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1. Introduction. The two ternary quadratic forms
p=x+9+22—yz—xy, ¢ =32+ 2%+ 322 + 2yz + 2x + 2xy

are said to be reciprocal (to each other) since their coefficients form inverse

matrices:
1 -1 0 3 1 1
-1 1 -1}, 1 2 1
o -1 1 1 1 3

The corresponding determinants A are 3 and 2. These forms are positive
definite, since their values are positive for all values of (x, ¥, z) except (0, 0, 0).
Their minimum values M for integers x, y, z (not all zero) are 1 and 3/2.
These minima are attained for the following sets of values of (x, y, 2): in the
case of ¢,

(1,0,0), (0,1,0), (0,0,1), (1,1,0), (1,1,1), (0,1,1)
and the same with signs reversed; and in the case of ¢’,
(1,0,0), (1,-1,0), (0,1, -1), (0,0,1)
and the same with signs reversed. Accordingly we say that the number of

representations for the minimum (not distinguishing opposites) is s, where
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s =6 for ¢ and s = 4 for ¢’. These representations are the coefficients of
x, ¥, 2 in linear forms

XXty x+y+zy+z (for ¢)
and X, X — Y,y —2 2 (for ¢")
whose sums of squares are

+y+2+ @+ + (x+y+2)+ (v + 22 = 2¢/,
X (= )+ (5 — 2+ 2 = 2.

Such a form, whose reciprocal is the sum of positive multiples of the squares
of its “minimal’ linear forms, is said to be eutactic.
The above form ¢ is the only quadratic form ¢(x, v, 2) such that

#(1,0,0) = ¢ (0,1,0) =¢ (0,0,1) = ¢ (1,1,0) = ¢(1,1,1) = ¢ (0,1, 1) = 1.
To see this we write

o(x, y, 2) = anx® + aay? + a3z + 2a2yz + 2a312x + 2a12xy,
and obtain for the six unknown coefficients the six equations

@11 = Q22 = Q33 = Q11 + Qo2 + 2012 = @11 + Q22 + @33 + 2a23 + 2a31 + 201
= @92 + as3 + 2a92 = 1,
which imply
a11 = Q99 = A3z3 = 1, 2(112 = 2(123 = '—1, asz = 0

Thus ¢ is determined by its minimum and all the representations of this
minimum. Such a form is said to be perfect. The reciprocal form ¢’ is not
perfect, since it provides only four equations for the six coefficients. In fact,
a necessary condition for an #-ary form to be perfect is

1.1 s 2 in(n + 1).

It is interesting to see how a form is affected when the coefficients are in-
finitesimally changed. For instance, if ezx is added to ¢, the minimum
remains 1 (so long as e is small and positive), but A is increased by %e(1 — e).
In fact, this form has the property that eny small change, not affecting M,
will increase A. On the other hand, if ezx is added to ¢’, M remains 3/2 while
A is decreased by %e2. We express this difference of behaviour by saying that
¢ is an extreme form, but ¢’ is not.

We do not know whether every perfect form is extreme. But Korkine
and Zolotareff [32, pp. 248-251] proved that every extreme form is perfect,
and Voronoi [42, pp. 126-128] proved that every extreme form is eutactic.
Conversely [42, pp. 128-130], every perfect eutactic form is extreme. (The
form ¢’ is eutactic but not perfect, and therefore not extreme.) It seems to be
a reasonable conjecture that every eutactic form with s > in(z 4+ 1) should
be extreme; but this has not been proved.
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The above properties of a form are not changed when we apply to the
variables a linear transformation of determinant + 1 with integral coefficients
[1, pp. 270-273] so as to obtain an equivalent form; e.g., ¢ is equivalent to both

22+ (=249 — (—2)y — x(—2) = x*+ y*+ 22+ yz + 2x
and

(—2)*+ (3 + 24 2= (v + 22 — () + 2) = 2+ ¥+ 2+ 92 + zx+ay

[41, pp. 150-151]. It is sometimes convenient to extend the definition of
equivalence so as to include the result of multiplying the given form by a con-
stant ¢. Then M is multiplied by ¢, and A by ¢®, but the combination M™/A
remains invariant. In this sense, the reciprocal form is equivalent to the
“adjoint” form (whose matrix is adjoint to that of the given form).

Equivalent forms are said to belong to the same class. Gauss [23] observed
that every binary extreme form is equivalent to x>— xy 4+ 32, and that every
ternary extreme form is equivalent to ¢. Korkine and Zolotareff [30; 31; 32]
proved that there are just two classes of quaternary extreme forms and three
classes of quinary extreme forms.

Gauss used a lattice in Euclidean #n-space to represent any positive definite
form, and showed that the corresponding point-lattice represents the class of
equivalent forms. The case of 3-dimensional lattices and ternary forms has
been very beautifully developed by Niggli [32a], who observed that reciprocal
forms are represented by reciprocal lattices [20]. (A similar remark about
“polar’”’ forms had already been made by Bravais [4a).) In particular, the
ternary forms ¢ and ¢’ yield the face-centred and body-centred cubic lattices,
i.e., the ordinary cubic lattice plus the centres of its square faces or its cubic
cells, respectively [5, p. 492].

Blichfeldt [2] observed that spheres of diameter M* centred at all the points of
Gauss'’s lattice constitute a non-overlapping system or packing of spheres, and
that extreme forms correspond to packings that are rzgid in the sense that the
“solid”’ spheres cannot be displaced without increasing the total content
occupied by them. In fact, the elementary cell of the lattice has content A},
and therefore the requirement for a rigid packing is that any infinitesimal
variation of the coefficients (leaving M unchanged) will increase A.

A systematic notation for a large family of eutactic forms, mostly extreme,
is suggested by the classification of compact simple Lie groups. Cartan [9,
pp. 216-228] used a discrete group generated by reflections to represent the
local structure of such a continuous group. Stiefel [40, p. 374] showed that
the various locally isomorphic Lie groups can be distinguished by considering
the point-lattices that are invariant under the discrete group. This classi-
fication is worked out in detail in §10. Since one lattice may arise from several
different discrete groups (see 10.6), the list of lattices is considerably shorter;
in fact, these are the Gauss lattices for the following forms:
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Ap= x2— x1%s + x> — xax3 + ... — Xp—xn + Xn?,

A" = Aay — xgxn + 3¢(1 — r YHx,? =g —-1>1,7r>1),
Cr =24, — %2 = 22 + (%1 — x2) + (%2 — x3)*+. . .+ (Xn1 — x2)?,
Crl = %12 — X1 + %2 — Xo%n + ... — Xn_1%n + Inxa?

Dy = Any — Xn_axn + %%,

D, = Dp g — xp_1xn + inx,? (n even),

Eg = As — x3x6 + x¢?,
Es3 = Ae - %xﬁ.

We shall find that the reciprocals of these forms are equivalent to 4,"*,

2%, Cn, Dn, Co% D.2, Eg, Es, respectively. All of them are eutactic; all
except A,"11 (n > 2), A2, A, Cy, C2 (n % 4), D, D¢? are perfect, and there-
fore extreme.

In particular, 4,, D,, D.% Es A7, As® are equivalent to the
Up, Vo, Wo, X, Y, Z

of Korkine and Zolotareff. On the other hand, their 7%, is of an entirely
different nature; in fact, many extreme forms with » > 7 are beyond the
scope of the present treatment.

The new senary form Eg® is interesting for two reasons. First, its 27 pairs
of minimal vectors correspond to the 27 lines on the general cubic surface
(see §14). Second, it corroborates the number of extreme senary forms as
computed by Hofreiter [28], but reveals a serious mistake in his work. Con-
cerning his fourth form “F,’" for which M = 2 and A = 3% 53/28, the late
Professor Blichfeldt wrote (in a letter dated May 18, 1944):

I am certain that he made an error in §4, pp. 136-9, where he attempts to extend to 6
variables the form Z given by Korkine and Zolotareff.

We now see that Blichfeldt’s skepticism was justified: 3E¢® (with M = 2)
has A = 35/2%, so Hofreiter’s incredible factor 53 is replaced by 36. (In fact,
“F,’ is neither perfect nor eutactic.)

Chaundy [10] reserves the title “extreme’” for those forms which give
Mm/A its greatest possible value for each #: an absolute maximum instead of a
relative maximum. When # < 6, so that the extreme forms are all known,
these absolutely extreme forms can be picked out at once. Blichfeldt [2] and
Chaundy carried the work farther, so we know now that the absolutely ex-
treme forms for z < 9 are Korkine and Zolotareff’s

Uly U?v U3y V41 V5v Xy Yy WBy TQ

(with a modicum of doubt in the last case, because Chaundy’s argument is
not quite valid). When these are adjusted so that M = 2, their determinants
are
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O'Connor and Pall {33, p. 329] have observed that the absolutely extreme
forms for n £ 8 (adjusted so that M = 1) are integral positive forms of least
possible determinant for each ». Such integral forms for » > 8 are no longer
necessarily extreme; but we shall find some extreme ones in §12.

The absolutely extreme forms provide the densest packings of equal spheres
whose centres form a lattice [2]. But the densest packings without this
restriction on the centres present a far more difficult problem, which has only
been solved in two dimensions [41a; 39a]. Already in three dimensions {la]
there is a non-lattice packing just as dense as the cubic close-packing which
represents the form ¢. It is therefore conceivable that some irregular packing
might be still denser.

2. Perfect and eutactic forms. Let XD a;x*x’ be a positive definite quad-
ratic form in % variables; let M be the smallest value taken by the form for
integers x%, not all zero; and let A be the determinant of the coefficients a;;
(= aji). The form is said to be extreme if the ratio M"/A decreases (or remains
constant!) for every small change in the coefficients [31, p. 368]; that is, if
M is maximum for a variation keeping A constant, or A is minimum for a
variation keeping M constant.

Suppose the form attains its minimum M for the 2s sets of values

(x%...,x" = £ (m*, ..., m"F) k=1,...,9).

Waiving the distinction between opposites, we call these s representations of
the minimum. The form is said to be perfect if it is uniquely determined by
the value of its minimum and all the representations [42, p. 100]. If another

form > (ai; + bi;)x'x’ had the same minimum and representations, we would
find

22 (aij + bijym*m’* = T3 am*Fmt.
i g i Jj

Hence, a necessary and sufficient condition for a perfect form is that the s
linear equations

2.1 >3 mitmikh;; = 0 kB=1,...,5)
(for the in(n + 1) unknowns b;; = b;;) imply
bij =0 Zji=1,...,n),

i.e., that the matrix of coefficients m*m’*, having 1n(n 4+ 1) rows and s columns,
is of rank 3n(n 4+ 1). Another way of putting it is that there is no quadratic
equation

ZZbijxixf =0
satisfied by all the s sets of values (x!, ..., x") = (m'*, ..., m"™¥).

IThis alternative is introduced because Theorem 2.9 makes it desirable to include the unary
form a;1(x!)? among the extreme forms.
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Thus 1.1 is a necessary condition for perfection.

Along with X" X a;x'x’ we consider the reciprocal form Y.Y a“x;x;, whose
matrix is inverse to that of the original form, so that the cofactor of a;; in A
is Aa¥. The form XY a;x'’ is said to be eutactic if there exists s positive
numbers py, . .., ps such that

2.2 Tor(m*x)? = 33 atixx;.

In other words, a necessary and sufficient condition for a eutactic form is that
s positive p’s can be found to satisfy the in(n# + 1) linear equations

S
2.3 > m¥*mi%p, = a¥.
k=1

The above condition for a perfect form implies that the equations 2.3 can
be solved. But this does not suffice for a proof that every perfect form is
eutactic, since we have no guarantee that a positive solution exists. Actually,
for every known perfect form in less than nine variables there is a solution
with the p’s all equal (and therefore certainly all positive). Nor can we con-
clude that every eutactic form satisfying 1.1 is perfect: we would be assuming
that the equations 2.3 are independent.

The above condition for a eutactic form is not very convenient in practice,
as it demands knowledge of the reciprocal form. This disadvantage can be
overcome by expressing the given form as a sum of squares, say

2.4 E+E ...+ E)
where
2.5 £ o= Y ca’ G=1,...,n).

Then the reciprocal form is simply &2 + &2 4 ... + &2, where &; is related to
x; by the equations

xj = Xciki G=1,...,n).

Considering integral values of x%, we may suppose that the form attains its
minimum M for the values

(.. 8 = = (k... ) (k=1,...,s).
Since u* = ¥ cim*, we have
Sukt = LY mikcE = Ymitx;.

Hence, a necessary and sufficient condition for the form 3_(¢%)? to be eutactic
is

2.6 2oek(outkE)? = 3E2, pr > 0.

