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The Best Constants Associated with
some Weak Maximal Inequalities in
Ergodic Theory

Ciprian Demeter

Abstract. We introduce a new device of measuring the degree of the failure of convergence in the
ergodic theorem along subsequences of integers. Relations with other types of bad behavior in ergodic
theory and applications to weighted averages are also discussed.

1 Introduction

Let (X, 3, m) denote a non-atomic probability space and 7: X — X a measure pre-
serving transformation mapping X to itself. For a given increasing sequence of pos-
itive integers (ax) and f € L'(X), we will consider averages of the form A, f(x) =
% > i_; f(7%x). The natural logarithm of a number x will be denoted by In x, while
[x] and {x} will stand for the integer and fractional part of x. Given two sequences
(ax) and (by), we will use the notation a; > by whenever o < Z—t, for some positive
constant «. The notation a; =< by will mean that a; < by and a; > by simulta-
neously. If A is a finite subset of the integers, its cardinality will be denoted by |A].
Throughout this paper, unless stated otherwise, all sequences will be meant to be in-
creasing and consist of positive integers. The following two definitions are intrinsic
to our discussion, so we present them before we start any investigation.

Definition 1.1 Let 1 < p < co. We say that the sequence (ax) is L?-good for the
dynamical system (X, 3, m, 7), if

1 ¢ .
.1 gy
(1.1) Jim =7 £ = o)
k=1
exists almost everywhere, for all f € L?(X). The sequence (ay) is universally LP-good,
or simply LP-good, if and only if it is L?-good for every dynamical system (X, 3, m, 7).

Definition 1.2 A sequence (ay) is called universally L?-bad, or simply L?-bad, if for
all ergodic dynamical systems (X, 3, m, 7), there is f € LP(X) such that the limit
(1.1) fails to exist for all x in a set of positive measure.

The celebrated ergodic theorem of Birkhoff [7] asserts that the sequence of pos-
itive integers is L'-good. In the decades following this discovery, it has become an
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interesting problem to characterize the classes of subsequences of integers for which
Birkhoff’s theorem remains valid. Bourgain has brought a new insight to this issue.
In a sequence of papers [8], [9], [10], he proved that sequences such as a; = q(k),
where g is a nonconstant polynomial mapping the natural numbers to themselves,
and the sequence of primes, are L?-good for p > 1. Related results based on his
techniques can be found in [17], [22].

Equal interest has been shown in recent years in negative results. By using a device
employed by Furstenberg [12], Bellow proved in [4] that all lacunary sequences are
LP-bad for every 1 < p < oo. By a different type of argument, based on Bourgain’s
entropy theorem, Rosenblatt [20] completed the picture by showing that lacunary
sequences are also L>°-bad. Related results can be found in [1], too.

Sparseness seems to be one of the main ingredients which makes a sequence L?-
bad for some 1 < p < co. In [15] Jones and Wierdl proved using mainly the tech-
nique from [4], that a condition weaker than lacunarity,

a , .y
(1.2) % > eIk~ g g
k
where lim,_, % = 00, is sufficient to conclude that (ay) is L?-bad.

Proving that a sequence is universally bad is only one side of the issue. Several
concepts have been introduced to measure how dramatic this failure of convergence
can be.

Definition 1.3 A sequence (ay) is called strongly sweeping out if for each ergodic
dynamical system (X, 3, m, 7) and each € > 0, there exists E € X such that m(E) < €
and

limsupA,xg(x) =1 a.e.

n—o0

where Y is the characteristic function of the set E.

If a sequence is strongly sweeping out, it can be proved that the oscillations of the
ergodic averages associated with characteristic functions of arbitrarily small norm
can occur with maximum amplitude. The existence of L°°-bad sequences which do
not have the strongly sweeping out property was shown by Rosenblatt [20]. In the
comprehensive paper [1], several criteria for being strongly sweeping out are estab-
lished and it is proved that lacunary sequences have this property. See also [20] for
other properties related to strongly sweeping out.

This paper is mainly concerned with developing a strategy which will enable us
to investigate the universally bad sequences from a different perspective. Instead of
looking at the oscillations of the ergodic averages, we can ask how fast is the supre-
mum of the first n such averages growing. The measure for this rate of growth will be
provided by the behavior of the best constants associated with some weak maximal
inequalities.

We will be particularly interested in the sequences of integers for which the as-
sociated constants grow as quickly as possible. In Section 2 we will give a class of
superlacunary sequences which have this property and try to understand why the
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same method of proof does not work for a general lacunary sequence. Part of the
frustration is eliminated in the third section, where a positive result is proved for the
sequence of powers of 2. Section 4 investigates the relations between different types
of bad behavior of sequences. In the last section we will show how we can use these
results to answer some questions about weighted averages.

2 Best Constants for Weak Maximal Inequalities

Let (ax) be an increasing sequence of positive integers. Foreach N > 1,1 < p < o0
and f € L?(X), define

* 1 . a
(2.1) fa(x) = arlgaﬁ‘ . ;f(T kx)’~
Denote by Cy,,, the least constant for which the following inequality is true

C
(22) mix € X: fi(x) > A} < 2L £}
for every dynamical system (X,X,m,7), f € LP(X) and A > 0. According to
Sawyer’s principle [21], if limy_,o Cn,, = 00, then the sequence (aj) is universally
bad for L,.

