Metrical Coordinates in Non-Euclidean Geometry

By D. M. Y. SOMMERVILLE,
Victoria University College, Wellington, N.Z.

(Received 15th July, 1931. Read 5th February, 1932.)

§1. The coordinates considered are linear, i.e. in a plane the
equation of a straight line, and in space the equation of a plane, is
linear in the coordinates. We shall first consider point-coordinates
in plane geometry, taking elliptic geometry as typical, with space-
constant unity.

§1.1. The general linear or projective coordinates are defined
with respect to a fundamental triangle XYZ and a unit-point
U=[1,1,1]. Let P=[x, y, 2] be any point; L, M, N the feet of the
perpendiculars from P; L,, M,, N, those from U, on the sides of the
triangle. Let PU cut the sides of the triangle in 4, B, C. Then!

2 _ the cross-ratio (4B, PU)
Yy

_ sin AP /sin AU
sin BP/ sin BU ’

A 71 I Y

1 8ee, for example, Castelnuovo: Lezioni di geometria analitica (6th ed. 1924),
P- 229 ; or the author’s Geometry of n dimensions (Methuen, 1929), p. 55.
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Now sin LP =sin AP sin LAP,
sin LyU =sin AU sin L,AU,
therefore
sin AP sin LP
sin AU — sin LU °
Similarly
sin BP sin MP
sin BU ~ sin M,U °
Hence

z sin LP ;sin MP
vy~ sinLyU / sin M,U '
and therefore
sin LP sin M P sin NP
PP= im0’ " snM,u0’ T snN0U’

where p is a factor of proportionality.

(1.11)

§1.2. If we assume next that the point-equation of the Absolute
is a homogeneous quadratic in z, y, z:

(zzx) = a2 + boy® + ¢ 2 + 2f, yz + 2go 2 + 2hyxy = O,
the distance d between two points (z), (2) is given by

()

cosd =—— "7 | 121
NICORYELD (120
Also if the tangential equation of the Absolute is
(£6) =408+ ... +2Fynl{+ .... =0,
the angle § between two lines (£), (¢') is given by
cos 0 = &— (1.22)

VEO VIEE)

Further, the distance between the point (z) and the line (¢) is the
complement of the distance between (x) and the absolute pole of (£),

i.e. the point [2', ¥, 2] =[4o € + Hon + Gol, ....].
Now (x2) =" (@px + hoy + go2) + ....
= A (éx + ny + {2),

where A is the discriminant of (zz). Also

(@a’) = AE(Aoé+ Hom+ Gol) + .. ..} = A (&€).
Hence we see that
At (bx + my + L2)
Vizx)V(£€)

sinp =

(1.23)
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§1.3. The distance from [z, y, 2] to the line x =0, ¢.e. the line
{1, 0, 0], is then given by

. Atx
sin LP = —— "~ _,
vV (xx) . A3

Comparing this with (1.11), we have
Ay = k/sin® p,,
where p, = L, U and k= A /p? (xx).
Again, if @, b, c are the lengths of the sides of the triangle of
reference, we have

Jo
Cos @ = ———, .
v/ (bo ¢o)
Therefore
k/sin?p, = Ay =bocy — ft = by, sin’a.
Hence ay = k' sin’a sin® p,,

fo =k sin g, sinr; sin b sin ¢ cos a,

where k' = a, by ¢o/k.

The point-equation of the Absolute is therefore
x* sin® p, sin? a+-. . +2yz sing¢, sin ry sin b sinc cosa .. =0  (1.31)
and the tangential equation is
£ sin? gy sin®ry + .. + 2n{ sin? p, sin ¢, sinr, (cosb cos ¢ — cosa)+-..=0
or Efsin’ py+..— 2cos 4 npi/sing, sinry — .. = 0. (1.32)
where A, B, C are the angles of the triangle of reference.

