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Abstract

We give proofs of de Rham comparison isomorphisms for rigid-analytic varieties, with coefficients
and in families. This relies on the theory of perfectoid spaces. Another new ingredient is the
pro-étale site, which makes all constructions completely functorial.
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Overview

This paper studies p-adic comparison theorems in the general setting of rigid-analytic varieties: that
is, the p-adic analogue of complex-analytic varieties. Up to now, such comparison isomorphisms
were studied for algebraic varieties over p-adic fields, but we show here that large parts of the
theory extend to rigid-analytic varieties over p-adic fields. This was already suggested by Tate
in his pioneering work on p-adic Hodge(-Tate) decompositions for p-divisible groups, and is of
course in analogy with classical Hodge theory, which works for general (Kéhler) complex-analytic
spaces.

One key problem in the p-adic case, as compared to the complex case, is that rigid-analytic
varieties are not locally contractible. However, we show that locally they are K (i, 1)’s (for p-adic
coefficients): that is, the higher homotopy groups vanish. However, the 7 is very big, and contains
lots of interesting arithmetic information.

Then we proceed to discuss several analogues of known results about complex-analytic
spaces. The first is finiteness of p-adic étale cohomology, corresponding to finiteness of singular
cohomology in the complex case. For this, we give a proof that is inspired by the Cartan—Serre
proof of finiteness of coherent cohomology in the complex case. Next, we establish an analogue
of the Riemann—Hilbert correspondence between local systems and modules with an integrable
connection. In the p-adic setup, (p-adic) local systems have a much richer arithmetic structure;
therefore, in this case, one has to consider modules with an integrable connection together with a
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‘Hodge’ filtration, satisfying Griffiths transversality. Also, only a subclass of so-called ‘de Rham’
local systems give rise to such filtered modules with integrable connection.

Finally, we compare the cohomology of a p-adic local system with the cohomology of
the associated filtered module with integrable connection. Moreover, we give a Hodge—Tate
decomposition (analogous to the Hodge decomposition over the complex numbers), and we prove
degeneration of the Hodge-to-de Rham spectral sequence. Interestingly, the latter two results work
in complete generality in the p-adic case, with no analogue of a Kéhler condition being necessary.
Relative situations are also considered, and can be handled with the same methods.

These results generalize many previous results. For algebraic varieties, the results for constant
coefficients were known by Faltings (with different proofs given by Tsuji, Niziol and Beilinson).
Also, it was known by Brinon how to pass from de Rham local systems to filtered modules
with integrable connection, although we improve on his results. However, for example the results
comparing cohomology with nontrivial coefficients and the relative results are new even in the
algebraic case.

Technically, our results rest on our theory of perfectoid spaces, which gives a natural framework
and strengthening for Faltings’ almost purity theorem. We recall that the almost purity theorem is
one key technical ingredient in Faltings’ approach to p-adic Hodge theory, and we follow many
of his ideas in this paper. Roughly, the role of the almost purity theorem is to show that one loses
almost no information in replacing the complicated local 7; by a quotient isomorphic to Z;f , where
d is the dimension of the space. After this reduction, everything becomes explicit.

1. Introduction

This paper starts to investigate to what extent p-adic comparison theorems stay
true for rigid-analytic varieties. Up to now, such comparison isomorphisms were
mostly studied for schemes over p-adic fields, but we intend to show here that
the whole theory extends naturally to rigid-analytic varieties over p-adic fields.
This is of course in analogy with classical Hodge theory, which is formulated
most naturally in terms of complex-analytic spaces.

Several difficulties have to be overcome to make this work. The first is that
finiteness of p-adic étale cohomology is not known for rigid-analytic varieties
over p-adic fields. In fact, it is false if one does not make a restriction to the
proper case. However, our first theorem is that for proper smooth rigid-analytic
varieties, finiteness of p-adic étale cohomology holds.

THEOREM 1.1. Let K be a complete algebraically closed extension of Q,, let
X/K be a proper smooth rigid-analytic variety, and let 1L be an IF,-local system
on X¢. Then H' (Xg, L) is a finite-dimensional F ,-vector space for all i > 0, which
vanishes for i > 2 dim X.

The properness assumption is crucial here; the smoothness assumption is

probably unnecessary, and an artifact of the proof. We note that it would be
interesting to prove Poincaré duality in this setup.
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Let us first explain our proof of this theorem. We build upon Faltings’ theory
of almost étale extensions, amplified by the theory of perfectoid spaces. One
important difficulty in p-adic Hodge theory as compared to classical Hodge
theory is that the local structure of rigid-analytic varieties is very complicated;
small open subsets still have a large étale fundamental group. We introduce the
pro-étale site X,,¢c whose open subsets are roughly of the form V — U — X,
where U — X is some étale morphism, and V — U is an inverse limit of finite
étale maps. Then the local structure of X in the pro-étale topology is simpler,
namely, it is locally perfectoid. This amounts to extracting lots of p-power roots
of units in the tower V — U. We note that the idea of extracting many p-power
roots is common to all known proofs of comparison theorems in p-adic Hodge
theory.

The following result gives further justification for the definition of the
pro-étale site.

THEOREM 1.2. Let X be a connected affinoid rigid-analytic variety over K.
Then X is a K(m, 1) for p-torsion coefficients: that is, for all p-torsion local
systems 1L on X, the natural map

H (11 (X, x), L) — H'(Xg, L)

is an isomorphism. Here, x € X(K) is a base point, and mw,(X, x) denotes the
profinite étale fundamental group.

We note that we assume only that X is affinoid; no smallness or nonsingularity
hypothesis is necessary for this result. This theorem implies that X is ‘locally
contractible’ in the pro-étale site, at least for p-torsion local systems.

Now, one knows that, on affinoid perfectoid subsets U, H'(Ug, O /p) is
almost zero for i > 0, where Of C Oy is the subsheaf of functions of absolute
value <1 everywhere. This should be seen as the basic finiteness result, and is
related to Faltings’ almost purity theorem. Starting from this and a suitable cover
of X by affinoid perfectoid subsets in X, one can deduce that H' (X, 0¥ /p)
is almost finitely generated over Ok. At this point, one uses that X is proper, and
in fact the proof of this finiteness result is inspired by the proof of finiteness of
coherent cohomology of proper rigid-analytic varieties, as given by Kiehl [12].
Then one deduces finiteness results for the IF,-cohomology by using a variant of
the Artin—Schreier sequence

0—>F,— Of/p— O5/p—0.

In order to make this argument precise, one needs to analyze more closely the
category of almost finitely generated Ok-modules, which we do in Section 2,
formalizing the proof of Theorem 8, Section 3, of Faltings’ paper [6]. In fact,
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the proof shows at the same time the following result, which is closely related
to [6, Section 3, Theorem 8].

THEOREM 1.3. In the situation of Theorem 1.1, there is an almost isomorphism
of Ok-modules for all i > 0,

H' (X4, L) ® Ok /p — H'(Xa, L ® O /p).

More generally, assume that f: X — Y is a proper smooth morphism of
rigid-analytic varieties over K, and L is an F,-local system on Xg. Then there is
an almost isomorphism for all i > 0,

(Rfa: ) ® Oy /p = Riferr (L ® O /p).

REMARK 1.4. The relative case was already considered in an appendix to [6]:
under the assumption that X, Y and f are algebraic and have suitable integral
models, this is [6, Section 6, Theorem 6]. In our approach, it is a direct corollary
of the absolute version.

In a sense, this can be regarded as a primitive version of a comparison theorem.
Although it should be possible to deduce (log-)crystalline comparison theorems
from it, we do this only for the de Rham case here. For this, we introduce sheaves
on X6, Wwhich we call period sheaves, as their values on pro-étale covers of X
give period rings. Among them is the sheaf B, which is the relative version of
Fontaine’s ring Bjz. Let L be a lisse Z,-sheaf on X. In our setup, we can define it
as a locally free Z,,—module on X0, Where Z,, = 1(21 Z/p"Z as sheaves on Xpros.
Then L gives rise to a B ;-local system M = L ®3, Br on Xpoe, and it is a
formal consequence of Theorem 1.3 that

H'(Xa, L) ®z, Bjg = H' (Xproa1, M). (1.1)

We want to compare this to de Rham cohomology. For this, we first relate
filtered modules with integrable connection to Bj;-local systems.

THEOREM 1.5. Let X be a smooth rigid-analytic variety over k, where k is
a complete discretely valued nonarchimedean extension of Q, with perfect
residue field. Then there is a fully faithful functor from the category of filtered
Ox-modules with an integrable connection satisfying Griffiths transversality, to
the category of Biz-local systems.

The proof makes use of the period rings introduced in Brinon’s book [4], and
relies on some of the computations of Galois cohomology groups carried out
there. We say that a lisse Z,-sheaf L is de Rham if the associated Bj-local
system M lies in the essential image of this functor.
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Let us remark at this point that the form of this correspondence indicates
that the Rapoport—Zink conjecture on the existence of local systems on period
domains (see [15]) is wrong if the cocharacter u is not minuscule. Indeed, in that
case they are asking for a crystalline, and thus de Rham, local system on (an open
subspace of) the period domain, whose associated filtered module with integrable
connection does not satisfy Griffiths transversality. However, the p-adic Hodge
theory formalism does not allow for an extension of Theorem 1.5 beyond the
situations where Griffiths transversality is satisfied.

We have the following comparison result.

THEOREM 1.6. Let k be a discretely valued complete nonarchimedean extension
of Q, with perfect residue field «, and algebraic closure k, and let X be a
proper smooth rigid-analytic variety over k. For any lisse Z,-sheaf 1L on X with
associated Bj-local system M, we have a Gal(k/k)-equivariant isomorphism

H'(X;, L) ®z, Bjy = H'(Xg, M).
If L is de Rham, with associated filtered module with integrable connection
(€, V, Fil*), then the Hodge—de Rham spectral sequence
H;I_o]ci{ge(Xv 5) = H(liR(X7 g)

degenerates. Moreover, H' (X;, L) is a de Rham representation of Gal(k/k)
with associated filtered k-vector space H'x (X, E). In particular, there is also
a Gal(k/k)-equivariant isomorphism

H'(X;, L) ®2, k= €D Hyggipe (X, £) ®¢ k(=)

J

REMARK 1.7. We define the Hodge cohomology as the hypercohomology of the
associated graded of the de Rham complex of &£, with the filtration induced from
Fil®.

In particular, we get the following corollary, which answers a question of
Tate [18, Remark on p. 180].

COROLLARY 1.8. For any proper smooth rigid-analytic variety X over k, the
Hodge—de Rham spectral sequence

H'(X, 2}) = Hy (X)
degenerates, there is a Hodge—Tate decomposition

i

H' (X, Q) ®g, k= P H (X, 2%) @ k(—)),

j=0
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and the p-adic étale cohomology H'(Xi«, Q,) is de Rham, with associated
filtered k-vector space Hip (X).

Interestingly, no ‘Ké&hler’ assumption is necessary for this result in the p-adic
case as compared to classical Hodge theory. In particular, one gets degeneration
for all proper smooth varieties over fields of characteristic 0 without using
Chow’s lemma.

Examples of nonalgebraic proper smooth rigid-analytic varieties can be
constructed by starting from a proper smooth variety in characteristic p, and
taking a formal, nonalgebraizable, lift to characteristic 0. This can be done for
example for abelian varieties or K3 surfaces. More generally, there is the theory
of abeloid varieties, which are ‘nonalgebraic abelian rigid-analytic varieties’,
roughly; see [14]. Theorem 1.6 also has the following consequence, which was
conjectured by Schneider; see [16, p. 633].

COROLLARY 1.9. Let k be a finite extension of Q,, let X = §2]! be Drinfeld’s
upper half-space, which is the complement of all k-rational hyperplanes in
IP’Z_I, and let I' C PGL, (k) be a discrete cocompact subgroup acting without
fixed points on §2]. One gets the quotient Xr = X/I", which is a proper
smooth rigid-analytic variety over k. Let M be a representation of I' on a
finite-dimensional k-vector space such that M admits a I'-invariant Oy-lattice.
It gives rise to a local system M of k-vector spaces on Xr. Then the twisted
Hodge—de Rham spectral sequence

H'(Xr, 2%, ® Mr) = Hy (Xr, Ox. ® M)
degenerates.

The proof of Theorem 1.6 follows the ideas of Andreatta and lovita [1], for
the crystalline case. One uses a version of the Poincaré lemma, which says here
that one has an exact sequence of sheaves over X,

0— Bj — OB(TRL OBk ®oy 'Q)l(z) T

where we use slightly nonstandard notation. In [1, 4], Bj; would be called B},
and OBj; would be called Bj;. This choice of notation is used because many
sources do not consider sheaves like OB, and agree with our notation in writing
B, for the sheaf that is sometimes called B} . We hope that the reader will find
the notation not too confusing.

Given this Poincaré lemma, it only remains to calculate the cohomology of
OBz, which turns out to be given by coherent cohomology through some
explicit calculation. This finishes the proof of Theorem 1.6. We note that this
proof is direct: all desired isomorphisms are proved by a direct argument, and
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not by producing a map between two cohomology theories and then proving
that it has to be an isomorphism by abstract arguments. In fact, such arguments
would not be available for us, as results like Poincaré duality are not known for
the p-adic étale cohomology of rigid-analytic varieties over p-adic fields. It also
turns out that our methods are flexible enough to handle the relative case, and
our results imply directly the corresponding results for proper smooth algebraic
varieties, by suitable GAGA results. This gives for example the following result.

THEOREM 1.10. Let k be a discretely valued complete nonarchimedean
extension of Q, with perfect residue field «, and let f: X — Y be a proper
smooth morphism of smooth rigid-analytic varieties over k. Let L be a lisse
Z,-sheaf on X which is de Rham, with associated filtered module with integrable
connection (€, V, Fil*). Assume that Riﬁ)roé[*L is a lisse Z.,-sheaf on Y ; this holds
true, for example, if the situation arises as the analytification of algebraic objects.

Then Rifi)roét*L is de Rham, with associated filtered module with integrable
connection given by Rifir.(E, V, Fil*).

We note that we make use of the full strength of the theory of
perfectoid spaces [17]. Apart from this, our argument is rather elementary and
self-contained, making use of little more than basic rigid-analytic geometry,
which we reformulate in terms of adic spaces, and basic almost mathematics. In
particular, we work entirely on the generic fiber. This eliminates in particular any
assumptions on the reduction type of our variety, and we do not need any version
of de Jong’s alterations; neither do we need log structures. The introduction of
the pro-étale site makes all constructions functorial, and it also eliminates the
need to talk about formal projective or formal inductive systems of sheaves, as
was done for example in [1,6]: all period sheaves are honest sheaves on the
pro-étale site.

Recently, a different proof of the de Rham comparison theorem for algebraic
varieties was given by Beilinson [2]. Apart from the idea of extracting many
p-power roots to kill certain cohomology groups, we see no direct relation
between the two approaches. We note that adapting Beilinson’s approach to
the rigid-analytic case seems to require at least Equation (1.1) as input: modulo
some details, the sheaf BJ, will appear as the sheaf of constants of the derived
de Rham complex, not just the constant sheaf Bj; as in Beilinson’s case. This
happens because there are no bounded algebraic functions on p-adic schemes,
but of course there are such functions on affinoid subsets. Also, it looks difficult
to get results with coefficients using Beilinson’s approach, as the formulation
of the condition for a lisse Z,-sheaf to be de Rham seems to be inherently a
rigid-analytic condition.

Let us make some remarks about the content of the different sections. Some
useful statements are collected in Section 9, in particular concerning comparison
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with the algebraic theory. In Section 2, we prove a classification result for almost
finitely generated Og-modules, for nonarchimedean fields K whose valuation is
nondiscrete. In Section 3, we introduce the pro-étale site and establish its basic
properties. The most important features are that inverse limits of sheaves are
often well behaved on this site: that is, higher inverse limits vanish, and that
it gives a natural interpretation of continuous group cohomology, which may
be of independent interest. Moreover, going from the étale to the pro-étale site
does not change the cohomology. In Section 4, we introduce structure sheaves
on the pro-étale site and prove that they are well-behaved on a basis for the
pro-étale topology, namely on the affinoid perfectoid subsets. This relies on
the full strength of the theory of perfectoid spaces. In Section 5, we use this
description to prove Theorems 1.1 and 1.3 as indicated earlier. In Section 6,
we introduce some period sheaves on the pro-étale topology, and describe them
explicitly. Given the results of Section 4, this is rather elementary and explicit.
In Section 7, we use these period sheaves to prove Theorem 1.5, and parts
of Theorem 1.6. Finally, in Section 8, we finish the proofs of Theorems 1.6
and 1.10.

2. Almost finitely generated O-modules

Let K be a nonarchimedean field: that is, a topological field whose topology
is induced by a nonarchimedean norm | - |: K — R.,. We assume that the
value group I' = |[K*| C R is dense. Let O C K be the ring of integers, and
fix w € O, some topologically nilpotent element: that is, || < 1. Using the
logarithm with base ||, we identify R., with R; this induces a valuation map
v: K - RU{oo} sending 7 to 1. We write log I" C R for the induced subgroup.
For any r € log I' we fix some element, formally written as 7" € K, such that
|| = |z

In this setting, the maximal ideal m of O is generated by all 7€, € > 0, and
satisfies m?> = m. We consider the category of almost O-modules with respect to
the ideal m: that is, an @-module M is called almost zero if mM = 0.

DEFINITION 2.1. The category of (O“-modules, or almost (J-modules, is the
quotient of the category of (O-modules modulo the category of almost zero
modules.

We denote by M > M* the functor from O-modules to O“-modules.

DEFINITION 2.2. Let M and N be two O-modules. For any € > 0, € € log I',
we say that M ~, N if there are maps f.: M — N, g.: N - M such that
fege = gfe = . Moreover, if M ~, N for all € > 0, we write M =~ N.
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Note that the relations &, and ~ are symmetric, and transitive in the following
sense: if M ~, N and N =5 L, then M =5 L. In particular, & is transitive in the
usual sense. Also, note that M is almost zero if and only if M = 0. In general, for
two O-modules M, N, if M* = N* as O“-modules, then M = N, but the converse
is not true. In this section, we will concentrate on the equivalence classes of
the relation ~ instead of isomorphism classes of O“-modules, which is slightly
nonstandard in almost mathematics. For this reason, we will mostly work with
honest @-modules instead of O“-modules, as the use of the latter will often not
clarify the situation.

DEFINITION 2.3. Let M be an O-module. Then M is called almost finitely
generated (respectively almost finitely presented) if for all € > 0, € € log I,
there exists some finitely generated (respectively finitely presented) O-module
N, such that M ~, N,.

The property of being almost finitely generated (respectively presented)
depends only on the O“-module M*, so we may also talk about an O*-module
being almost finitely generated (respectively presented).

EXAMPLE 2.4.

(i) Recall that any finitely generated ideal of O is principal, so O is coherent:
that is, any finitely generated submodule of a finitely presented module is
again finitely presented. Now let » € R, r > 0, and consider the ideal

I, = U 70 cO.
eclog I',e>r

Then the inclusions O = 7¢O C I, for € > r show that O =~ I,. However, one
can check that I* is not isomorphic to O¢ as O“-modules if r & log I". Note
that all nonprincipal ideals of O are of the form I,; in particular all nonzero
ideals I C O satisfy I ~ O, and hence are almost finitely presented.