The next theorems address the following issue: given p and a sequence (ax), how
fast can the corresponding constants Cy,, grow, as N — 0o?

Theorem 2.1  For any sequence (ay), positive integer N and 1 < p < oo, we have
that Cyp, < InN.

Proof We start by applying Holder’s inequality

m{xEX:fl\’;(x)>/\}§m{xEX m<§f((% |f|P(T“*x)) P>/\}

1 n
= X: - P /\P}
m{xe Lrlgag](nkgl [f1F(r%x) >

N
1
<mixeX: —|fIP(7%x) > NP
{rex:3g j

N
~ wlle i
il !
v (1+2+ +N) |

The main object of our investigation is the class of the sequences for which the
growth of the Cy ,’s is maximal: Cy, =< InN. Next we will prove that this class is
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nonempty, by showing that sequences with a sufficiently high rate of growth belong
to it. The main ingredient in the proof is the following lemma, used by Bellow in [4]
to prove the LP-badness of lacunary sequences.

Lemma 2.2 Lett € 7, and (ay) satisfy the growth condition

a
ﬂ2t+1
ai

foreach k € {1,2,...,K — 1}. Then for any finite sequence (Iy)x_, of subintervals of
[0,1] of individual length 1/t, there exists 0 € [0,1) such that {ay0} € I, for each
ke{1,2,...,K}.

Proof Foreachk € {1,2,...,K} set

Ae=J @+ m)

mez

and let
A ={0€1[0,1): a0 € Ai}.

The set A} consists of intervals of length 1/ta; repeated periodically with period
1/ai. Because of the growth condition on (ay), it is clear that every interval from A

contains some interval from A} ,. Hence ﬂkK:1 A} # & which finishes the proof.
|

We can now prove the following.

Theorem 2.3  Take a sequence (ay) satisfying the growth condition

Ak+1
ak

>t+1

for each k > Iy(t), where

(2.3) sup In fo(r)
ez,

< 0

Then (ax) hasCn, < InN foreach 1 < p < 0.

Remark 2.4 Note that the sequences a; = k! and a; = [(In k)¥] satisfy the require-
ments of the theorem.

Proof We will follow pretty closely the lines of the proof of Theorem 1 from [4]. Fix
NeZ,and1 < p < 0. Taket € Z4,t > 3 such that

2(t) < N <271t + 1)
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Find Iy, I;, ..., I; such that

b=b0), = T =
and foreachi € {0,1,...,t—1} consider the following block of consecutive integers
Bi={lb+h+--+L+1Llh+h+ - +L+2,.... o+ L+ ++1}
Pick a § according to Lemma 2.2 such that
i i+1
(@} e [} =
for each k € B; and each i € {0,1,...,¢# — 1}. Easy computations show that ; =

Io(£)2=1, hence
B = {lo(t)2" + 1,1o()2" + 2,..., L (£)2"*1}.

Now for the measure preserving transformation 7: [0, 1) — [0, 1) defined by 7(x) =
{x+0} and for A = [0, %], we have

t—i t—i+1 i i+1
“) = (xra) e [ L) [Ty
T%(x) = {x+ a0} € . . o

whenever x € [t%i, t‘:“] and k € B;. Hence

1 lo(t)ZiH

1 1
—_— Xa(T%x) > — > xa(7%x) = =
()2 ; 2[Bj] ,%; ! 2

=t =41 which implies

for everyx € [+, =

1 n
max — Z Xa(T%x) >
k=1

N —

n<l(t)2' 1

for every x € [0, 1). We can conclude that
1 « 1
€[0,1): — x) > =} =1.
m{x € [0, 1) rnngagn;xlm x) 2 5}

Since
1 ¢ 1
m{x € [0,1) : max ; Xa(r%) > 7} < Cp2Pm(A)
it follows easily that

t
(2.4) CNp 2 et
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On the other hand, since N < 271, (¢ + 1), we must have that
log, N <t+1+log, [h(t+1) < at

for some positive constant «, by relation (2.3). Now (2.4) can be rewritten as Cy,, >>
In N, which finishes the proof. |

A careful analysis of the proof shows that the condition from (2.3) is optimal if
one uses this technique. In particular, the argument does not work for a general
lacunary sequence and the best result one can get in this case is Cy , > (mllnnil}’\w
The explanation is that if a sequence does not grow fast enough, as in the case of
ar = 2k, then Lemma 2.2 does not provide a good control over the a;0’s, since the
intervals (I) are not allowed to be too small. Thus we have to drop to a sufficiently
rapidly growing subsequence of (ay), say (ay,) and apply Lemma 2.2 to control the
ax,0’s. Still, by gaining a better control over the ay,0’s, we lose all the control over the
remaining ax6’s. When we compute the usual averages A, f(x), where f is taken to
be the characteristic function of an interval as above, we cannot use the information
coming from the terms which contain a;, if a; is not in the chosen subsequence.
The result is, as we mentioned above, that an extra factor of InIn N shows up in the
lower bound for Cy,,.

