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Abstract. Let g > 1 be an odd integer and c¢ be a fixed integer with (¢, ¢) = 1. For
each integer a with 1 < a < ¢ — 1, it is clear that there exists one and only one b with
0 <b < g — 1suchthatab = c¢(mod g). Let N(c, q) denotes the number of all solutions
of the congruence equation ab = ¢ (mod ¢) for 1 < a,b < ¢ — 1 in which @ and b are
of opposite parity, where b is defined by the congruence equation bb = 1(modg). The
main purpose of this paper is using the mean value theorem of Dirichlet L-functions
to study the mean value properties of a summation involving (N(c, ¢q) — %(ﬁ(q)) and
Ramanujan’s sum, and give two exact computational formulae.
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1. Introduction. Let p be an odd prime and ¢ be a fixed integer with (c, p) = 1.
For each integer a with 1 <a < p — 1, it is clear that there exists one and only one
b with 0 < b < p — 1 such that ab = ¢ (mod p). Let M(c, p) denotes the number of
cases in which a and b are of opposite parity. In [6], Professor D. H. Lehmer asked
to study M(1, p) or at least to say something non-trivial about it. It is known that
M(1,p)=2 or 0 (mod 4) when p = £1 (mod 4). For general odd number, ¢ > 3,
Wenpeng [7] and [8] studied the asymptotic properties of M(1, ¢), and obtained a
sharp asymptotic formula:

1 1
M(1, q) = 5¢(q) + O(q2d*(q)In* q),

where ¢(g) denotes the Euler function, and d(g) is the number of divisors of g.
Wenpeng [11] also studied the asymptotic properties of the mean square value of
the error term M(a, p) — ’%1 and gave the asymptotic formula

-1 2
-1 3 31

) Ma.p)-22=) =2+ 0(pexp (L) ).
2 4 Inlnp

a=1

Now, we let ¢ be an odd integer, ¢ be any integer with (¢, g) = 1, N(c, ¢g) denotes
the number of pairs of integers a, b with ab = ¢ (mod ¢) for 1 < a, b < ¢ — 1 in which
a and b are of opposite parity, and

Ee.q) = Nie. 4) ~ 39(a).
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The main purpose of this paper is to use the analytic method and the properties
of the Dirichlet L-functions to study the mean value computational problem of the
function R,(c + 1)E(c, q), where R (c) is the Ramanujan’s sum, defined as follows (see
Theorem 8.6 in [1]):

q .
R)= > ev =Y dulg/d),
k=1

d|(c,q)
(k,q)=1

where u(n) is the famous Mobius function.

About the mean value of R,(c + 1)E(c, ¢), it seems that none has studied it yet,
at least we have not seen any related result till now. In this paper we shall prove the
following two conclusions.

THEOREM 1. Let ¢ > 3 is an odd square-full number (that is, for any prime p, p|q if
and only if p*|q), we have the identity

q

1 1
> Ryt DEC 9 = 30%@)] ] (1 n [;> ,

c=1 plg
(c.q)=1

where ¢(q) is Euler function, 1_[ denotes the product over all prime divisor of q.
rlq

THEOREM 2. For any prime p > 3, we have the identity

p—1

1
>~ Ryle+ DE.p) = 30— D).
c=1

For general odd number q > 3, whether there exists a computational formula for
> 1e.g=1 Ra(c + DE(c, q) is an open problem.

We believe that it is true. But now, we can only give an asymptotic formula.

2. Several lemmas. In this section we shall give several Lemmas, which are
necessary for the proof of our theorems. First we have the following.

LEMMA 1. Let x be a primitive character modulo m with x(—1) = —1. Then we have
1 & i _
=Y " bx(h) = =t(OL(L %),
m i

where t(x) is the Gaussian sum associated with x, e(y) = e, and L(1, x) denotes the
Dirichlet L-function corresponding to x.