(ii) Let y1, ¥», . .. € Ry, such that y; — 0 for i — 0o. Then
o/, e0/l,®---
is almost finitely presented.

The main theorem of this section is given below.

THEOREM 2.5. Let M be any almost finitely generated O-module. Then there
exists a unique sequence y; =y, = - - - = 0 of real numbers such that y; — 0 for
i — 00, and a unique integer r > 0 such that

M~0O @0/, @0/, & ---
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First, we note that O is ‘almost noetherian’.

PROPOSITION 2.6. Every almost finitely generated O-module is almost finitely
presented.

Proof. First, recall the following abstract result.

PROPOSITION 2.7 [8, Lemma 2.3.18]. Let 0 > M' —- M — M" — 0 be an
exact sequence of O-modules.

(1) If M is almost finitely generated, then M" is almost finitely generated.

(i) If M" and M" are almost finitely generated (respectively presented), then M
is almost finitely generated (respectively presented).

(iii) If M is almost finitely generated and M" is almost finitely presented, then
M’ is almost finitely generated.

@iv) If M is almost finitely presented and M' is almost finitely generated, then
M" is almost finitely presented.

Now let M be an almost finitely generated O-module; we want to show that it
is almost finitely presented. We start with the case where M is generated by one
element; M = O/I for some ideal I C O. By Example 2.4(i), I is almost finitely
generated, giving the claim by part (iv).

Now assume that M is finitely generated, and let 0=MyCM,C --- CM; =M
be a filtration such that all M;/M;_, are generated by one element. Then by the
previous result, all M;/M;_, are almost finitely presented, and hence M is almost
finitely presented by part (ii).

Finally, take M any almost finitely generated O-module. Let€ > 0, € € log I',
and choose N, finitely generated, M =, N.. Then N, is almost finitely presented,
so there exists some finitely presented L. such that N, =, L.. Then M =, L., and
letting € — 0, we get the result. ]

We note that it follows that any subquotient of an almost finitely generated
O-module is almost finitely generated, so in particular the category of almost
finitely generated O-modules is abelian.

The following proposition reduces the classification problem to the case of
torsion modules.

PROPOSITION 2.8.

(1) Let M be a finitely generated torsion-free O-module. Then M is free of finite
rank.

(ii) Let M be an almost finitely generated torsion-free O-module. Then M ~ O"
for a unique integer r > 0.
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(iii) Let M be an almost finitely generated O-module. Then there exists a unique
integer r > 0 and an almost finitely generated torsion O-module N such
that M ~ O" @ N.

Proof. (i) Let « be the residue field of O. Lifting a basis of the finite-dimensional
K-vector space M ® k, we get a surjection O" — M. Assume that the kernel
is nontrivial, and let f € O" be in the kernel. Write f = 7" g for some y > 0,
y € log I', such that g has nontrivial image in «”. This is possible, as greatest
common divisors of finitely elements of O exist. Now g has nontrivial image
in M, but 7”g becomes 0 in M, which means that M has torsion, which is a
contradiction.

(i1) By definition, for any € > 0, € € log I', there is some finitely generated
submodule N, C M such that M =, N.. But then N, is finitely generated
and torsion-free, and hence free of finite rank. The rank is determined as the
dimension r of the K-vector space M ® K. Hence M ~, N, = O’ for all € > 0,
giving the claim.

(iii) Let N C M be the torsion submodule, which is almost finitely generated
by our previous results. Let M’ = M /N, which is almost finitely generated and
torsion-free; hence M’ ~ (0", where r is the dimension of M ® K. For any € > 0,
€ €log I', there is some M, such that M ~, M, and M, is an extension of O" by
N. As O’ is projective, M. = O" @ N, and hence M ~, O" @ N. Letting € — 0,
we get the result. O

Next, we discuss elementary divisors for finitely presented torsion O-modules,

and then for almost finitely generated torsion (O-modules.

DEFINITION 2.9. Let £*°(N), be the space of sequences y = (y1,),...), Vi € R,
such that y; — 0 for i — oco. We endow it with the £*°-norm ||y || = max(|y;]).
Let £ (N)o C £2°(N)o be the subspace of sequences for which y; =y, > --- > 0.

On £2(N)y, introduce the majorization order > by saying that y > y’ if and
only if for all i > 1,

NI VS e

Note that £>°(N), is complete for the norm || - ||, and that £’ (N)o C £*(N)g is
a closed subspace.

PROPOSITION 2.10.

(i) Let M be a finitely presented torsion O-module. Then there exist unique
VMl 2 VYu2 2 2 Yux > 0, vy € log I', such that

MZOQ /7™Ml @O/a™M2 - @ O™k,
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Write yyy = (Yuas - -+ > Yuks 0, . ..) € X (N)o, and set A(M) = yy1 + -+ - +
Yup called the length of M. (This conflicts with the standard commutative
algebra meaning of the word ‘length’.)

(ii) Let M, M’ be finitely presented torsion O-modules. If M’ is a subquotient
of M, then yyy ; < yyiforall i > 1.

(iii) Let 0 > M' — M — M" — 0 be an exact sequence of finitely presented
torsion O-modules. Then A\(M) = A(M") +A(M") and yy < yar + Y, using
the majorization order.

(iv) Let M, M’ be finitely presented torsion O-modules. Then M ~. M’ if and
only if llyw — yw |l < €.

Proof. (i) Choose a short exact sequence 0 — N — O% — M — 0. Then N is
finitely generated (as M is finitely presented) and torsion-free, and hence free of
finite rank. As M is torsion, the rank of N is k, and hence N = OF. It follows that
there is some matrix A € M (O) NGL,(K) such that M = coker A. But the Cartan
decomposition

M;(0) N GLy(K) = GL«(O)diag(x", ..., 7)GL(O)

holds true over K with the usual proof: one defines % as the greatest common
divisor of all entries of A, moves this entry to the lower right corner, eliminates
the lowest row and rightmost column, and then proceeds by induction on k. We
may thus replace A by a diagonal matrix with entries 7”1, ..., 7%, and then the
result is clear. For uniqueness, note that the y),; are the jumps of the function
mapping y =0, y €log I, to

dim, ((m"M) Qo «).

(ii) It is enough to deal with the case of submodules and quotients. Using the
duality M — Home (M, K/O), one reduces the case of submodules to the case
of quotients. Hence assume that M’ is a quotient of M and y)y; > y,; for some
i. Set y = yypy; and replace M and M’ by M /¥ and M’/ respectively. Then

yM,j = VM’,j = )/M/,i = )/

forj < i, but y,; < y. It follows that M’ admits a direct summand L = (O/r")'.
The surjection M — L of O/ -modules splits; hence L is a direct summand of
M. But then yy,; = y1.; = ¥, which is a contradiction.

(iii) The additivity of A follows easily from the multiplicativity of the Oth
Fitting ideal, but one can phrase the proof in a more elementary way as follows.
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It is easy to construct a commutative exact diagram.

0 0 0 (2.1)
O Ok! Ok Ok// O
A/ A A//
O Ok/ Ok Ok// O
0 M M M’ 0
0 0 0

Here, k = K + k", the maps OF — (O are the inclusion of the first
k' coordinates, and the maps OF — O are the projections to the last k”
coordinates. In that case, A(M’) = v(detA’), and similarly for M and M”, and
A is a block upper triangular matrix with A’ and A” on the diagonal, so detA =
detA’ detA”, giving the result.

To show that y; < vy + v, choose some integer i > 1, and let M; C M be
the direct sum

M;=0/a™! @ ... ®O/n"™

Note that A(M;) = yYy.1 + - -+ + yum,;. Define M; = M; N M’ and M as the image
of M; in M”. We get an exact sequence

0—>M — M —M —0.

From part (ii), it follows that Y = 0 for j > i by comparison to M;, and
Yuyj < varj for all j. In particular,

)u(M,/) <ywa+ -+ Y
Similarly,
AM) <ywa+-+ v

Now the desired inequality follows from additivity of A.
(iv) If M ~, M', there is a quotient L of M such that 7<M' C L C M'. By
coherence of O, L is finitely presented. Then

YM,i 2 Vi 2 Veew,i = Max(yy i — €,0) 2y — €.

By symmetry, we get ||y — v || < €. The other direction is obvious. O
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Now we can go to the limit.

PROPOSITION 2.11.

(1) There exists a unique map sending any almost finitely generated torsion
O-module M to an element yy € £3(N)o that extends the definition for
finitely presented M, and such that whenever M ~. M', then ||yy—yw || < €.
Set

o0
MM) =" s € Rog U {00).
i=1
(ii) Any almost finitely generated torsion O-module M with yy = (Y1, V2, - - -)
satisfies

M~0O/l, &0/l @ ---.
In particular, yy = 0 if and only if M is almost zero.

(iii) If M, M’ are almost finitely generated torsion O-modules such that M' is a
subquotient of M, then yyy ; < yyi forall i > 1.

W) If 0> M - M — M" — 0 is an exact sequence of almost finitely
generated torsion O-modules, then vy < yy + vy in the majorization
order, and A(M) = A(M") + A(M").

W) Ifin (i), yayr = yu, then M" is almost zero. Similarly, if yy = yyr, then M’
is almost zero.

We call yiy = (¥m.15 Ym2, - - -) the sequence of elementary divisors of M.

Proof. (i) In order to define y,,, choose some sequence of finitely presented
torsion O-modules M, such that M ~, M,. Then by transitivity of ~ and part
(iv) of the previous proposition, yy,, is a Cauchy sequence in £*°(N),, converging
to an element y) € £2(N),. Clearly, the conditions given force this definition.
Moreover, the inequality ||y — yawr || < € for M =, M’ follows by approximating
by finitely presented torsion (J-modules.

(i) Let N denote the right-hand side. Then yy = y),. Choose some € > 0,
€ € logI', and finitely presented N, M, as usual. Then ||yy, — Yu. || < 2¢, and
hence N, ~,. M.. It follows that N ~,. M, and we get the result as ¢ — 0.

(iii) This follows by approximation from the finitely presented case.

(iv) The majorization inequality follows by direct approximation from the
finitely presented case. For the additivity of A, we argue as follows. We know
that L(M) < AL(M') + A(M"), and we have to prove the reverse inequality. Let
V< iM'), v < A(M"), ¥,r" € R be any real numbers. Then there exists a
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finitely presented subquotient M, of M inducing subquotients M; and M{ of M’
and M", sitting in an exact sequence

0—> M, — M — M —0,

and such that A(M}) > ¥, A(M]) > r". Indeed, first replace M by a large finitely
generated submodule, and then take a large finitely presented quotient. Then
let M, C M| be a finitely generated submodule with small quotient; we still
have A(M}) > r'. One gets an induced quotient My = M, /M), which has M| as
further quotient, so A(M3) > r”. Because O is coherent, M} and M, are finitely
presented, and one finishes the proof by using additivity of A in the finitely
presented case.

(v) Using duality M — Homep (M, K/O), we reduce consideration to the
second case. Note that if A(M) < oo, this is a direct consequence of additivity of
A, and part (ii). In the general case, apply this reasoning to 7¢M and 7M" for
any € > 0: in general, we deduce from the classification result that

Vrem,i = Max(yy,; — €, 0),

and hence yyey = Yrenr. Moreover, only finitely many y,¢) ; are nonzero; hence
7€M has finite length. It follows that M" N 7€M is almost zero. But

M ~ M N7M,
0 ||yar |l < €. As € — 0, this gives the result. O

This finishes the proof of the classification result. We will need the following
application of these results.

LEMMA 2.12. Assume additionally that K is an algebraically closed field of
characteristic p. Let My be an O /m*-module for any k > 1, such that:

(1) M, is almost finitely generated;

(i) there are maps py: My, — My and qi: My — M| such that pyq;: My —
M, is multiplication by m, and such that

- »
M, 25 M S M,
is exact in the middle;

(iii) there are isomorphisms
() Mk ®O/nk,<p O/ﬂpk = Mpk

compatible with py, gqy.
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Then there exists some integer r > 0 and isomorphisms of O%-modules
M]? >~ (Oa/nk)r
for all k, such that py is carried to the obvious projection, q; is carried to the

multiplication by 7w -morphism, and ¢y is carried to the coordinatewise Frobenius
map.

Proof. We may assume that O is complete. From part (ii), we see by induction
that M is almost finitely generated for all k, and that yy, ., < y1 + yu, for all
k > 1. In particular, yy;, < kyy, for all k > 1. On the other hand, part (iii) implies
that yy,, = pyu, - Taken together, this implies that yy, = kyy,, for all k > 1. Let
M| C My, be the image of M,, and M, C M, the image of M, ;. Then we have
an exact sequence

0— M| — My — M, — 0.
It follows that

(k+ Dym, = Vi, < Y, + Y, <yYmy + v, = (k+ Dy,

Hence, all inequalities are equalities, and in particular Y = Yu and Yu, = Yoty
By part (v) of the previous proposition, we get M|* = M{ and M;* = M{, so

0— M{— M

a
1 > M —0

is exact. By induction over j > 1, the sequence

0— M — M,

- M;—0
is exact. Let M = 1<iLnkMk. Taking the inverse limit over j in the previous exact

sequence, we see that
k
O—>M“ﬂ—>M“—>M,f—>0

is exact. This implies that M“ is flat (for example, by [17, Lemma 5.3(i)], and
left-exactness of X — X,). Because M{ = M“/m is almost finitely generated and
O is complete, also M* is almost finitely generated, by the following lemma.

LEMMA 2.13. Let A be an O%-module such that A = l(iﬂlkA/nk, and such that
A/m is almost finitely generated. Then A is almost finitely generated.

Proof. Choose some 0 < € < 1, € € logI', and some map O" — A/m whose
cokernel is annihilated by 7¢. Take any lift f: O" — A; we claim that the
cokernel of O" — A is the same as the cokernel of O" — A/m, in particular
annihilated by 7. Indeed, take any a, € A with trivial image in the cokernel of
O" — A/m. Then ay = f(x9) + 7b, for some xy € O, by € A. Let a; = 7¢b,.
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Then ay = f(xy) + 7' ~a, and a, has trivial image in the cokernel of O" — A /.
In particular, we can repeat the argument with a, replaced by a;, which gives a
m-adically convergent series

ap=f0o+ 7" % + 72+ ),
which shows that q; is in the image of f. O

Now the ¢, induce an isomorphism ¢: M ®0 , O =M. Then (M Q@ K, ) =
(K", ) for some integer r > 0: over any ring R of characteristic p, locally free
R-modules N with an isomorphism N ®g , R = N are equivalent to étale IF,-local
systems over R; as K is algebraically closed, these are all trivial. Let M’ C M ® K
be the image of M; as M“ is flat, M* = M'“. Now M' C MQK = K" is ¢-invariant,
and because M* is almost finitely generated, there is some integer m > 1 such that
7" € M' C 7~"O". By applying ¢!, we see that 7"/ O" ¢ M' € x=""* O
for all k > 0, and hence M"* = (O%)", compatibly with ¢. This gives the desired
statement. ]

3. The pro-étale site

First, let us recall some abstract nonsense about pro-objects of a category. For
details, we refer the reader to SGA 4 1, 8.

DEFINITION 3.1. Let C be a category, and let C = Funct(C, Set)*®, with the fully
faithful embedding C — C, be its Yoneda completion. The category pro-C of
pro-objects of C is the full subcategory of those objects of C which are small
cofiltered inverse limits of representable objects.

The category pro-C can be described equivalently as follows.

PROPOSITION 3.2. The category pro-C is equivalent to the category whose
objects are functors F: I — C from small cofiltered index categories I and whose
morphisms are given by

Hom(F, G) = l(i;_nli_f>nH0m(F(i), G,

forany F: I — Cand G: J — C.

In the following, we will use this second description and call F: I — C simply
a formal cofiltered inverse system F;, i € I. Note that cofiltered inverse limits
exist in pro-C; see (the dual of) SGA 4 I, Proposition 8.5.1: this amounts to
combining a double inverse system into a single inverse system.

Now let X be a locally noetherian scheme, or a locally noetherian adic space.
We recall that an adic space is called locally noetherian if it is locally of the
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form Spa(A, A™), where A is strongly noetherian, or A admits a noetherian ring
of definition. As a consequence, if ¥ — X is étale, then locally, Y is connected.
This will be used in verifying that the pro-étale site is a site.

As a first step, we consider the profinite étale site. Let X denote the category
of spaces Y finite étale over X. For any U = l(El U; € pro-Xg., we have the
topological space |U| = 1<£n |Uj|.

DEFINITION 3.3. The pro-finite étale site X, has as underlying category
the category pro-Xg. A covering is given by a family of open morphisms
{fi: Ui — U} such that |U| =, £/(|1Uy]).

We will mostly be using this category in the case where X is connected.
In this case, fix a geometric base point x of X, so that we have the profinite
fundamental group (X, X): finite étale covers of X are equivalent to finite
sets with a continuous 7 (X, X)-action. (In particular in the case of adic spaces,
one may consider more refined versions of the fundamental group—see for
example [10]—which will not be used here.)

DEFINITION 3.4. For a profinite group G, let G-fsets denote the site whose
underlying category is the category of finite sets S with continuous G-action;
a covering is given by a family of G-equivariant maps {f;: S; — S} such that
S = U, fi(S)). Let G-pfsets denote the site whose underlying category is the
category of profinite sets S with continuous G-action, and a covering is given
by a family of open continuous G-equivariant maps {f;: S; — S} such that

S=U.f(S).

PROPOSITION 3.5. Let X be a connected locally noetherian scheme or
connected locally noetherian adic space. Then there is a canonical equivalence
of sites

Xprofét = Ty (X, )_C) 'pfSCtS.

Proof. The functor is given by sending ¥ = 1<£n Y > XtoSY)=S= Liﬂlsi,
where S; is the fiber of x in Y;. Each S; carries a continuous ; (X, x)-action, giving
such an action on S. Recalling that every profinite set with continuous action
by a profinite group G is in fact an inverse limit of finite sets with continuous
G-action, identifying G-pfsets = pro-(G-fsets), the equivalence of categories
follows immediately from X, = (X, x)-fsets.

We need to check that coverings are identified. For this, we have to show that a
map Y — Z in Xpos is open if and only if the corresponding map S(Y) — S(Z) is
open. It is easy to see that if ¥ — Z is open, then so is S(Y) — S(Z). Conversely,
one reduces consideration to the case of an open surjection S(Y) — S(Z).
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LEMMA 3.6. Let S — S’ be an open surjective map in G-pfsets for a profinite
group G. Then S — S’ can be written as an inverse limit S =lim T; — §', where
each T; is of the form T; = A; x ,S', where A; — B; is a surjection in G-fsets, and
S’ — B, is some surjective map. Moreover, one can assume that S = 1<iLnA,- and
S =1im B;.

<

Proof. Write S = lim S; as an inverse limit of finite G-sets. The projection § — S;
gives rise to finitely many open Uj;; C S, the preimages of the points of S;. Their
open images Ulfj form a cover of §’. We may take the refinement Vlfj/ C § given
by all possible intersections of Uj;’s. Taking the preimages V;y of V,}/ and again
taking all possible intersections of V;’s and Uj;’s, one gets an open cover Wy
of S, mapping to the open cover V;y of §', giving rise to finite G-equivariant
quotients § — A; and 8" — B;, and a surjective map A; — B;, such that § — §
factors surjectively over A; x5S — §'. Now § — §' is the inverse limit of
these maps, giving the first claim. The last statements follow similarly from the
construction. U

Using this structure result, one checks that if S(Y) — S(Z) is open and
surjective, then Y — Z is open. ]

Using the site G-pfsets, we get a site-theoretic interpretation of continuous
group cohomology, as follows. Let M be any topological G-module. We define a
sheaf F); on G-pfsets by setting

FM(S) = Homcont,G(Ss M)
Checking that this is a sheaf is easy, using that the coverings maps are open to
check that the continuity condition glues.
PROPOSITION 3.7.