§1.4. Similarly if the line (£) cuts the sides of the triangle of
reference in 4, B, C, and the unit-line cuts the sides in 4,, B,, C,,

then
~ sin Y4 /sin Y4,

%: (YZ, AA,)

"~ sinZA / sin ZA,’
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Let L, M, N be the feet of the perpendiculars from X, ¥, Z on the
line (¢), and Ly, M,, N, those of the unit-line. Then we find

_ sin XL

— T R 41
PE=nxL, °° (1.41)

The unit-line is determined by the unit-point, being polar and
pole with regard to the triangle of reference, and we find
p' sin XL, = sin p, sin 4, etec.

Hence the general point-coordinates are certain multiples 1, m, n of
the sines of the distances of the point from the sides of the triangle, and
the related line-coordinates are multiples Ijsina, m/sinb, nfsinc of the
sines of the distances of the line from the vertices.

§1.5. The Analogue of Trilinears.

We consider now the special systems of metrical coordinates
which correspond to trilinears, areals, and Cartesians.

In trilinears the unit-point is the centre of the inscribed circle
of the triangle of reference, so that p, = g, = 7, and the point-equation
of the Absolute is

@ sina 4 ...+ 2yz sinb sinc cosa ... =0, (1.51)

where a, b, ¢ are the sides of the triangle of reference. The coordinates
%, y, # are
pr =s8in LP, py=sin MP, pz=sinNP. (1.52)

The line-equation of the Absolute is
E 4+ 2 —29f cos 4 — 2{f cos B — 28y cos € = 0. (1.53)

§1.6. The Analogue of Areals.
In areals the point-coordinates are

px =sin LP sina, py =sin MP sinb, pz=sin NP sinc. (1.61)
The point-equation of the Absolute is
22 + y* + 2° + 2yz cosa + 2zx cos b + 2xy cosc =0 (1.62)
and the line-equation is
Esin?4 + .... —2n{sinBsinCcosd — .... =0. (1.63)
If XU, YU, ZU cut the opposite sides of the triangle in D, B, F, it is

readily found that cos YD = cos la = cos DZ. Hence D, E, F are
the mid-points of the sides, and U is the centroid of the triangle,
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§1.7. Cartesian coordinates.

For the analogue of Cartesian coordinates we modify the areal
system by choosing the side XY as the absolute pole of the opposite
vertex Z. Then b=c=14n=B=0C,and a =A4. We shall change
the notation, calling Z the origin O, and let 4, the angle between the
axes, be denoted by w.

70 WX

Then
p'x=sinLP, p'y=sin MP, p'z=cosOP sinw

or, putting p’ = p sin w, ,
px = sin LP/sin w, py=-sin MPfsinw, pz=-cosOP. (1.71)
Now if L' P and M’ P are drawn so that angle PL'L =w =PM' M,

then px=s8inL' P, py=sinM' P, pz=-cosOP. (1.72)
The point-equation of the Absolute is
224+ Y+ 22+ 22y cosw =0 (1.73)
and the line-equation
E + 4 [ sinw — 2§y cosw = 0. (1.74)

When w =1z we have the coordinates of Weierstrass, the
analogue of rectangular cartesians.

§2. Metrical coordinates tn three dimensions. The extension to
three dimensions is perhaps not quite obvious owing to the variety
of angular magnitudes: edges of the tetrahedron, dihedral angles,
and face-angles.

§2.1. As in plane geometry, if L, M, N are the feet of the
perpendiculars from P on the faces of the tetrahedron of reference,
Ly, My, Ny those for the unit-point U, we have

pzx = sin LP/sin Ly U = sin LP/sin p,, ete. (2.11)
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Let the point-equation of the Absolute be
(xx) = aox”® + by y* + co2* + dyw? + 2fy yz + 2902z + 2hoxy
+ 2lgxw + 2moyw + 2ng2w = 0.

Let the edges of the tetrahedron be XY = a,, etc., the dihedral angle
between the faces * = 0 and y = 0, i.e. at the edge ZW, be a,, ete.

The tangential equation of the Absolute is
(E&) =48+ ... + 2Fypl+....+ 2Lyéw + ... =0,

where, as usual, capital letters denote the cofactors of the corre-
sponding small letters in the determinant A.