Proof. This can be easily deduced by Theorems 12.11 and 12.20 in [1]. 0

LEMMA 2. Suppose y is an odd character mod q, then we have the identity

q—1

q 7
(1=2x2) > ax(@) = x(2)q Y _ x(a).

a=1 a=1

https://doi.org/10.1017/5S0017089511000498 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000498

A MEAN VALUE RELATED TO D. H. LEHMER’S PROBLEM 157

Proof. See [5]. ]

LEMMA 3. Let g > 1 be an odd number, then we have the identity

2
q q
2 1
2 Re+ DB =205 3 T00P - 11=2x@)F - | ) Jax(@
=1 q x mod ¢ q a=1
(c.q)=1 x(=D=—1
where Y denotes the summation over all Dirichlet characters x mod ¢

x mod ¢y (—1)=—1
such that y(—1) = —1.

Proof. From the orthogonality relation for character sums mod ¢ and the definition
of N(c, q), we have

1 q9 q _ 1 1 q9 q _
Neg) =53 3 (1= (=" =26@) - 5> (=D

5 ¢() > %) (Z( 1)”x(a)) (Z( 1)”x(b>>

x mod ¢

S ¢( ) > %) (Z( 1) (a) (Z( 1)bx(b)>
x mod ¢
q
(Z( 1P x (b))

b=1

1
= §¢(Q)

1
= 5‘75(61)

x mod ¢

1 a
= 5¢(9) - 2¢() > (c)( ) (a))
2

— _ _ 14 1
¢(q> 9 )deqx(c) a21< ) x(@ Q)
If x(—1) =1, then
q
> (=1)Yx(a) =0. ©)
a=1
If x(=1) = —1, then
q g1
> (=1x(a@) =2x(2) Y x(a). €)
a=1 a=1

Note that the identity

q q q
S HOR(c+ D= 3 e(g) 3 H(oe (%) — T IO,

c=1 a=1 c=1
(c.q)=1 (a,9)=1 (c.q)=1
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combining (1), (2), (3) and Lemma 2, we may immediately deduce
q 5 2
> Rlc+DE(.g)=— > |t 11=2xQ) - :

c=1 ¢(Q) x mod ¢
(c,9)=1 x(=D=-1

1 q
=Y ax(a)
q a=1

This proves Lemma 3.
To introduce Lemma 4, we need to give the definition of the Dedekind sums. For
a positive integer ¢ and an arbitrary integer A, the classical Dedekind sums S(#, q) is

S(h. q) = i ((?1)) ((%)) ’

a=1
where

1 . . .
x —[x]— 5, if xisnotan integer
((op = {¥ =2 Hxisnotaninteg
0, if x is an integer

The various properties of S(/,k) have been studied by many authors (see

[2-4, 9, 10]). For this sum, there is also another kind of expression, which is as
follows. O

LEMMA 4. Let q > 2 be an integer, then for any integer a with (a, q) = 1, we have
the identity

1 d’
Sa,q9)=—=-) x(@IL(1, ).
oD
x(~D=—1
Proof. See Lemma 2 in [9]. O

LEMMA 5. Let g > 2 be an odd square-full number (that is, for any prime p, plq if
and only if p*|q), then we have the identities

: , 28 1y
@ > P =55 1‘[(1+p),

x mod ¢ plg
x(=D=-1

an P aenor =5 11;[<1+p ,
x(=D)=-1

where )"
mod gq.

% mod qy(—1)=—1 denotes the summation over all odd primitive characters
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Proof. From the definition of the Dedekind sums, Lemma 4 and the Mdbius
inversion formula (see Theorem 2.9 in [1]) we have

?()
> x@lL0f == Fa Y u s (o g)

x mod ¢ dlq
x(=D=-1

2¢(q)ZM(d) ( g)_ @

dlq
If a = 1, then it is easy to compute
q-1 2
ko1 1 2
S, q) = -——=) ==(¢-3+-).
(0 ;(4 2) 12(q +f1)