3 The Sequence a; = 2f

The purpose of this section is to develop a technique which enables us to conclude
that Cy,; < InN for the sequence of powers of 2. As we explained in the end of
the previous section, since (2%) does not grow fast enough, we should work with its
subsequences. If g € 7., q > 2 and p = 29, then Lemma 2.2 guarantees that for any
finite sequence of intervals (It)X_, of individual length roughly 1/p, there is a 6 such
that {290} € Iy for every k € {1,2,...,K}. The question is what happens with the
remaining g — 1 subsequences, in other words what is the distribution in [0, 1) of the
205, for a fixed t € {1,2,...,9— 1}2

In order to get the desired control, we need to work with some specific §. Through-
out this section p,q € Z.,q > 2 and p = 24. For any integers 1 < a < p — 2 and
1<a; <y < < age,withajy; —a; > 3whenl <i < g, define

1 1 1 i i i

= W+W+'.'+p(xz +”.+pa,'+l +pa,+2 +.”+pal+1 +

a a a

+ + +o .
pa'a+1 paﬂ+2 paaﬂ

The idea is to split the finite sequence (2k )Ziq* {i:l into several blocks, so that the 256’

have the same behavior when restricted to a certain block. For each0 <t < g —1
and each 1 < i < athe (i, t) block will be the set

Bi,t = {th"‘i, 2tpa,'+17 2tpa,'+27 e ztpam—l} — {2q5+t ca; <s< ai+1}-

The following lemmas will show that, more or less, the 2¥@’s stay very close to each
other when the 2 stay in a certain block B; .
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Lemma 3.1 (About the B;¢’s) Foreach1 < i < aand o < k < a4y, we have that

k ioitl
{r'0} €[5, 5]
Proof The proof follows easily once it is noted that 6 is written in base p. ]

Lemma 3.2 (About the B; s, t #0) Takel <t <g—1landl <i<a If2'i=m
(mod p — 1) for some 0 < m < p — 3, then for each o; < k < a1 — 3 the following
holds

(rptay < [ 101,

Proof We begin with the observation that m cannot be 0, since p — 1 and 2* do

not share any common factor and 1 < i < p — 2. Note that 2/ pk§ = % + % +

% + -+ (mod 1), where the remaining terms, if any, have as denominators powers
of p, ( p4, p°,...), while the numerators have the form 2's, where s is at least i and at
most a. Write now 2'i = bp+¢,b,c € 71,0 < c < p—1.Since 2! <271 < p—1
andi < a < p—1,itfollowsthatb < p—1landsol < b+c < 2p — 2. Now
2'i = b(p — 1) + b + ¢, hence by hypothesis b+ ¢ = m (mod p — 1). We distinguish
two cases:

(a) Ifb+c= mthen

ts ts [
2+2—21+2—3l+-~- (mod 1)
p p P
‘s
:w+bpjc+2—;+--- (mod 1)
p p p

c+b ¢ 24

ztpk9 —

If we denote y; =
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(b) Ifb+c=m+ p — 1, then as above

ts ts ty
ztpkez%+%+2—;+"' (mod 1)
‘-
_ bpp+c+bpp-24-c+2_31+.” (mod 1)

c+b ¢ 24
=—+—=+—+--- (mod 1)

p P P

— t'
_mol e 2 (mod 1).

p p p
Similar computations show that if v, = mT_l + ﬁ + % +---,then % <7< ’”T”.
In both cases the conclusion is that {2/ p*§} € (5 ’”T“ . [ |

Remark 3.3 The previous lemmas show that ‘almost’ all blocks are ‘almost’ well
controlled. The fact that we lack the control in the case m = p — 2 or when k €
{@i+1 — 2, 41 — 1} will prove to be unimportant.

If for a certain pair (i,t) one has 2'i = m (mod p — 1) for some 0 < m <
p — 3, theinterval I,,, = [%, mT“] will be called the image of the block B;;. The next
proposition proves that for a fixed i, the blocks B; ; with 0 <t < g — 1 have distinct
images, provided q is prime.

Proposition 3.4  If q is prime and p = 24 as before, then foreach 1 <i < 4,0 <,
t' < gq— 1witht # t', we have that

2'i # 2" (mod p — 1).
Proof To prove this we need the following easy result:

Lemma 3.5 Let g and h be positive integers and let d = (g, h) denote their greatest
common divisor. If 1 is a common divisor of 2§ — 1 and 2" — 1, then 1| 2¢ — 1.

Proof Take 3, 3, € Z, such that 51¢ — $,h = d. It’s not hard to see that [ | 208 1
and I | 2%" — 1, hence I | 2%"(2%8=%" — 1), which gives I | 2¢ — 1. [ |

We start the proof of Proposition 3.4 by supposing that p — 1 | 2/i — 27 for some
0 <t’ <t < q— 1. This certainly implies that 24 — 1 | (2'~*" — 1)i. Since q is prime,
it follows by Lemma 3.5 that 27 — 1 | i. The contradiction comes now from the fact
that 1 <i<a<p-—2. |

For purposes that will become clear throughout the proof of Theorem 3.8, it

would be really helpful if the blocks that we are using had distinct images. Part of
this plan is easy to fulfill since by Proposition 3.4 the B; ,’s have distinct images when
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i is fixed and ¢ varies. On the other hand, the images of B;; and B;;» may not be
distinct if i # j. What we will prove in the following is that we can get sufficiently
many blocks B; ; with distinct images, provided we don’t let i be too large. To be more
precise, for each 1 < k < adefine Ay = {0 < m < p — 2: thereexist 1 < i <k,
0 <t < g—1suchthat2i = m (mod p — 1)}. We will prove that |A;| > % for
each k < ——-l5—-—. Note that kq is the maximum possible cardinality of A, so
g, (q)log, log, (q) .
the result is pretty sharp. For each 1 < i < g define

Di={0<m<p—2:2"i=m (mod p—1), forsome0 <t <g—1}.