Then, as before, we have

A = k/sin® p,, etc.

and also
€08 ayz = hy/+/(ay by), ete.
Hence
i by fo my 1 COS @y; COS gy |
= =Ay=|fo € My | =bocody | cosay 1 COS gy |
sin? p,
My Mo dy COS s COS a3 1
= byc,d,S?, say.

Then

a, = k' sin’p, %, .. ..
fo =k cosay sing, sinry 8,8, .
Iy = k' cosa sinp,sins, $; 8, ....

Hence the point-equation of the Absolute is

xtsin?py 82 + .. .. + 2yz singg sinr, S, 83 cosass + .. ..
+ 2zw sin p, sinsy 8; 8, cosa, + ... =0. (2.12)
For the tangential equation we have already found 4,, ...., D,.

To find F, we have :
— COS ag3 — IPO/'\/(BO Oo).

Hence the tangential equation is
&fsin’py + .. — 2nL cos asfsing, sinr, — ..

— 2w €08 ay/sin py sinsy — .. =0. (2.13)

§2.2. Triinears.
Taking U as the centre of the inscribed sphere, we have

Po=qo = 7o = S, and
ox = sin LP, etc. - (2.21)
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The point-equation of the Absolute is

2282 4 .. 2yz 8,83 cosag + .. +2zw S, 8, cosay, + .. =0 (2.22)
and the tangential equation is
4+ .. —2nlcosay — .. —2fwcosay— .. =0, (2.23)
§2.3. Areals.

Choosing U so that

S, sinpy = 8; singy = 83 sinry = S, sin g,

px = 8, sin LP, ete., (2.31)
then the point-equation of the Absolute is
22+ .. +2yzco8a,+ .. + 22w cosa .. =0 (2.32)

and the tangential equation
528(_1) + . — 27]C Sg 83 COSagg — .. — 25(1) Sl S4 CoSayy — .. = O. (2.33)

We find that the plane UXY bisects the edge ZW, etc., so that U is
the centroid of the tetrahedron.

§2.4. Cartesians.

Modifying the ¢ areal”’ system by choosing X YZ as the absolute
polar of W (or the origin 0), we have ay=a,=0a;=3ir=0a,=as=ay;
write also for the plane-angles between the axes 0X, 0Y, 0Z,
Qo3 = A, Qg1 = 4, Qya= .

The functions 82, 82, §; simplify to sin”A, sin® i, sin’»: hence
px =sin LP sind, py =sin MP sinpu, pz =sin NP sinv,
pw = cosOP . 8, (2.41)
The point-equation of the Absolute becomes
x? + y® + 27 4 w® + 2yz cos A - 2zx cos u + 2xy cosv =0, (2.42)
and the tangential equation
E8in’ A + P sin’p + sin?yv 4 @? 82 — 29 sin u sinv cos ay
— 2(¢ sinv sin A ¢os ag — 2&7 sin A sin w co0s a;; = 0. (2.43)

Let L, M, N be the angles which each coordinate-axis makes
with the opposite coordinate-plane. Draw a sphere with centre O.
The coordinate planes cut this in a spherical triangle X' Y’ Z’ whose
sides are A, u, v, angles, as;, ag;, ajy, and altitudes, L, M, N.

Now we have
sin L = sin p sin ay,,

and cOS v = cOs A cos x + sin A sin p c08 aj,.
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Therefore, eliminating a,,, we obtain

sin? L = sin®p

{ 1 — (cos v — cos A cos ,u)z}

\ sin® A sin* u
so that
sin? L sin® A = sin? A sin? u — (cos v — cos A cos p)?
= 1—cos’A — cos? u — cos?v + 2 cos A cOs u COs v
= S
Hence sin L sinA=sin M sinp =sin N sinv =48,. (2.44)

The point-coordinates are
p'x=sinLP sin}, . .., p w=8,c080P,

or, using (2.44),
px =sin LPfsin L, .. .., pw = cos OP. (2.45)