In other words, the 3n(z + 1) equations
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s
2.7 > wkukp, = 89
k=1

must have a positive solution py, . . ., ps.
For instance, to verify that the form ¢’ of §1 is eutactic, we observe that
the expressions

Blo= xl 4 &%, £ = xl 4 2% 4 3, £ = xl — 3

yield integral x's whenever the £'s are integers of like parity. Thus the
ternary form (£)2 + (£9)? 4+ (£%)? attains its minimum M = 3 for the values

(&, £, 8% = (1, £1, £1) (s = 4);
and 2.6 becomes

G b £ 8) =8+ 87+ &

Voronoi [42, pp. 126-130] proved an important theorem which can now be
expressed as follows:

2.8 A form is extreme if and only if it is both perfect and eutactic.

Here is a somewhat simpler proof [cf. 32, p. 244] of one half of this theorem,
namely:

2.9 Every perfect eutactic form is extreme.

Let the coefficients of the form XY a;x%’ be slightly varied, say from a;
to a;; + €bs; (¢ > 0), in such a way that their determinant A remains constant
while the &’s do not all vanish. The constancy of A implies

det (a;;) = det (as; + €by;) = det (as;) + ZZGAdijbij + 0(&?),

whence Y"Yab;; = O(e). Since we are interested in arbitrarily small vari-
ations, we make e tend to zero and conclude that

ZZa"jbij = 0.
Since the form is eutactic, we can use the expression 2.3 for a¥, so that
s
kz—:l (XX m*m*b;)pp, = 0,

where the p’s are all positive. Since the form is perfect, the equations 2.1 have
no non-trivial solution; hence there must be at least one value of 2 for which

> Y mEmh; < 0.
For such a k, since ¢ > 0,

ZZ(G,‘,‘ + ebij)m"‘mf" < ZZa,—,-m"‘m”".

Thus the modified form >3 (a:; -+ €b;;)x* attains a value less than M. Since
the variation was arbitrary, this shows that the given form > Y a;x%’ has a
greater minimum than any neighbouring form, i.e., it is extreme.
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3. The point-lattice representing a class of forms. The expression 2.4 may
be interpreted, in Euclidean n-space, as the square of the distance from the

origin to the point with rectangular Cartesian coordinates (£, ..., "), or
as the squared magnitude of the vector

Z gip‘ia
where py, ..., P» are unit vectors along the Cartesian axes. The equations
2.5 enable us to express the same vector as Y_x’t;, where
3.1 tj = Ycip.

Thus the numbers x7 are the contravariant components of this vector, referred
to the # vectors t; as a covariant basis [17, pp. 178-180]. In other words,
the point having Cartesian coordinates (£, ..., ") has affine coordinates
(x%, ...,x"). Since

TXagxin? = F(E)?2= (LEpi)?= (Zo't)?= TLx't; - t;,

the coefficients of our original form are the inner products of pairs of basic
vectors:

3.2 a;; = t; - tj.

The set of vectors X x*t;, where the x’s take all integral values, has the
property that the difference of any two of its members is a member. In other
words, the vectors t; generate a lattice [26, p. 26]. Thus any positive definite
quadratic form determines a lattice. Conversely, any lattice (with a given
basis) determines a positive definite form Y3 (t; - t;)x*’, and different bases
determine equivalent forms [6, p. 30]. For instance, the lattice of unit squares
may be generated by perpendicular unit vectors p; and p., or equally well by
p: — p2and ps. The corresponding forms are

('p1 + #7p2)? = (&) + (#)°
and
{21(p1 — p2) + 22p2f? = {a'p1 — (x! — 27) po}?
= (x1)2 4 (¢! — x2)%

In other words, there is a point-lattice for each class of equivalent forms.

Along with the covariant basis ti, ..., t,, we shall find it desirable to use
the contravariant basis t!, ..., t*, where
ti-t; =&

(which means that t? is perpendicular to every t; except t;, and t*-t; = 1;
see [27a] or [17, p. 180]). The vector Y x*t; may now be expressed as X _x;t*,
and its squared magnitude is the reciprocal form

(T xith)2 = T Y a¥xx;,

where

https://doi.org/10.4153/CJM-1951-045-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1951-045-8

EXTREME FORMS 399

at =ttt

The corresponding lattice, based on the vectors t?, is reciprocal to the lattice
based on the vectors t; [17, p. 181]. Hence

3.3 Reciprocal forms are represented by reciprocal lattices.

All bases for a given point-lattice provide elementary cells (or period
parallelotopes) of the same content. This is the geometrical counterpart of
the fact that equivalent forms have the same determinant. For, the parallelo-
tope spanned by the vectors t;, . .., t, has content A% This can be proved by
induction over #, as follows. (Itisobviouswhen#n = 1and A = a;;.) Assum-
ing the same result in # — 1 dimensions, where A is replaced by the cofactor
of @na, which is Aa™, we have (Aa’”‘)% for the content of the parallelotope
spanned by t, . .., t,—1. To obtain the content of the n-dimensional parallelo-
tope we must multiply this by the *“‘altitude,” which is the projection of t, on
the direction perpendicular to all of t;, . .., t,—;. Since the unit vector in that
direction is (¢"")~*t", the projection is

@m7H" -ty = (@7,

and the desired content is (Aa"")}(a"")~# = AY. (For a direct proof, using
2.5, 3.1, 3.2 and a Jacobian, see Bachmann [1, pp. 273-275].)

A fundamental region for the translation group T, generated by the vectors
ti, . . ., ta, may be chosen in various ways; e.g., it may be the parallelotope
spanned by these # vectors or by the basic vectors of any equivalent lattice
(determining the same point-lattice). Fricke and Klein [22, pp. 108, 216] con-
structed a unique ‘‘standard” fundamental region, symmetrical about the
origin. This is a polytope consisting of all points that are at least as near to
the origin as to any other lattice point (3%, ..., y"). Clearly, the aggregate
of such polytopes surrounding all the lattice points is a honeycomb filling the
whole space without interstices. Since the distance between points (x1, . . ., x")
and (v, ...,9y") is

{ T — 3" — yH)}E,
where x; = Y a;x’ and y; = Y ai;¥7, this class of points is given by
2 — ya)(x* — 97 2 X xax?,
ie., since Tyx' = 2 ¥ aix’y’ = T y'x;,
XX aiyty — 2 v 2 0.

The polytope is given (in covariant coordinates x;) by such inequalities for
all sets of integers y?; but of this infinite set of inequalities only a finite subset
is effective. We see in this manner that Fricke and Klein’s standard funda-

mental region is the same as the ‘‘parallelohedron’” described by Voronoi
[43, p. 278; 1, pp. 145, 334].
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The lattice points nearest to the origin represent those integral values of

(x4 ...,x") for which ) ¥ a;xi’ attains its minimum value M. The
geometrical figure formed by these 25 points
(m*, . ..,m"™), (—m*, ..., —m;"F),

or by the 2s minimal vectors
:i:Zm”‘t,- (B=1,...,9),

is the same for the whole class of equivalent forms. Let us call it the vertex
figure of the point-lattice. For instance, the body-centred and face-centred
cubic lattices, representing the forms ¢’ and ¢ of §1, have for respective vertex
figures a cube and a cuboctahedron.

A point-lattice has an infinite group of symmetry operations, in which the
translation group T occurs as a self-conjugate abelian subgroup whose quotient
group is finite. In fact, the quotient group is isomorphic to the subgroup that
leaves the origin invariant [6, p. 103]. In terms of the corresponding form, the
operations of this finite subgroup are those linear transformations of x1, . . . , x™
which leave Y Y a;x’? invariant, i.e., they are the automorphs of the form.
Thus every automorph is represented by a symmetry operation of the vertex
figure.

If the point-lattice can be generated by # of its minimal vectors, it is de-
termined by its vertex figure, and therefore every symmetry operation of the
vertex figure is a symmetry operation of the whole point-lattice. But if the
point-lattice cannot be so generated, its vertex figure may possibly have
“accidental” symmetry operations which give new positions to some more
distant points. Hence,

3.4 If some n of the minimal vectors are independent (so that the vertex figure 1s
properly n-dimensional), the group of automorphs of the form is a subgroup of
the symmetry group of the vertex figure. It is the whole symmetry group if these
n minimal vectors generate the point-lattice.

These geometrical considerations make it evident that equivalent forms
(represented by equivalent lattices) and their reciprocals (represented by the
reciprocal lattices) have isomorphic groups of automorphs.

We saw in §2 that a positive definite form is perfect if and only if there is no
quadratic equation satisfied by all the representations of its minimum. In
terms of the point-lattice,

3.5 A necessary and sufficient condition for a form to be perfect is that there be
no quadric cone (degenerate or non-degenerate) whose generators include all the
minimal vectors.

In our chosen system of affine coordinates, Y. Y a;;x*x? = 1 is the equation
of a sphere of unit radius. If M 2> 1, the point-lattice given by integral values
of the x’ includes no interior point of the sphere except its centre (the origin).
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Accordingly, we say that such a lattice is admissible for the unit sphere.
(Clearly, a lattice having M < 1 is not admissible.) An admissible lattice
whose elementary cell has the smallest possible content occurs when both
M and A/M™ are as small as possible, viz, when M = 1 and the form is abso-
lutely extreme. In other words,

The critical lattices of the unit sphere are the lattices representing absolutely
extreme forms with M = 1.

This remark, kindly contributed by K. Mahler, supersedes the detailed
argument of Mrs. Ollerenshaw [34 and 35].

4. Eutactic stars of vectors. Let us define a star to be a set of 2s vectors
+al,..., == a‘ issuing from a fixed origin in Euclidean #-space. Following
Schlifli [36, p. 298] we call this a eutactic star if the sum of the squares of the
orthogonal projections of al, ..., a®on a line is the same in all directions, i.e.,
if there is a constant A such that

4.1 > (ak - x)?2 = ax2

The simplest instance is when s = # and the a* are mutually orthogonal unit
vectors; then a* - x is the magnitude of the projection of x on a¥, and A = 1.
In the general case

A=X (@"Yn
[17, p. 261, with s and 7 interchanged]. The connection between eutactic
stars and eutactic forms is supplied by the following theorem:

4.2 A form is eutactic if and only if its minimal vectors are parallel to the
vectors of a eutactic star.

Proof. Let the form 3> a;x*’ have minimal vectors ==m!, ..., +m?,
where m* = Y m’*t; (k =1,...,s). Then

mk -t = Tmikt; - tP = Yt = mik,
First, let the form be eutactic, so that, for certain positive numbers pz,
2 p(Xm ) = ¥ anx;.
Then the vectors a¥ = p,* mF satisfy the condition
T@* %) =% pe(mt - Twiti)? = 5 pu(Smiks)?
=2 2aVxx; = (Txith)? = x%,

which is 4.1 with A = 1.
Conversely, if the minimal vectors mF are parallel to the vectors a¥ = ¢, m*
of a eutactic star, we have

So2(m®x)? = (o, mF - Px;t)2 = Y (ak - x)? = Ax?
= N\ Xatxx,

which is the condition for a eutactic form (with pr = ¢;2/A).
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Schlafli [36, p. 302] deduced from 4.1
Z(@* - x) (ak-y) =ax-y,
whence ) aka*-x = Ax. In the notation of Hadwiger [25], this is simply
Tx = xx.

Hadwiger proved that the vectors a* of any eutactic star can be derived by
orthogonal projection from s mutually perpendicular vectors of magnitude
A in Euclidean s-space.

Schlafli proved that the vectors from the centre of any regular polytope
to its vertices constitute a eutactic star. This was generalized by Brauer and
Coxeter [4, Theorem 1 with z = 1] as follows:

A star is eutactic if there is an irreducible group of orthogonal transformations
which is transitive on the pairs of opposite vectors.

Since any two eutactic stars with the same origin form together a eutactic
star [17, p. 253], we can deduce the following still more general result:

A star is eutactic if it is transformed into itself by an trreducible group of
orthogonal transformations.

Hence, by 4.2,

4.3 A form is eutactic if its vertex figure is invariant under an irreducible
group of orthogonal tramsformations.

This may be proved more directly, as follows. Since the hyperplanes
through the origin perpendicular to the minimal vectors are

Smitx; =0 (k=1,...,59),

and this set of hyperplanes is invariant under an irreducible group, the ex-
pression 3 (> m*ax;)2 must be proportional to the unique quadratic invariant
S S-atxx;. Thus 2.2 is satisfied with the p’s all equal.

It should be remembered that the above conditions are sufficient but not
necessary. Korkine and Zolotareff’s nonary form T [31, p. 367] is extreme,
and therefore eutactic, although its group of automorphs is reducible. In
such cases the appropriate criterion is 2.3 or 2.7.

5. Reflexible forms. A form is said to be disconnected if it is a sum of two
or more forms involving separate sets of variables [17, p. 175]. A form that
is not disconnected is connected. 1f a definite form is disconnected, we can
name its variables in such an order that x! is in one set and x™ in another.
Then every representation of the minimum has either its first or its last
coordinate zero, i.e., the minimal vectors all satisfy the quadratic equation
xx™ = 0. But a form cannot be perfect if its minimal vectors all satisfy a
quadratic equation. Hence a disconnected form is not perfect. In other
words,
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5.1 Every perfect form is connected.