So from this formula and (4) we have

2T ¢@ ) (g o 2
> L 0P =757, > (d 3+ )

x mod ¢ dlq d q
x(fl)—*l
d d
_ ¢()Z () g Cb(Q)Z u(d) %@ZM(CD
dlq q dlq q dlq
72 $*(q) ( 1) 3
= — 1+-)—-1. 5
12 ¢ D;[ +p q ©

Note that ¢ is a square-full number, 1(g) and ¢(¢q) are two multiplicative functions,

S ) 2(%2)— and Y L 0P=Y 3 UL o)l

dlg x mod ¢ dlg x mod ¢
x(=D)=-1 x(=1)=—1

from the Mobius inversion formula and (5) we may immediately get

SO IL 0P =) wd) Y 1L xxo)

x mod ¢ dlq x mod %
x(=1)=-1 X(—l):—[]
=Y wd Y LA 0P
dlq x mod %
x(=D=-1
> $*(q/d) 1 3
B 10 ) -
224 1
=550+ ):

plg
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where we have used the fact that Zd|qu(d) > mod 4 et IL(1, x x0)|* =
Zdw u(d) Zx mod % (1 |L(1, x)|? if ¢ be a square-full number, and y, denotes

the principal character mod ¢. This proves the Formula (I) of Lemma 5.
If a = 2, then note that ¢ is an odd number, so from the definition of the Dedekind

sums we have

(¢=1

k1N /2 1 ok 1N 2k 3
2.q) = S Y S I (e
529 ,;(q 2)(61 2>+k:q“<q 2)(61 2)

1 5
6
T 24 (q * Q>

Then from this identity and (4) we have

d 5d
Y x@ILOL P = ”"’@Z“()(——H )

x mod ¢ dlgq q
x(=D=-1
d 5
¢()Zu() b4 ¢(q)zu(d) b4 ¢>(q)Z u(d)
1 “ag 7 0
7% ¢*(q) < 1) 6
- l+-)—=1. 6
24 ¢ 1;,[ +p q ©

Applying the Mobius inversion formula and (6) we can also deduce that

D xQILA 0P =) ud) Y x@xo@ILA, x 0l

x mod ¢ dlq x mod %
x(=DH=-1 x(=D=—1
=> ud) Y x@ILA 0P
dlq x mod %

x(=D=-1

_ 7% $*(q/d) 1 6
=S R ] (14) - o

ply

This completes the proof of Lemma 5. O

3. Proof of the theorems. In this section, we will use lemmas from Section 2 to
prove our theorems. First we prove Theorem 1. For any odd square-full number ¢ > 3
and x mod ¢, note that the Gauss sum () = 0, if x is not a primitive character mod ¢;
If x is a primitive character mod ¢, then we have |t(x)|*> = ¢. So from Lemmas 1, 3
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and 5 we have

q ) q 2
S Ret DEE ) =— 3 0P 11— 24P [+ 3 ax(@
pa AU q=
(eq=1 x(=D=—1
2
= 3@ Y (520 - @)L F

x mod ¢
x(=D=—1

nz o Y (5@ P

x mod ¢
x(=D=-1

2 ¢ | 57 ¢i(g) ( 1) 472 3 (q) ( 1>
- =1 |22 1+-)—-—
m2e(g) | 12 ¢ 11;[ +p 24 ¢ [1 +p

plg
_1. I 1
_2¢(q) <1+p>.

rlg

This proves Theorem 1.
Applying Lemma 4 we may get identities

2 (p— 1V(n —
Z |L(1’X)|2=”_w

x mod p 12 p2
x(=D=-1
and
— 1)2(p —
S @I P =T W.

x mod p
x(=D=-1

From these two formulae, Lemmas 1 and 3 we can deduce that

p—1
3" Ry(c+ DE(c. p)

c=1

2
=52l Y mor-4 Y x@ILa 0P

x mod p x mod p
x(=D=-1 x(=D=-1

2 P [ -Dp-2) 415
n? 1_31,—2—?,3—2}

T nlp—
=5p( — D).
This completes the proof of Theorem 2.
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