§2.5. If a, B, y are the angles which OP makes with the
coordinate-planes, then
sin LP = sin OP sin a, ete.
cos OP = w/y/(xx).
Therefore
w? = (2? + ¢ + 2* + w* + 2yz cos A + 2zx cos u - 22y cosv) cos’OP,
ot w? sin® OP = sin® OP (sin’a sin® A + sin? B sin?u + sin?y sin?v
-+ 2sinB siny siny sinv cos A - ....) cos*OP,
Hence the direction-angles a, B, y are connected by the identity
sina sin*A 4 .. 4+ 2sinfBsinysinp sinvecosA4- .. =8  (2.51)
When the coordinates are rectangular, A\=p=v=17 and §, = 1; then
sin? o 4+ sin? B + sin®y = 1,

This indicates that, contrary to the usual custom, the direction-
angles should be defined as the angles which the radius-vector makes
with the coordinate-planes, instead of with the coordinate-axes. The
¢ direction-sines ”’ sina, ...., are of course a system of * trilinear ”’
coordinates in the spherical geometry about the point O,

§3.1. Eatension to n dimensions. In the extension to n dimen-
sions we shall alter the notation. Let the simplex of reference be
Xo, Xi, ...., X.; let the coordinates be =z, ...., z,; let the
perpendicular from unit-point on to the coordinate-plane x, = 0 be
p., and that from P be L, P.
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Then

_sinL, P
" sinp,
Let the lengths of the edges of the simplex be X, X, =k, and the
dihedral angle between the primes x, = 0 and x, =0 be «,,.

(3.11)

pTy

Let the point-equation and tangential-equation of the Absolute be

(CL‘%)E % Zars x. x, =0,

(55) =X z Arsfr.gs = 0.

Then
. At g,
sinL,P=—+—""__,
At 4/ (2)
Hence
A, = kfsin® p,.
Also
a
cosk,, = ——2 .
v '\/(a’r'r a/ss)
Expressing A,, as the cofactor of a,, in A, we have
J— 2
Arr arr - a’OO all . ann Sn, 7?
where
1 cosky .. cosk, , ; cosk; ,p .. coSky, ]
2 —_
A T 1 .
i cosk, cosk, .. cosk,, , cosk, , ; .. 1
Then

a, =k sin’p, S , ) (3.12)
@y = k' sin p, sin p, 8, .S, , c0s ky,| o

§3.2. If U is the centroid of the simplex (areals)

sin p, . S, , = const. (3.21)
and pz, = S, ,8in L, P; (3.22)
and the point-equation of the Absolute becomes
Y22+ 2X .2, cosk, =0. (3.23)
The tangential equation is
8,8 —-2%¢¢, 8, .8, ,008k,=0. (3.24)

§3.3. To obtain the Cartesian system take the prime z,=0 as
the absolute polar of X, (or 0), so that k). = 17 = «,,, where £, is the
angle between the lines OX, and OX,. The point-equation of the
Absolute is then

rg+Zal4 2X2,x, cosk,=0 (rFs=1,2,....,n). (3.31)
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For the tangential equation the coefficient of £ is 82 . That of

& is
1 cosky .... cosk,, 0!
i cos ks 1 coskB,LOi
o =8t
cos k. cosk,s .... 1 0 |
0 0 1

The tangential equation is then
S) &+ XS £ —-23¢¢S,.,,8,.,,008K,=0. (3.82)

n-1,7

The point-coordinates are

pxo = SII}LOP: Sn,O COSOP, ]
sin p, - (3.33)
px, =8, 1,,.8in L. P, J

Let 6. be the angle which OX, makes with the opposite
coordinate-prime. Draw a hypersphere round O and we obtain a
spherical simplex of n — 1 dimensions whose edges are the angles
k. and altitudes 8. Applying to this the formula for distance in
n — 1 dimensions we have

sin 6, = A ,
and A, | =S . o
Hence dividing the coordinates by S, ;,, we have
px, = cos OP, ]
pa, — et SR LP o L, P sing, | (3.34)
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