(i) Any continuous open surjective map S — S’ of profinite sets admits a
continuous splitting.

(ii) For any S € G-pfsets with free G-action, the functor F +— F(S) on sheaves
over G-pfsets is exact.

(iii) We have a canonical isomorphism
Hl(pt7 fM)zHl (G7M)

cont

forall i > 0. Here pt € G-pfsets is the one-point set with trivial G-action.

Proof. (i) Use Lemma 3.6. Using the notation from the lemma, the set of
splittings of A; — B; is a nonempty finite set; hence the inverse limit is also
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nonempty, and any compatible system of splittings B, — A; gives rise to a
continuous splitting " — S.

(i1) We have the projection map S — S/G, an open surjective map of profinite
topological spaces. By part (i), it admits a splitting, and hence S = §/G x G. In
particular, any S with free G-action has the form S = 7 x G for a certain profinite
set T with trivial G-action. We have to check that if 7 — F’ is surjective, then
so is F(S) — F'(S). Let x' € F'(S) be any section. Locally, it lifts to " that is,
there is a cover {S; — S}, which we may assume to be finite as S is quasicompact,
and lifts x; € F(S)) of x; = x'|s; € F'(S,). Let T; C S; be the preimage of T C S;
then S; = T; x G and the T; are profinite sets, with an open surjective family
of maps {T; — T}. By part (i), it splits continuously, and hence {S; — S} splits
G-equivariantly, and by pullback we get x € F(S) mapping to x'.

(iii) We use the cover G — pt to compute the cohomology using the
Cartan—Leray spectral sequence; see SGA 4 V Corollaire 3.3. Note that by our
previous results,

RF(Gns fM) = Homcom,G(Gn7 M) = Honlcom((;”71 s M)

for all n > 1. The left-hand side is a term of the complex computing H'(pt, Fy,)
via the Cartan—Leray spectral sequence; the right-hand side is a term of the
complex computing H! (G, M). One easily identifies the differentials, giving
the claim. O

COROLLARY 3.8. The site G-pfsets has enough points, given by G-profinite sets
S with free G-action. O

Now we define the whole pro-étale site X,.¢. Note that U = lim U; — X in
pro-X¢ has an underlying topological space |U| = l<ln |U;|. This allows us to put
topological conditions in the following definition.

DEFINITION 3.9. A morphism U — V of objects of pro-Xy is called étale
(respectively finite étale) if it is induced by an étale (respectively finite étale)
morphism Uy — V, of objects in Xg: that is, U = Uy xy,V via some morphism
V — V,. A morphism U — V of objects of pro-Xg, is called pro-étale if it can be
written as a cofiltered inverse limit U = lim U; of objects U; — V étale over V,
such that U; — U; is finite étale and surjective for large i > j. Note that here U; is
itself a pro-object of X4, and we use that the cofiltered inverse limit 1(1r_n U, exists
in pro-Xg. Such a presentation U = 1(£n U; — V is called a pro-étale presentation.

The pro-étale site Xp.¢ has as underlying category the full subcategory of
pro-Xg of objects that are pro-étale over X. Finally, a covering in X is given
by a family of pro-étale morphisms {f;: U; — U} such that |U| =, £i(|Ui]).

We have the following lemma, which in particular verifies that X, is indeed
a site.
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LEMMA 3.10.

(1) Let U, V, W € pro-Xg, and assume that U — V is étale (respectively finite
étale, respectively pro-étale), and W — V is any morphism. Then U xyW
exists in pro-Xg, the map UxyW — W is étale (respectively finite étale,
respectively pro-étale), and the map |UxyW| — |U|xy||W| of underlying
topological spaces is surjective.

(i) A composition of U — V — W of two étale (respectively finite étale)
morphisms in pro-Xg is étale (respectively finite étale).

(iii) Let U € pro-X¢ and let W C |U| be a quasicompact open subset. Then there
is some V € pro-Xg with an étale map V. — U such that |V| — |U| induces a
homeomorphism |V| = W. If U € X4, the following strengthening is true:
one can take V € Xyos, and for any V' € Xpos such that V' — U factors
over |W| on topological spaces, the map V' — U factors over V.

(iv) Any pro-étale map U — V in pro-Xg is open.

(v) A surjective étale (respectively surjective finite étale) map U — V in pro-Xg
with V € Xpros comes via pullback along V — Vq from a surjective étale
(respectively surjective finite étale) map Uy — V, of objects Uy, V € Xg.

(vi) Let U — V — W be pro-étale morphisms in pro-Xg, and assume that
W € Xos. Then U, 'V € Xjos and the composition U — W is pro-étale.

(vii) Arbitrary finite projective limits exist in Xpog.

Proof. (i) If U — V is étale (respectively finite étale), then by definition we
reduce consideration to the case where U, V € Xg. Writing W as the inverse limit
of W;, we may assume that the map W — V comes from a compatible system
of maps W; — V. Then UxyW = l(iLnU Xy W; exists, and UxyW — W is by
definition again étale (respectively finite étale). On topological spaces, we have

[UxyW| =1(i£1|U xy Wi| — 1<i£1|U| Xy Wil = Uy | W],

the first equality by definition, and the last because fiber products commute with
inverse limits. But the middle map is surjective, because at each finite stage
it is surjective with finite fibers, and inverse limits of nonempty finite sets are
nonempty. In particular, the fibers are nonempty compact spaces.

In the general case, take a pro-étale presentation U = l(iLnU,- — V. Then
UxyW =1limU;xyW — W is pro-étale over W by what we have just proved.
On topological spaces, we have

|Uxy W] =1im [Upxy W] — Tim [Ui| v | W] = U] Xy [W]
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by similar reasoning. The middle map is surjective on each finite level by our
previous results, with fibers compact. Thus the fibers of the middle map are
inverse limits of nonempty compact topological spaces, and hence nonempty.

(ii) Write V = Vo xw,W as a pullback of an €tale (respectively finite étale)
map Vi, — W, in Xg. Moreover, write W = lim W, as an inverse limit of W; € X,
with a compatible system of maps W; — W, for i large. Set V; = V, x w, W;; then
V= 1(1Ln V..

Now write U = UOXV(/)V as a pullback of an étale (respectively finite étale)
map Uy — Vj in Xg. The map V — V|, factors over V; — V{ for i large. Now
let U; = UOXV(/)V,- € Xg. This provides an étale (respectively finite étale) map
Ui— W,and U = U;xy,W.

(iii) Write U as an inverse limit of U; € X; for i sufficiently large, W is the
preimage of some quasicompact open W; C |U;|. Then W; corresponds to an
open subspace V; C U;, and we take V = V;x,U. This clearly has the desired
property. Moreover, if U = lim U; is a pro-étale presentation, then so is the
corresponding presentation of V. If V' — U factors over W, then V' — U, factors
over W;. Choosing a pro-étale presentation of V'’ as the inverse limit of Vj/, the
map V' — U; factors over V; — U; for j large; moreover, as the transition maps
are surjective for large j, the map V; — U; factors over V; C U for j large. Then
V' — U factors over V;x U =V, as desired.

(iv) Choose a pro-étale presentation U = limU; — V, and let W C |U| be
a quasicompact open subset. It comes via pul%ack from a quasicompact open
subset W; C |U;| for some i, and if i is large enough that all higher transition
maps in the inverse limit are surjective, then the map W — W, is surjective.
Using parts (iii) and (ii), the image of W; C |U;| — |V| can be written as the
image of an étale map, so the task reduces to that of checking that the image of
an étale map is open.

Hence let U — V be any étale map, written as a pullback of Uy — Vj
along V — V. Then the map |U| — |V factors as the composite |Uyxy, V| —
|Uo| X vy IV — |V|. The first map is surjective by (i), so it suffices to check
that the image of the second map is open. For this, it is enough to check that
the image of |Up| in |Vy| is open, but this is true because étale maps are open
(see [9, Proposition 1.7.8] in the adic case).

(v) Write U — V as the pullback along V — V;, of some étale (respectively
finite étale) map U, — V), and take a pro-étale presentation of V as an inverse
limit of V;. We get a compatible system of maps V; — V,, for i large. Because the
composite |U| = |Uyxy,V| — |Up| Xy, IV| = [V|, and hence the second map,
is surjective, we know that | V| — |V;| factors over the image of |Uy| in |V;|. But
V| = 1(£n |V:| with surjective transition maps for large i; hence also |V;| — V|
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factors over the image of |Uy| in |V for some large i. Then Uyxy,V; — V; is
surjective (by (i)) and étale (respectively finite étale), as desired.

(vi) We may write U — V as the composition U — U, — V of an inverse
system U = lim U; — U, of finite étale surjective maps U; — U; — U, and
an étale map Uy, — V. This reduces the task to that of checking the assertion
separately in the case where U — V is étale, or an inverse system of finite étale
surjective maps.

First, assume that U — V is étale. Then it comes via pullback along V — V;
from some U, — V|, of objects U, V, étale over X. We may choose a pro-étale
presentation V =limV; — W, and V — Vj, is given by a compatible system of
maps V; — V, for i large. Then U = 1(121 Uo x v, V;. This description shows that U
is pro-étale over W, using parts (i) and (ii).

Using this reduction, we assume in the following that all maps U — V —
W — X are inverse limits of finite étale surjective maps, and that X is connected.
We want to show that all compositions are again inverse limits of finite étale
surjective maps. This reduces to a simple exercise in Xprofs.

(vii) We have to check that direct products and equalizers exist. The first case
follows from (i) and (vi). To check for equalizers, one reduces consideration
to proving that if U — X is pro-étale and V C U is an intersection of open
and closed subsets, then V — X is pro-étale. Writing U = lim U;, we have
V =1imV,, where V; C U; is the image of V. As V is an intersection of open
and closed subsets, and the transition maps are finite étale for large i, it follows
that V; C U; is an intersection of open and closed subsets for large i. Since
locally, U; has only a finite number of connected components, it follows that
Vi C U; is open and closed for large i. Moreover, the transition maps V; — V;
are by definition surjective, and finite étale for large i, j, as they are unions of
connected components of the map U; — Uj;. This shows that V is pro-étale over
X, as desired. O

It is part (vii) which is the most nonformal part: one needs that any U € X
has locally on U only a finite number of connected components.

LEMMA 3.11. Under the fully faithful embedding of categories Xyrotsi C Xprosr @
morphism f: U — V in Xy s open if and only if it is pro-étale as a morphism
in Xproqr. In particular, the notions of coverings coincide, and there is a map of
sites Xorosi —> Xprofét-

Proof. As pro-étale maps are open, we only have to prove the converse. This
follows directly from Lemma 3.6, under the equivalence of Proposition 3.5. [

PROPOSITION 3.12. Let X be a locally noetherian scheme or locally noetherian
adic space.
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(i) Let U =1im U; — X be a pro-étale presentation of U € Xyo1, Such that all
U; are affinoid. Then U is a quasicompact object of Xpros-

(i1) The family of all objects U as in (i) is generating, and stable under fiber
products.

(iii) The topos associated with the site Xy is algebraic (see SGA 4 VI,
Definition 2.3), and all U as in (i) are coherent: that is, quasicompact and
quasiseparated.

(iv) An object U € Xpos is quasicompact (respectively quasiseparated) if and
only if |U| is quasicompact (respectively quasiseparated).

W) If U — V is an inverse limit of surjective finite étale maps, then U is
quasicompact (respectively quasiseparated) if and only if 'V is quasicompact
(respectively quasiseparated).

(vi) A morphism f: U — V of objects in Xyoq is quasicompact (respectively
quasiseparated) if and only if |f|: |U| — |V| is quasicompact (respectively
quasiseparated).

(vii) The site Xo¢ is quasiseparated (respectively coherent) if and only if |X| is
quasiseparated (respectively coherent).

Proof. (i) Each |U;| is a spectral space, and the transition maps are spectral.
Hence the inverse limit |U| = 1(&1 |U;| is a spectral space, and in particular
quasicompact. As pro-étale maps are open, this gives the claim.

(ii) Any U € X4 can be covered by smaller U’ that are of the form given in
(1), using that preimages of affinoids under finite étale maps are again affinoids.
This shows that the family is generating, and it is obviously stable under fiber
products.

(iii) Using the criterion of SGA 4 VI Proposition 2.1, we see that X is
locally algebraic and all U as in (i) are coherent. We check the criterion of SGA 4
VI Proposition 2.2 by restricting to the class of U as in (i) that have the additional
property that U — X factors over an affinoid open subset Uy of X. It consists of
coherent objects and is still generating, and because UxxU = U xy, U, one also
checks property (i ter).

(iv) Use SGA 4 VI Proposition 1.3 to see that if |U| is quasicompact, then so
is U, by covering U by a finite number of open subsets U; C U of the form given
in (i). Conversely, if U is quasicompact, any open cover of |U| induces a cover
of U, which by definition has a finite subcover, inducing a finite subcover of |U],
so |U| is quasicompact.

Now take any U, and cover it by open subsets U; C U, the U, as in (i). Using
SGA 4 VI Corollaire 1.17, we see that U is quasiseparated if and only if all
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U;x yUj are quasicompact if and only if all |U;|x|U;| are quasicompact if and
only if |U| is quasiseparated.

(v) Use SGA 4 VI Corollaire 2.6 to show that U — V is a coherent
morphism, by covering V by inverse limits of affinoids as in (i): they are
coherent, and their inverse images are again inverse limits of affinoids, and
hence coherent. Hence Proposition SGA 4 VI Proposition 1.14 (ii) shows
that V quasicompact (respectively quasiseparated) implies U quasicompact
(respectively quasiseparated).

Conversely, if U is quasicompact, take any open cover of |V|; this gives an
open cover of |U| which has a finite subcover. But the corresponding finite
subcover of |V| has to cover |V|; hence |V| is quasicompact. Arguing similarly
reveals that U quasiseparated implies V quasiseparated.

(vi) This follows from (iii), (iv) and SGA 4 VI Corollaire 2.6.

(vii) This follows from (iii), (iv) and the definition of quasiseparated
(respectively coherent) sites. 0

Moreover, the site X,o¢ is clearly functorial in X. Let us denote by 7™ the
topos associated with a site 7. If X is quasiseparated, one can also consider the
subsite Xprosqe C Xprost cONsisting of quasicompact objects in X,..¢; the associated
topoi are the same.

PROPOSITION 3.13. Let x € X, corresponding to a map Y = Spa(K, K*) - X
(respectively Y = Spec(K) — X) into X. (We note that in the case of adic spaces,
the image of Y may be larger than x itself.) Then there is a morphism of topoi

i.: Y = X roet:

profét
such that the pullback of F € X

roét

Vi limF(U),
—_—

V—>U

is the sheafification it F of the functor

where U € X0, and V — U is a map compatible with the projectionsto Y — X.
Iffor all points x, i! F = 0, then F = 0. In particular, X,.¢ has enough points,
given by profinite covers of geometric points.

REMARK 3.14. It is not enough to check stalks at geometric points: one has to
include the profinite covers of geometric points to get a conservative family.

Proof. We leave the construction of the morphism of topoi to the reader:
one reduces consideration to the case where X is affinoid, and in particular
quasiseparated. Then there is a morphism of sites Y016 — Xprostqe, induced from
taking the fiber of U € X144 above x.

Now let F be a sheaf on X, such that ifF = 0 for all x € X. Assume that
there is some U € X4 With two distinct sections sy, s, € F(U). We may assume
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that U is quasicompact. Take any point x € X and let S be the preimage of x in U.
It suffices to see that there is a pro-étale map V — U with image containing S
such that s; and s, become identical on V. The preimage S of x corresponds to a
profinite étale cover Se Yoroféts S— U.

Now we use that s; and s, become identical in (7*F)(S). This says that there is
a pro-étale cover S — Sin Yororee and some V € Xoq, V — U, with a lift SV
such that s; and s, become identical in F (V). We get the following situation.

v

|

§—=U

|

Yy —X

Here both projections V — X and U — X are pro-étale, and the map S-S
is a profinite étale cover.

By the usual arguments, one reduces consideration to the case where U and
V are cofiltered inverse limits of finite étale surjective maps. Moreover, one
may assume that X is connected, and we choose a geometric point x above x.
Let S;, S; be the fibers of S and S’ above x. Now U,V € Xprofe correspond to
profinite 7, (X, X)-sets S(U), S(V). In fact, S(U) = Sz, and S; C S(V). Consider
the subset T = m; (X, X)S. C S(V), and let V' < V be the corresponding map
in Xprofs. Since S —>Sisa profinite étale cover, S; — S; is an open surjective
map, and hence so is the map S(V') =T — S(U) = S;. This means that the map
V' — U is pro-étale. Since s, and s, are identical in F(V’), this finishes the proof
that F = 0.

For the last assertion, use that Y, has enough points. Ul

We will need a lemma about the behavior of the pro-étale site under change of
base field. Assume that X lives over a field K: that is, X — Spec K (respectively
X — Spa(K, K")), and let L/K be a separable extension (with Lt C L the
integral closure of K* in the adic case). Let X; = X Xspec kSpec L (respectively
X = X Xspak .k Spa(L, L*)). We may also define an object of X, by taking
the inverse limit of X;, € X4 where L; C L runs through the finite extensions
of K. By abuse of notation, we denote by the same symbol X; € X4 this formal
inverse limit.

Then, we may consider the localized site X,.¢/X; of objects with a structure
map to X;, and the induced covers. One immediately checks the following result.

PROPOSITION 3.15. There is an equivalence of sites Xy prost = Xproét/ X1
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There is the natural projection v : Xpos — Xg. Using it, we state some general
comparison isomorphisms between the étale and pro-étale sites.

LEMMA 3.16. Let F be an abelian sheaf on Xg. For any quasicompact and
quasiseparated U = l(ln U; € Xpros and any i 2 0, we have

H'(U,v*F) = lim H'(U;, F).

Proof. One may assume that F is injective, and that X is quasicompact and
quasiseparated. Let us work with the site Xo¢qc; as it has the same associated

topos, this is allowed. Let F be the presheaf on Xp.¢q given by F V) =
li_r)n]: (V;), where V = L&an Obviously, v*F is the sheaf associated with F.

We have to show that F is a sheaf with H(V, F ) =0 for all V € X5 and
i > 0. Using SGA 4 V Proposition 4.3, equivalence of (i) and (iii), we have to
check that for any U € X,,;6qc With a pro-étale covering by Vy — U, Vi € Xro6iqc
the corresponding Cech complex

0> FW) > [[FV) = [[FVixuVi) > -+
k

kK

is exact. This shows in the first step that Fis separated; in the second step that
JF is a sheaf; in the third step that all higher cohomology groups vanish.

We may pass to a finite subcover because U is quasicompact; this may be
combined into a single morphism, V — U. Now take a pro-étale presentation
V= l(ir_nVl — U. Then V;, — U is an étale cover for large I. Since F (V) =

lim F(V;), the Cech complex for the covering V — U is the direct limit of the
Cech complexes for the coverings V; — U. This reduces our consideration to the
case where V — U is étale.

