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Let A; a t < a <C . . • < a, be a set of non-negative in tegers 
1 2 k a a a, 

, , 1 2 k 
We call the corresponding polynomial A(x) = x + x + . . . + x 
the charac te r i s t i c polynomial, or briefly, the c-polynomial of A. 
Any polynomial of such a form we call a c-polynomial and any 
factorization of a c-polynomial into others of the kind we call a 
c-factorization. If a c-polynomial cannot be factored in this way 
we call it c - i r reduc ib le . In this note we will determine all 

2 n-1 
c-factorizations of the polynomial 1 + x + x + . . . + x , and 
will find under what c i rcumstances the c- i r reducible factors a re 
also i r reducible in the usual sense, i. e. , i r reducible over the 
field of ra t ionals . 

The motivation for these problems stems from the following 
considerat ions: If we have three sets of integers A, B, C, with 
corresponding c-polynomials A(x), B(x) and C(x) , then 
A(x) = B(x) C(x) if and only if each element of A is uniquely 
express ible , apart from order , as a sum of one element from 
B and one from C. In characterizing the c-factorizations of 

2 n-1 
1 + x + x + . . . + X we are therefore, in effect, character izing 
all sets of sets A, , A . . . . , A , such that each of the numbers 

1 2 r 
0, 1, 2, . . . , n-1 has a unique representat ion in the form 
a + a + . . . a with a. € A. , i = 1, 2, . . . , r . For the set 

1 2 r i l 
0, 1, 2, . . . , n-1 replaced by the set of all non-negative integers 
this last problem was solved by De Bruijn [ l ] . De Brui jn 's 
argument operates directly with the integers , i . e . , does not 
consider c-polynomials, and though quite elementary is still a 
little subtle. 
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1. Le t F (x) = n (x 
i i 

r • s=n 

r 1}lx(8) ^ 

w h e r e |j.(n) i s the Mobius funct ion, deno te the c y c l o t o m i c p o l y ­
n o m i a l . We s h a l l p r o v e the following 

T H E O R E M 1. P u t n = p p . . . p , w h e r e the p . a r e 
l Ù r j 

p r i m e s (not n e c e s s a r i l y d i s t i n c t ) : Then we have the f a c t o r i z a t i o n 

x n - l P l P 1 P 2 P l P 2 ' - - P r - l 
(1) 2 L - T = F (x) F (x X) F (x 6) . . . F (x 1) 

* - l P, P 2 P 3 P r 

w h e r e on the r i g h t e a c h f ac to r i s c - i r r e d u c i b l e . M o r e o v e r , a l l 

f a c t o r i z a t i o n s of 1 + x + . . . + x into c - i r r e d u c i b l e f a c t o r s 
a r e obta ined in th is way. 

F o r e x a m p l e we have the f a c t o r i z a t i o n s 

x - 1 2 3 4 2 
— = (x + x + l ) ( x + 1) = (x + l ) (x + x + 1 ) , 

x - 1 

v - i 2 8 4 
= (x + l ) (x + l ) ( x + x + 1) x - 1 

4 2 6 
= (x + l ) ( x + x + l ) ( x + 1 ) 

2 3 ft 
(x + x + l ) ( x + l ) ( x + 1) 

G e n e r a l l y i t i s c l e a r f r o m the t h e o r e m that if 

e i ez 
n = P l p 2 . . . p r , 

w h e r e now the p . a r e d i s t i n c t p r i m e s , then the n u m b e r of 
f a c t o r i z a t i o n s of Jthe f o r m (1) i s equa l to 

(e , + e_ + . . . +e ) I 
1 2 r 

The t h e o r e m i s an e a s y c o n s e q u e n c e of the fol lowing 
l e m m a s . 
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LEMMA 1. Let 

(2) x n - l = A(x) B(x) 
x-1 

where A(x) and B(x) are c-polynomials. Then either A(x) or 

B(x) is of the form (x - l ) / ( x - 1) where r is a divisor of n. 