Certainly Ay = U:-;l D;. From now on, q will be implicitly assumed to be a prime
number. Let’s first prove the following:

Lemma 3.6  For every pair of odd numbersi # jwithi, j <
ID; N Dj| < 2log, q.

. qa
Tog, (¢) Tog, Tog, ()” "¢ have

Proof Take i, j as above. If D; N D; # &, consider 0 < t, t" < g — 1 such that

p— 112 —2"j. Obviouslyt # t’, otherwise p — 1 | i — j which is certainly

impossible. If t > ¢, then p — 1 | 2" i — j and since i, j are odd, 2" i — j # 0.
So2!7"i—j>p—1andhence2'~" i > p. From here we can deduce that

ztft' > B > 21 logz(q) 10%2 logz(q) > zqflogzq

- 1- - q P 3

which automatically gives t — ¢t > g — log, q. Similarly, if t' > ¢, thent’ — ¢ >
q — log, g. In conclusion, D; and D; will have at most 2 log, q elements in common.
|

Using the above lemma, we can prove the result we announced before.

Proposition 3.7  For every sufficiently large q and every positive integer k <

q > kg
o @og g @’ e have |Ay| > 3.

Proof We start by noting that

]

(45t
D2i+1\ U D2j+1
j=0

J#i

554

U D2i+1

i=0

|Ax| >

54
>
i=0

From the previous lemma it follows that

() ()

‘Dzm\ U Dyji1| > |Daini| — Z |D2ist N Dyt
j=0 j=0
7 J#i

Zq—kb&ng
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for q large enough. Consequently

We have now all the machinery needed for proving the main result of this section.
Theorem 3.8  The sequence a; = 2% has the associated constant C N1 < InN.
Proof Take an arbitrary N € Z, and choose consecutive primes gy, gy such that
(3.1) 243 <N < 2.

For simplicity of notation we will denote gy by q. Take 6 corresponding to a =
[log,q] and o; = 2"*! — 1. As before p = 29 and A = [0, %]. For every m ¢
A \{p—2}, thereexist 1 <i<aand0 <t < g—1suchthat2’i =m (mod p—1).
By Lemma 3.1 and Lemma 3.2,

{2'p*0) € {%, m; 1}

foreach 21 —1 < k < 21*2—4. Asbefore, ifx € [p*Tm, pi’;” ], then {x+2*%9} € A
for each 2! — 1 < k < 27*2 — 4 and hence

t+q(2"2—4)

E Y 20>

2i+1 ) 1
4 a(0it2 — 1) :
t+q(2 —

- - >
q+q2*2 —4) T 4q

Note that ‘ ‘
t+q(21+2 _ 4) < q(21+2 _ 3) < 2q210g2 g+l _ 4q2
By combining the results from the last lines with Proposition 3.7 we get:
1 & . 1 1
m{x € (0,1 max S xale+ 20) 2 b 2 (il - D)
q

n<4q> N p—

> 1l >
p 8 16p

That’s where we needed A, to be fairly large. Using the maximal inequality (2.2) with
f = xa A= 1/4gand N = 4¢* we find

8
A e,
l6p — p

and so

S 4 [log, g1

3.2 C =
(3:2) 1= 108 128

> 7log, (44%)
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for some appropriate v > 0. A classical estimate on consecutive primes (see [13])
forces gy < 24q. This together with (3.1) proves that

log, N
N—oo 1082(2‘2%\1) B
Since Cn,1 > Cyp 15 (3.2) easily implies that

lim inf vt

>0
N—oo log, N

which finishes the proof. u

Remark 3.9 The proof of Theorem 2.3 does not work for the other L, spaces. The
question whether Cy , < In N for the sequence of powers of 2 when p > 1 is open.

Remark 3.10  The argument in Theorem 3.8 relies heavily on the arithmetic prop-
erties of the sequence of powers of 2, rather than on its rate of growth and we could
not extend the proof to general lacunary sequences. Whether or not Cy, < InN
in general for a lacunary sequence remains an open question, but the next theorem
gives us some interesting related information. The probabilistic argument shows that
lacunarity provides the lowest degree of sparseness of a sequence for which we can
hope that Cy,, < InN.

Theorem 3.11  Let (0,) be a decreasing sequence of real numbers from (0, 1) with
lim,,—, o 1o, = 00 and define A € 7., to be the random sequence obtained by including
each positive integer n in the set A with probability o,,. Then almost surely the sequence
AhasCyp = o(InN), foreach 1 < p < oo.