Choose V; — U; étale such that V = V;xy, U. Then denoting for j' > j by
Vy — Uy the pullback of V; — U;, Vy — Uy is an étale cover for large j/, and
the Cech complex for V — U is the direct limit over j' of the Cech complexes
for Vy — Uy. This reduces the consideration to checking exactness of the Cech
complexes for the covers V; — Uy. But this is just the acyclicity of the injective
sheaf F on Xj. O

COROLLARY 3.17.

(1) For any sheaf F on Xy, the adjunction morphism F — Rv,v*F is an
isomorphism.

(ii) Let f: X — Y be a quasicompact and quasiseparated morphism. Then for
any sheaf F on Xg, the base-change morphism

V;Rfét*f - Rfi)roél* U;'J,?
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associated with the diagram

vx
Xproét —— X ét

lfproét J{f ét

vy
Ypmét — Yy

is an isomorphism.

Proof. (i) We recall that for any i > 0, R'v,v*F is the sheaf on X, associated
with the presheaf U — H (U, v*F), where in the last expression U is considered
as an element of X,. Hence the last lemma already implies that we get an
isomorphism for i = (. Moreover, for degree i > 0, the lemma says that if U is
quasicompact and quasiseparated, then H (U, v*F) = H'(U, F). But any section
of H'(U, F) vanishes locally in the étale topology, so the associated sheaf is
trivial.

(i1) One checks that for any i > 0, the ith cohomology sheaf of both sides
is the sheafification of the presheaf taking a quasicompact and quasiseparated
U=limU; - Yto

@Hi(l]ijX, F). O

Part (i) implies that v* gives a fully faithful embedding from abelian sheaves
on X to abelian sheaves on X, and we will sometimes confuse a sheaf F on
X with its natural extension v*F to Xpoq.

One useful property of the pro-étale site is that inverse limits are often exact.
This is in stark contrast with the usual étale site, the difference being that property
(ii) of the following lemma is rarely true on the étale site.

LEMMA 3.18. Let F;, i € N, be an inverse system of abelian sheaves on a site
T. Assume that there is a basis B for the site T, such that for any U € B, the
following two conditions hold.:

(i) the higher inverse limit R LiLn]:,-(U) = 0 vanishes;

(ii) all cohomology groups H(U, F;) = 0 vanish for j > 0.

Then R’l(iLn}"i =0 for j > 0 and (1(iLn.7:i)(U) = 1(iLn.7:,«(U) for all U e T.
Moreover, H (U, l<iLn.7:,«) =0for UeBandj>0.
Proof. Consider the composition of functors

Sh" — PreSh" — PreSh — Sh.
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Here the first is the forgetful functor, the second is the inverse limit functor on
presheaves, and the last is the sheafification functor. The first functor has the
exact left adjoint given by sheafification, so it preserves injectives and one sees
that upon taking the derived functors, the conditions guarantee that for U € B,
all (R 1<iLn.7-",-)(U) vanish for j > 0: they do before the last sheafification, and
hence they do after the sheafification. This already shows that all higher inverse
limits R/ Lln]-", j > 0, vanish. Because an inverse limit of sheaves calculated as
presheaves is again a sheaf, the description of 1(&1 JF; is always true.
For the last statement, consider the commutative diagram

ShY —— PreSh"

.

Sh —— PreSh

expressing that the inverse limit of sheaves calculated on the level of presheaves
is a sheaf. Going over the upper right corner, we have checked that the higher
derived functors of the composite map are zero for i > 0 on sections over U € B.
As the left vertical functor has an exact left adjoint given by taking a sheaf to
the constant inverse limit, it preserves injectives, and we have a Grothendieck
spectral sequence for the composition over the lower left corner. There are no
higher derived functors appearing for the left vertical functor, by what we have
proved. Hence this gives H/ (U, 1<iLn,7:,») =0forj>0and U € B. O

4. Structure sheaves on the pro-étale site

DEFINITION 4.1. Let X be a locally noetherian adic space over Spa(Q,, Z,).
Consider the following sheaves on X

(i) The (uncompleted) structure sheaf Oy = v*OXét, with subring of integral
elements Oy = v*Oy, .

(i1) The integral completed structure sheaf @;{ = 1<£n Oy /p", and the completed
structure sheaf Oy = @;[1 /pl.

LEMMA 4.2. Let X be a locally noetherian adic space over Spa(Q,, Z,), and let

Ue Xproét.

(1) For any x € |U|, we have a natural continuous valuation f — |f(x)| on

Ox(U).
(i1) We have
OF(U) ={f € Ox(U) | Vx € |U]: [f(x)| < 1}.
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(iii) Foranyn > 1, the map of sheaves O /p" — OX /p" is an isomorphism, and
OX (U) is flat over Z, and p-adically complete.

(iv) For any x € |U|, the valuation f — |f (x)| extends to a continuous valuation
on Ox(U).

(v) We have
OF(U) ={f € Ox(U) | Vx € |U|: [F ()| < 1),
In particular, @;(U) c Ox(U) is integrally closed.

Proof. All assertions are local in U, so we may assume that U is quasicompact
and quasiseparated. We choose a pro-étale presentation U = lim U; — X.

(i) A point x € |U| is given by a sequence of points x; € |U;|, giving a
compatible system of continuous valuations on Oxél(Ui) = Ox(U;). But

Ox(U) = (v* Ox,)(U) = lim Ox (Uy),

so these valuations combine into a continuous valuation on Ox (U).

(i1) Assume that i is large enough that |U| — |U;| is surjective, and f € Ox(U)
is the image of f; € Ox(U;). Then the condition |f(x)| < 1 for all x € |U| implies
Ifi(x)] < 1 for all x; € |U;|, whence f; € OF (U;), so f € Of (U). Conversely, if
f € O3 (U), then it comes as the image of some f; € OF (U;), and it lies in the
right-hand side.

(iii) This follows formally from flatness of OF over Z,.

(iv) To define the desired valuation on f € @;(U), represent it as the inverse
system of f, € (OF /p™)(U). It makes sense to talk about max(|f,, (x)|, |p|"): cover
U in such a way that £, lifts to some f, € Oy ; then the valuation |f,(¥)| will
depend on the preimage x of x in the cover, but the expression max(|f, (X)|, |p|")
does not. If max(|f, (x)|, |p|") > |p|" for some n, then we define |[f(x)| = |f,(x)];
otherwise, we set |[f(x)] = 0. One easily checks that this is well defined and
continuous. Clearly, it extends to @X(U).

(v) By definition, the left-hand side is contained in the right-hand side. For
the converse, note that since U is quasicompact and quasiseparated, we have
@X(U) = (’A);{(U)[l /pl. This reduces the consideration to checking that if f €
@X(U) satisfies |f(x)| < |p|" for all x € |U]|, then f Ep”@X(U) For this, one
may use part (iii) to write f = fo + p"g for some f; € Oy (D), g€ OX (U) over
some cover U of U. Then we see that |fy(¥)| < |p|” for all ¥ € U, and hence by
part (i), fy € p"OX (U). O

We caution the reader that we do not know whether Oy (U ) - @X(U ) is always
dense with respect to the topology on (’)X(U) having p”(’)*(U) n=0,asa
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basis of open neighborhoods of 0. This amounts to asking whether O (U)/p" —
(’A);{ (U)/p" is an isomorphism for all n > 1, or whether one could define @X(U )
as the completion of Oy (U) with respect to the topology having p” (’A);{(U ),n =0,
as a basis of open neighborhoods of 0. In a similar vein, we ignore whether for
all U € Xros, the triple (|U], (’A)X||U‘, (] « ()| | x € |U))) is an adic space. Here
@x||U| denotes the restriction of @x to the site of open subsets of |U].

However, we will check next that there is a basis for the pro-étale topology
where these statements are true. For simplicity, let us work over a perfectoid
field K of characteristic O with an open and bounded valuation subring K+ C K,
and let X over Spa(K, K™) be a locally noetherian adic space. As in Section 2,
we write I = |K*| C R.,, and identify R., with R using the logarithm with
base |p|. For any r € log I' C R, we choose an element, written as p” € K, such
that [p"| = |p|".

DEFINITION 4.3. Let U € X0

(i) We say that U is affinoid perfectoid if U has a pro-étale presentation
U= 1(1r_n U; — X by affinoid U; = Spa(R;, R") such that, denoting by R*
the p-adic completion of limR;", and R = R*[p~'], the pair (R,R") is a

i

perfectoid affinoid (K, K +);igebra.

(i) We say that U is perfectoid if it has an open cover by affinoid perfectoid
V C U. Here, recall that quasicompact open subsets of U € X0 naturally
give rise to objects in X

EXAMPLE 4.4. If

X =T"=Spa(K(T{', ..., T, KN(TF, ..., TFY),
then the inverse limit T" € Xprost Of
Spa(K (""", ... T, KH(TE LT,

m > 0, is affinoid perfectoid.

With an affinoid perfectoid U as in (i), one associates U= Spa(R, R"), an
affinoid perfectoid space over K. One immediately checks that it is well defined:
that is, independent of the pro-étale presentation U = lim U;. Also, U +— U
defines a functor from affinoid perfectoid U € X, to affinoid perfectoid spaces
over K. Moreover, if U is affinoid perfectoid and U = 1<iLnU,~ is a pro-étale

presentation, then U~ 1(1r_n U, in the sense of [17], and in particular |f] | =|U]|.
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LEMMA 4.5. Let U = l(gn Ui € Xprosr Ui = Spa(R;, R), be affinoid perfectoid,
with a pro-étale presentation. Let (R, R") be the completion of the direct limit of
the (R;, R}) such that U = Spa(R, R*).

Assume that V; = Spa(S;, S;) — U, is an étale map which can be written
as a composition of rational subsets and finite étale maps. For j > i, write
V; = Vixy,U; = Spa(S;, S7), and V = Vixy,U = lim V; € Xiroer. Let A; be the
p-adic completion of the p-torsion-free quotient of Sf ®R/_+ R*. Then:

(i) The completion (S, S*) of the direct limit of the (S;, S;r) is a perfectoid
affinoid (K, K*)-algebra. In particular, V is affinoid perfectoid. Moreover,
V= Vixuy, U in the category of adic spaces over K, and S = A;[1/p] for any
jzi

(ii) Foranyj > i, the cokernel of the map A; — S is annihilated by some power
pYof p.

(iii) Let € > 0, € € log I'. Then there exists some j such that the cokernel of the
map A; — S* is annihilated by p*.

Proof. Clearly, one can separately treat the cases where V; C U; is a rational
subset and where V; — U, is finite étale.

Assume first that V; C U; is a rational subset given by certain functions
fis - fus & € R;. By pullback, it induces a rational subset W of U. Let

(T, T") = (Oy(W), Og(W))-
Then (T, TY) is a perfectoid affinoid (K, K*)-algebra by [17, Theorem 6.3 (ii)],
W = Spa(T, T*). Recall that for perfectoid affinoid (K, K™)-algebras (A, A*),

A" is open and bounded: that is, carries the p-adic topology. Let Ry C R be an
open and bounded subring. Then

8 8

is an open and bounded subring. If we give T; = §; Qg; R its natural topology,

making the image of Sj ®g, R* open and bounded, and let T;" C T; be the

integral closure of the image of S;r ®g+ RT, then Spa(T;, Tj+) is the fiber product
J

Vixy;U = W. By the universal property of (7, T+), we find that (T, T") is the

completion of (7}, T;"). In particular, the natural topology on 7; makes ;" open

I
and bounded (as this is true after completion, T being perfectoid). Hence, the

natural topology on T; agrees with the topology making the image of SjJr ®pt+ RT
J
open and bounded, as

im(Sjy ®ry K™ — T)) Cim(S] @4+ R* — T)) C T
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In particular, T = Aj[p"]. As TT C T is bounded, we also find that the cokernel
of A; — T is killed by some power of p.

Next, we claim that ST = 7, and hence also S = 7. We have to show
that S*/p" = li_I)nS;’/p” — T*/p" is an isomorphism for all n. As W — V; is
surjective for j large, the map from Sj+ /p" to Tt /p" is injective for large j,
and hence so is the map S*/p" — T+ /p". For surjectivity, take f € T*. After
multiplying by p", it is the image of some element of S; ®Ri+ R*, which we
can approximate by g € S modulo p"™ if j is large enough, as R /p"*" =
@Rf /p"™N. Then g € p"S;" (by surjectivity of W — V; for j large), and writing
g=p"h, h eSS, we find that h = f modulo p"T™.

It remains to see that for any € > 0, there exists some j such that the cokernel
of A; — T is annihilated by p. For this, it suffices to exhibit a subalgebra
T+ C T, topologically finitely generated over R*, whose cokernel is annihilated
by p¢: any generator can be approximated modulo p" by an element of Sj+ for j
large enough, so for j very large, 7. will be in the image of A;.

The existence of such subalgebras is an abstract question about perfectoid
spaces. It follows from [17, Lemma 6.4]: in the notation of that lemma,

the subalgebras
1\ /" 1\ 1/P"
“((e) ) )0

for m > 0 large enough have the desired property.

Now assume that V — U is finite étale. In that case, S; is a finite étale
Rj-algebra for all j, and the almost purity theorem [17, Theorem 7.9(iii)] shows
that 7' = §; ®g; R is a perfectoid K-algebra. Let T be the integral closure of
Rt in T. By [17, Lemma 7.3(iv) and Proposition 7.10], Spa(T, T*) is the fiber
product V;xy, U. Then the proof of parts (i) and (ii) goes through as before. For
part (iii), it suffices to check that one can find subalgebras TF C T topologically
finitely generated over R™, such that the cokernel is annihilated by p¢. In this
case, this follows from the stronger statement that 7+* = 7°“ is a uniformly
almost finitely generated R™* = R°*-module; see [17, Theorem 7.9 (iii)]. O

In particular, this implies that the functor U U is compatible with open
embeddings, and one can extend the functor to a functor U — U from perfectoid
U € Xy to perfectoid spaces over K.

LEMMA 4.6. Let U € Xy be perfectoid. For any V — U pro-étale, also 'V is
perfectoid.

Proof. We may assume that U is affinoid perfectoid, given as the inverse limit of
U; = Spa(R;, R"). Moreover, factor V — U as the composition V — V, — U of
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an inverse limit of finite étale surjective maps V = lim V; — V, and an étale map
Vo — U. The latter is locally the composite of a rational subset of a finite étale
cover. These cases have already been dealt with, so we can assume that V, = U,
that is V is an inverse limit of finite étale surjective maps.

For any j, V; comes as the pullback of some finite étale cover V;; = Spa(Sy, S;/)
of U;. For any j, the completion (S;, S;°) of the direct limit over i of the (S, S;/)
is perfectoid affinoid by the previous lemma. It follows that the completion
of the direct limit over i and j of (Sy, S,;T) is the completion of the direct
limit of the (S;, S;’). But the completion of a direct limit of perfectoid affinoid

(K, K*)-algebras is again perfectoid affinoid. O

COROLLARY 4.7. Assume that X is smooth over Spa(K, K"). Then the set of
U € Xpros Which are affinoid perfectoid form a basis for the topology.

Proof. If X = T", then we have constructed an explicit cover of X by an affinoid
perfectoid T e Xproei- By the last lemma, anything pro-étale over s again has a
basis of affinoid perfectoid subspaces, giving the claim in this case: any U € X0
is covered by U X T", which is pro-étale over T.

In general, X locally admits an étale map to T" (see [9, Corollary 1.6.10]),
reducing consideration to this case. O

This corollary is all we will need, but a result of Colmez [5] shows that the
statement is true in full generality.

PROPOSITION 4.8. Let X be a locally noetherian adic space over Spa(K, K™).
Then the set of U € Xyoa Which are affinoid perfectoid form a basis for the

topology.

Proof. We may assume that X = Spa(A,A'), where A has no nontrivial
idempotents. It is enough to find a sequence A;/A of finite étale extensions, such
that, denoting by A;" the integral closure of A" in A, the completion (B, B)
of the direct limit of (A;, A]") is perfectoid affinoid. Here, we put the p-adic
topology on the direct limit of the A7, even though all A may not carry the
p-adic topology. Using Proposition 3.15, we may assume that K is algebraically
closed.

Now we follow the construction of Colmez [5, Section 4.4]. The construction
is to iterate adjoining pth roots of all 1-units 1 + A°°; here A°®> C A™ denotes the
subset of topologically nilpotent elements. Note that Colmez works in a setup
which amounts to assuming that A1 has the p-adic topology; however,

A+A%)/A+A°)Y =01 +2\°°)/(1 + A%y,

where A = A*[p~'], with At the p-adic completion of A", This means that
adjoining the pth roots to A first and then completing is the same as first

https://doi.org/10.1017/fmp.2013.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2013.1

p-adic Hodge theory for rigid-analytic varieties 35

completing and then adjoining the pth roots. Colmez shows that repeating this
construction produces a sympathetic K-algebra, and sympathetic K-algebras are

perfectoid by [5, Lemme 2.15(iii)]. ]
Using the construction of the previous proposition, we prove the following
theorem.

THEOREM 4.9. Let X = Spa(A, A1) be an affinoid connected noetherian adic
space over Spa(Q,, Z,). Then X is a K(m, 1) for p-torsion coefficients: that is,
for all p-torsion local systems 1L on X4, the natural map

H{o (1 (X, %), Le) = H'(Xg, L)

is an isomorphism, where x € X is a geometric point, and 7\(X, x) denotes the
profinite étale fundamental group.

Proof. We have to show that the natural map
H' Xz, L) — H'(Xg, L)

is an isomorphism. For this, let f: Xz — Xg be the natural map of sites; then it
is enough to show that Rf,I. = 0 for i > 0, and f,I. = LL. The second property
is clear. It remains to show that for any U — X, which we may assume to
be connected, any cohomology class of H'(Ug, L) can be killed by a finite
étale cover of U. Performing the renaming U = X, we have to show that any
cohomology class of H (X, IL) can be killed by a finite étale cover. For this, we
can assume that LL is trivial (by passing to the cover trivializing L), and then that
L=F,.

Novf/ we argue with the universal cover of X. Let A, be a direct limit of
faithfully flat finite étale A-algebras A; C A, such that A, has no nontrivial
idempotents, and such that any faithfully flat finite étale A..-algebra has a
section. Let Al C A be the integral closure of A*, and let (AOO,A;) be the
completion of (A, AY), for the p-adic topology on A} . Then (AOO,A;) is
a perfectoid affinoid C,-algebra (which can either be easily checked directly,
or deduced from the proof of the previous proposition and the almost purity
theorem). Let X, = Spa(Aoo,A;Lo), which is a perfectoid space over C,.
Moreover, X, ~ l(ir_nX,- in the sense of [17, Definition 7.14], where X; =

Spa(A;, AT) — X is finite étale. Then by [17, Corollary 7.18], we have
Hj(Xoo,ét9 IL’) = li_n)lHj(Xi.éts IL’)

for all j > 0. We see that it is enough to prove that /(X &, L) = 0 for j > 0.
For this, we argue with the tilt XZO of X,. Recall that we have reduced
consideration to the case . = IF,,. We have the Artin—Schreier sequence

0—)]Fp—>OXb —>(’)X> —0
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on Xzo’él = X« Taking cohomology, we see that H/ (X ¢, F,) =0forj>2,
and

0—>F,—>A - A — H' (X, q F,)— 0.