Proof. If the lemma is false we may assume that 

i-1 k-M 
A(x) = 1 + x + . . . + xT + x + . . . 0* > j )• 

so that 

B(x) = 1 + x j + x?+i + . . . + x k + . . . . 

k-f-1 
Then the coefficient of x in A(x) B(x) is at least 2. This 

evidently contradicts (2). 

LEMMA 2. Let 
n r 

(3) ^— '-± =A(x)B(x) 
x r - l 

where A(x) and B(x) are c-polynomials. Then the exponents 
of all powers of x occuring in A(x) and B(x) are multiples of r . 

Proof. If the lemma is false we may suppose that A(x) 

contains a t e rm x where k is not a multiple of r . Then the 

product A(x) B(x) contains the t e rm x , which contradicts (3). 

LEMMA 3. If p is a p r ime and r is an a rb i t r a ry 

integer >: 1 » the polynomial F (x ) is c - i r reduc ib le . 

Proof. The lemma follows from Lemma 2 and the fact 
that F (x) is i r reducible over the ra t iona ls . 

P 

2. We shall now prove 

THEOREM 2. In the factorization (1) the factors on the 
right are i r reducible over the rat ionals if and only if 

P l = P 2 = • " = P r = P ' 
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Proof. The sufficiency follows from the observation that 

r 
xP - 1 p r _ 1 

F r ( X ) = T T ^ = F (xP ) r r - 1 p 
P JP 

together with the irreducibility of F (x) over the rationals. 

P 

To prove the necessity we observe that if r j p then 
r 

F (x ) is reducible over the rationals. Indeed if 
P 

r = p m (p I m), 

then 
P r . 

F (xr) = ^ — — = n F (x). 
r x - 1 d |m p d 

x 
Since m > 1 it is evident that F (x ) is reducible, 

P 

3. Let f(n) denote the number of factorizations 

(4) x11- 1 = A(x) B(x), 
x-1 

where A(x), B(x) are c-polynomials and the orders of the 
factors are disregarded. To determine f(n) we put 

Rk(x) = ( x k - l ) / ( x - l ) 

and 
k k 

A(x) = R (x) R (^ i Z 

k l k3 

k l k l k 2 k 3 
B(x) = R (x 1) R (x ' ) . . . , 

k 2 k 4 

where n = k k . . .k and every k > 1 . It follows from 
1 2 r y t 

Theorem 1 that 
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f(n) = S I = 2 T ' (n) , 
k k . . . k =n r=0 T 

1 2 r 

k > 1 
t 

w h e r e 
oo T f ( n ) 

( £ ( s ) - l ) r = 2 - ^ - . 
n=l n 

Th i s ev iden t ly i m p l i e s (with f ( l ) = 1) 

(5) z US! = z U ( s ) - l ) r
= — i — , 

n=l n S r = 0 2 ^ ( s ) 

so tha t 

(6) 2f(n) = 2 f(d) . 
d | n 

By m e a n s of (5) or (6) we m a y c a l c u l a t e f(n). F o r n 
w h e r e p is a p r i m e and a>_ 1 , (6) r e d u c e s to 

a - 1 
f(p*) = 2 f(pJ ) . 

j=0 

Th i s i m p l i e s 

(7) f C p " ) ^ * " 1 (a>±). 

To c o m p u t e f(n), w h e r e n is s q u a r e f r e e , put 

U r = f < P l V - - p r > ( p i * Pjh 

Then by (6) 
r 

2u = 2 ( r ) u . , 
r
 j = o J J 

which i m p l i e s 

425 

https://doi.org/10.4153/CMB-1966-050-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-050-1


r 
oo u x 

r 
2 

r=0 r l 2 - e X 

If we r e c a l l [2] the def in i t ion of the E u l e r i a n n u m b e r H ( \ ) : 
n 

GO n 

\ - 1 x 
~ A — - = 2 H (X) ^ , 

x n ni 
X - e n=0 

w e s ee tha t 

(8) u = H (2) . 
r r 
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