Let a definite form be called a reflexible form if its point-lattice A is sym-
metrical by the reflections that reverse the »n basic vectors in turn. The
reflecting hyperplane for a basic vector OP may be taken either through the
origin O or through the midpoint of OP; for, if either of these reflections is a
symmetry operation of the point-lattice, so also is the other. The reflections
in the » hyperplanes through O generate a finite group S. By adjoining the
reflections in the parallel hyperplanes through the midpoints, or the trans-
lations along the basic vectors, we obtain an infinite discrete group G. The
hyperplanes and their transforms decompose the Euclidean space into an
infinity of congruent (or symmetric) polytopes, any one of which may be used
as a fundamental region for G. G is generated by the reflections in the bounding
hyperplanes of this region, which is either a simplex or a ‘“‘simplicial prism”’
—the rectangular product of several simplexes [13, p. 599]. In other words,
G is either the group generated by reflections in the bounding hyperplanes of a
simplex (whose dihedral angles are submultiples of 7) or the direct product of
several such groups.

Of course, the same point-lattice A represents not only the given reflexible
form but also all equivalent forms, some of which may not be reflexible. A is
derived from the origin O by applying either the whole group G or (equally
well) its translation subgroup T, whose quotient group G/T is isomorphic to
S. We shall choose the fundamental region for G in such a position that O is
one of its vertices. (See [17, pp. 191, 205], where this is called a special vertex.)

If the finite group S is reducible, it leaves a certain subspace invariant.
Each basic vector t; lies either in this subspace or in the completely orthogonal
subspace, and the » basic vectors fall into two sets, all of the one set being
perpendicular to all of the other, so that the form is disconnected. Hence, if
the form is connected the group must be irreducible. Combining this result
with 4.3, we see that

5.2 Every connected reflexible form is eutactic.

We proceed to investigate the possible coefficients of such a form.

The projection of any vector x in the direction of the basic vector ti, or of
the unit vector axx *ty, is arx ity . X = arx ixr. Hence the reflection in the
perpendicular hyperplane through the origin changes x into

5.3 X — 2akk‘1xktk.

Since x = > x°t;, this reflection leaves invariant every contravariant com-
ponent x* except x*, which is changed into

2xk 2d'k .
- 22 =gk — > T
Ak i=1 Gk

Since the point-lattice A is given by integral values of the x?, a necessary and
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sufficient condition for the form to be reflexible [44, p. 369] is that 2a,;/ax be
integral for all 7 and k. Hence, if such a form is connected, its coefficients
ai; and 2a: (27 k) must be all commensurable, and we can suppose them to be
integers with no common divisor greater than 1. Since the form must remain
positive definite when all but two of the x's vanish, we have aar: > aa?,
whence

2a,~k QGik

<4 (z # k).
Qi Ak
Thus, whenever a0, |2a:4/a;;| and |2a4/axi] must be two positive integers
whose product is less than 4: one of them is 1 and the other 1 or 2 or 3.
The ternary forms admitted by this restriction (with x, y, z instead of
x!, x2, x%, for simplicity) are:

2+ pxy + py* + pyz+ 2 A= 3p(2 - p);
pxt 4+ pxy + 4+ qyz+ g3 A=1ipgd —p—q;
x? + pxy + py: + pgyz + pgz?, A=1pq@4 —p —q);

¥* 4+ xy 4 ¥4 pyz 4+ pE A pax, A = 1p(3 — p);
x4+ pxy + Pyt 4+ pyz 4+ p2 + pzx, A = (p*3 — p);

and the same with minus signs in any of the product terms. In the first three
cases such changes of sign merely yield equivalent forms; thus the condition
A > 0 implies p = 1 in the first case, and in the next two cases p + ¢ < 4:
one of p and ¢ is 1 and the other 1 or 2. In the last two cases one or three
changes of sign would replace the factor 3 — p by 3(1 — p), which cannot be
positive; so we may keep the positive signs and conclude that p = 1 or 2.

Thus coefficients 3 cannot occur in ternary or higher forms, but only in
binary forms such as

3x? £ 3xy + v =x+x(x £y) + (x £ )2

which are equivalent to x* + xy + % Apart from this simple case, we can
assume every a;; to be 1 or 2, and every 2a;;(7 % j) to be 0 or &= 1 or =+ 2,
namely 0 or 4= 1 whenever a;; = a;; = 1, and 0 or == 2 otherwise.

Instead of enumerating all the possible arrangements of 1's and 2’s that will
make the form definite, let us simplify the discussion by taking the basic
vectors t; to be perpendicular to those bounding hyperplanes of the funda-
mental region which meet at the special vertex 0. The angle between any two
of these # vectors, being the supplement of a dihedral angle of the fundamental
region, is greater than or equal to a right angle [17, p. 189]. Hence

aij=ti’tj<0 (i#])

This means that any connected reflexible form is equivalent to one in which
every non-vanishing a;; is negative, namely

54 2a;; = — max (aﬁ, ajj) (’L # 7).
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To determine which such forms are definite we may modify them by taking
new variables
5.5 xi = a;dx%,
so that Y3 a.x'’ becomes Y > a;x*x’ with
aii=1723ij:—v% (1#7;v=0,1,20r3).

These modified forms have been enumerated elsewhere [45, p. 301; 17, p. 195].
The corresponding list of connected reflexible forms, with M/ = 1, is as follows:

An = ()2 — x>+ (@2 — ...+ (@Y — 2" "+ (x")?
n=172..),

Cn = 2(x)? — 2xM%% + 2(x2)2 — ... + 2(x™ 1?2 — 2x" "™ 4+ (x™)?
(n=23,...,

B, = (xV)2— x4+ (92— ...+ (x"1)?— 22" k" 4 2(x™)?
(n =3,4,...),

Dn = (xl)z —  xlx2 + (x2)2 - + (xn—1)2 — T2 + (xn)z
(n =4,5,...),

En — (xl)Z —_ xlx2 + (x2)2 —_ .. + (xn—l)Z — xn-‘sxn + (x‘n)2
(n=6,7,8),

Fy = (292 — a2+ (x%)? — 20%3 + 2(x%)? — 2x%%* + 2(x%)?,
Gy = (x1)? — 3x? + 3(x?)%

It is often convenient to denote these forms by graphs whose nodes and
branches represent the square terms and product terms, as follows:

A'@t)___... ces —0—0—@® Br:__@_ oo _..__._.._5

Cr+ T+ D j_'

E;™ ]
E; E,
E F G

The values of a;;, other than 1, are marked under the nodes; 2a;; can then be
deduced from 5.4. The rings that have been drawn round one or two nodes
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are to be ignored for the moment, but will be found useful in §7. The letters
4, B, etc. have been rearranged [cf. 17, p. 297] to agree with the notation of
Cartan [9, pp. 218-225].

If we are interested in finding the simplest representative of each different
class of reflexible forms, we can eliminate all the coefficients 2 and 3 by observ-
ing that B, is equivalent to D,, F4 to D4, Gy to A4, and C, to the disconnected
form > (x%2% In fact,

Co = ()2 4+ (2! — a2 4 (22 — 232 + ... + (x™ 1 — x)?,
Bn = (x1)? — xlx? + (3% — ... 4 (x"72)2 — " (x"7 — &™)
_|_ (xn—l — xn)z — xn—zxn _|_ (xn)2,
Fi = (x1)? — xl(x? — 2%) + (x? — x%)2 — x1(x3 — x%)
+ (2% — x9)? — xlxt 4 (x)?,

Gr = (xt — a?) — (a! — at)a + (4?2
Hence
5.6 Any connected reflexible form is equivalent to one having every a; = 1.

This means that the lattice A is generated by minimal vectors. By 5.4, each
of the remaining coefficients 2a;; is either 0 or — 1. (By reversing the signs
of alternate x’s we could arrange to have +1 instead of —1, but the negative
sign is really preferable, as we shall see in the proof of 5.7.)

We shall call the forms A, By, Dy, Ey, Fyand Gy properly connected because
they remain connected after the above reduction. But C,, being equivalent to
3 (x%?, is not properly connected, and therefore (by 5.1) not perfect. We
proceed to prove that

5.7 Every properly connected reflexible form is perfect.

Since equivalent forms are perfect or imperfect together, we may restrict
consideration to the forms A4,, D,, E,, whose graphs are trees without any
marks 2 or 3. The minimal vectors m = Y m®t; include the » basic vectors
t; themselves (since a;; = 1) and also any “‘connected series”

tib it

where 2a;; = 2a;; = ... = — 1; for when the only non-vanishing x's are
x* =% =xF =... =x! =1, the form becomes
(x9)? — xix7 4 (x7)? — xixk 4 (xF)2 — .. 4 (x)?
=1—14+1—-14+1—...4+1=1.

As a test for perfection (cf. 2.1), consider the s equations
XX m'mib; = 0,
one for each minimal vector m. Setting m = t; (so that m’ = 6]’:), we obtain

b,'i = 0.
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Setting m = t; + t; (where 2a;; = —1) we obtain
bij = 0.

Similarly, a connected series m = t; + t; + t; yields
by = 0;

and the number of terms in the series can be gradually increased. Since every
pair of t's make the beginning and end of a connected series, all the b’s must
vanish. Therefore the form is perfect.

Combining 5.7 with 5.2, we deduce from 2.9,

5.8 Every properly connected reflexible form is extreme.

It is easily proved by induction that the extreme forms 24 ,, 2D, 2E, have
respective determinants # + 1, 4, 9 — n. This explains why E, is definite
only when #n < 8. The three types overlap as follows:

D3 = A; (with x! and x? interchanged),
E,= A, (with x! and x* interchanged),
Es = D;  (with the order x'x2x3x* reversed).

We might even go one stage farther back and say
E; = (x1)? — xlx® 4+ (x2)2 4+ (%) = 4. + 4.

O’Connor and Pall’s integral positive forms of least determinant for » < 8
[33, p. 329] are (apart from trivial changes of sign)

A11 A?y ASr B4y B5
and three equivalent to E, (n = 6, 7, 8), namely

fo =22+ x1%2 + %2 + xax3 + ...+ xp3® + Xpz (Xn—a — Xa)
-+ (xn—Z - xn)2 + (xn—2 - xn) (xn—l + 2xn) -+ (xn—l + 2xn)2

+ Xn—3Xn + xn2-

6. The minimal vectors. In the present section we shall see how the mini-
mal vectors can be computed for each of the forms represented by trees on
page 405. We shall also see how a certain one of the minimal vectors provides
formulae for the number s and for the order of the group S. We again use m
to denote a typical minimal vector Y_m't; = > m,t?, and we use z to denote
the particular minimal vector whose contravariant components z* are as large
as possible. Thus, if the given form is

S>> aixix? = f(xl, ..., x"),

flm', ..., m") =f(E,...,2") = M = 1.

we have

The components m!, ..., m" are conveniently associated with the nodes
of the tree. (We may write them above the nodes, as a;; has already been
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written below some of them.) Some of these contravariant components may
vanish, but the nodes that represent non-vanishing m*s must be the nodes of a
connected part of the tree. For otherwise each separate set of such nodes would

represent a positive definite form; and the number f(m!, ..., m"), being a
sum of several positive integers, could not be equal to 1.
The expressions f(m!,...,m") and f(lmll, .. ,Im"]) differ only in those

terms (if any) for which mm’ < 0 while a;; < 0. Since these are positive
terms of the former and negative terms of the latter,

f(!m‘l, ce e, lm"l) L<flm, ..., m") = 1.

But since 1 is the minimum value, f(|m1|, ..., |m®]) > 1. Hence

f(]mll, e, [m"l) = f(ml, ..., m"),

and in fact there are no such terms: m*m? > 0 whenever a;; < 0. Thus, in the
connected part of the tree where non-vanishing m¥s occur, any two adjacent
m?s have the same sign; consequently all non-vanishing m*s have the same sign.

Since
f(=ml ..., —m™) = f(m!, ..., m"),
we may restrict attention to positive values and suppose that every
m* > 0.

For instance, the values of (m!, m?) for G; = (x)? — 3x'x? 4 3(x?)? are
(1, 0), (1, 1), (2, 1) and their opposites; i.e., the ‘‘positive’” minimal vectors
in this case are

tly tl + t2y ztl + t2.

Given the contravariant components m* of a minimal vector m, we can
easily compute the covariant components

my = Z akimi.

For, if the kth node of the tree is joined to the ith, jth, etc., we see from 5.4
that

_Jau@mt —mt —m? — ) if agr > 1,
6.1 2mk - {Zm" -_ a,-,-mi - ajjmj —_ ... if arr = 1.

Thus every 2m; is an integer, in fact, a multiple of axy.

We proceed to prove that the only possible values for the integer 2m, are
0 and =+ azz, except that when a;; = 1 we may have m = t, in which case
mr = m" = 1.

The increment of f(m!, ..., m") when one m* is replaced by m* + 1 is

(m:i:tk)‘(m:ttk)-m-m=tk-tk:t2m-tk=akk:i:2mk.

Since M = 1, the increment cannot be negative, save in the case when m = t;
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is reduced to the zero vector. Hence, except in this trivial case, we have
|2mkl < axr. Since 2my is a multiple of a, it must be either 0 or -£ az;.
But if m = t;, so that every m® vanishes except m* = 1, we have 2m; = 2
(by 6.1 with az, = 1).

Moreover, since Y m'm; = m-m = 1 and m? > 0, at least one of the
integers 2m; must be positive (namely 2m; = az for some k, unless m is
basic).