However, as A, has no nontrivial finite étale covers, also Aoo has no nontrivial
finite étale covers (see for example [17, Lemma 7.5(i)]), and thus /A\ZO has
no nontrivial finite étale covers, by [17, Theorem 5.25]. This implies that
the Artin—Schreier map Aio — Aio is surjective, giving H'(Xoo«, F,) = 0, as
desired. [l

LEMMA 4.10. Assume that U € Xpoe 1S affinoid perfectoid, with U =
Spa(R, RT). In the following, use the almost setting with respect to Kt and the
ideal of topologically nilpotent elements.

(i) Foranynonzerob € K™, we have Oy (U)/b = R™ /b, and this is almost equal
t0 (O5 /b)(U).
(i) The image of (Ox /by)(U) in (Of /by)(U) is equal to R /b, for any nonzero
b], bz € K* such that |b]| < |b2|
(iii) We have OF (U) = R*, Ox(U) =R.
(iv) The ring O} (U) is the p-adic completion of OF (U).
(V) The cohomology groups H'(U, @;{) are almost zero for i > Q.

In particular, for any perfectoid U € Xpros, (|1U], @X||U|, (e M| |xe|U))is
an adic, in fact perfectoid, space, given by U.

REMARK 4.11. This gives the promised base of the topology on which the

sheaves (’A);f and @x behave as expected. Note that by Proposition 3.15, such
a base of the topology exists for all locally noetherian adic spaces over

Spa(Qp. Zy).

Proof. (i) The equality Oy (U)/b = R" /b follows from the definition of (R, R").
By the last proposition, giving a sheaf on X, is equivalent to giving a presheaf
on the set of affinoid perfectoid U € X0, satisfying the sheaf property for
pro-étale coverings by such. We claim that

U F(U) = (O} 0)/b)* = (05 (U)/b)*

is a sheaf F of almost K "-algebras, with H'(U, F) = 0 for i > 0. Indeed, let U be
covered by V, — U. We may assume that each V/ is profinite étale over V;y — U,
and that Vo — U factors as a composite of rational embeddings and finite étale
maps. By quasicompactness of U, we can assume that there are only finitely
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many V;, or just one V by taking the union. Then V =1im V; — V;; — U, where
Vj, is a composite of rational embeddings and finite étale maps, and V; — Vj is
finite étale surjective for j, j/ > jo. We have to see that the complex

CU,V): 0> FU) — F(V)—> F(VxyV)—>---
is exact. Now F(V) = li_r)n}"(Vj) and so on, so
C(U, V) =lmC(U. V),

and one reduces consideration to the case where V — U is a composite of
rational embeddings and finite étale maps. In that case, V and U are affinoid
perfectoid, giving rise to perfectoid spaces U/ and V, and an étale cover V — U.
Then Lemma 4.5 implies that

CWU.V): 0= (OF (0)/b)" — (OF (V)/b)*
= (OF (VxgV)/b)" — -+,

so the statement follows from the vanishing of H'(Wy, (’)‘Tvzt), i > 0, for any
affinoid perfectoid space W, proved in [17, Proposition 7.13].

This shows in particular that F = (Oy /b), giving part (i).

(ii) Define ¢ = b, /b, € K*, with |c| < 1. Let f € (O /b))(U), and take g € R*
such that ¢f = g in (Oy /b,)(U), which exists by part (i). Looking at valuations,
one finds that g = ch for some & € R. As multiplication by ¢ induces an injection
O5 /by, — O3 /by, it follows that f — h = 0 in (O /b,)(U). Hence the image of
£ in (OF /b,)(U) is in the image of R* /b,, as desired.

(iii) Using part (ii), one sees that

O} (U) = lim(OF /p")(U) = limR* /p" = R*.

Inverting p gives @X(U) =R.

(iv) This follows from part (iii) and the definition of R™.

(v) We have checked in the proof of part (i) that the cohomology groups
Hi(U, O} /p") are almost zero for i > 0 and all n. Now it follows for O} from
the almost version of Lemma 3.18. O

LEMMA 4.12. In the situation of the previous lemma, assume that 1L is an
F,-local system on X. Then for all i > 0, the cohomology group

H'(U,L ® O5 /p)*

is almost zero, and it is an almost finitely generated projective R** /p-module
M) for i = 0. If U € Xyou is affinoid perfectoid, corresponding to U’ =
Spa(R', R"), and U — U some map in Xy, then M(U') = M(U) ®g+a;, R /.
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Proof. We may assume that X is connected; in particular, one can trivialize LL to
a constant sheaf IF;‘, after a surjective finite étale Galois cover. Let V — U be such
a surjective finite étale Galois cover trivializing L, with Galois group G, and let
V = Spa(S, $*). Then L = % over V. Let V/V be the j-fold fiber product of V
over U, for j > 1. Then the previous lemma implies that H'(V/Y, L ® Oy /p)
is almost zero for i > 0, and almost equal to (SJr /p)k for i = 0, where S+ is the
Jj-fold tensor product of ST over R*. But $™/p is almost finite étale over R™/p
by the almost purity theorem, and then faithfully flat (as V — U is surjective),
so the result follows from faithfully flat descent in the almost setting; see
[8, Section 3.4]. |

5. Finiteness of étale cohomology
In this section, we prove the following result.

THEOREM 5.1. Let K be an algebraically closed complete extension of Q, with
an open and bounded valuation subring Kt C K, let X be a proper smooth
adic space over Spa(K,K™"), and let L be an F,-local system on X. Then
H'(X4, L) is a finite-dimensional F,-vector space for all i > 0, which vanishes
for i > 2dimX. Moreover, there is an isomorphism of almost K*-modules for
alli >0,

H' (X, L) ® K*/p = H' (Xa, L ® OF/p).

We start with some lemmas. Here and in the following, for any
nonarchimedean field K, we denote by Ox = K° C K its ring of integers.

LEMMA 5.2. Let K be a complete nonarchimedean field, let V be an affinoid
smooth adic space over Spa(K, Ok), and let x € V with closure M = {x} C V.
Then there exists a rational subset U C V containing M, together with an étale
map U — T" which factors as a composite of rational embeddings and finite
étale maps. Here, T" is as defined in Example 4.4.

Proof. We note that M is the intersection of all rational subsets U C V that
contain M.

Now, first, one may replace V by a rational subset such that there exists an
étale map f: V — B", where B" denotes the n-dimensional unit ball. This follows
from [9, Corollary 1.6.10], once one observes that the open subset constructed
there may be assumed to contain M. Let y = f(x) € B", with closure N C B".
Then by [9, Lemma 2.2.8] (with similar analysis of its proof) one may find a
rational subset W C B" containing N, such that f~!(W) — W factors as an open
embedding f~!'(W) — Z and a finite étale map Z — W. Note that M C f~'(W).
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Choose some open subset U C f~! (W) containing M, such that U is rational in Z
(and hence in f~'(W)). Then U C f~'(W) C V is a rational subset, and U — W
factors as a composite of a rational embedding and a finite étale map. Finally,
embed B" — T" as a rational subset, for example as the locus where |T;— 1| < |p|
foralli=1,...,n Then W C B" C T" is a rational subset, so U — T" gives the
desired étale map. U

LEMMA 5.3. Let K be a complete nonarchimedean field and let X be a proper
smooth adic space over Spa(K, Ok). For any integer N > 1, one may find N
finite covers Vi(l) e Vi(N) of X by affinoid open subsets such that the following

conditions are satisfied.

(i) Foralli,k=1,...,N — 1, the closure V;kH)

v,
(i1) For all i, V,»(N) Cc---C Vi(') is a chain of rational subsets.

D . . . .
of VEH ) in X is contained in

(iii) For all i, j, the intersection V,-(l) N Vj(l) - Vi(l) is a rational subset.

@iv) For all i, there is an étale map Vi(l) — T" that factors as a composite of
rational subsets and finite étale maps.

Proof. For any x € X, there is some affinoid open subset V C X such that {x} C V,
by [19]. Indeed, Temkin shows that in a proper Berkovich space, any point has an
affinoid neighborhood, which translates to the given statement about adic spaces.
Inside V, we may find a rational subset U C V such that {x} C U and the closure
U of U in X is contained in V. Taken together, the U’s cover X, so we may find
finite covers U? s V? C X by affinoid open subsets such that for all x € X, there
is some i for which {x] C U°, and such that U, C V°, with U° C V? a rational
subset.

Next, we may find for any x € X an affinoid open subset V C X such that
{x} C V, such that VN U? C U? is arational subset for all i, and such that V C U?
for one i. It suffices to do this for maximal points x: if x generalizes to x’, then
{x} c {x'}. Now, let I, = {i|{x} C V?}. There is some open affinoid subset W C X
containing {x} such that W N U? =@ if i € I,, and W C V? for i € I,. For each
i € I, choose some rational subset W; C V,-O such that {x} ¢ W; C W, and let V'
be the intersection of all W, for i € I,. There is some i € I, such that {x} C U?; we
set V=V’ N U?, which is a rational subset of V'. Then V C V? is rational for all
i €1, and hence VN UY C U? is rational. If i ¢ I, then VN UY C W N UY =,
which is also a rational subset of U?. Finally, V C UY for one i.

Replacing V by a further rational subset, we may assume that there is an étale
map V — T" that factors as a composite of rational embeddings and finite étale
maps. Also, we may find a chain of rational subsets V™ C ... c V = V) such
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that {x} ¢ V™ and VY v for k= 1,...,N — 1. Then the V?™’s cover X,

so we may find finite covers Vj(N), ey Vj(l) C X by affinoid open subsets such
that (i), (ii) and (iv) are satisfied. In fact, (iii) is satisfied as well: for each j, there
is some i such that V" C U?. Then for all j, V" N V;" = v{" n (U2 N V;").
Now, U’ N Vj(,]) C UY is a rational subset by construction of the V"’s. It follows
that Vj(l) N (U? N Vj(,l)) C Vj(l) is a rational subset as well, as desired. O

Let us record the following lemma on tracing finiteness results on images of
maps through spectral sequences.

LEMMA 5.4. Let K be a nondiscretely valued complete nonarchimedean field,

and let Ef::?i) = Mf;'q, i=1,...,N, beupper right quadrant spectral sequences
of almost Ok-modules, together with maps of spectral sequences EJ'l,, — EJ{.. |,
M(pl;rq — M(p:{) fori=1,...,N — 1. Assume that for some r, the image on the

rth sheet, E}'(; — E(, ), is almost finitely generated over O for all i, p, q.
Zhen the 2image of Mf‘l) in M{‘N) is an almost finitely generated Ox-module for
<N -2

Proof. Fix k < N — 2. Each spectral sequence defines the decreasing separated

and exhaustive abutment filtration Filf; on Mfi), such that

Fill, /Fill}' = EZS 7

00, (1) *

In particular, Fil?i) = M{‘i) and Fil’(‘f)r ! = 0. We note that the existence of the maps
of spectral sequences means that Fil‘(’i) maps into Fil‘(’i 1) for all p, and the induced
maps

Pk—p __ P -p+1 1P ap+l _ ppk-p
Ey o = Filg /Fily™ — Fil ) /Fiki ) = Eg iy

agree with the map on the spectral sequence.

We claim, by inductiononi =1, ..., k+2, that the image of MY, in M, /Fil{;'
is an almost finitely generated Og-module. For i = 1, there is nothing to show.
Now assume that the image of Mé‘]) in Mfl.) / Filé;l is an almost finitely generated
Ok-module. There is some r such that the image of E,§, — E}'(, ) is an almost
finitely generated Og-module for all p, ¢. By Proposition 2.6, the same stays true

on the E,-page, so in particular the image of
i—1,k+1—i i—1,k+1—i
E = E 1)

is almost finitely generated. Under the identification of these terms with the
abutment filtration, this image is precisely

ti—1  payi—1 i
Fili;'/(Fill;' N Fill, ).
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Now we use the exact sequence
0 — (Mg, NFilh/(Mf, NFilj,' NFil,, ) — M,/ (M, NFil{

— M,/ (M, N (Fil;' + Fili;, ) — 0,

i+1))

where the intersection M(;) N F for F C M{; means taking those elements of My,
whose image in Mé‘l.) lies in F. The rightmost term is almost finitely generated
by induction, and we have just seen that the leftmost term is almost finitely
. . . . . k . k -1

generated. The n?lddle term is isomorphic to the image of M(;, in Mg, ,,/Filj;, ),
so we get the claim.

Now we use this information for i = k+ 2, where it says that the image of Mfl)
in M{,_, = M, 1) /Fil’{;:z) is almost finitely generated. In particular, the same
stays true for the image in MfN), as desired. U

LEMMA 5.5. Let K be a complete nonarchimedean field of characteristic 0 that
contains all p-power roots of unity; choose a compatible system ¢, € K of pith

(o]
roots of unity. Let Ry = Ox(T7", ..., T*'"), and R = O(TE TE/P™),
Let Z; act on R, such that the kth basis vector y; € Z; acts on the basis via

i pin kil | in
T ---T" = T, T,

i irpt . . ..
where ' = ¢ whenever iyp* € Z. Then HL,(Z", R/p™) is an almost finitely
presented Ry-module for all m, and the map

Z,R)

cont (

q
/\ Ry = HL,(Z.. Ry) —> H!

is injective with cokernel killed by ¢, — 1.
Moreover, if Sy is a p-adically complete flat Z,-algebra with the p-adic
topology, then

Hgont(Z;’ So/P" Ry /pm R/p™) = So/p" Ry /p Hgont(ZZ’ R/p")
for all m, and

HY,(Z,, So ®RO R) =S5, ®RO H! (Z),R).

ont

Proof. Recall that in general, if M is a topological Zj-module such that M =
1<i£1M /p", with M carrying the inverse limit topology of the discrete topologies
on M/p™, then continuous Zj,-cohomology with values in M is computed by the
Koszul complex

q
0—>M—>M"—>---—>/\M"—>---—>M”—>M—>0,
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where the first map is (y; — 1, ..., ¥, — 1). To check this, consider the Iwasawa
algebra A = Z,,[[ZZ]] = Z,lIT,, ..., T,]l, with T; corresponding to y; — 1, and
use the Koszul complex

q
0>A>A" > > AA"5> .5 A5 A0

associated with (77, ..., T,), which resolves Z,. Now take Homg,n (—, M),
which gives

0— Homcont(ZZa M) - HOIIICOm(Zn, M)n o
and resolves M as a topological Zj-module. Then taking continuous
Zy,-cohomology gives the result.
Let us compute H? (Zﬁ, R/p™) for all m. It is the direct sum of
HY(Z, Ro/p™ - T\ -+ Ti")

P’

over iy, ..., i, € [0,1) N Z[p~']. This is computed by the tensor product of the
complexes

0= Ro/p" 228 Ry/p™ — 0

overk=1,...,n. If i # 0, the cohomology of 0 — R,/p™ E) Ry/p™ — Qs
annihilated by ¢, — 1. It follows that

q
A Ro/p™" = HU(Z, Ro/p™) — H(Z3, R/p"™)

is injective with cokernel killed by ¢, — 1, for all m. Taking the inverse limit over
m, we get the statement about Hyy (Z), R).

More precisely, if i, has denominator p‘, then the cohomology of 0 —
Ry/p™ E) Ro/p™ — Ois annihilated by {,c — 1. If € > 0, € € log I", then ¢,¢ — 1
divides p* for almost all ¢, and hence only finitely many n-tuples (iy, ..., i,)
contribute cohomology which is not p¢-torsion. The cohomology for each such
tuple is finitely presented, and hence the cohomology group H(Z;, R/p™) is

almost finitely presented.
The compatibility with base-change is immediate from the calculations.  [J

LEMMA 5.6. Let K be a perfectoid field of characteristic 0 containing all
p-power roots of unity. Let V be an affinoid smooth adic space over Spa(K, O)
with an étale map V. — T" that factors as a composite of rational embeddings
and finite étale maps. Let L be an IF,-local system on V.

(1) For i > n=dimV, the cohomology group
H'(Ve, L® OF /p)
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is almost zero as an Og-module.
(ii) Assume that V' C V is a rational subset such that V' is strictly contained in
V (that is, V' C V). Then the image of

H' Ve, L® O5 /p) — H' (V,, L ® Oy /p)

et?

is an almost finitely generated Ox-module.

REMARK 5.7. It is probably true that H'(Vg, L ® Oy /p) is an almost finitely
generated Oy (V) /p-module. If one assumes that K is algebraically closed, then
using Theorem 9.4, the arguments of the following proof would show this result

if Og/plTy, ..., T,] was ‘almost noetherian’ for all n; the problem occurs in
the Hochschild—Serre spectral sequence, where certain subquotients have to be
understood.

Proof. We may use the pro-étale site to compute these cohomology groups.
Let V= VxmT" € Viroats Where T is as in Example 4.4. Let V//V be the
j-fold fiber product of V over V, for j > 1. Recall that the category underlying
Spa(K, Ok)profec contains the category of profinite sets (with trivial Galois
action); in particular, we can make sense of V x Zz(i‘l) € Vroat» by considering

Z;(f") as an object of Spa(K, Ok) s> pulled back to Voo As V — Vis a
Galois cover with Galois group Z;, we see that VilV =V x Z,=V. Then by
Lemma 3.16,
H V", L® O} /p) = Homeon(Z9"", H(V, L ® O /p))
foralli > 0,j > 1. But Lemma 4.12 implies that
H(V,L® O} /p) =
for i > 0, anq is an almost finitely generated projective ST /p-module M for

i =0, where V = Spa(S, S*). Thus, the Cartan—Leray spectral sequence shows
that

Hi(vproéta L ® O?}/p)“ Z” M)

As 7" has cohomological dimension n, we get part (i).

For part (ii), we first reduce consideration to the case where LL is trivial. Indeed,
assume that the statement is true if LL is trivial, and let W — V be a finite étale
Galois cover with Galois group G trivializing L, with preimage W' — V’. There
is a group cohomology spectral sequence

H'' (G, H?(Wa, L ® Oy/p)) = H' ™ (Va, L ® Oy /p),

and a similar spectral sequence for W' — V', with a map between these two
spectral sequences. By the result for trivial coefficients, the transition maps at

LOnt (
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the E,-page have almost finitely generated image. Filtering V' C Vby N =n+2
rational subsets V™ =V’ C ... c VU =V, one strictly contained in the next,
one gets N such spectral sequences with maps between them which have almost
finitely generated image at the E,-page; applying Lemma 5.4 gives the desired
result.

Thus it remains to verify the statement for trivial IL: that is, we have to show
that the image of

Héom(Zn’ S+zt/p) _) (Z", S/+u/p)

COl’lt

is an almost finitely generated Og-module.