Proof Let (X,X,m,7) be a dynamical system and f € LP(X). The proof will be
based on a fundamental inequality derived by Bourgain in Lemma 8.9 from [8],
which asserts that with probability one, for all N
1 1 InN a(p)
(3.3) H_( ) = e (N ars) | e <)
sl ™) s , S Ns

n<N On
Here ¢, is a constant which does not depend on the dynamical system, Sy = A N

[1, N], while a(p) equals either (p — 1)/p if p < 2, 0or1/p if p > 2. As Bourgain
pointed out, we also have

(3.4)

1
sup ———— ZanT”f‘H gcl’)Hpr.
<N p

N n<NOn' >

Since by the law of large numbers (see [18]) limy_.o [Sn|/ D, <y 7n = 1, it follows
that almost surely S /Sy < 1. So there is a universal constant , such that with
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probability one, for f > 0

(3.5) sup — Z fr) <a sup — > f(rx).
n<N |S ‘ <1 =2 ‘S |k€S
1 Dgz

If we denote ZIZN by x,, then obviously lim,,_, . x,, = 0. As a consequence of (3.3),
n<N

(3.4), (3.5) we easily get

Tf

1
sup
n<N |S ‘

| el s o],
P Zk<n

1
{2 s
n=2"

kES,

}1/17

k
ZT /- Ek<ngk ZGkT

|Sn

keS, k<n
i<log, N
pa(p) 1/p
<agylfllp+af 3 G} sl
ignljgiN
= o((InN)V2) || f]l,- ]

Remark 3.12 1t is known (see for example the proof of Theorem B from [14]) that
if 0, = 1/n, then almost every random sequence A(w) contains a lacunary sub-
sequence B(w) which has positive density in A(w). One can similarly see that if
lim,_,~ 1o, = 00, then almost every random sequence A(w) contains a subsequence
B(w) which has positive density in A(w) and has some sublacunary rate of growth,
depending on o, In any case, the rate of growth of Cy ,, is the same for the sequence
and its subsequence having positive relative density, which justifies the conclusion of
Remark 3.10.

Remark 3.13 The sequences from Theorem 3.11 are known to be almost surely L?-
bad if no, grows sufficiently slowly [14] and almost surely L?-good if no, grows
sufficiently fast [8].

4 The Relation Between Different Types of Bad Behavior in Ergodic
Theory

In the previous sections we discussed about two types of extreme in the bad behav-
ior of the ergodic averages along subsequences. One was measured by the strongly
sweeping out property, the other one was characterized by the maximal growth of the
sequence (Cy,,){2,. In the following we will show that these properties are distinct,
in the sense that there are sequences which satisfy one condition but fail to satisfy the
other one. The relation between the asymptotic behavior of the sequences (Cy )R,
for different values of p is also discussed. The first result is quite surprising: it shows
that there are strongly sweeping out sequences with arbitrarily small rate of growth
of the constants Cy .
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Proposition 4.1 Given 1 < p < oo and a nondecreasing function p: 7, — R with
lim, .o (1) = o0, there exists an increasing sequence of positive integers (by) such
that

(1) (bx) is strongly sweeping out;
(ii) the associated constants satisfy Cn,, < @(N), for each N large enough.

Proof Take ¢, = [(k — l)gpl/P(k — 1)] for k large enough, so that ¢(k — 1) is
larger than 1. If we denote ¢(k) = cxs1 — ¢k — 1, then obviously (k) > 0 and
limj_, 0 (k) = 00. By [15, Corollary 2.4], there exists 0 < d; < (k) such that the
sequence defined by by = ¢ + Jj is strongly sweeping out. Note that ¢ < by < cj41-
Now for each dynamical system (X, ¥, m, 1), f € LP(X), A > 0and N € Z, we have

m{xeX max’ Zf(rbkx)’ >/\}
<m{x€X:1nn<aIir(bink§_;|f|(Tbkx)>)\£1%i1{]1b£n}

gm{xEX:

Z|f|(7’ x) > )\mlnb—}

<Nb

IN

m{xGX max—Z|f|(T x) > /\mlnb—}

meLy m

. O P e
AP n<N n AP u<N\ n

_ e ([w”"(n) ) Hf||p SN, .
n<N

AP n

We have the following immediate corollary.

Corollary 4.2  There exists a strongly sweeping out sequence with Cy , = o(InN).

The converse is also true, but we postpone the proof until after a preliminary
discussion.

Proposition 4.3  There exists a sequence (cy) with Cy , < In N, which is not strongly
sweeping out.

The result of Jones and Wierdl [15] used in the proof of Proposition 4.1, shows
that strongly sweeping out sequences can grow arbitrarily slowly. This is not the case
for sequences with Cy,, < InN, as Proposition 4.5 will show. We first prove the
following lemma.
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Lemma 4.4  If the sequence (ax) has Cnp, < InN for some 1 < p < oo, then for
each sequence of positive real numbers (uy) with limy_, ux = o0 and each ergodic
dynamical system (X, X, m, ), there exists f € LP(X) for which

u, - o
Vaf(x) = sz:;fﬁ Xx)

fails to converge almost everywhere.