Since the increment of m - m is a;; == 2m; when m is replaced by m =+ t;,
a given minimal vector yields a new one when we make this change for a value
of k& such that 2mj; = F a;. Given any minimal vector that is not basic, we
can carry out this procedure with the lower sign, subtracting 1 from m* for a
value of k that makes 2m; = ay, thereby changing 2m; from az; to —axx
(by 6.1). 1f the new m is still not basic we can repeat the procedure; but since
the sum Y m® is diminished, this can only be done a finite number of times,
and eventually we must be left with m = t;. (In this final stage, 2m; = 2 but,
by 6.1 again, every other 2m; < 0.) It follows, by reversing the process (and
using the upper sign), that the whole family of “positive” minimal vectors
can be built up by starting with those basic vectors t; for which a;; = 1 and
successively adding some t; (i.e., increasing m* by 1) whenever 2m; < 0.
This will continue until 2m; > 0 for every &.

For instance, in the case of Gi, where a;; = 1 and aq, = 3, we have
2mq = 2m' — 3m?, 2me = 3(2m?® — m?),

and the minimal vectors can be written down successively as in the following

table:
(m!, m?) (2m1, 2m.,)
2, n (1, 0

In the case of Bz, where a1; = @92 = 1 and az; = 2, we have

2m; = 2m! — m?, 2ms = 2m® — m! — 2m3, 2m3; = 2(2m® — m?),

and the first two basic vectors yield other minimal vectors as follows:

(mt, m?, m®) (2my, 2ma, 2ms)

(1,0,0) (0, 1, 0) 2, —1,0 (-1,2, -2)
(17 1! 0) (Or 11 1) (19 ly _2) (_lv 01 2)
(1,1, 1) (1, —1,2)

1,2, 1) 0, 1, 0
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As a third example consider 43, where a1 = a2 = a3 = 1 so that
2my = 2m! — m?, 2m. = 2m? — m! — m?, 2m3 = 2m® — m?

and all the basic vectors are minimal:

(mlv mZ, ms) (27’11, 27}12, 27}’L3)

(1,0,0) (0,1,0) (0,0,1) | (2,—1,0) (—-1,2,-1)(0,—-1,2)
(1,1,0) (0, 1, 1) (1,1, =1) (-1,1, 1)
(1,1,1) (1,0,1)

The final vector m (where Y. m* is maximum and every 2my is 0 or ax) is
of such special importance that we shall use a different letter and call it z.
Since f(1,1,...,1) =1, every z*¥ > 1. Moreover, since

S 22k =222 = 2,

only one or two of the 2z;'s can take the value ary: all the rest must be zero. This
means that the vector 2z is

6.2 aptd  or  tF 4+ t!

for one or two particular numbers &, [ (with axx = a;; = 1 in the latter case).
(Thus 2z = t! for G,, t? for B, and t! + t® for 4A;. A complete list can be
read off from the ringed nodes on page 405.)

Geometrically, the operation of adding 1 to m* (when 2m; = — ay) is the
reflection Ry that reverses t;; for, by 5.3, this reflection changes m into

m — 2ai. 'ty = m 4+ tg.

Thus every minimal vector can be derived from a basic vector t; (with a;; = 1)
by applying some operation of the group S generated by Ry, Re, ..., Ra.
It follows that every minimal vector is reversed by a reflection belonging to
S (viz, by one conjugate to R;). In particular, S contains a reflection that
reverses z. Here the reflecting hyperplane is perpendicular to z through O.
Let R, denote the reflection in the parallel hyperplane through the midpoint
of the segment defining z. This hyperplane cuts off from the angular funda-
mental region for § a simplex all of whose dihedral angles are submultiples
of =. For, the corresponding unit vector

6.3 th=—1z

makes with the basic vectors t; (£ = 1, ..., n) the inner products
to-th = —2, =0 or —3a;

and since ag = 1, the cosine of the corresponding dihedral angle is

L 1
—to- ty/ar =0 or Jars?,
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where agx = 1 or 2 or 3. Since the infinite group G can be derived from S by
adjoining R, this simplex serves as a fundamental region. The » 4 1 vectors
to, t1, .. ., ta, perpendicular to the bounding hyperplanes of the simplex,
yield the semidefinite form

(x% + x'ty + ... + x"t,)? = (%)% — 2x%(x'2; + ... + x"3,)
+ (x'ty 4+ ... + x"t,)?
= (x9)2 — x° ¥ 2z1x% + f(x1, ..., x"),

which is never negative but vanishes when x*¥ = zFand x® = 1. It is therefore
natural to define

6.4 20 =1,
so that 2% 4+t +...+2z"t, =t +2z=0 [17, p. 183 (10-72)].

t,

(S
7

tl

SIX

-+
<

Fi1G. 2

Figs. 1 and 2 illustrate the two equivalent forms 4, and G, whose * positive"’
minimal vectors are respectively

ty, to, ti 4+t =z = L(t! + )
and ty, ti+ ty, 2t + t, = z = LtL

Returning to the general discussion, we see that the semidefinite form is
represented by a graph which is derived from the tree by adding an (= + 1)th
node, joined to the one or two nodes for which 2z; > 0. The actual cases, in
the same order as in §5, are exhibited on page 412.

In each case the nodes have been marked with the numbers a;; below and
z* above, whenever these numbers are greater than 1. (The marks ax: are an
essential part of the symbol, but the values of z* can be derived from them,
as we shall soon see.) It is to be understood that 5.4 holds whenever the :th
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[ ]
*—y9
[ Rl

and jth nodes are joined by a branch,? even if z = 0. The node representing
to has been ringed.

n
Given the semidefinite form (3_x%t;)?, we can write down the z%s, beginning
0

with 2° = 1, by the following simple rule: If the node representing tj is joined
to those representing t;, t;, etc., we have

ko 2t + 2l ... if agr > 1,
6.5 2" = { ai;zi+ajjzj+... if ALk =1

This rule follows at once from 6.1 (with m; = 2 = 0) except when 2° is
involved. It remains to be verified when ¢ or £ is zero. If ¢ = 0, so that the
k-node is joined to the 0-node and also to one or more j-nodes, 6.1 gives

9. — a2 — 339) (arx > 1),
k 2zF — 3 a2 (@rx = 1).
But, by 6.2, 2z; = ay:. Hence
2zk:{1+2z" ‘ (ake > 1),
14+ 3 a2 (awe = 1).

This is 6.5 with 7 = 0, 2° = 1 and ag = 1. Finally, to verify 6.5 with £ = 0,
we observe that 6.2 gives either

z = dautt or z = i(t*4 t9).

2The unary form A4; has been omitted from the above list, because the corresponding semi-
definite form (x%)? — 2x%! + (x1)? violates this rule.
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In the former case every covariant component vanishes except z; = %a;, and
therefore
P =1= ziz’

1 7
30427,

as desired. In the latter case z; = z; = }, and therefore
2 =1=z2"+ 22 = 3@ +2) = Hauz" + ;).

It is interesting to compare these results with [17, pp. 176-194], where the
vectors e; have the same directions as the present vectors ti, but different
magnitudes: Iekl is the reciprocal of the distance between two parallel hyper-
planes, whereas Itkl is twice this distance (so that the translation along tj is
the product of two parallel reflections). Moreover, we now have a different
unit of measurement: not just the distance between closest parallel hyper-
planes but twice this distance. Taking these two changes into consideration,
we can reconcile the expression 11.93 [17, p. 207] with our present notation by
defining

vk = apzk.

Then the order of the group S is

6.6 Y.Lyl

where f (called % in [9]) is the number of y*s that are equal to 1 (including
y* = 2% which is always 1), i.e., f is the number of “special” vertices of the
simplex. (The “paramétre dominant” of Borel and De Siebenthal [3a, p. 219]
is 2° v*ex.)

The expression 6.6, involving the product of the %’s, has an interesting
companion involving their sum: The number of minimal vectors is

2s =c( + 3 4. 497,

where ¢ is the number of a;;’s that are equal to 1 (excluding ay), i.e., c is the
number of minimal basic vectors. This empirical formula can be verified
in each case from the table on page 414; but no explanation for it has so
far been found.

The groups S are listed in the notation of [14]. The last two columns will
be explained in §§7 and 8.

7. The point-lattices and their vertex figures. In §5 we saw that the
translations and reflections associated with the lattice for a reflexible form
generatc an infinite discrete group G which contains a finite subgroup S
generated by reflections in hyperplanes through the original lattice point O,
and we found it desirable to restrict consideration to forms for which these
hyperplanes are perpendicular to the #n basic vectors. In §6 we saw that, in
the casc of a connected form, the fundamental region for Gis a simplex bounded
by these # hyperplanes and one more, perpendicular to the vector z (see 6.3).
It follows that the lattice points are the vertices of a honeycomb whose
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graphical symbol (in the notation of [17, p. 196]) is essentially one of those
listed on page 412. For this purpose the marks z* (above the nodes) are to be
disregarded, and the marks a;; are to be modified in accordance with the
transformation 5.5. By 5.4, the cosine of the dihedral angle between the
hyperplanes perpendicular to t; and t; is

— ai;(aia;) 7 = 3 max{(aii/a;)}, (aji/au)t}.

Since cos 7/4 = 12 and cos v/6 = 13}, the proper way to mark the branches
of the graph is as follows: When a;; = a;; we make no mark (and the angle
m/3 is understood) ; but when a;; and ¢;; are different the appropriate mark is
twice the quotient of the larger by the smaller; e.g., the symbol

@—e+—— , meaning @——e——e , becomes @——eo——o .
3 1 1 3 °

The particular cases are given in the final column of the above table. No
confusion need be caused by adopting the same symbol A for the honeycomb
and for the point-lattice of its vertices. (Cf. [14, p. 468], where A was called
nt.)

The honeycomb a,h [11, p. 366], whose graphical symbol consists of an
(n 4+ 1)-gon with one vertex ringed, has been described by Schoute [37] as
an oblique section of the (# + 1)-dimensional cubic honeycomb; e.g.,

ash = {3, 6}, a3h={3,2}

in the notation of [17, pp. 59, 69, 87-88]. The different cells of a,h are the
regular simplex a, and all its simple truncations #;a,.

The n-dimensional cubic honeycomb is denoted (not too happily) by
dn+1. lts alternate vertices form Schoute’s “‘half measure polytope net”
hény1 [38, p. 90; 17, pp. 156, 201}]; e.g.,

hé, = 82, hd; = &, hd, = ash, hé; = {3, 3, 4, 3}.

The penultimate column of the table contains the polytope I which is the
vertex figure of A. Its graphical symbol js derived by removing the ringed
node and ringing the adjacent node or nodes [15, p. 336]. Its 2s vertices, being
the extremities of the vectors = m, are derived from the extremity of z by
applying the operations of S. When z = 1a;.t*, this point lies in the direction
of t*, and the kth node of the tree is ringed; but when z = 3(t* 4 t!) it lies
on the bisector of the angle between t* and t!, so the kth and /th nodes are
both ringed. The particular cases are the trees on page 405, with marks
transferred from nodes to branches by the above rule; e.g.,

@——; becomes ©——e

(and the remaining cases can be seen in [14, p. 472, the third column of Table
I, omitting the last six entries]).
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The “expanded simplex” f,n—10, [15, p. 331], sometimes called ea, [11, p.
366], has for its cells the rectangular products an—iXag—1 or [an—k, ar—1] for
all values of k from 1 to n; e.g., ax—1 X ao is just the regular simplex a,—;, and
an—2 X ay is a right prism based on a,—s. In particular, #,1a2 is the regular

hexagon {6}, to,2a;3 1s the cuboctahedron {3}, and #y,3a4 is a four-dimensional

4
polytope whose cells consist of ten tetrahedra and ten triangular prisms (as
we may see by analysing the tree in the manner of [15, pp. 329, 335]).

The “cross polytope’ 8, is the n-dimensional analogue of the square 8, and
octahedron B; (17, p. 121]. The midpoints of its edges are the vertices of the
truncated cross polytope ¢18, or

3
3,...,3,4

(17, pp. 147, 200]. In particular, £,8; is the regular 24-cell {3, 4, 3}, whose
twelve diagonals meet a 3-space of general position in the vertices of three
desmic tetrahedra [27, p. 170].

For the remaining polytopes and honeycombs (122, 231, 421, and 259, 331, 521),
see [11, pp. 414, 415] and the analytic treatment in §8.

8. The use of an orthogonal basis. For further discussion of the extreme
form A4, (which is absolutely extreme when # = 2 or 3) it is convenient to
embed the n-space in an (n + 1)-space spanned by # + 1 mutually orthogonal

unit vectors pi, - .., Pni1. In fact,
24, = ()2 4 (' — &2 4+ (2 — )2+ ...+ (&xV — x™)2 4 (x)?
= {xlpr— (&' — &)y — (@ — &) ps— ... — (X" = x") Pp — X" Prya}?