Now, choose N = n + 2 rational subsets V™ =V’ ¢ --- ¢ VI =V, such that
V0D is strictly contained in V9 forj=1,...,N — 1. Let V¥ and (S?, SV*) be
defined as for V, using V¥ in place of V. We need to show that the image of

zn, SV Ip) — H., (Z, S™* /p)

cont ( cont (

is almost finitely generated over Ok. Now we use Lemma 4.5, applied to X = T",
U =T", giving rise to U = Spa(R R"), where

= O(TF"7™ L TEW™),
Also, in the notation of that lemma, let U,, = Spa(R,,, R;") with
R+ = Oy (T;tl/Pm o Tj:l/p’")

giving rise to V¥ = V@ xxU,, = Spa(S¥, S¥*). By Lemma 4.5, it is enough to
show that the image of

Héont(Zn’ (Si(nl)+ ®R;Z R+)/p) - Héont(Zn’ (anN)+ ®R;Z R+)/P)

is almost finitely generated over Oy for all m. These groups can be computed via
the Hochschild—Serre spectral sequence

H'((Z/p"Z)", Hon ((P"Z,)", (ST @4t RT)/p))
= Hebi (Z2, (S9* @4t RV /),
as the coefficients carry the discrete topology. But by Lemma 5.5,
Hoo ("), (SU @t RY) /) = ST /p @ty Heond (0" Z)", RT /).
Now as N =n+ 2 > i+ 2, Lemma 5.4 shows that it is enough to prove that the

image of
S IP ®rie s Hion (02" RY [p) = ST [p @, Hion(0"Z)". R /)
is almost finitely generated for j =1,...,N — 1. The image A of S¥*/p —

SU*D¥/p is almost finitely generated over Ok: as VU'D is strictly contained
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in V¥, the map SY — SY*Y is completely continuous, so this follows from
Lemma 5.8 below, using that Ok is almost noetherian. Then the image of

S /p @t Hion (0T, RY [p) — SIV* Jp ®ps Hio (0T, R /p)

is a quotient of A @+, Ho (0" Z,)", R* /p). The group H,,, ((p"Z,)", R* /p) is
almost finitely generated over R by Lemma 5.5. Choosing a map

(Ry/pY" = Heoo(0"Z)", R /)
with cokernel annihilated by p¢, we find a map
A" — A @z, Hoon (0"Zy)". RY /)

with cokernel annihilated by p©. It follows that A Qg+ , H! ((P"Z,)",R"/p) is
almost finitely generated over O, giving the claim. O

LEMMA 5.8. Let K be a complete nonarchimedean field, and let f: V — W be
a completely continuous map of K-Banach spaces. Let Vo C V, Wy C W be open
and bounded subsets, such that f(Vy) C Wy. Let @ € K be some topologically
nilpotent element. Then the image A of Vy/w in Wy/w is a subquotient of an
open and bounded subset in a finite-dimensional K-vector space.

Proof. As f is completely continuous, we can write f = fy + @ f;, where f; has
finite-dimensional image X C W, and f;(Vy) C Wy. Then Xy =X N W, C W, is
an open and bounded subset in a finite-dimensional K-vector space. Moreover,
the map Vy/@ — Wy/w is given by fyly, mod @ ; it follows that the image is
contained in the image of X, in W,/ . This gives the result. U

Now we can prove the crucial statement.

LEMMA 5.9. Let K be a perfectoid field of characteristic O containing all
p-power roots of unity. Let X be a proper smooth adic space over Spa(K, Ok),
and let 1L be an F,-local system on Xg. Then

H (Xq, L ® O /p)
is an almost finitely generated Oyx-module, which is almost zero for j > 2 dim X.

Proof. Let X,, be the site of open subsets of X. Lemma 5.6 shows that under the
projection A: Xg — X, RAL(L ® OF /p) is almost zero for j > dim X. As the
cohomological dimension of X,, is < dim X by [11, Proposition 2.5.8], we get
the desired vanishing result.

To see that H/(Xg, L ® Oy /p) is an almost finitely generated Ox-module,
choose N =j + 2 covers vorr V,-(l) C X as in Lemma 5.3. Let [ be the

1

finite index set. For any nonempty subset J C I, let V¥ = Nic JV,»(k). Then the
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conditions of Lemma 5.3 ensure that each V,(k) admits an étale map Vj(k) — T
that factors as a composite of rational embeddings and finite étale maps. For each

k=1,...,j+ 2, we get a spectral sequence
Er= @ H™(V.L®Of/p)= H"""™(Xq, L ® OF /p),
|J|=my+1

together with maps between these spectral sequences E, (> — E, 13, for

k=1,...,j+ 1. Then Lemma 5.4 combined with Lemma 5.6(ii) shows the
desired finiteness. ]

To finish the proof, we have to introduce the ‘tilted’ structure sheaf.

DEFINITION 5.10. Let X be a locally noetherian adic space over Spa(Q,, Z,).

The tilted integral structure sheaf is @;b =lim O5 /p, where the inverse limit is
taken along the Frobenius map.

If X lives over Spa(K, K™), where K is a perfectoid field with an open and
bounded valuation subring K C K, we set Oy = @;b Rt K.

LEMMA 5.11. Let K be a perfectoid field of characteristic O with an open and
bounded valuation subring Kt C K, let X be a locally noetherian adic space
over Spa(K, K*), and let U € X0 be affinoid perfectoid, with U= Spa(R, RT),
where (R, RY) is a perfectoid affinoid (K, K*)-algebra. Let (R°, R°%) be its tilt.

(i) We have O, (U) = R**, Oy (U) = R".
(ii) The cohomology groups H'(U, (’A);(rb) are almost zero for i > 0, with respect

to the almost setting defined by K** and its ideal of topologically nilpotent
elements.

Proof. This follows from Lemma 4.10 by repeating part of its proof in the tilted
situation. ]

Proof of Theorem 5.1. Let X' be the fiber product X x g,k x+ Spa(K, Ok), which
is an open subset of X. Then the induced morphism

H (X, L® O /p) — H' (X}, L ® O /p)

et?

is an almost isomorphism of K*-modules. Indeed, take a simplicial cover U, of
X by affinoid perfectoid U, — X. Then U, xxX' — X' is a simplicial cover of X’
by affinoid perfectoid U, xxX’. Then for all i, k > 0,

H'(U,L® Of /p) — H (UixxX',L ® O3 /p)

is an almost isomorphism by Lemma 4.12, which implies the same result for X
compared to X'.
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Now recall that K” is an algebraically closed field of characteristic p. Fix
an element 7 € Oy such that 7# = p. Let M, = H'(X) .. L ® O}, /7). As

5 lx is a sheaf of perfect flat Oy;-algebras with (9 ,/m = Ox /p, we see that
Lemma 5.9 implies that the M, satisfy the hypotheses of Lemma 2.12. It follows
that there is some integer r > 0 such that

roel ’

H Xyt L ® OF, /7% = H (X0 L ® O, /") = (0%, /)

roét?

as almost Oy»-modules, compatibly with the Frobenius action. By Corollary 4.7,
Lemmas 3.18 and 5.11, we have

Mm@®0/ﬂy Lo 0.
Therefore,
H' (Xproat, L ® O D= (0%).
Inverting 7, we see that
H' (Xproetr L® Opp) = (K7,

still compatible with the action of Frobenius ¢. Now we use the Artin—Schreier
sequence

0>L>L®0y —>L®0—0,

where the second map is v ® f > v & (f” — f). This is an exact sequence
of sheaves on X,.: it suffices to check locally on U € X, which is affinoid
perfectoid and over which L is trivial, and only the surJect1V1ty is problematlc
To get surjectivity, one has to realize a finite étale cover of 07, but Ufet = Use,
and finite étale covers of {/ come via pullback from finite étale covers in Xprog,
by [17, Lemma 7.5(1)].

On cohomology, the Artin—Schreier sequence gives

e H Xprosts L) = H' Xprostr L @ Oy) = H' (Xppost, L @ Oyo) — - - -,

But the second map is the same as (K”)" — (K”)", which is coordinatewise

x> x” — x. This is surjective as K’ is algebraically closed, hence the long exact

sequence reduces to short exact sequences, and (using Corollary 3.17 (1))
Hi(Xéta L) = Hi(Xproéla L) Hl(Xproela L® O )(p =

P’

which implies all desired statements. O

COROLLARY 5.12. Let f: X — Y be a proper smooth morphism of locally
noetherian adic spaces over Spa(Q,, Z,). Let 1L be an I,-local system on X4.
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Then for all i > 0, there is an isomorphism of sheaves of almost Oy -modules
(R L) ® Oy"/p = Rt (L. ® Ox“/p).

Here, we use the almost setting relative to the site Yy, the sheaf of algebras Oy,
and the ideal of elements of valuation <1 everywhere. If ¥ lives over Spa(K, K™)
for some nondiscretely valued extension K of Q,, this is the same as the almost
setting with respect to K and the ideal of topologically nilpotent elements in K.

Proof. Tt suffices to check at stalks at all geometric points y of Y. Let y
correspond to Spa(L, Lt) — Y, where L is an algebraically closed complete
extension of K, and let X, = X xySpa(L, L"). By [9, Proposition 2.6.1], we have

(R'fasL) ® OF°/p)y = R L)y @ (OF/p)y = H' Xye, L) @ L™/,
and
(R'fse (L ® OF/p))y = H' (Xyar, L ® C’)I_f/l?)-

Now the result follows from Theorem 5.1. O

6. Period sheaves

DEFINITION 6.1. Let X be a locally noetherian adic space over Spa(Q,, Z,).
Consider the following sheaves on Xp¢.

(i) The sheaf A;;; = W(@;,), and its rational version By, = A;¢[1/p]. Note that

we have 6 : Ay — @; extending to 6 : By, — @x-

(i1) The positive de Rham sheaf
B:R = l(igl]Binf/(kere)n’

with its filtration Fil'B}, = (ker 6)'B;.

(iii) The de Rham sheaf
Bar = BIR[fI],
where ¢ is any element that generates Fil' BJ;. It has the filtration
FilBg = > 1 7/Fil"VB,.
JEZ

REMARK 6.2. We will see that locally on X« the element ¢ exists, is unique up
to a unit, and is not a zero-divisor. This shows that the sheaf By and its filtration
are well defined.
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Before we describe these period sheaves explicitly, we first study them
abstractly for a perfectoid field K with open and bounded valuation subring
K* C K of characteristic 0 and a perfectoid affinoid (K, K*)-algebra (R, R™).
Fix € K" such that 7% /p € (K*)*. We make the following definitions:

Ai(R,RT) = W(R™),
Binr(R, RY) = Aipr(R, R [p~ 1,
B (R, R") = lim Binc (R, R")/(ker0)".

Moreover, we know that 6 : Aj¢(R, RT) = W(R’") — R is surjective.

LEMMA 6.3. There is an element & € A(K, K") that generates Ker 0, where
0: As(K, KT) — K*. The element & is not a zero-divisor, and hence is unique
up to a unit.

In fact, for any perfectoid affinoid (K, K*)-algebra (R, R"), the element &
generates ker(0: Ai,r(R, RT) — R"), and is not a zero-divisor in Aj¢(R, RY).

Proof. We will choose the element £ of the form & = [7]— Ezl p'[x;] for certain
elements x; € O». In fact, [r] maps via 6 to some element 7° in p(K™)*, and
any such element can be written as a sum Zz] P'0([x;]), as desired.

Let y =Y Pyl € W(R), and assume that &y = 0, but y # 0. Because
W(R) is flat over Z,, we may assume that y, # 0. Reducing modulo p, we
see that 7y, = 0, which implies y, = 0, as R’* is flat over K"*, which is a
contradiction.

Assume now that y = >~ p'[y;] € ker(6: W(R’") — R™). We want to show
that it is divisible by &. Because R™ is flat over Z,, we may assume that y, # 0.
As a first step, we will find zo € W(R*") such that y—z£ is divisible by p. Indeed,
W(R™)/(&, p) = R*/m = R*/p, so f is mapped to zero in this quotient, which
amounts to the existence of z, as desired.

Continuing in this fashion gives us a sequence zo, z;, ... € W(R’") such that
y — (O piz)& is divisible by p+!, for all k > 0. But W(R’") is p-adically
complete and separated; hence y = (Zf:o P'z)€, as desired. O

In particular, we can also define B (R, RT) = B (R, RN)[£7'], with the
filtration given by Fil'Bir (R, R") = §'B: (R, RT), i € Z.

COROLLARY 6.4. For any i € Z, we have gr'Bgr (R, R") = 'R, which is a free
R-module of rank one. In particular, gr*Bgr (R, RT) = R[£*!].

Proof. The element & has the same properties in By, as in Ay that is, it generates
ker 8 and is not a zero-divisor. The corollary follows. O
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Note that all of these rings are A;,;(K, K*)-algebras, for example K* via the
map 6. In the following, we consider the almost setting with respect to this ring
and the ideal generated by all [ /7" ].

THEOREM 6.5. Let X be a locally noetherian adic space over Spa(K, K™).
Assume that U — Xoe 1S affinoid perfectoid, with U = Spa(R, R™).

(i) We have a canonical isomorphism
Aint(U) = Aipe(R, RT),

and analogous statements for By, Bl and Ba. In particular, there is
an element & generating Fil' B, (U), unique up to a unit, and it is not a
zero-divisor.

(ii) All H(U, F) are almost zero for i > 0, where F is any of the sheaves just
considered.

(iii) InBjx(U) and Bar(U) the element [7] becomes invertible; in particular the
cohomology groups H (U, F) vanish for these sheaves.

Proof. By induction on m, we get a description of W((’};) /p™, together with

almost vanishing of cohomology. Now we use Lemma 3.18 to get the description
of Ayyr. Afterwards, one passes to By, by taking a direct limit, which is obviously
exact. This proves parts (i) and (ii) for these sheaves.

In order to pass to By, one has to check that the exact sequence of sheaves on
Xproét

0— ]Binf il) ]Binf — ]Bmf/(ker 9)l —0

stays exact after taking sections over U. We know that the defect is controlled
by H'(U, By,), which is almost zero. We see that all statements follow once
we know that [rr] is invertible in B;/(kerf). But the latter is a sheaf of
Bii(K, K*)/(ker ) = K-modules, and [ ] maps to the unit 7% € K*. [l

COROLLARY 6.6. Let X be a locally noetherian adic space over Spa(K, K1),
and assume that U € X,.o¢ is affinoid perfectoid. Further, let S be some profinite
set, and V = U x § € X0, Which is again affinoid perfectoid. Then

F (V) = Homeon (S, F(U))
for any of the sheaves

f S {@Xa @;9 @X77 @)—;}9 Ainfa IBinf9 BIR? BdRa gri]BdR}-

Here, @;{ (U) is given the p-adic topology, and all other period sheaves are given
the induced topology: for example, A,;(U) the inverse limit topology, B;,;(U)
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the direct limit topology, the quotients (B;,¢/(ker 0)")(U) the quotient topology,
and then finally Bj, (U) the inverse limit topology and Ba (U) the direct limit
topology.

Proof. Go through all identifications. O

This proposition shows that even though we defined our sheaves completely
abstractly without any topology, their values on certain profinite covers naturally
involve the topology. This will later imply the appearance of continuous group
cohomology. In the following, we use (i) to denote a Tate twist: let Z,, =

l(iLnZ/p”Z as sheaves on X, and Zp(l) = 1(i£1upn, which is locally free of

rank one over Zp. Then for any sheaf F of Zp—modules on X4 and i € Z, we
set F()) = F ®3, Zy(1)®'.

PROPOSITION 6.7. Let X be a locally noetherian adic space over Spa(Q,, Z,).
For all i € 7, we have gr'Bg = Ox(i).

Proof. Let K be the completion of Q, (11, ). A choice of p"th roots of unity gives
rise to an element € € Ok». Recall the element

t =log([e]) € Fil'Bj, (K, K™),

which generates Fil', so we have gr'Ber = ti@X over Xk prost = Xproct/ Xk see
Proposition 3.15. Because the action of the Galois group Gal(Q,(u,~)/Q,)
on ¢ is through the cyclotomic character, the isomorphism descends to an
isomorphism gr'Bug = Oy (i) on Xpreq. O

DEFINITION 6.8. Let X be a smooth adic space over Spa(k, O,), where k is a
discretely valued complete nonarchimedean extension of (Q, with perfect residue
field . Consider the following sheaves on X,.

(i) The sheaf of differentials £2y = v*£2;_, and its exterior powers £25.

(ii) The tensor product OB = Ox ®w) Bint. Here W(k) = v*W(k) is the
constant sheaf associated with W (k). It still admits a map 6 : OB,y — Ox.

(ii1) The positive structural de Rham sheaf
+ 1% L n
OB = 1(1r_n OB;y¢/ (ker 6)",
with its filtration Fil' OB, = (ker8) OBy.
(iv) The structural de Rham sheaf
OBdR = OBIR[I_]],
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where ¢ is a generator of Fil' B}, with the filtration
Fil OBy = ) _ r/Fil VOB,
JjezZ
REMARK 6.9. Because locally on X4, the element ¢ exists and is unique up to
a unit and not a zero-divisor, the sheaf OBg4 and its filtrations are well defined.
Also note that the sheaf OB, admits a unique B;,+-linear connection

V: OBinf —> OEinf ®OX Q;(,
extending the one on Oy. This connection extends uniquely to the completion

V: OBl — OB ®oy 24
and this extension is B -linear. Because ¢ € B, it further extends to a Bgz-linear
connection

V: OBdR — O]BdR ®OX .Q)l(

We want to describe OB . For this, choose an algebraic extension of k whose
completion K is perfectoid. We get the base-change Xy of X to Spa(K, Ok), and
again consider Xx € X,o¢ by slight abuse of notation. We assume given an étale

map X — T"; such a map exists locally on X. Let X = Xx1.T". Taking a further
base-change to K, Xx € Xk prost = Xproét/ Xk 15 perfectoigl.
In the following, we look at the localized site X,.¢/X. We get the elements

w=T,®1—1®[T/] € OBilz = (Ox ®wiey WO5))Ix
in the kernel of 6, where T, € @;b = l(in(’); /p is given by the sequence
(T, T''”, ...) in the inverse limit.
PROPOSITION 6.10. The map
B§R|X[[X1, oL Xl = OB:;R X
sending X; to u; is an isomorphism of sheaves over Xyt /X.

Proof. Tt suffices to check this over Xpmét/f(,(. The crucial point is to show
that B}ngk[[Xl, ..., X,]] admits a unique Oy]| %, -algebra structure, sending T;

to [T,»b ]+ X; and compatible with the structure on
BLIX, . ... X,]1/(ker6) = Ox.
This being granted, we get a natural map

(Ox ®wioy WOy, = Blly X1, ... X, 11,
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which induces a map OBy |5, — Bilx [[X1, ..., X,]] which is easily seen to
be inverse to the map above, giving the desired isomorphism.

In order to check that By | f X, Xl admits a natural Oy| ;(K—algebra
structure, we need the following lemma.

LEMMA 6.11. Let (R, R") be a perfectoid affinoid (K, Ok)-algebra, so we get
B (R, R"). Let S be a finitely generated Oy-algebra. Then any morphism

18— Bir(R,ROIX,, ..., X,1]
such that 0(f(S)) C RT extends to the p-adic completion of S.

Proof. It suffices to check modulo (ker@)’ for all i. There it follows from the
fact that any finitely generated R™-submodule of gr'Bj; (R, R") = R is p-adically
complete: in fact, the image of S will be contained in

£ X X}

(WERDIX, ..., X,/ (ker )" [pk, T

pk

for some k, and this algebra is p-adically complete. Here, £ is as in Lemma 6.3. [J
Moreover, we have the following lemma concerning étale maps of adic spaces,

specialized to the case T".

LEMMA 6.12. Let U = Spa(R, R") over Spa(W («x)[p~'], W(x)) be an affinoid
adic space of finite type with an étale map U — T". Then there exists a finitely
generated W(i)[T', ..., T*']-algebra Ry, such that Ry = R{[1/p] is étale over

W lp T .. T
and R* is the p-adic completion of Ry .