Proof Based on Sawyer’s principle, it is enough to prove the failure of the maximal

inequality for V* f(x) = sup, o, |V, f(x)|. Take C positive such that Cy , > C , for
allN € Z,. Choose v = vy > 0 and g = gy € LP(X) such that
RN llgll7n N
. —_ ak
m{xeX.I%aI%(‘ n;g(r x)‘ > } Z T
Now
m{x eX: max‘ 1 zn:g(T”kx)‘ > 7}
n<NI| n —
<m< x € X : max Ligﬁ“kx) >7m ui
- n<N| n(Inn)1/p — <N (Inn)l/p
D|lg||pmax,< 155
<
< o
where D is the best constant in the inequality
U IIf || P
m{x € X :V*f(x) >)\}<D .
Hence D >
limy_oo(InN ) min, <y (l"r;")f =00 Wthh proves that D = . [ |

We can now easily prove the following.

Proposition 4.5 A sequence (ay) for which Cy , < In N cannot satisfy ar = o(kInk).

Proof Take an arbitrary dynamical system (X, 3, m, 7). Suppose by contradiction
that az = o(klnk) and define u; = (%’;")I/P. Then, using the notation from
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Lemma 4.4 and Holder’s inequality, we get for each positive A and each f € LP(X)
m{x€X:Vf(x) > A} <m xeX:supMzn:|f|p(T““x)>/\P
- . nlnn p

1
Sm{xeX:supa—Z\ﬂp(Tkx) >)\p}
n nk:1

_ g
<

On the other hand, since limi—.oo 57577 = 0, it follows easily that V,, f (x) con-
verges to 0 almost everywhere for L* functions. As usual, almost everywhere con-
vergence on a dense class together with the maximal inequality gives almost ev-
erywhere convergence for all L? functions. But this contradicts Lemma 4.4, since
limy_ oo U = 00. [ |

The result of Proposition 4.5 turns out to be optimal in the following sense:

Proposition 4.6 There exists a sequence (a;) < klnk with Cy, < InN for each
1 <p<oo

Proof The sequence will be constructed by putting together sets Hy, k > 1, each Hy

k—1 el . . .
being a finite union of sets: Hy = U?:o ! Hy ;. We will start the inductive construc-

tion of the Hy’s by first taking H; = {2, 3,4,5}. Assume we have constructed H;
through Hj_;. In order to construct Hy we need to define its components Hy ;. The

set Hy o will be placed at the right of the set Hy_; and will consist of the first 22!
such integers congruent to 0 (mod 2k=1). After the completion of the set Hy, the
set Hy ;41 will be placed at the right of Hy; and will consist of the first 227"+ such
integers congruentto i (mod 2¥71). The construction of H; will end when i reaches
the value 25~! — 1. By this procedure we get a sequence that will be denoted by (ay).
Note that |Hy| = 22 — 22" for each k > 2, hence Ly = |}, H| = 2*" for each
N > 1.

We first prove that the constant Cy,, corresponding to (ay) satisfies Cy,, < In N.
It will suffice to show that Cr, , > 2N In order to underestimate the value of Cp,,, »
we use only the information from the set Hy. We will work with X = [0,1), A =
Ay = [0, 2N_1_1)) 0= 21\’;_1 and 7(x) = {x+ 0}. Obviously for each element h € Hy ;,
ho = zN’—,l (mod 2N71), hence if x € [%, ZN;;,ff”] we get that hy € A. If we
define

N-1 i
Eni = |J HeU | Hy,j
k=1 j=0
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then it’s easy to see that |Ey;| = 2 |Hy;|- Consequently, we have for each x in
[2N—‘7z’ 2N i)
2N—T IN—1 >
1 1 1
T%x) > THX) = —.
Ex] > xa(rx) > 2] > xalr™x) 5
Nl k= 7 ar€HN,

This together with the fact that |Ey ;| < Ly leads to
m{xe [0,1): maxlix (T%x) > l} =1
’ ’ n<Ly N —1 A -2 '

From here we easily get
Cryp > Lo
bt Z Jomia) ~ 207

which finishes the first part of the proof.
To see that ay < kln k, note first that by construction

N N
(4.1) D (H =252 <ap, < H2
k=1 k=1

Using the fact that

N N i )

k—1
> H 2= =22 2 42
k=1 k=1

we easily get
N N— N N
(4.2) @ =20 VT <Y H 2 <27 N
k=1
By combining (4.1) with (4.2) we find that

1

aLN

4.3 li —_— = .
(4.3) Ngnoo Ly 1Og2 Ly 2

Foreach 1 <1< Lyy; — Ly, ar,+11s in the block Hy.;, hence

apet < apy, + 2N
< Lylog, Ly + 2N (for N large enough, from (4.3))
= (Ly +Dlog, Ly < (Ly +1)1og,(Ly +1).

This together with (4.3) immediately gives that ay < kln k. By using the same kind
of argument one can also prove that a; > klnk. ]
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We can use this construction to prove Proposition 4.3.