= {x'(p1 — p2) + a%p2— Ps) + ... + &"(Pn — Puy1)}%
Comparing this with 4, = («'t; + x?ts + ... + x™t,)? we see that
t; = 275(p; — Piy1) (G=1...,m),

whence z=t;+...+ t, = 2”%(p1 — Ppay1). (These vectors all lie in the
n-space perpendicular to p;y -+ ...+ prt1.) The reflection R;, which re-
verses t;, now appears as the transposition (p;p:;+1); so S is [3"7], the sym-
metric group of degree n + 1. Applying these operations to z, and changing
the scale to get rid of the multiplier 2%, we see that II is the expanded simplex
to,n—10, Whose #n(n + 1) vertices are obtained by permuting

(1,0,...,0, —1)

(with # — 1 zeros) in the n-space £ + ...+ £ = 0. In other words,
fo,n—1a, 18 the polytope determined by this equation along with the inequality

e 4+ ..+ e < 2.

It follows that A is the simplicial honeycomb a,h whose vertices are all the
points having # 4 1 integral coordinates with sum zero. For instance, the
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permutations of (1,0, —1) are the vertices of the hexagon #,;a;, and the
lattice points (£, £, £) with £! + £2 4 £ = 0 form the tessellation of triangles,

ash.
By choosing a different basis we can obtain an equivalent form; e.g., the
basis pi — Pny1 (2 =1,...,n) yields

{Zxi(pi — pPr)}? = (Ta'ps — Taipasn)? = ()2 + (Tx??,

which is proportional to the U, of Korkine and Zolotareff [31, p. 367].
When #n = 2, the basis p; — P2, P2 — ps — (p1 — p2) yields

{x’(pl — p2) +x*(—p1+2p: — pa)}2
= {(@& — x?)p1 — (x! — 22%) p» — 2% po}?
= (! — a2)? + (¢! — 242)? + (x2)?
= 2G2

On the other hand, the pair of equivalent forms B, and D, (which are
absolutely extreme when # = 3,4 or 5) are more naturally treated with
reference to an n-dimensional orthogonal basis. So likewise is the imperfect
form C,. In fact,

Cn —_ (x1)2 + (xl — x2)2 + . + (xn—l _ xn)Z
={x'p1 — (#' — x)pa— ... — (x" — x") p,}?
= {2(p1— p2) + ... + 2" (Pact — Da) + x"Pa}?
whence
t, = P: — Pi41 (i=1,...,n— 1) and t, = Pn,
so that
z=t+4+...4+ t,. = p1

The reflections Ry, ..., R,—1 are again transpositions, but R, reverses the
sign of pn; so S is the “hyper-octahedral” group [3"72, 4], of order 2"x!, which
permutes the n vectors of the orthogonal basis and changes their signs. Thus
the minimal vectors are simply = p;, and II is the cross polytope 8, whose 2%
vertices are obtained by permuting

(+£1,0,...,0).
In other words, 8, is the polytope determined by
&) +... 4+ & < 1

It follows that A is the cubic lattice 8,41 whose vertices are all the points
having 7 integral coordinates.

Similarly
2Bn — (xl)z + (xl — xz)z + . + (xn—z — xn—-l)z + (xn—l — 2xn)2
={xlpr— (@ —a)pa— ... — (@ — 2" ) p,y — (x"7 — 2¢7) p,}?

= {x!(p1 — P2) + ... + 2" H(Par — Pa) + 20" pa}2,
whence
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t;=2¥pi—piyy) G=1,...,n—1) andt, = 2¥p,,
so that

2=t 4+ 2(ts+ ...+ tar) + t. = 273 (p1 + p2).

Since the reflections Ry, ..., R, are the same as before, S is again [3772, 4].
(Cf. Stiefel [41, p. 183].) Thus the minimal vectors are #p; &= p; (¢ # j),
and II is the truncated cross polytope 8, whose 2n(n - 1) vertices are
obtained by permuting

(+1,+1,0,0,...,0)
(with # — 2 zeros). In other words, £,8, is determined by

l¢] <1 and T < 2

A is now the alternated cubic lattice hé, 4, whose vertices are all the points
having # integral coordinates with an even sum [17, p. 158]. For instance,
the permutations of

(£1,+1,0,0)
are the vertices of the regular 24-cell #,84, and the lattice points (£, £2, £, &%)
with 1 4+ £ + £ 4+ £ = 0 (mod 2) form the regular honeycomb of 16-cells,
hés.
The form D,, equivalent to B,, is given by

{xl(Px - p2) + ...+ xﬂ—l(pn—l - pn) + xn(pn—l + pn)}2
. (x1)2 + (xl —_ x2)2 + .. + (xn"3 —_ xﬂ—2)2 + (xﬂ‘Z — xﬂ_l —_ xn)2
+ (xn—l _— xn)2
= 2D,.

In this case S is the group [3" ™% 1 1], of order 2" »!, which permutes the »
vectors of the orthogonal basis while changing any even number of signs.

Another possible basis, for a form equivalent to 2D,, is

Pn — Pi (i=1»~-"n—1)’ pn+pn—1,
giving
n—1 n—2

{5 (0 = B0+ 5(Ba + P}t = & (4 (77— a4 (T2

— é (xi)z + ( Z::xi)z —_ 2x"_1x”,

which is proportional to Korkine and Zolotareff’s V,,.
Again, we might take

pi— piya (t=1,...,m—1), p1+ Pu
which yields
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n—1 .
! ; 2 (pi — Piy1) + 2™(p1 + Pa)}?
= (xl + xn)z + (xl — xz)z 'l" .. + (xn—l —_ xn)2
= 2(4, + x%x™).

When # is odd we can reverse the signs of x?, x¢, x5, ..., x"! to obtain the
cyclically symmetrical form

(@h)? + xlx? + ()2 + 2% + ..+ (x™)? 4 x"xl

So this again is equivalent to D,. (But such a symmetrical form with z even
is obviously semidefinite.)

F,, equivalent to Dy, is given by
{x'(p1— p2) +22(p2— Ps) +23(— p1— P2+ Ps— ps) + x*(P1+ P2t Pst Po)}?

= (2! — % 4 22 + (2! — a2 4 2% — 292 + (22 — &% — 22 + (2 — x%)2
= 2Fy;

and in this case S is [3, 4, 3], of order 1152 [17, p. 149].

When considering 4, we embedded the Euclidean n-space in a Euclidean
(n + 1)-space. In dealing with B,, C, and D,, no such embedding was
necessary. In the case of E, (which is absolutely extreme when n = 5, 6, 7 or
8) we shall find it convenient to embed the Euclidean n#-space in a Minkowskian
(n + 1)-space, i.e., to use n + 1 “vectors” pi, ..., Pns1 which are mutually
orthogonal with

p12=1,...,pn2=1, but pn+12=—1-
In fact,

2En (xl)z _|,_ (xl — xz)z + (xz _— x3)2 + . + (xn—4 —_ xn—s)z

+ (xn—-a —_ xn—z — xn)2 + (xn—z — x™l — xn)z + (xn—l —_— xn)z —_ (xn)z

={ap— (@ —a)p— (¢ — )Py — ... — (" = 2" ) oy

— (" — %" — M) s — (4" — 2™ = &) pasy — (4" — 2" p,
+ x* pn+1}2

= {x'(p1 — P2) + %%(p2— ps) + ... + 2" 3(Pn—s — Pn—2)
+ xn—z(p“_2 - pn—l) + xn_l(Pn—l - pn)
+ 2"(Pa—2 + Pr-1+ Pn + Pui)}?

whence
%t = pi— piy1 (G=1,...,n— 1) and 2%t, = Pz + Pa—1+ Pn+ Pn+1

(all lying in the Euclidean n-space perpendicular to the time-like vector
p1+ ...+ Pn + 3pnrt1). Combining these vectors, we see that A (suitably
magnified) consists of all the points whose Minkowskian coordinates are
integers satisfying the equation

g4 ...+ = 3 (n=4,5,6,7,8).
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We have thus obtained, in a single scheme, coordinates for the vertices of the
five honeycombs
a.;h (n = 4), h55 (n = 5), 222 (n = 6), 331 (n = 7), 521 (n = 8)

The vertex figures

to,304, 185, 129, 231, 453

can be derived by picking out those points for which

I O I Gan

It follows that the number of minimal vectors, 2s, is given in these five cases

by the formula
n n n n
o= (2)+(5)+ () +3(5):

The same vectors were considered, as long ago as 1894, in the thesis of Cartan
[9a, pp. 142, 143]. His w; is our p; — 3(p1 + ... + p1) for Es and p; + 3ps
for E;.

Du Val [18, p. 24] uses symbols R’, S?, and S’ to denote the hyperplane

g4+ =3~
the sphere

@) @) = @ -,

and their sphere of intersection. In this notation, A and II for E, are formed
by the integer points on R®and S* 2. Du Val showed [18, pp. 32-34] that
the integer points on St 71, S0 S*1 are the vertices of ga1, 2,1, 142, where
g=n—4. (Our n is his &) Thus S* 2 resembles S ! when n = §, $*°
when n = 7, and S*! when » = 6. In fact, the translation

(Elv-"'é”,E"H)—)(E‘—{-1,...,g"+1,gﬂ+1+3)

converts S’ into Set9—n rt2eto—n

A more familiar description of 33; is in terms of the points in Euclidean
8-space whose coordinates are mutually congruent mod 2, with sum zero [11,
p- 390] (i.e., on a different scale, 8 integers, or 8 halves of odd integers, with
sum zero; thus the vertices of 3;; belong to two superposed ash’s). This co-
ordinate scheme may be established quite elegantly by picking out the basis

ti=p1—P2 ..., t6 = DPe— P17, t1 = %(-‘ Pi— P2— P3s— DPs+ Ps+ P+ P1t+ Ps)

and observing that

('t .. a2 = (0 — 3x7) 24 (= a2 — 5x7) 2 (— 2423 — x7)2

+(_x3+x4__%x7)2 +<_x4+x5+%x7)2+(_xa+x6+%x7)2+(_xe+%x7)2+(%x7)2
=2{ ()% — xlx? 4 (x2)? — x2x3 4 (x3)2 — 3t
+(x4)2~—x4x5+(x5)2—x5x6+(x6)2~x4x7+(x7)2} =2,
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Similarly [11, p. 393] the vertices of 5;; are the points in Euclidean 9-space
whose coordinates are mutually congruent mod 3, with sum zero. (Thus they
belong to three superposed ash’s.) To establish this scheme we pick out the
basis

ti=pi— P2 ..., t7=Dpr— Ps,
ts=3(— Po— P1— P2— P3— P«— Ps+2Pps+2p7+2ps)
and observe that
(Kt . A xte)? = (—3x8)2 4 (w1 — 32%) 24 (— ! a2 — 8) 24 (— a2+ 47— 3x)?
+(_x3+x4_%x8)2+(_,x4+x5_%x8)2+(_x5+x6+%x8)2
+ (=20 4x7+ 3282 (—x"4-348)2
=2Fs.
(In this case the w; of Cartan [9a, p. 144] is p; — 4 2 p.)

To obtain a comparably elegant system of coordinates for 2.5, we have to
use complex (or unitary) 3-space, where the distance between two points is
equal to the square root of the sum of the norms of the differences of their
coordinates. It is well known that the quadratic integers

a + bw ‘ (0 = €¥/3),

where ¢ and b are rational integers, fall into three classes modulo
A=1—o0,
typified by 0, 1 and —1 [26, p. 187, Theorem 222]. Let us consider the points
whose coordinates are three of these quadratic integers, mutually congruent
mod X. As a basis for this lattice we may use the vectors
ti= NPy, t2= Apy, t3=—p1— P2— Pa. ta= APy, ts= AwpPs, te= ADs
[16, p. 473]. Then
Sxiti= Awx!+Ax?—x8) pr+ (—x3+ At Awx®) pa+ (—x3+Ax®) ps,

and the norm of this vector is

(x4 A2 —53) (— Awx! +Ax2 — x3) _
4 (— x84 At heoe®) (— 234 Aad — o) + (— 23+ Ax®) ( — x? - XxS)
=3Eo.
9. Automorphs. We saw in §5 that the group of automorphs of a reflexible

form, being the symmetry group of the polytope II, has a subgroup S whose
typical generator R; leaves invariant every x* except x¥, which it changes into

x" b 2xk/a;,k

(see 5.3). If the non-vanishing ai's (¢ 5 k) are au, ajx, etc. (so that the kth
node of the tree is joined to the <th, jth, etc.) this transformed x* is
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—xk 4 xt x4 if agr > 1,
{ —x* +axt+ajx’ ... if o =1
(by 6.1 with x for m).

For instance, in the case of G: = (x1)2— 3xx?+ 3(x2%)%, R; and R, change
(x4, x?) into (—x'4 3x? x?) and (x!, —x% 4+ x'), respectively. Again, in the
case of the form 4; = (x)2—xlx? 4+ (x?)% — x%? 4 (x%)?%, the three R’s trans-
form (x1, x2, x%) into

(—xt+4x2, 2%, %), (o, 2t — 2243, x9), (x1, x2, x2—x3).