Proof. We use [9, Corollary 1.7.3(ii), (iii)] to construct the affinoid ring
(Ry, RY), denoted as B there. We have to see that Ry is a finitely generated
W(@)[TT, ..., T*']-algebra. But [9, Remark 1.2.6(iii)] implies that it is the
integral closure of a finitely generated W(x)[T;, ..., T*']-algebra R C R{
inside Ry, with R{[1/p] = Ry. But W(k) is excellent; in particular, for any
reduced flat finitely generated W(x)-algebra S*, the normalization of S* inside
S*[p~"]is finite over S*, giving the desired result. O

First note that one has a map
Wl T, .. T — BiRlelXi, .., X1

sending T; to [Tib] + X;. For this, note that 7; mod (ker@) is [7;], which is
invertible, and hence T7; is itself invertible.

Now take some affinoid perfectoid U € X /5(1(, and write it as the inverse
limit of affinoid U; € X4. In particular, Ox(U) = 111)1 Ox(U;), and we may apply
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the last lemma to U; — T". This gives algebras R;, whose generic fiber Ry is étale
over W()[p~' [T, ..., T*']. By Hensel’s lemma, we can lift R,y uniquely
to Bl (U)[[X1, ..., X,]]; hence we get lifts of R;. These extend to the p-adic
completion; hence we get lifts of O (U;), and thus of Ox(U;). Take the direct
limits of these lifts to conclude. O

Let us collect some corollaries. First off, we have the following version of the
Poincaré lemma.

COROLLARY 6.13. Let X be an n-dimensional smooth adic space over
Spa(k, Ox). The following sequence of sheaves on X is exact:

0— Bl — OBl - OB ®0, 21 - > OBk ®o, 25 — 0.

Moreover, the derivation V satisfies Griffiths transversality with respect to the
filtration on OB, and with respect to the grading giving 2 degree i, the
sequence is strict exact.

Proof. Using the description of Proposition 6.10, this is obvious. O

In particular, we get the following short exact sequence, often called Faltings’
extension.

COROLLARY 6.14. Let X be a smooth adic space over Spa(k, Oy). Then we have
a short exact sequence of sheaves over Xp:

0— Ox(1) — gr' OB, — Oy @0, 24 — 0.
Proof. This is the first graded piece of the Poincaré lemma. U

COROLLARY 6.15. Let X — T", 5(, and so on, be as above. For any i € 7, we
have an isomorphism of sheaves over Xyros/Xk:

. A | X X,
gr[OBdR = ‘SIOX |:%_17 s :|

§

In particular,
gr.OBdR = @X[éilaxh e aXn]a

where & and all X; have degree one.

PROPOSITION 6.16. Let X = Spa(R, R") be an affinoid adic space of finite type
over Spa(k, Oy) with an étale map X — T" that factors as a composite of rational
embeddings and finite étale maps.
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(1) Assume that K contains all p-power roots of unity. Then
H?(Xg, grOOBdR) =0
unless g = 0, in which case it is given by R & K.
(i1)) We have
H(X, gr'OBgg) =0
unless i =0 and q = 0,1. If i =0, we have (er’OBgR)(X) = R and
H'(X, g'’OBa) = Rlog x. Here, x: Gal(k/k) — Zx is the cyclotomic
character and

log x € Hom,o(Gal(k/k), Q,) = H! (Gal(k/k), Q,)

is its logarithm.

Proof. (i) We use the cover Xx — Xy to compute the cohomology using the
Cartan—Leray spectral sequence. This is a Zj-cover, and all fiber products

Xg x Xg o X XKf(K are affinoid perfectoid, and hence we know that all higher
cohomology groups of the sheaves considered vanish. The version of Corollary
6.6 for gr’OBgr stays true, so we find that

H(Xg, grOOBdR) =H{ (Z7, grOOBdR(XK))‘

Now we follow the computation of this Galois cohomology group given
in [4, Proposition 4.1.2]. First, note that we may write

grOOBdR(XK) = R[Vl: oLVl

where Xx = Spa(R, R"), and the V; are given by ' log([T71/T;), where 1 =
log([€]) as usual. Let y; € Z; be the ith basis vector.

LEMMA 6.17. The action of y; on V; is given by y;(V;) =V, if i # j and

vi(V)=Vi+ L
Proof. By definition, y; acts on ij trivially if i # j, and by multiplication by €
if i =j. This gives the claim. O

We claim that the inclusion
R&K)[Vi,....V,ICRIVi, ..., V,]

induces an isomorphism on continuous Zj-cohomology. It is enough to check
this on associated graded forms for the filtration given by the degree of
polynomials. On the associated graded, the action of Z; on the variables V; is

trivial by the previous lemma, and it suffices to see that R ®; K C R induces an

https://doi.org/10.1017/fmp.2013.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2013.1

P. Scholze 56

isomorphism on continuous Z;-cohomology. The following lemma reduces the
computation to that of Lemma 5.5.

LEMMA 6.18. The map

+1 +1/p> D
71, Ok (T P TRy S RY

is injective with cokernel killed by some power of p. In particular, we have

oy KATEPS L TR,
n

yenes

R=R® ‘ <T1i1
Proof. This is an immediate consequence of Lemma 4.5(ii). O

Now we have to compute

(Zy, R&K)Vy, ..., VD).

C()nt

We claim that inductively H (Z,yi, (R®i K)[V), ..., V;]) =0 for ¢ > 0 and
equal to (R K)[Vi, ..., V1] for ¢ = 0. For this purpose, note that the
cohomology is computed by the complex

~A L_] ~
R&AK)Vy,..., Vil ZS (R&K)[Vi, ..., Vil

If we set S = (R®; K)[Vi, ..., Vi_], then the map y; — 1 sends a polynomial
P € S[V;]to P(V;41)—P(V;). One sees that the kernel of 3, — 1 consists precisely
of the constant polynomials, that is S, and the cokernel of y; — 1 is trivial.

(ii) First note that in part (i), we have calculated H?(Xy, g OBgg) for any
i € Z, as all of these sheaves are isomorphic on Xpo¢/Xx t0 gr’OBg.

We take K as the completion of k(u,~), and we let I, = Gal(k(u,)/k). We
want to use the Cartan—Leray spectral sequence for the cover Xy — X. For this,
we have to know

HI(XE™, o' OBg),

where we set X;("/ = Xgxy e xxXg. Inspection of the proof shows that they are
given by

HIXR, g OBgr) = Homeon (I"!, HY(Xg, gr' OBgg)).

In fact, using the cover Xx x XKX,'?/ X of X,"g/ *to compute the cohomology via the
Cartan—Leray spectral sequence, the version of Corollary 6.6 for gr'fOBg says
that at each step in the proof, one has to take Homcom(Fk’"*l, o). This shows that
we have an identity

H(X, gr' OBg) = H,, (I, R&; K(D)).
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Similarly to Lemma 5.5, the map R(i) — R &y K (i) induces an isomorphism on
continuous [;-cohomology. But then we get

HY, (T, RQK (D) = HY,, (I, R()) = R ®g, H, (T, Qy (D)),

and the latter groups are well known; see [18]. ]

COROLLARY 6.19. Let X be a smooth adic space over Spa(k, O;). Then
v,OBg = Oy, . Moreover, v,Ox = Ox,, v.Ox(n) =0 for n > 1,

R'v.Ox(1) = $2y,
via the connecting map in Faltings’ extension, and R'v, @X(n) =0forn=2.

REMARK 6.20. One could compute all Riv*@x(j). They are Oifi <jori> j+1,
and they are ‘Q?ifa if i =j, and .Q)"(él log y ifi=j+ 1.

Proof. The first part is clear. For the second, note that after inverting ¢ in the
Poincaré lemma, we get the exact sequence

O%BdRHOBdRZ)"‘a
whose Oth graded piece is an exact sequence
0— @X — grOOEdR —_> ey

giving in particular an injection v*@x — 1,gr’OBg. But we know that (’)Xét
maps isomorphically into v, gr’OBgg.
Similarly, we have a long exact sequence

0— @X(n) — gr" OB — gr'" ' OBar ®oy .Q)l( — ..
which shows that for n > 1, v,Ox(n) = 0 and for n > 2, R'v,Ox(n) = 0, whereas
for n = 1, we get an isomorphism R'v,Ox (1) = .Q}(é[. One directly checks that it
is the boundary map in Faltings’ extension. O

7. Filtered modules with integrable connection

Let X be a smooth adic space over Spa(k, Oy), with k a discretely valued
complete nonarchimedean extension of @, with perfect residue field «.

DEFINITION 7.1.

(i) A Bj;-local system is a sheaf of BJ,-modules M that is locally on Xprost free
of finite rank.
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(i) An OBjz-module with integrable connection is a sheaf of OBj;-modules
M that is locally on X free of finite rank, together with an integrable
connection Vo : M — M ®o, £2y, satisfying the Leibniz rule with respect
to the derivation V on OB;.

THEOREM 7.2. The functor M +— (M, V) given by M =M Bpi OBz,
Vm = id ® V induces an equivalence of categories between the category
of Bii-local systems and the category of OBjz-modules with integrable
connection. The inverse functor is given by Ml = MYM=0,

Proof. 1t is obvious that one composition is the identity. One needs to check that
any OB -module with integrable connection admits enough horizontal sections.
This can be checked locally: that is, in the case of X étale over T”. Then it
follows from Proposition 6.10 and the fact for any Q-algebra R, any module with
integrable connection over R[[X, ..., X,]] has enough horizontal sections. [

We want to compare those objects with more classical ones. We have the
following lemma.

LEMMA 7.3. Let X,, be the site of open subsets of X. Then the following
categories are naturally equivalent.

(i) The category of Ox,,-modules &E,, over X,, that are locally on X,, free of
finite rank.

(ii) The category of Oxét-modules Es over Xy that are locally on Xy free of
finite rank.

(iii) The category of Ox-modules & over X that are locally on X free of
finite rank.

Proof. We have the morphisms of sites v: Xp0e — Xgi, A1 Xg — Xan. We know
that Oy, = )»*Oxét and OXét = 1,Oy. This implies that the pullback functors are
fully faithful.

To see that pullback from the analytic to the étale topology is essentially
surjective, we have to see that the stack in the analytic topology sending some
X to the category of locally free sheaves for the analytic topology is also a stack
for the étale topology. It suffices to check for finite étale covers ¥ — X by the
proof of [11], Proposition 3.2.2. Moreover, we can assume that X = Spa(R, R™)
is affinoid, and hence so is ¥ = Spa(S, S*). In that case, a locally free sheaf for
the analytic topology is equivalent to a projective module over R of finite rank.
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But the map R — S is faithfully flat, and hence usual descent works; note that
the fiber product Y x xY has global sections S ® S and so on.

Similarly, if £ on X¢ becomes trivial on some U € X,yoq, then write U as an
inverse limit of finite étale surjective maps U; — Uy, U, € Xg. We assume again
that Uy = Spa(R, R") is affinoid, and hence so are all U; = Spa(R;, R;"). Then
Ox(U) is the direct limit R, of all R;, which is faithfully flat over R. Applying
descent for this morphism of rings shows that £ descends to a projective module
of finite rank over Ujy; hence after passage to some smaller open subset of Uy, it
will be free of finite rank. O

DEFINITION 7.4. A filtered Ox-module with integrable connection is a locally
free Ox-module £ on X, together with a separated and exhaustive decreasing
filtration Fil'€, i € Z, by locally direct summands, and an integrable connection
V satisfying Griffiths transversality with respect to the filtration.

DEFINITION 7.5. We say that an OBz-module with integrable connection M
and a filtered Ox-module with integrable connection & are associated if there is
an isomorphism of sheaves on Xp;o¢:

M ®OB§R OB = € ®0y OBar

compatible with filtrations and connections.

THEOREM 7.6.

() If M is an OBy-module with integrable connection and horizontal sections
M, which is associated with a filtered Ox-module with integrable connection
E, then

M =Fil’(£ ®o, OBw)"=".
Similarly, one can reconstruct € with filtration and connection via
Ea =v,(M ®pt. OBgr).
(ii) For any filtered Ox-module with integrable connection &£, the sheaf
M = Fil’(€ ®0y, OBg&)"=’

is a Biz-local system such that & is associated with M = M ®s OB&.
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In particular, the notion of being associated gives rise to a fully faithful functor
from filtered Ox-modules with integrable connection to Bjy-local systems.

Proof. (i) We have

M = Fil'(M ®3+ Bur) = Fil"(M @5z OBg)"~"
= Fil’(€ ®o, OBgw)"~".

Similarly, Corollary 6.19 shows that
gél = DV« (8 ®(9X OBdR) = Vx (M ®O]BIR OBdR) =V, (M ®BIR OBdR).

One also recovers the filtration and the connection.

(ii) Let (&€, V, Fil®) be any filtered Ox-module with integrable connection. We
have to show that there is some Bj;-local system M associated with &: that is,
such that

g ®OX OBdR g M ®IB;—R OBdR’

compatible with filtrations and connection.

We start by constructing some B -local system M, such that
€ ®o, OB =M, ®BIR OB,

compatible with the connection (but not necessarily with the filtration). To
this end, consider the OBj;-module M, = £ ®p, OB, with the induced

. v./\/(O:O . . .
connection V4, and take My = M, . The desired isomorphism follows
from Theorem 7.2.

Let 7 be maximal with Fil"€ = £ and m minimal with Fil"*'€ = 0. We prove
the proposition by induction on m — n.

If n = m, then we choose M = M, ®B§R Fil "Bgr. This obviously satisfies all
conditions.

Now assume that n < m, and let Fil”® be the filtration on £ with Fil*E = Fil*&
unless k = m, in which case we set Fil”€ = 0. Associated with (£, V, Fil*) we
get a BJy-local system M, by induction. Twisting everything, we may assume
that m = 0.
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We need to show that M := Fil’(€ ®0, OBg)"=" is large. To this end, we
consider the following diagram:

0 0 0

0 M M FIPE @ Oy —>0

0 — Fil*(£ ® OBgr) — Fil’(£ ® OBRr) — Fil’€ ® g’ OBy — 0

v v ideV
0 > Fil (£ ® OBx) ® 2} = Fil (£ ® OBx) ® 2} > Fl’€ ® gr ' OB ® 2} >0

v v id®V

v v id®V

0 > Fil (£ ® OBg) ® 2¢ > Fil (£ ® OBgk) ® 2¢ > FI’ ® gr ‘OBg ® 2¢ >0

0 0 0
Here d is the dimension of X (which we may assume to be connected), and all
tensor products are taken over Oy.
LEMMA 7.7.

(1) All rows and columns of this diagram are complexes, and the diagram
commutes.

(ii) All rows but the first one are exact.
(iii) The left and right columns are exact.

@iv) In the middle column, M is the kernel of the first map V.

Proof. Parts (i), (ii) and (iv) are clear: to check that V in the middle column
actually is a map compatible with the filtration as claimed, use Griffiths
transversality. The left column is isomorphic to M’ tensored with the exact
sequence

0 — Bl — Fil’OBg — Fil ' OBy ® 2} — - - -.

The right column is Fil’€ tensored with gr of this sequence. O
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It follows that the whole diagram is exact, for example by considering all
rows but the first one of this diagram as short exact sequences of complexes
and looking at the associated long exact sequence of cohomology groups.

Tensoring the first row with Fil°OBg over B, which is flat, we get a diagram:

0 ——> M ®g¢ Fil'OBgr — M B Fil'OBjr —— Fil’€ ® o, g OBjr ——> 0
0 — Fil’(£ ®o, OB&) — Fil’(€ ®o, OBr) — Fil’€ ®o, g’ OB —> 0

It follows that the middle vertical is an isomorphism as well, which shows that
M is as desired. g

Although not necessary for our applications, it may be interesting to
investigate the relationship between M and &£ further. We recall the Bj;-local
system M, from the proof, associated with (£, V) with the trivial filtration. It
comes with an isomorphism

€ ®oy OB =M, ®pz OB.
In particular, reducing the isomorphism modulo ker 8, we get an isomorphism
€ ®oy @x = o’ M.
Now the short exact sequence
0— € ®oy Ox(1) = My/Fi’My — € ®0, Ox — 0
induces via v, a boundary map
Ea — Ea ® R'v.(Ox(1)).

LEMMA 7.8. Under the canonical isomorphism Rlv*(@x(l)) = Q;(,t, this map
is identified with —1 times the connection on &.

Proof. Define a sheaf F via pullback £ — £ ®o, Oy as in the diagram

00— & ®o, Ox(1) — My/Fil’My —> € @, Oy —=0

| ]

00— € ®o, Ox(1) F £ 0

Then F admits two maps

F — € ®o, OB, /Fil> = M, ®gx OB JFil’.
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One via F — M/Fil’, the other via F — &. The two maps agree modulo
Fil', and hence their difference gives a map F — &€ ®o, gr' OB}. This gives a
commutative diagram:

0 —> £®py Ox(1) F £ 0

| | |-

00— E®py Ox(1) — E®p, ' OB, —— E®0, 2y ®0y Ox —>0

Here the lower sequence is Faltings’ extension tensored with £. We know
that the boundary map of the lower line induces the isomorphism & ® .Q}(ét =

Eq ® R, Ox(1), giving the claim. O

PROPOSITION 7.9. The Bji-local system M associated with (£, V,Fil*) is
contained in M, ®B§R Bgr, and it has the property

(M N Fil' M) /(M N Fil™ ' M) = Fil '€ ®0, Ox(i) C gr'My = € ®0, Ox(i)

JorallieZ.
Conversely, there is a unique such B -submodule in M, ®BIR Byr.

Proof. The first assertion is clear. For the other two assertions, we follow the
proof of existence of M and argue by induction. So, let n and m be as above.
Again, the case n = m is trivial, so we assume that n < m and (by twisting)
m = 0. Moreover, we define the filtration Fil"* as before, and get a unique M'.

Note that M has the desired interaction with M if and only if there is a
commutative diagram as follows:

0 M M Fil’S ®0, Ox — 0
0 — Fil'M, M, € Qoy @X —0

It is immediate to check that our construction of M fulfills this requirement.
Conversely, it is enough to check that there is a unique sheaf N that fits into a

diagram:
0 i N Fil’E 0
0 Fil' M, M, £ ®oy Ox —=0

https://doi.org/10.1017/fmp.2013.1 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2013.1

P. Scholze 64

LEMMA 7.10. We have injections
Ext! (Fil’€, M) < Hom(Fil’€, Fil '€ ®o, ),
Ext! (Fil’€, Fil'My) — Hom(Fil’€, £ ®0, $2y),
where we calculate the Ext' in the category of abelian sheaves on Xproét-

Proof. Both M’ and Fil'M, are successive extensions of sheaves of the form

F ®oy @X(k) with k > 1, where F is some locally free Ox-module. One readily
reduces proving the lemma to proving that for two locally free Ox-modules F;
and F,, we have

Ext! (Fi, F» ®oy Ox(k)) = Hom(F,, F> @0, 21)
if k=1, and =0 if k > 2. For this, note that
RHom(v* Fis, > ®o, Ox(k)) = RHom(Fig, Rv,(Fs @0, Ox(K))),

and we know by Corollary 6.19 that the term Rv,(F, Qo @X(k)) vanishes in
degrees zero and one if k > 2, and vanishes in degree 0 if kK = 1. This gives
vanishing if k > 2, and if k = 1, we get the desired identification because

RW.(F, Roy @x(l)) = Faa ®oy 'Q)l( -

This shows that the pullback of the lower sequence along Fil’S — £ ®oy Ox
comes in at most one way as the pushout from a sequence on the top, giving the
desired uniqueness. Let us remark that the existence of this extension is related
to Griffiths transversality once again. O

THEOREM 7.11. Let X be a proper smooth adic space over Spa(k, Oy), let
(€, V,Fil*) be a filtered module with integrable connection, giving rise to a
B,x-local system M, and let k be an algebraic closure of k, with completion

k. Then there is a canonical isomorphism
H'(Xz, M) ®p, Bar = Hjx (X, €) @ Bar,
compatible with filtration and Gal(l_c/ k)-action. Here Bgr = Bgr (lcc, O]c() is

Fontaine’s field of p-adic periods.
Moreover, there is a Gal(k/k)-equivariant isomorphism

H' (X, gr'M) = €D Higoipe X, €) @1 k(=)),
J

where

Hyll (X, &) = H'(X, g/ (DR(E)))
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denotes the Hodge cohomology in bidegree (i — j,j) of &, using the de Rham
complex DR(E) of & with its natural filtration.

