[l L :‘"n#O'

A=0
we have

|(10g )™ - - - (log a,) ™ (1) — ZP@ fl ml...y;n..}

<)‘ZO|P(}~ Al PR n+l 7An+1 12 00 +An+!l'ym1 . mulﬂ

< B(L-+1)" CEHH(SLY¥* C (1) (C, SLY

< BCEM(SLy
since
hy <<l=hy,and m+ - +m, <k (< k < k).

Also A8 # 0 is an algebraic integer for some natural number 4,

A < CPaS"™ with Cyy = (size ay) « « + (size «,,,)
and
[0] < (L41)+ CJ*(SL)»C{gs(C, SL)™s

Thus we have as usual (here 4 denotes the degree of 6)
|6] = A—dm—("—” = AS{(L4-1) CIH*(SL)2 C L3 (C, SL)ea}-6-1
and so

6] = {Ci32S*" (L+1)"+ Cg™*(SL)¥*C32(C,SL)™s}~*
= {DlLlh,+k}—1 (SL)—%76 where DlLlh,+k = (Cs Cfo onf Cg )d (LhgtR)

and we may set D,; = (C{C,C3,2™+)¢,
So we have the inequality

l(log ocl)_"‘l e (log “n)—m"f(l)l > {Dﬁh,—i—k}—l(SL)——d.kfd__ﬂcglh,+k(SL)3fk

and here the L.H.S. being < f(I) (1+max,_, i, ,/log a,/1)* we can wiite
Cy1 = Dy; (14+max;_; 4y, llog «,/~1|) and thus

(11) ) > {CHw+*}H (SL)—4#—pCghs* (SL)*.

https://doi.org/10.1017/51446788700007060 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700007060

202 K. Ramachandra (6]

4. An upper estimate for |f(I)| in (8)

2 dhy CLhstk (ST yark (_h_z_

1 (k1—Fg+1)h1
21 4h,—2h, 4h2—2h2)

IHUIRS

1
+ o= By (Ry—ky+ l)ﬁc_f"'1+k(SL)3fk2n « 3(2hy)mia—ketl) . 2
7T

and so

[f()] < 2Chs**(SL)¥rka—talatatl) L h, (kg —ky) BC7™H (SL)S
(12) X (2h2)h1(k1—-k’+1)'

We now set k2 = [k1/2] and so 2 Mmtkri—ks+l) 2—}h1k1’
(2hy)Mtr—FatD) < (zhz)hl((k1l2)+2) and ky—k, < % Y

5. Final step. In order to ensure that (6) holds we have to see that
(11) and (12) contradict, i.e.

{Cllfl"ﬁk}—l (SL)—de > gcé:hﬁk (SL)3fk 2—5h1k1+ﬂcgh,+k (SL)afk
k
+hy (51 + 1) /3(3711"1% (SL)** (2h2)hl((k112)+2)
ie.
2¥mkr > (20, Cyy) It (SL)UatsE
+B(CeCya) Lhytk (SL)wua+3)7% 93hky

+Bhy (% + 1) (C7C11)Lh=+k(5L)(4d+3) (2h2)h1((k1/2)+2) Prot

i.e. we have to satisfy some thing like
(13) 2%h1k1 g szhﬁ-k log wL){l—i—ﬂC’;g‘:l log hz}

where

szhﬁ-k log (SL) g (Cll max (3C9» CG’ C7) )th+k+(4d+3)fk log (SL)

and since if
L =2, k+ (4d+3)kflog (SL) < 2(4d+3)kf(SL)

we can take for example
Cao = (Cua(8Co+Cort-Cy)) s,
Now Cy; has to satisfy

Clllékl log gy g 25—h17c1+h1 (% + 1) 2%h1k1 (2h2)h1((k1/2)+2)
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ie. Chfato?s > 28Miplatd  §f > 2 and kA =2
i.e. Cq:l;kl log b, 2 h;6hl(k1+1) 1e C’ﬁk‘ log by % h:;zhlkl.

Hence we can take C,3 = €32
Let C,y and C,; be large constants and E a small positive constant.
We set

1
(14) &= [Cy4log (35)], L = [hU+rENr, k= [l—) hE+ﬂ+"E>/f] , D=3"gs,

- B — hyky _ ky L.
hy = b, by = ks by = [CHL], by — [E]
(15) h, = [%] , k= l:]%—l:l L, r=2---7 where
15
. [(n+f)((l+f;E)/f)+E—1] L.

We choose C,4, Cy5 to satisfy

(16) ¥k > CLbriathlog SLE] | GOk 108 ) r=1,2--7—1)
where we fix 8 to be so small as

(17) ‘3 < C;;W—l kp—1loghy,

We have also to satisfy (3). It is easy to see that all these are satisfied by
making C,,, Cys large in (14) and (15). Also we fix 7 and see that
h, k., log h, is an increasing function of by making C,, and C,; large.
It is also easy to see that 4, ,%; | log 4, lies between two constant multiples
of (log(3S))'*®. Thus we see that (17) is false, i.e. the theorem is proved
with S in place of H. The passage to H is trivial.

Added in proof. When this note was in the course oy publication
Prof. N. I. Fieldman has proved much more than what is conjectured in
the introduction.
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