In addition to S, the group of automorphs contains the symmetry group of
the marked tree (p. 405), i.e., the “obvious’ automorphs of the form, such as
the transposition (x!x?) in the case of A3, or the symmetric group on the three
branches of the tree for Ds. In the single case of By there are still other oper-
ations, namely the cyclic automorphs of the equivalent form Dys. The whole
group of automorphs is most easily obtained as the symmetry group of II.
Referring to the table on page 414, we see that this is S itself in the following

cases:
Cny Bn (n ?£ 4)y E'h E8y F4y G2-

Hence the numbers of automorphs in these cases are the orders of the groups
(3772 4], [3773 4], [3%%1], (3421, (3,4,3], [6],

namely
2"n!, 2"n!, 8 -9, 192 - 10!, 1152, 12.

Of course, the forms A4, Bsand Dy, D, (n > 4) have just as many auto-
morphs as the respectively equivalent forms

G2y F4, an
namely 12, 1152, 2"n !,

The symmetry groups of the polytopes ¢y, n—1an and 1,; are derived from the
corresponding reflection groups by adding the “central inversion” which
reverses the signs of all the x's [11, pp. 368, 392]. In the notation of Du Val
(18, p. 32] the groups are

2(3*1] and 2[3>%1].
Hence in these cases the number of automorphs is twice the order of S, namely
2(n + 1)! for 4,, 144 -6! for E,
[8, pp. 366-368].

10. The enumeration of simple Lie groups. We saw, in §§5 and 6, that the
fundamental region for the group G corresponding to a connected reflexible
form is a Euclidean simplex whose dihedral angles are submultiples of 7. We
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saw also that such a simplex is conveniently denoted by a graph whose nodes
represent the #» + 1 bounding hyperplanes or the respectively opposite ver-
tices,and that a certain number f of the vertices (most naturally described as
the “sharpest corners” of the simplex) are special in the sense that they lie
on the greatest possible number of reflecting hyperplanes of G. (Stiefel [40,
p. 363] calls them Knotenpunkte. His l, m, v are our n, s, T.) This simplex
is the polytope (P) of Cartan [9, pp. 216-228]. The discrete group G (Cartan’s
®1) is generated by reflections in the bounding hyperplanes of the simplex,
and transforms any special vertex O into the point-lattice A (his R) which is
conveniently symbolized by ringing the corresponding node of the graph, as
in §7 above. If f = 1, this is the lattice of all special points. But if f >1,
the simplex has f special vertices Oy, Oy, . .., Oy, and all the special points
form a more complicated point-lattice, A/, consisting of f superposed A’s [17,
p. 206]. This lattice A/ is naturally symbolized by ringing each of the f
special nodes in turn; e.g., for Dy, At is

XXX X

and for Es, A3 is

Y

and for E;, A?is

® » B O
I |

The points of Af are distributed on s families of parallel hyperplanes. When
ai; = 1, so that G is a “‘trigonal”’ group [17, p. 204], the distance between
consecutive planes is the same in all the families, and there is a minimal vector
of A perpendicular to the hyperplanes of each family. Hence, in the trigonal
cases (namely A,, D,, E,), A and A/ are reciprocal lattices. In particular,
they are stmilar lattices in each of the cases 4, Dy, since the lattices

azh = {3, 6}, hés = {3, 3, 4, 3}

are similar to their own reciprocals [17, p. 181]. These are the same as the
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lattices for Gs, F., respectively, where A and A’ coincide for the simple reason
that f = 1.

For C,, A is the ordinary cubic lattice 8,41, while A’ is the body-centered
cubic lattice formed by two dual® §,41’s [9, pp. 229, 230]. For B.,, A is the
alternated cubic lattice hé,41, while A7 is the 8,4; formed by two complemen-
tary hé,y1's. In fact, A? for B, is the same as A for C,, namely the self-recip-
rocal lattice §,41; A for B, is the same as A for D,, and A’ for C, is the same as
A for D,. Hence

10.1 AS (the lattice of special points) and A (the lattice of transforms of one
special point) are reciprocal lattices except in the cases B, and C, (n > 2), where
A for each is reciprocal to A for the other.

The translation group T of the lattice A is a subgroup of index f in the trans-
lation group T/ of A/. The larger group T includes translations from O, to Oy,
O:, etc. When f is composite, say f = ¢gr, T may be a subgroup of index r
in an intermediate group T” which is itself a subgroup of index ¢ in T/. The f
points O; then fall into ¢ sets of 7, such that T is transitive on each set. The
corresponding lattice A" (which we shall sometimes prefer to write as "A)
consists of 7 superposed A’s. Similarly A/ consists of g superposed A™'s. By
considering the individual cases, we shall find that such a lattice A" occurs for
every divisor of f. Sometimes there are two different lattices for the same
value of 7; that is why we need the modified symbol TA.

In the case of 4,, the fundamental simplex (whose vertices are all special,
so that f = n + 1) is given in terms of n + 1 Cartesian coordinates by

gL Leige+, g4+...+1 =0

[12, p. 162; cf. 9, p. 219, where the coordinates are oblique]. Thus the co-
ordinates for its vertex O; consist of ¢ repetitions of —1 + 2/(n + 1) followed
by n + 1 — ¢ repetitions of 4/(z + 1). The coordinates for the transforms of
this point O; are all congruent to ¢/(n + 1) mod 1 (with sum zero). Hence
the special points on the line 0,0, are transforms of all the points O; for which
1 is a multiple of ¢. It follows that any divisor 7 of » + 1 yields a point-lattice
A7 consisting of all the transforms of each of the r points

102 00, Oq, qu, e e ey 0(7_1) @
where ¢ = (n + 1)/r; e.g., for 4s, A3 consists of three superposed ash’s:

10.3 + -+

Since the transforms of O;, have coordinates congruent to j/r mod 1, it is

3We speak of dual honeycombs, rather than reciprocal honeycombs [17, p. 182], to avoid
confusion with the different concept of reciprocal lattices.
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natural to alter the unit of measurement so as to describe A" as consisting of
the points whose coordinates are integers mutually congruent mod r, with
sum zero.

Similarly, the fundamental simplex for D,, given by

g2g2...2¢8, 420 #4+8<1

[9, p. 220], has four special vertices:

10.4 0 = (0,0,...,0,0), =Gt h —h),
. 0.=(10,...,0,0), 03=(%% _,%’ 1).

The coordinates of the transforms of O or O, are integers whose sum is even
or odd, respectively. The coordinates of the transforms of O, or O; are num-
bers, congruent to 3 mod 1, whose sum differs from $» by a number which is
odd or even, respectively [9, p. 230]. Hence the transforms of Oy and O, to-
gether form a cubic lattice 8,41, but the transforms of Oy and O, (or of O, and
03) form a lattice only when #z is even. It is convenient to distinguish these
two cases (e.g.

b

when # = 6) by the respective symbols ?A and A2. When n» = 4, the special
vertices of the simplex are completely symmetrical, so the distinction dis-
appears.

Having found the various lattices A™ (or "A), we obtain appropriate sym-
bols for the corresponding classes of forms by using, in place of the letter A,
the “family” symbol 4, or B,, etc. Thus the complete list is as follows:

A7 rln+1;m=1, 2, 3,..)),

Cn, Cn2 (n = 2, 3, 4, . .),

10.5 B, B,? (n=3, 4, 5,...),
-Dm 2Dm ‘Dn‘1 (n = 4, 5, 6, . .),

D,? - - (m=6, 810,...),

EGv E630 E7v E72’ ES) de G2~

(We exclude D2 because it is the same as 2D4. This is clear from the graph,
which should really be drawn in three dimensions like the structural formula
for methane.)

Later on we shall adopt the same symbols for particular forms in these
classes. Since one lattice may arise from several different groups, the following
equivalences occur among the forms:
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A~ 472 Ay~ AP ~ G, Cy ~ C2,
A3~ B, A~ B ~ Cs, A5t~ C2,
10.6 Ci~By~Dy ~Dt~F,
Bn ~ Dny Cn ~ an ~ 2Dn' an ~ Dn4y
A+ ~ Eq, At~ E?,
AssNDgzNEg.

(Of course, 4," does not mean the rth power of 4,.) Thus the most concise
list of the classes is

A (rln +1), Ca Ci2, D, D.?(neven, 26), Es E
with the inevitable duplications
A~ A2 As~ AP, Co~ C?y AP~ Cs, As* ~ Ci?, Ci¥~ D4, A~ Dg.

In §§12-14 we shall obtain simple expressions for 4,7, C,2, D,? and E¢. We
shall find that they are not all perfect. But 4.3 (with group S) shows that
they are all eutactic.

The application of these geometrical ideas to the theory of Lie groups,
developed by Cartan, Witt [45] and Hopf [29], may be summarized as follows.
Every Euclidean simplex whose dihedral angles are submultiples of = is the
fundamental region for a group generated by reflections; this discrete group G
represents a family of locally isomorphic simple Lie groups; and every com-
pact simple Lie group arises in this manner. Stiefel [40, p. 374] showed that
the individual Lie groups in each family may be distinguished by associating
them with the lattices A™ (or "A). Thus 10.5 can be interpreted as a complete
list of compact simple Lie groups.

In particular, 4, is the group of quaternions of norm 1 [40, p. 378]; 4% is
the group of rotations of a sphere with a fixed centre, or the group of displace-
ments in the elliptic plane; and G, is the group of automorphisms of the
algebra of Cayley numbers [8, p. 370].

11. Determinants. The determinant of a reflexible form (or, more gener-
ally, of any form represented by a tree in the manner of §5) is easily computed
by the following rule. Let A denote the whole determinant, A’ the cofactor
obtained by deleting a node of degree 1 (say the kth node) and its single
branch, and A" the cofactor obtained by deleting also the remaining end of
this branch along with any branches occurring there. Then, since the only
non-vanishing elements in the kth row or column of A are ax: and one as,

11.1 A = akkA’ — a“ﬁA”.

(The case when az; = 2 and a;x = —\¥ was described by Witt [45, p. 302].)
It follows almost immediately that the determinants of

Any Cny Bny Dny Eny F4, G2
are
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n+1 1 i é 9—n
on ' on’ 2n' on

W
[N

?

A. J. Coleman has made the interesting observation that these numbers
are related to f in each case by the formula

A= fau “ e a,m/2".
This means that f = det (C;;), where
Ci; = 2a:;(ais ;) ™}

so that Ci;; = 2 and any other C;; is twice the cosine of the angle between t;
and t;. This enables us to replace the expression 6.6, for the order of S, by

27Az0 21 . . . z™nl.

Of course, 2"A is simply the determinant of the doubled form Y3 2a;;x%’,
whose minimum is 2 instead of 1; e.g., the determinant of 24, is n + 1.

It is interesting to observe that the determinants for the new classes of
forms 4,7, etc., can be computed before we have obtained any particular
forms in these classes. In fact, A" has » times as many lattice points (in a
large region of #n-space) as A itself; therefore the period parallelotope is r™!
times as great. We saw in §3 that the content of the parallelotope is A%
Hence the determinant for A" is 2 times the determinant for A; e.g., for 24,7
it is
11.2 (n + 1)r2

12. The forms A,". We seek a form whose point-lattice consists of the
transforms of the 7 points 10.2 under the group G generated by the symmetric
group on the # + 1 coordinates (which is S) along with the translation (1, 0,
0,...,0, —1). Since 24, is such a form when = 1, it is natural to use
such a unit that a suitable form in the general case is denoted by 24,". The
precise expression for this form depends on our choice of a basis for the lattice.
An obvious but redundant basis is afforded by any basis for A, say

P1— P2, P2— P3y .-y Pn — Pr+1y

along with the vector

0,0, = (=14+rH(p1+...+ p) + ’_1<pq+l+ cvo Do)
= —(pl+--~+ pq)+”‘1(Pl+-~-+ Pn+1)‘

The desired basis of # vectors is derived by omitting one of these n + 1,
namely one that can be expressed in terms of the remaining #. Accordingly,
we ask whether p, — pn.4+1 can be expressed in terms of

ti=pr— pute=p2— ps, ..., a1 = Pno1 — DPns

121 to= —(Pit . + )+ Tp (gr = n+1).
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In this investigation we assume 7 > 1, since otherwise t, would vanish.
We have

12.2 p—pi=t+tiat... .+ tia (t1<j<n)

and
q r—1
—rtn = (r—1)(p1t ... +p) — (Pgat ... + D) = gl kgl (Pi— Prg+4)-

The only term in this double sum that is not of the form p; — p; withi < j < =
is the final term p, — p,». Using 12.2 for all the preceding terms, we obtain
an expression for p, — p,r involving the t's alone. Finally

Pr — Pnt1 = (Pg — Por) — (Pg — Pu)-

Thus the vectors 12.1 do constitute a basis, the general lattice point is
given by the vector

q
x4 ... +x"t,,={x1—(1—r“1)x"} P+ X {—x"‘1+x"—(1—r_1)x”} p:
i=2
n—1

+ T (=&t p + (=2 T Pt 7T Pas,

i1=¢g+1
and the desired form 24,7 is
q
(@Fti+. .o art)r =t — 1 —r a2 T {—x bt — (1 — )2
i=2
n—1
+ Z (_xi—1+xi+r—1xn)2 + (__xn—l + r—lxn)z_{_ (r—lxn)z
i=g+1
=2{ (x1)2— 24 (x2)2—. . . +(x"‘1)2—qu"} +q(1—r"1)(x")?
=2{A,_1 — x%"™ + 3g(1— r~1)(x™)3}.