Proof Let A = (aj) be the sequence constructed in Proposition 4.6. For each N € 7,
let Ay = |{k : ax < N}|. By using standard arguments, one can easily deduce that

N

4.4 = —.
(4.4) NX

Our next goal is to construct another sequence (by), having the same asymptotic
density as (ag), its support disjoint from the support of (ax) and which is L>°-good.
The sequence (¢) resulting from gluing together (ax) and (by) will have the desired
properties. A short analysis of the proof of Proposition 8.2 from [8], shows that the
result remains true if we choose 0, = -, for n > 2. According to this proposition,
the random sequence D = (dj) obtained by including each positive integer n in
the set D with probability o, = - is almost surely LP-good for every p > 1, in

Inn
particular for p = co. By the law of large numbers

. Dy
m =N - 1
N—oo anz o,

for almost every w in the induced probability space 2. Here Dy = Dy(w) =
{k : dix < N}|. Since

. InN N
(4.5) lim —— — =1
N—oo N 4= Inn
it follows that
DyInN
(4.6) lim =~ ny 1 ae w
N—oo N

We need to modify the sequence (dj) in order to make it disjoint from (ay). For each
w, let B = (by) be the sequence obtained by removing all the terms of (dy) which lie
in A. If as before By = By(w) = |{k : by < N}|, then by the law of large numbers

1 1
lim — — = a.e. w
N—oo By <~ Inn
néA
Since B
N N N N
1 1 1 1
> > _— _
Zlnn_zlnn_zlnn Inn
n=2 n=2 n=2 n=2
n¢A
using (4.4) and (4.5) we obtain
. BN InN
(4.7) ngigo N - 1 ae w.
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We start now the deterministic part of the argument. Pick an w for which both (4.6)
and (4.7) hold. Moreover, we can make our choice such that the corresponding
(dy) = (dr(w)) is L>°-good. The claim is that the sequence (bi(w)), which for the
future will be denoted by (by), is L°°-good, too. To see this, note first that for each
dynamical system (X, X, m, 7), f € L°°(X) and positive integer N we have

N

N
Z 7o) — —llfnoo < NZf(r%

N
Z (r) + 2B

then use (4.6) and (4.7).

Letnow C = {ay : k € Z.} U{bx : k € Z,} and enumerate C as an increasing
sequence (c;). We will show in the following that Cy,, < Inn for the sequence (c).
Note first that for each positive function f and each positive integer n

1 — 1 & n 1 & n

1 b 2

- g flr%x) = — E flr%x)— + — E f(r7%x)—
k=1 = R

(4.8)

n

> Y f

k=1

where ny = |[{k : ax < ¢,}|, m» = |{k : by < ¢,}|. From (4.4) and (4.7) we can
assume the existence of positive constants -y, § such that for each n € 7,

(4.9) y<t<s
np
Since n = n; + n, it follows that
0
(4.10) S o B
0+1 n— y+1

Using (4.8) and (4.9) we have for each positive integer N and each positive f

1 n
: - Ck >
m{xeX rnngaglcn kg_l f(r%x) >>\} >

m{xeX max Zf(f“k)>)\7+1}

n1<w11N Ny

Now, the fact that Cy , < In N for (¢;) follows immediately from the analogous result
for (ay).
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To prove that () is not strongly sweeping out we proceed as in [20]. Note first
that for each E € %, the following limit exists almost everywhere

R
Jim =) = @),
k=1

Moreover, by the dominated convergence theorem, f « [ (x)dm(x) = m(E). From
(4.10) we can now write

1 — m 1l m 1 &
limsup — 3 xe(rx) = limsup (2 — 3 xp(r) + 2 37 xp(rti) )
nﬂoopnkzl E n4>oop n np =1 £ n np =1 E
0 1
< —F ——f(x) ae.
—o0+1 7+1f()

By integration we find

. 1< . B 1
/X his;p - kz:; xE(T%x) dm(x) < st ﬁm(E).

Since the measure of E can be made arbitrarily small, the sequence (c¢;) cannot be
strongly sweeping out. [ |

We close this section with an analysis of the relation between bad behavior of
sequences with respect to different L, spaces.

Theorem 4.7  If a given sequence (ay) has Cy , < InN for some 1 < p < oo, then
Cnyp <InN forall1 < p’ < oo.

Proof Assume Cy, < InN. Take arbitrary 1 < p’ < p < p’’ < oo and choose

6 € (0, 1) such that
1 0 1-6

p p/ p// '

For each positive integer N, consider the operator Ty defined for each f € L'(X)
by Tnf(x) = fy(x), where f was introduced in (2.1). Obviously, for each
1 < g < 00, (Cng)"4 is nothing else than the weak (g, ) norm of the operator
Tn: Ly — Ly, where L} is the weak L1 space. The strong (g, q) norm of Ty defined as
SUp|| <1 | Tn f |4 is always at least as large as the weak (g, q) norm. Using this and
Marcinkiewicz interpolation theorem [6] applied to Ty, we deduce the existence of a
constant p independent of N such that

(Cr.p) P < p(Cy )P (Cy ) 0P
This can be rewritten as

(CN,p) 1/p < (CN_p, ) 0/p’ ( CN,p,,) 1—9/p”.

InN InN InN
Since by Theorem 2.1 Chlf £ < land C{;”A;' < 1, it follows immediately that Cy ,» <
InNand Cy,,» < InN. [ |
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Remark 4.8 From Theorem 4.7 we cannot conclude anything about the L> behav-
ior of the sequence (ax). Interpolation is also not useful when we try to get informa-
tion about the growth of the Cy ;’s for p > 1, knowing that Cy; =< InN. These
issues are interesting in the light of the constructions from [19], [5] of sequences
which are L?-good for values of p larger then py and LP-bad for values of p smaller
then pg, where 1 < py < oo.