Accordingly we define, as one of the simplest representatives of its class,
12.3 A" = Apoy — 2%+ %(1—}) (x2)2 (r>1, gr=n+1).

In particular, 4;* = E;, and A4 is obviously equivalent to Es.

By 11.2, the determinants for 24, and 24,"*! are n + 1 and (» 4+ 1)7.
By 10.1, the corresponding point-lattices are reciprocal, which means that
either form is equivalent to the reciprocal of the other (see 3.3). More
generally,

12.4 The two forms
24,7 = 24,1 — 2x%" + q(1 — r~1)(x™)?
and 24,7 = 24,1 — 2xx™ + r(1 — g7V (x™)?
belong to reciprocal classes whenever qr = n +1 (¢ > 1,7 > 1).

To prove this we use the covariant basis 12.1 and compute the contravariant
basis tl, . . ., t", given by
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tt; =8, t-Tp=0,
where 3 p meanspy+ ...+ pny1. These relations with j < yield (for some %)
th=(+1)(p1+...+ ) + k(Pisat...+ pa) — Mk +9)pags  (i<n).

Using ti- t, = 0, we soon find that ¥ = —ig™' or —1 according as ¢ < q or
2 2> q. Thus
b = {p1+- s Fpi— g X p +i(r — 1) pana ¢ <9
—(Pisat. . .4 pr) + (7 — ) Pra g £i<nm).
Also t" = —q¢2.p + 7Prsy1

These vectors generate the reciprocal lattice, which represents the recip-
rocal form. To identify this with the lattice generated by p; — p; and
—(p1+ ... +pr) + g2 p, we observe that

pp— pi =ttt -t (1<igyg),
P1— Prny1 = tt — t7,
Pat+1— P = ti_l - ti (q < 1: < n),
Prtr — Pn = t"7,
- tr— (r — Dt r<9q
+...+ pr — 1 = { r N !
P PR =\ - (g - D > 0.

Thus 12.4 is proved.

In particular, the reciprocal of 4+ is equivalent to 4, = E;. By 10.1,
this is equivalent to the reciprocal of E;2. Accordingly, we define

E2 = A4
By 11.1, the determinant of 24,—; — 2x%" 4+ ¢(1 — r™1)(x")? is
A =gq(l —r A" — A",
where A’ is the determinant of 24,_; and A" is the determinant of the form
derived from 24,_, by setting x, = 0, namely
24 a(xY, o, x0T 4 24, a(x0t, L g™,
Thus A’ =n, A” =q(n — q), and

2
12.5 A=q(1— i >n—-q(n—g)=_Q_=g="+1
n+1 n r

in agreement with 11.2.

It is interesting to compare this with the value of M, which we compute
by considering the lattice points nearest to the origin. The coordinates of
such a nearest point are obviously either

1, =1 and n —1 zeros
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or g coordinates (1 — r™1) and g(r — 1) coordinates F 7. Thus 24," has
12.6 M = min {2, ¢(1 — r)}.

(Clearly, this minimum is attained when one of the x's is 1 while all the rest
vanish.)

The two sets of vectors that we have just been comparing are the trans-
forms of =4 t; and =+ t, under the symmetric group S. The minimal vectors
for A, (n = gr — 1, r > 1) consist of one or both of these sets: the former
set if (¢ — 2)(r — 1) > 2, the latter if (¢ — 2)(r — 1) < 2, both together if
(g — 2)(r — 1) = 2. Since ¢ and r must be positive integers, 4, and 4
are the only cases where both sets are minimal.

The transforms of =+ t; are the n(n 4+ 1) vectors p; — p; (2 # j). The

number of transforms of =+ t, is evidently (gr) or 2<qr> according as r = 2

orr > 2. Thuss 2 in(n + 1) in every case except
A" (s =n+ 1), A2(s=3) and A4g(s = 10).

These exceptional forms, violating 1.1, cannot be extreme. But we shall find
that they are the only failures:

12.7 Every form A," is extreme, except A,"™ (n > 2), A2, A5

By the remark at the end of §10, what remains to be proved is that every
form 4,7 satisfying 1.1 is perfect. In the two cases where (¢ — 2)(r — 1) = 2,
we know this already from 5.7, since 4;* = E; and 4 ~ E;.

By 3.5, A," is perfect when (¢ — 2)(r — 1) > 2, since its minimal vectors
p: — P; are the same as those of 4,. (This may seem paradoxical. But in
saying that a perfect form is uniquely determined by the value of its minimum
and all the representations, Voronoi was speaking of the algebraic represent-

ations, which depend on the basis ti, ..., t,; he did not mean that such a
form is uniquely determined by the geometrical arrangement of minimal
vectors.)

The remaining possibility is (¢ — 2)(r — 1) < 2. Since we are assuming
r > 1 and excluding the exceptional forms 4,*™ (¢ = 1), 43 (¢ = 2), A
(¢ = 3), this inequality reduces to

qg=2r>2,
in which case 4,7 is obviously equivalent to
D, — r71(x™)? (n=2r —1).

To test this for perfection, we investigate the possibility of a quadric cone

2r 27

X EE =0
1 1
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containing all the vectors derived from (» — 1)(p1 + p2) — (pa+ ... + p2r)
by permuting the 27 p’s. Direct substitution yields

2r 2r

2r
(r — 1)%(br + 2b124b22) — 2(r — 1) 23: (b1j + b2j) + % >;. bi; = 0.
In terms of e;; = 2b;; — b;; — bjj, this becomes
2r
12.8 (r—102e—(r—1) 2 (e1;+e2)) + X Zes; = 0.
3 2<i<j

Interchanging subscripts 2 and 3, subtracting, and dividing by 7, we obtain

2r
12.9 (r — 1)(e1z — €13) — ; (e2; — e3;) = 0.

Since e;; = ¢j; and ¢;; = 0, this implies
2r
r(e12 — e13) = 21: (€25 — e3;).
Since there is nothing special about the subscript 1, we deduce that e;, — e;3
is the same for all values of 7 (other than 2 or 3), say
€2 — e;3 = d.
By 129, (r — 1)d = (2r — 3)d, whence (r — 2)d = 0. Sincer > 2,d = 0.

Thus e;s = e;3, and since there is nothing special about 2 and 3, we deduce
that e;; has the same value for all 7 # j, say

€5 = C.

By 1238, (r — 1)% — 4(r — 1)%¢ + (2r 2_ 2) ¢ =0, whence r(r — 1)c = 0,
c = 0, 2bij = bﬁ + bjj, and

2208 = 522 (b + b )EY = L3bEY = LE . YbE.
Thus the only quadric cone containing all the minimal vectors is the degener-
ate cone that consists of the z-space Y & = 0 (which contains the whole
lattice) and an arbitrary second n-space. Hence the form is perfect, by 3.5.

But we have already seen that it is eutactic. Hence it is extreme, and 12.7
is proved.

By 12.4 with ¢ = 7, the form
24,1 — 2x7x™ + (r — 1)(x™)? (n=r*—1)

is equivalent to its own reciprocal. When » = 2 this is the imperfect form Cs.
When r = 3 it is equivalent to 2E;. For any odd value of » we can halve it
to obtain the extreme form

Apey — x7x™ + L(r — 1)(x™)? n=r-1)
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which is remarkable as having the least possible determinant for a positive
definite (r? — 1)-ary form with integral coefficients. O’Connor and Pall [33,
p. 329] found an imperfect form of the same determinant (A = 27") consisting
of the sum of #/8 forms Ej; in separate sets of variables.
The coefficient of (x™)? in 4," is again integral when ¢ = 2. Then the
form is
Ap_y — x¥x™ + (r — 1)(x™)? (n =22 — 1),

with M =1 and A = 2'™". When 7 is even, this is an integral (2r? — 1)-ary
form of least possible determinant: e.g., when » = 2 it is E;.

By 12.5 and 12.6, the form A4,” with » = 2" — 1 has

LB 1)"@)"“.

In particular, the quinary form

A53= (xl)Z__ x1x2+ (x2)2__ x2x3+ (xs)z_ x3x4+ (x4)2_ x2x5+ %(x5)2,

Mo _ (2 512

A 3 81
But the extreme quinary forms are all known, viz, 45 D5 (or Bs) and an extra
one which Korkine and Zolotareff named Z [32, pp. 243, 247]. Hence Z must

be equivalent to 4, and we can verify this directly by deriving Z from the
basis

whose lattice is 10.3, has

— Ci5, C25, C35, C45, Cig,
where

¢ij = —(pi+ pj) + 320
Another interesting special case is the septenary form 4;* = E+, whose 28

pairs of minimal vectors =c¢;; correspond to the 28 bitangents of the general
plane quartic curve [11, p. 406].

13. The forms C,? and D,%. The n-dimensional body-centred cubic lattice,
representing C,?% has the obvious basis

ti=pu ...y tar=Paoy, ta=—3(P1+ ...+ pa),
in terms of which p, = — (t1 4+ ...+ t,—1 + 2t,). Accordingly we define
C2=(x'tit .o+ 2" Mo +270)? = { (x!— 22™)p1t+...+ (x* 1= 32™)pre1 — 327p,}?
- @ =

Since A = 1 for C,, the principle at the end of §11 yields A = % for C,2
Clearly, a minimal vector is either &= p; or (& p1 =p2s=+...=%ps). Thus

M = min (1, in).
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Since there are 2n vectors & p;, and 2" of the other type,

s=2"1 or n+2"1 or n
according as n<4 or n=4 or n>4.

By 1.1, C,? is imperfect whenever » = 4. Hence
13.1 The only extreme form C,% is C%, which is obviously equivalent to D,.

The ternary form
¢ =2 +ie+ 2+ +2=HE-"+ @+ +9'+ & +2)?
of §1 is equivalent to 2C3? by the transformation
l=x,x= —y,x¥=x+43 or x =x,,y = —x% z=x%— xl,

Its reciprocal form, ¢ or 43, is equivalent to D;. More generally (see 10.1).
the reciprocal of 2C,? is equivalent to B,, and therefore also to D,. In other
words, the reciprocal of C,? (which has A = %) is equivalent to 2D, (which
has A = 4).

In the case of C,2, S is the “hyper-octahedral’ group [3" 72, 4], of order 2"n!,

generated by the permutations and sign changes of the p’s. This is the whole
group of automorphs except when n = 4.

The form D,? is more interesting. Here S is the group [3"73.L1], of order
2"y !, generated by reflections in the hyperplanes £ 4+ ¢ = 0, and G contains
also the reflections in ¢ + & = 1. The point-lattice consists of the trans-
forms of O, and O3, in the notation of 10.4. Since these points are just as
densely distributed as the transforms of O and O,, which are the points of the
ordinary cubic lattice, we still have A = 1.

A minimal vector is either £ p; &= pj, or 3(£pip: = ... = p,) with an
even number of minus signs; thus

M = min (2, in).
A convenient basis is

ti=p1—P2 .-+ taz = Pne2— Pn—1, tae1= Pr—2F+Pa—1, ta=—3(P1+. . .+ps),
in terms of which
Pro1tPa= —{tit 2+ ... +(#—=3)tast (3n—1)(tnostta1)+2ta}.

(Notice that the lattice includes every vector 2p;, but not p; itself.) Thus
the form is

E it = (@-pt T (—e b=
+ (_xn'—a_'_xn—”z—_';xﬂ—l__ 1) Ppst (=2 245" 1—1x™)p,_— %—x"p,.}z
= (x'—1x")24 Z (— x4 ai—1xm)?
+ (—xn +xn—2z+xn'—1 — L) (— "2l — Lm) 2 (g2
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= 2{ ()2 — sl (x2)2 — a3 . — IR ()2
L e PR
= 2D,y —2x" x"+ in(x")2,

Halving this for closer analogy with the other forms, we define
Dp? = Dpy — 2™ %" + in(x™)2
Since there are 2n(n — 1) vectors %+ p; & p;, and 2"7! of the other type,

s=2"2% or nn—1)+2*2 or nn—1)
according as

n<8 or n=28 or n > 8.

Thus the form is imperfect when #» = 2 or 4 or 6. But it is perfect when

n 2 8, since the vectors &+ p; &= p; are likewise minimal for D,, as we saw
in §8. Hence

13.2  The forms D,? with n = 8, 10, 12, . .. are extreme.

We easily find by inspection the contravariant basis

t'=p1—DPn, P=p1+p2—2ps, ..., t"F=pi+ ...+ Pa—s —(n— 3)Pa,
2= " = ppy+ Pay, "= 3(P1F .. Pr) = 37Ds, tP = — 2pa.

When 1z is even, these contravariant t’s generate the same lattice as the co-
variant t's. But when 3# is odd they generate the image of that lattice by
reflection in one of the hyperplanes £ = 0; for then we can give p, an even
coefficient by writing t" 1 =1(p1+... +ps—1— Dr) — 37 — 1)pan,
which shows that the reciprocal lattice consists of the transforms of Oy and Oy,
instead of O and O;. In other words, the reciprocal lattice either coincides
with the original or is its reflected image. Hence

13.3  The form 2D,? is equivalent to its own reciprocal.

Clearly S, of order 2" !, is the whole group of automorphs except when

=4 or 8. But 2D, is obviously equivalent to C4, and therefore also to
()24 (x2)24(x3)24 (x%)?; and Dg? is obviously equivalent to Es. Incidentally
D,? (with A = 27") remains an integral form of least possible determinant
whenever 7 is divisible by 8. (Since Dg? ~ A4, we might expect D24 to be
equivalent to A4.45; but this is not so, as s = 552 for the former and 300 for
the latter.)

To prove that D,? is equivalent to the W, of Korkine and Zolotareff [31,
p. 367] we can use the basis

P1+ P2, P1 — Do P1+ Ps, p1+ Psy ooy P1+ Pr—1, %(p1+ L] + pﬂ)i
which yields the form
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{x1(p1+p2) +22(p1—p2) +23(D14+Ds) +. . .+ & (P1+Pacs) + 32 (D1t .. +Pa)}2
= (w4 224 ... 4+ 2" )24 (21— x4 Fx7)?
4 (34 3224 L4 (T 3xm)? 4 (3x7)?

— z{i (xz)2+ Z xixk— xlx?— K2+ ”_—8 (xn)z}.
1 i<k 8

14. The form E¢. Beniamino Segre [39, p. 3, §4] denotes the twenty-seven
lines on the general cubic surface by the symbols

0jk, k0j, jkO,

where j and k take the values 1, 2, 3, independently. Typical relations of
incidence are as follows: 011 intersects the ten lines

022, 023, 032, 033, k01, ;10

(each having just one coordinate in common with 011) and is skew to the
remaining sixteen lines.

The corresponding vertices of the six-dimensional polytope 2,1 [16, p. 469]
are

14.1 0, &7, —w*), (—w*, 0, w’), (v, —uF, 0),

where w = "3, Here the values of j and k are most conveniently taken to
be 0, 1, 2, but can just as well be 1, 2, 3, making the agreement complete. Cor-
responding to the relations of incidence, we have the fact that two vertices

(8, 8,8 and (1", 7% %)
belong to a diagonal or to an edge according as the real part of
g9+ 8P+ EF
is equal to — 1 or 1.
If we interpret w as a primitive root of the field GF(2?), the minus signs in
14.1 can be omitted, and we have Frame’s notation for the twenty-seven lines

[21, p. 660]. This notation is exactly the same as Segre’s, except that Frame
uses the symbols 1, w, & where Segre uses 1, 2, 3.

Returning to the interpretation of w as an ordinary complex number, we
observe that the twenty-seven vectors 14.1 (in complex 3-space) generate the
lattice of points (£, £, £) whose coordinates are integers of the Eisenstein field
R(w) satisfying

g4+ 248 =0 (mod)),
where A = 1 — w. This lattice, whose vertex figure consists of the two ‘‘semi-
reciprocal”’ 2's

0, o', Fo*), (Fot, 0, £o’), (o, Fo* 0),

is easily identified with the lattice representing E¢® (see page 423). In fact,
one of the three superposed 2,’s is given by
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g =8 =8 (mod ),
as we saw at the end of §8. The other two are derived from this by adding,
in turn, the vectors (0, 1, —1) and (0, —1, 1).
As a basis for the whole lattice we may take the six vectors

tl = ()\O), 0, 0), t2 = ()\, 0, 0), tg == (—1, -1, —‘1),
t4 . (0, )\, O), ta = (0, w, ~w), te = (0, 0, )\w).

For, using x'. .. x% as an abbreviation for x't; + ... + x%ts, we find

000010 = (0, w, —w), 000011 = (0, 0, — @), 012221 = (&, 0, —1),
000110 = (0, 1, —w), 000111 = (0,1, —&), 112221 = (w, 0, —1),
001110 = (—1,0, @), 001111 = (—1,0, w), 122221 = (1,0, —1),
011110 = (—w, 0, &), 011111 = (—w, 0, ), 012342 = (&, — @&, 0),
111110 = (— &, 0, @), 111111 = (— @, 0, w), 112342 = (w, — &, 0),
122342 = (1, — &, 0),
000121 = (0, — o, 1), 123342 = (0, w, —1),
001121 = (—1, »,0), 001221 = (—1,1,0), 123442 = (0, 1, —1),
011121 = (~w, w, 0), 011221 = (—w, 1,0), 123452 = (0, —a, @),
111121 = (—&, @, 0), 111221 = (—a, 1,0), 123453 = (0, — &, w).
The general vector
xlexixtx® = wx! 4+ Ax? — 8, — 2% + Axt 4 wxb, — 23 — wx® + Awx®)
has norm
Mwx! + Ax? — x3) (—hwx' + Ax? — x3)
+(— 23 + Axt + wx®) (— x% + Xzt + @xF)
+(— 2 — wx® + Awx®) (— x® — @x® — Awxf)
= 3(x1)? — 3x'x® 4+ 3(x?)? — 3x%3 + 3(x3)% — Bxdx* 4+ 3(x9)?2 — xS’
+ 2(x%)? — 3x%x® 4+ 3(x%)?
=346 — (x5)2.
We therefore define
Eg = Ag — L(x%)2

Alternatively we may use a Euclidean hyperplane of Minkowskian 7-space.
As we remarked in §8, Du Val [18, p. 33] obtained the vertices of 2,; as integer
points on S*°.  In particular, the vertices of 2, are those integer points which
satisfy the two equations

4. F8=37 -2, (E)2H4...4 ()2 = (&)

namely the twenty-seven points ay, a2, ..., as b1, bs, ..., bg, €12, C13, . . ., Cse,
where

a;=(1,0,0,0,0,0;1), ¢1o=(0,0,1,1,1,1;2), b, = (2,1,1,1, 1, 1; 3),
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and so on. Shifting the origin to the centre, we obtain, in the Euclidean
6-space £ 4+ ... & = 3¢,

. — 2 .
a; = (%1 - %) - %v - %1 - %1 - %v - 1)7 Ci2 = (— %’ - 3’%1%1%’%) O)y
by = (%’ %’ %» %v %y %; 1)’
etc. Identifying these points with the corresponding vectors, we record the
useful combinations

a, — ay = b1 - b2 = (1, - 1, 0, 0, 0, 0;0), etc.,
bi—a;=by—a=...=(1,1,1,1,1,1;2),
a;+a,+as;+ a;+as+a;=(—-3,-3,—-3,—-3,-3,—-3; —6) = —3(b; — a,y).

Since a; + b; + ¢;; = 0, the lattice generated by the a’s, b’s and ¢’s is
actually generated by the a’'s and b’s alone (though not by the a’s alone,
since we would need the non-integral combination % 3 a;; see Burnside
{7, p. 487]). In fact, a convenient basis is

14.2 ti=a; — as, t; = a, — a3, t3 = az — ay,
) t, = a4 — a5, ts = as, ts = by — ay,

in terms of which
a; =t +tia+ ...+ ts (z £5),
ag =a;+...+a — (a1 + ...+ a5

— 3t — (t1 + 2ty + 3t3 + 4ty + 5t5)

— (t1 4+ 2ty + 3ts + 4ty + 5t5 + 3to)

and, of course,

b: = a; + ts (z < 6).
Expanding 14.2, we have

tl = (lv _1)0’ 01 Or 0;0); t2 = (Oy ly _1) 0) 0: 0;0)1
t3 = (Oy 0) 1) -1: 07 0; 0)7
_%’ 3 %» _%; —l)v

t6 = (ly 11 ]-y ly 1’ l; 2)r

&)

ts=(0,0,0,1, —1,0;0), t; = (—% —

vy

’

whence

(Z xiti)2 — (xl — %xs + xs)z + (_xl + x2 — _g_xb + xe)z
+ (_xz + x3 — %xs + xs)z + (_xs + xt — %xs + xs)z
4 (—xt 4 Lx5 + x5)2 4 (—2x5 + x5)2 — (—xb 4 2x9)2
= 24, — 2(x%)? = 2E.

This senary form is eutactic, since all the forms 10.5 are eutactic (by 4.3).
To test it for perfection, we ask whether its minimal vectors can lie on a cone
7

7 6
Zl: ; biEE =0, 21: g = 3¢
Now, the fifteen vectors —c;; = p; + p; — 3(p1 + ... + pe) all lie in the

5-space #1 4+ ...+ £ =0, £ = 0; and we saw on page 431 that any cone
containing them must degenerate into this 5-space and another. Thus it
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only remains to be seen whether the twelve vectors a; and b; all lie in one
5-space. They certainly do not, since the corresponding points form two
simplexes in parallel 5-spaces. Hence

14.3 The senary form E& = As — 3(x5)? is extreme.

The determinant of this form is easily found from 11.1 by computing, in
turn, the determinants of 24,, 24, 24s; 24, 244 — 2x%5 4 §(x%)?

and 24 — 2x%5 + 4(x5)2 — 2x%° 4 2(x%)? = 2E, namely
2, 2:2-1=3, 2:3—2=4, 2:4-3=5, $-5—4=4§
and 2-8 —5 =34 Thus A =1% Since M =%,
Mo 25 _ 006
A 38 243

The two forms Ds and E¢® provide the surprising spectacle of two ways of
packing equal spheres in six dimensions, the number of spheres touching any
one sphere being 60 or 54, respectively, although the latter is the denser packing.
(since 2¢ < 212/35),

Instead of 14.2, we could have taken as basis
tl = Cgs— a3, t, = a;—Aas, t; = as—as, ty, = az;—ay, t5 = —Cys, ts = ag— as,

obtaining the same expression again for (3 x* t;)2. Since a; — a; = ¢, —Cix,
the five vectors ts, ..., t; (without t;) generate the fifteen ¢’s and are thus a
basis for the lattice representing A or Dy — 3(x%)? (which we found to be
equivalent to the Z of Korkine and Zolotareff). Leaving out t; means setting
x! = 0. Hence, after another trivial change of notation,

14.4 The extreme quinary form A is equivalent to As — 3(x%)2.

This equivalence can be verified directly by comparing the basis

P1— P2 P2— Ps P3— Ps Pa+ Ps— 52 P DPs— Ds

for As — $(x%)? with the basis

Pr— P2 P2 — P3s, Ps— Pay Pa— Ps, Pa+ Ds— 32 P

for Dg — %(x%)2

15. Conclusion. The forms that we have been discussing are all derived
from groups generated by reflections in the manner explained in §§5 and 10.
The principal results are epitomized in the table (page 439) of #z-ary forms
up to » = 11, which covers all classes of extreme forms for » < 6, possibly
also for » = 7. The actual expressions are given on pages 394 and 405.

For an extreme form, M"/A is (locally) maximum, i.e., A/M™ is minimum.
The table records the more convenient number 2"A/M™. This attains its
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TABLE OF THE SIMPLEST EXTREME FORMS

Korkine and | Group 9\n
Form Zolotareff’s |of auto-| Order S M| 2™A (Tl) A
symbol morphs
4, U, [1 2 1 1 2 2
A, U, 2[3?] 240 10 1 5 5
B4ND4NF4 V4 [3, 4, 3] 1152 12 1 4 4
As Us 2[34] 2-6! 15 1 6 6
Ag Z 2[34] 2-6! 15 2 2 34/2¢
Bs~Ds Vs [33, 4] 255! 20 1 4 4
As Us 2[3%] 27! 21 1 7 7
Bg~Djs Vs [3¢, 4] 256! 30 1 4 4
Eg 2[3221) | 144-6! | 27 2z 3 35/268
Es X 2[3221]| 144-6! | 36 1 3 3
A4 U, 2[39] 2-8! 28 1 8 8
Bi~Dy Vq 3%, 4] 217! 42 1 4 4
A#=E? [33:2:1] 89! 28 3 1 213/37
2=FE; Y 3321 | 8-9! 63 1 2 2
Ag Us 2[37] 2-9! 36 1 9 9
BgNBs Vs [36, 4] 288' 56 1 4 4
AE~Dg~E;g Wy [3+21] 192-10! | 120 1 1 1
Ay U, 2(3%] 2-10! 45 110 10
By~Djy Vs [37, 4] 299! 72 1 4 4
A44° 2[3%] | 2-10! 45 £ Z 58/21
Ag? 2(3%] 2-10! 45 1| 3 5
Ay, U 2(3°91 | 211! 55 1|11 11
Bio~Dq, Vie [38, 4] | 210! 90 1 4 4
D? Wi [3711] | 2°10! 90 1 1 1
A Un 2[31] | 2-12! 66 112 12
By~Dq; Vi (39, 4] | 2u11! | 110 1 4 4
A2 2[310] | 2-12! 66 1 3 3
A, 2[31] | 2-12! 66 2 1 U310 /511
A3 2[31] | 2-12! 66 1| 4 4
nt 2[319] | 2-12! 66 1 3 3
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smallest possible value (for each 7n) when the form is absolutely extreme
(viz, 41, Ao, A3, D4, Ds, E¢, E, Eg). The absolutely extreme forms for n > 8
are not listed, because they are not related to groups generated by reflections;
in fact, they are essentially more complicated: their groups of automorphs
are not transitive on their minimal vectors.
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