5 Divergence of Weighted Sums

Let T be a positively dominated contraction of L?(X), 1 < p < oo and let (x}) be an
r-Besicovitch sequence, where r > gand  + ¢ = 1. Baxter and Olsen proved in (3]
that

1 n
lim — T*
Jim, 5 > nTH )

k=1

exists a.e. for all f € LP(X). On the other hand if T is a Dunford-Schwartz operator,
the result holds for 1 < p < oo and for r > g (see [16]). It was not clear in
these papers whether the restriction r > g was really necessary or just an artifact of
the proof. The following theorem constructs a counterexample, hence showing that
duality cannot be broken.

Theorem 5.1 Let (X, X, m, T) be an ergodic dynamical system. For each 1 < p < 0o
and each r < q, where q is the conjugate exponent of p, there exist a function f € L,(X)
and a sequence (xi) of positive numbers with the following two properties:

(1) lim,— o % ZZ:] x, = 0 (hence (xy) is r-Besicovitch).
(ii) The averages % ZZ:I xf (7*x) fail to converge almost everywhere.

The proof will be based on the following version of Lemma 1 from [23], which
relates weighted averages like those from Theorem 5.1 with the weighted sums of
Lemma 4.4. We include the proof for completeness.

Lemma 5.2  Take (ax) an increasing sequence of integers, (tx) an increasing sequence
of positive reals, (dy) and (gi) sequences of positive real numbers. Define D,, = ZZZI dy
and G, = Y_;_, g Assume the following are true:

. gnDn _

(i) sup, ic. — ¢ <oo.

(i) £ is nonincreasing.

(iil) lim,_ oo G, = 00

Ifﬁ iy dif(T%x) — 0 almost everywhere then ﬁ il & f(T%x) — 0 al-
most everywhere.
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Proof The proof will follow closely the lines of Wierdl’s argument. Define B, f(x) =
> i_, dif(T%x), while By = 0. Then

n

1 ! 143
ak — id Ak = —_— B — B _
G ;:1 g f(T%x) 2 d kf(T7%x) pa dk( k — Br—1)

1 2B
- Z (gk gk+1)+ &

Gntn dk dk+l Gndntn
1 2B B, ¢.D
= Dy (B By g v S ()
Gpty « 1 Dy dy  diyr D,t, G,d,
Wewriteforl <m < n
1 m—1 1 n—1 B D
)= G 2t G 2= Dot G
Gpty P Gty p D,t, G,d,
= =m

Choose m so large that th_Ika < ¢ for each k > m, then let n; be so large that if
n > ny then (1) < €. For n > ny we get

D+ @+ B) < etez— Ztka(k i’;:)

k
<e+e—Z( o ik:)Dk-i—ce

1 « gk D,g,
=(c+1)e+e— 2 (Dy — Dx_1) —
(c+1)e eGn g:l dk( k — Dik—1) Edngn

< (c+1)e+iZg;<
G k=1

= (c+2)e [ |

Proof of Theorem 5.1 We denote by (a;) the sequence constructed in Proposition
4.6. Take r < t < q and define the sequence (xx) as having value d; = (Ini)l/t
if k = a; and 0 otherwise. Note that (x;) satisfies condition (i) from Theorem 5.1.
Define also

k
S 4
==l and 4 = Klnk

"= k(nk)d Siidi
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It will suffice to show that M, f(x) = ﬁ ZZ:] f(7%x)dj fails to converge almost
everywhere for some f € L?(X). Since uy — 00, we know from Lemma 4.4 that there
isan fy € LP(X) for which V,, fo(x) diverges on a positive measure set. Note that

1 - o
Mnﬁ)(x) = m kzzl fo(T x)dk.

If by contradiction M, fo(x) converged almost everywhere, then an easy approxima-
tion argument using L°>° functions, shows that the limit would have to be 0 almost
everywhere. But then by Lemma 5.2 applied to f = fo, ax = ax, dx = di, ty = t; and
& =1

1 n . n .
V. folx) = o Zfo(Tukx) = m Zﬁ)(T kx)
k=1 k=1

would also have to converge to 0 almost everywhere. The contradiction is now obvi-
ous. |

Remark 5.3 Theorem 5.1 is interesting because of its connections with the return
times theorem. This latter result was proved in [11] for conjugate exponents, but it is
still unknown whether duality can be broken in this case.

We close this section with an application of the techniques developed in Section 3.
In [2] it is proved that the weighted sums ;- Y7/, f(7%x) may diverge for some f €
L'(X) and some sequence (ay), whenever L is an expression in which the logarithmic
form is expanded, like Ly = Ink, Ly = In(k) InIn(k), etc. In the end of [2] it is asked
whether we can choose a; = 2 in this theorem and still get a negative result. The
answer is yes, as provided by the following:

Theorem 5.4  Let (Ly) be any of the sequences we mentioned above. For each ergodic
dynamical system (X, 3, m, T), there exists f € L'(X) with the property that the aver-

ages
1 — k
T > fx)
" k=1

fail to converge almost everywhere.

Proof All the elements of the proof are contained in the proof of Proposition 3.13
from [2] and in Section 3. The argument is quite computational so we omit it. ]

Remark 5.5 1f in the above theorem we choose (L;) to be a sequence which is
o(klnk), then we get a slightly weaker result, which on the other hand has an im-
mediate proof, based on Lemma 4.4 and Theorem 3.8.
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