REMARK 7.12. It does not matter whether the de Rham and Hodge cohomology
groups are computed on the pro-étale, the étale, or the analytic site, by
Proposition 9.2 and Lemma 3.16. If £ = Oy with trivial filtration and connection,
then g/ (DR(E)) = 2%[—j], and hence

Hioiee (X, €) = H' (X, 2}).
Proof. The de Rham complex of &£ is
DRE) =0—>ESE@ QLS ),
and it is filtered by the subcomplexes
Fil"DR(E) = (0 — Fil" S Fil" '€ @ 2} > - ).

On the other hand, one may replace M®Bd+1z Bgr by the quasi-isomorphic complex

DR(E) ®0y OBy = (0 > £ ® OB — £ ® OB ® 21~ ---)
with its natural filtration. There is a natural map of filtered complexes,
DR(E) — DR(E) @y OB.
One gets an induced morphism in the filtered derived category
RI'(Xg, DR(E)) ®; Bar — RI'(Xz, DR(E) ®oy OBwR).

We claim that this map is a quasi-isomorphism in the filtered derived category.
It suffices to check this on the associated graded. Further filtering by using the
naive filtration of DR(E), one reduces the task to that of checking the following
statement.

LEMMA 7.13. Let A be a locally free Ox-module of finite rank. Then for all
i € Z, the map

RI (Xg, A) ®; gr'Bir — RI (X;, A ®0, gr' OBgr)
is a quasi-isomorphism.
Proof. Twisting, one reduces the consideration to that of the case i = 0. Then
gr'Bgr = ]:( The statement becomes the identity
H (X, A) @ k= H (X, A®o, 21'OBg)
for all i > 0. For this, cover X by affinoid open subsets on which A becomes
free using Lemma 7.3; one sees that the left-hand side is H' (X, A) ®x ]:( (by
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Proposition 9.2 and Lemma 3.16), and the right-hand side is Hi(X; o’ .A;(), by
Proposition 6.16(i). But coherent cohomology of proper adic spaces is finite
dimensional and commutes with extension of the base field, so we get the desired
result. O

Now we get the comparison results. For example, for the Hodge-Tate
comparison, note that the ith cohomology of gr’M is computed from

H'(Xz, g’ (DR(E) ®0, OBw)),
which is identified with

P H'(X;. g7 (DR(E))) @z gr7Bar = P Higne X, ) @x k(=)
J J
under the previous quasi-isomorphism. O

8. Applications

DEFINITION 8.1. Let X be a locally noetherian adic space or locally noetherian
scheme. A lisse Z,-sheaf L, on Xy is an inverse system of sheaves of
Z/p"-modules I, on Xg, such that each L, is locally on X a constant
sheaf associated with a finitely generated Z/p"-module, and such that this
inverse system is isomorphic in the procategory to an inverse system for which
Ln+1/pf = ]Ln~ .

Let Z, = LiLnZ/p” as sheaves on X.s. Then a lisse Z,-sheaf on X,o¢ is a
sheaf I of Zp-modules on X, such that locally in X0, L is isomorphic to
Zp ®z, M, where M is a finitely generated Z,-module.

Using Theorem 4.9 and Lemma 3.18, one immediately verifies the following
proposition.

PROPOSITION 8.2. Let X be a locally noetherian adic space over Spa(Q,, Z,),
and let 1L, be a lisse Z,-sheaf on Xg. Then L =L, = 1(121 v*IL, is a lisse sheaf
of Zp-modules on Xprosr. This functor is an equivalence of categories. Moreover,
Rlimv*L, =0 for j > 0.

& A A A

In particular, I ®2p QyisaQ, = Z,,[p’l]—local system on Xpog.

Let f: X — Y be a proper smooth morphism of locally noetherian adic
spaces or locally noetherian schemes, and let IL, be a lisse Z,-sheaf on Xj,.

If f is a morphism of schemes of characteristic prime to p, then the inverse
system R'f. L. of the R'f.LL, is a lisse Z,-sheaf on Y. (Even if the L, satisfy
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L, /p" = L,, this may not be true for the Rfs,IL,.) Moreover, as the higher
R 1(131 v*LL, vanish, we have

leét*]Lo = Riﬁ)raét*Lo-

DEFINITION 8.3. Let k be a discretely valued complete nonarchimedean
extension of @, with perfect residue field « and ring of integers Oy, and let

X be a proper smooth adic space over Spa(k, O,). A lisse Zp—sheaf L is said to
be de Rham if the associated B -local system M = L ®;, By is associated with
some filtered module with integrable connection (£, V, Fil®).

In the following, we write A;y¢, Bins, and so on, for the ‘absolute’ period rings
as defined by Fontaine.

THEOREM 8.4. Let k be a discretely valued complete nonarchimedean extension
of Q, with perfect residue field k, ring of integers Oy, and algebraic closure
]_i’ and let X be a proper smooth adic space over Spa(k, O;). For any lisse
Zy-sheaf L on Xyroe: with associated Big-local system M =L ®; B, we have

a Gal(k/k)-equivariant isomorphism
H'(X;, L) ®z, Bjy = H'(Xz, M).

If L is de Rham, with associated filtered module with integrable connection
(€, V, Fil®), then the Hodge—de Rham spectral sequence

Hydine (X, £) = Hig (X, €)
degenerates, and there is a Gal(k/k)-equivariant isomorphism
H'(X;, L) ®z, Bar = Hix (X, E) ®; Bar

preserving filtrations. In particular, there is also a Gal(k/k)-equivariant
isomorphism

H'(X;, L) ®2, k= €D Hyggipe (X, £) ®¢ k(=)
J

Proof. First, note that for any n, H (Xg, IL,)) is a finitely generated Z/p"-module,
and we have an almost isomorphism

H(X;, L) ®z, AL = H(X;, L, ®Zp A

inf/*

This follows inductively from Theorem 5.1 (using Proposition 3.15): forn =1,
the desired statement was already proved in the proof of Theorem 5.1. Now
the sheaves F, = L, ®;  Af; satisfy the hypotheses of the almost version of
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Lemma 3.18. Therefore we may pass to the inverse limit l<iLn.7:n =L ®;, AL,
and get almost isomorphisms

H'(X;, L) ®z, Al = H'(X;, L ®3, Af

inf — inf

Now we invert p and get almost isomorphisms

H'(X;, L) ®z, By = H'(X;, L ©; B

inf
Multiplication by £ (using & as in Lemma 6.3) then shows that
H'(Xi, L) ®z, Bint/ (ker )" = H'(Xp, L ®; Bint/ (ker 6)°),

as the ideal defining the almost setting becomes invertible in Bj/(ker 6)*. Again,
the sheaves F, =L ®z, Bin¢/ (ker 6)* satisfy the hypothesis of Lemma 3.18, and
we deduce that

H'(X;, L) ®z, Bjp =H'(X;, L ®; B,

as desired.
In particular, H'(X;, M) is a free Bjz-module of finite rank. This implies that

dim: H'(X;, gr’M) = dimy,, (H' (Xz, M) ®: Bar)-
But Theorem 7.11 translates this into the equality

> dimyg Hypdin (X, €) = dimy Hig (X, €),
J
so the Hodge—de Rham spectral sequence degenerates. The final statement
follows directly from Theorem 7.11. O

Our final application is a relative version of these results. First, we need a
relative Poincaré lemma. Here and in the following, we use subscripts to denote
the space giving rise to a period sheaf.

PROPOSITION 8.5. Let f: X — Y be a smooth morphism of smooth adic spaces
over Spa(k, Oy), of relative dimension d. By composition with the projection
2y — 2y,y, we get the relative derivation Vyy: OB y — OB x @0y 25y,
and the following sequence is exact:

0— BdR X ®1* fproetOB;—R Y

0ét dR Y
X/Y X/Y Vx/y

- OBIR,X OBCTRX ®ox 'Q;(/y — OBXR.X ®ox 'Qg/y — 0.

It is strict exact with respect to the filtration giving $2} )y degree .
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Proof. It is enough to check the assertion in the case X = T", Y = T" ¢, with the
evident projection. There, the explicit description of Proposition 6.10 does the
job again. O

LEMMA 8.6. Let f: X — Y be a proper smooth morphism of smooth adic spaces
over Spa(k, Oy). Let A be a locally free Ox-module of finite rank. Then the
morphism

(Rfi)roét*A) ®Oy grOO]BdR,Y - prroét* (A ®OX grOOIBdR,X)

is an isomorphism in the derived category.

Proof. We need to check that the sheaves agree over any U pro-étale over Y.
Note that this map factors as the composite of a pro-finite étale map U — Y’ and
an étale map Y’ — Y. Replacing Y by Y’, we may assume that U is pro-finite
étale over Y. Moreover, using Lemma 5.2, we can assume that Y is affinoid
and that there is an étale map ¥ — T™ that factors as a composite of rational
embeddings and finite étale maps. Let K be the completed algebraic closure of k.
LetY =Y me’TI‘%. One can also assume that U is a pro-finite étale cover of ¥,
which we do.

Finally, we choose an open simplicial cover X, of X such that each X; admits
an étale map X; — T” that factors as a composite of rational embeddings and
finite étale maps, fitting into a commutative diagram:

Xi — T

L

Y ——T"

where the right vertical map is the projection to the first coordinates. Let X; =
X,’X’]rn ’]TnK

In this situation, we can control everything. The technical ingredients are
summarized in the following lemma.

LEMMA 8.7. All completed tensor products are completed tensor products of
Banach spaces in the following.

(i) Let W; = UxyX; and W; = Uny(,-. Then W; is pro-finite étale over X,
Ox(Wy) = Oy(U) &oyr) Ox (X)),
and

+1/p™° +1/p™®
,,,,,, T,:,(:l K<Tm+l e Tn )

Ox (W) = Ox(W) @ 1
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(i) The ring OF (U) is flat over OF (Y) up to a bounded p-power: that is,
there is some integer N such that for all O} (Y)-modules M, the group
Torég;(y) M, O (U)) is annihilated by p".

(iii) In the complex

associated with the simplicial covering X, of X, computing (RfyoesA) (Y),
all boundary maps have closed image.

(iv) We have
(e’ OBar x) (W) = Ox(W)[Vi, ..., Vyl,
where V, is the image of t~'1og([T"1/T,) in gr® OB x. Moreover,
HY(W;, g’ OBgrx) =0
for g > 0.

Proof. (i) First, we use Lemma 6.18 to get

+1/p™ +1/p™®
T,?;I)K(Tl Y S

.....

Oy(¥) = Oy(1) &,
and
@X(f(l) = Ox(Xl) ®k(Tli1 K(Tlil/poo’ L T;H/poo>
We may rewrite the latter as
(Ox(X) ®k(T1il’__.’T%l) K(Tlil/p e T’fl/po"))
K<Til/b°°’ L Tj:l/p°°)

m+1

+1/p>° +1/p>
e, KT T,

Next, using that U — Y is pro-finite étale and that ¥ and X; are perfectoid, we
get (using [17, Theorem 7.9, Proposition 6.18])

O3 (W) = OF*(U) &gy, OF“ (X);
in particular,
Ox(W) = Oy(U) &4, 5, Ox(X).
Using our description of @X (X;), this may be rewritten as

Ox(W) = Oy (U) B0y Ox(X) Ogpit i, KT TPT).

.....
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Now one gets
Ox (W) = Oy(U) &0y r) Ox(Xy)

by taking invariants under Z;™", for example by using the computation in
Lemma 5.5. R R

(ii) Note that O (U) is almost flat over Oy (¥) by almost purity. But up to a
bounded p-power, (’jﬂf/ ) is equal to

5 +1/p>° +1/p™
OF (M) @, 1.1ty Ok(T P T

by Lemma 6.18, which is topologically free over Oy (Y) ®ok Ok, and hence flat
over Of (Y) ®o, Ok, which in turn is flat over OF (¥).
(ii1) This follows from the finiteness of cohomology, proved by Kiehl [12].
(iv) The desired cohomology groups can be calculated using the Cech
cohomology groups of the cover W; — W;. The computation is exactly the same
as in the proof of Proposition 6.16(i), starting from the results of part (i). 0

By part (iv), one can compute

(Rfyroes (A @0y gr’OBgg x)) (U)

by using the complex given by the simplicial covering U XyX =W, of UxyX.
Moreover, parts (i) and (iv) say that it is given by (c ®Oy(y) Oy(U))[V], e Vol

But part (ii) says that the operation ®Oy(y)0y(U) is exact on strictly exact
sequences of Banach-Oy(Y)-modules, with part (iii) confirming that C has the
required properties implying that it commutes with taking cohomology, and so

(Rifproét*(A Roy gTOOBdR ) (U) = ((lepmét*A)(Y) ®Oy(Y) @Y(U))[Vlv e Vil
As (R fpmet*A)(Y) is a coherent (’)y(Y )-module (see part (iii) and [12]), one can
replace ®0Y(Y)OY(U) by ®oy(y)(9y(U) Also, by Proposition 6.16 (i),
OY(U)[Vl, o Vel =gr OEdR,Y(U)-
Finally, Corollary 3.17(ii) and Proposition 9.2(ii) imply that
(Riﬁxroél*A)(U) = (R{fproél*A)(Y) ®Oy(Y) OY(U)’
so we get
(Riﬁ)roét* (A ®Ox grOOEdRX))(U) = (Rifproét*A)(U) ®(9y(U) grOOBdR,Y(U)’
as desired. [l

THEOREM 8.8. Let f: X — Y be a proper smooth morphism of smooth adic
spaces over Spa(k, O). Let L be a lisse Z,-sheaf on Xy, and let

M =L ®Zp ]BZILR,X
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be the associated By y-local system. Assume that R'fyoelL is a lisse Zp—sheaf on
Yorosr Then:

(i) There is a canonical isomorphism
Rifproét*M = Rifproét*L ®Zp IB(TR,Y'
In particular, R"fpmél*M isa E;R’Y-local system on Y, which is associated with
lei)mét*L-
(i1) Assume that 1L is de Rham, and let (£, V,Fil®) be the associated filtered
Ox-module with integrable connection. Then the relative Hodge cohomology

R fiodees (€) is a locally free Oy-module of finite rank for all i,j, the
relative Hodge—de Rham spectral sequence

Riijyijodge* (5) = RlﬁiR* (5)

degenerates, and Riﬁ,,oét*L is de Rham, with associated filtered Oy-module
with integrable connection given by Rifir.(£).

REMARK 8.9. By Theorem 9.3, the assumption is satisfied whenever f: X — Y
and IL come as the analytifications of corresponding algebraic objects.

Proof. (i) Let K be the completed algebraic closure of k. It suffices to check that
one gets a canonical isomorphism on Y06/ Yx. We start with the isomorphism

(Rfa L) @ OF/p = Rfere (L' @ O /p)

from Corollary 5.12, for any I ,-local system " on X¢. By Corollary 3.17(ii), we
may replace fi by fyroe. Also, choose m € Oy» with ¢ = p. Then we get

(R L) ® O/ = Rifyosn (L' @ OF /),
and by induction on m, also
(Rferl) ® OF /7" = Rifprosts (L' ® O /7™).
It is easy to see that this implies that for all m and n, we have
(Rfeulln) @7, Al /11" = Rfyroaes Ly ®3, Ay /[1™).

By assumption, all Rif;,IL, are locally on Y isomorphic to constant sheaves
associated with finitely generated Z/p"-modules. This implies using Lemma 3.18
that one can take the inverse limit over m to get

(leet* n) ®Z Alanf Yy — Rfi;)roel* (Ln ®Zp Amfx

Similarly, one may now take the inverse limit over n to get

Rifpmét*L ®Z Afey = Rifpmét* (L ®Z,, Al x)-
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Then all further steps are the same as in the proof of Theorem 8.4.
(i1) We follow the proof of Theorem 7.11. Let us denote by DR(E) the relative
de Rham complex
DRE)=(0—E>E@ R, > -,
with its natural filtration. We claim that the map

Rfi)roél* (DR(g)) ®Oy OBdR,Y - prroét* (DR(E) ®OX OIBdR,X)

induces a quasi-isomorphism in the filtered derived category of abelian sheaves
on Ypros. As in the proof of Theorem 7.11, this reduces to Lemma 8.6. Moreover,
by Proposition 8.5, the right-hand side is the same as

prroét*(M ®f* BT f;:-oétOBdR,Y)'

proét dR,Y

Using that Rfyoe. M is a B y-local system, this may in turn be rewritten as
(Rfiaroét*M) ®BIR v OEdR,Y-

To check that this gives a quasi-isomorphism in the filtered derived category, it
suffices to check on the associated graded, where one gets the identity

Rfi;roé(* (grOM ®f;roét(§y f:roétgri OBdR, Y) = (Rfi)roét*groM) ®(§Y griOBdR, Y

which follows from the fact that locally on Yyos, gr'OBgyg y is isomorphic to
gr’OBgg y, which in turn is a polynomial ring over Oy that is abstractly an
infinite direct sum of copies of @y.

Combining these results, we find that

Rfioroét* (DR(E)) ®Oy OBdR,Y = (RfiJroét*M) ®[BIR v OBdR,Y
in the filtered derived category. In particular, in degree 0, the left-hand side gives

D Rifyrocts (2¥ (DR(E))) ®0, gr /OB y
J

= @Ri_j’JfHodge* (5) ®Oy gI‘OOBdqu(_j),

J

whereas the right-hand side evaluates to
(groleproél*M) ®(§Y grOO]BdR,Y-

The latter is a sheaf of locally free gr’OBgg y-modules. As locally on Y.
gr’ OB v is faithfully flat over Oy, it follows that R™fijoqe. (£) is locally free
for all i, j.
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Similarly, we find that
Rfir«(E) @0y OBar y = (R'fproctxM) sk, OBy,

compatibly with filtration and connection. Counting ranks of locally free
modules, one gets the desired degeneration result. Using part (i), the last
displayed formula now implies that Rfs, L is de Rham, with associated filtered
Oy-module with integrable connection given by Rz, (E). O

9. Miscellany

In this section, we recall some facts that are used in the paper. We start with
the following situation. Let K be some complete nonarchimedean field, let A be
a complete topologically finitely generated Tate algebra over K, and let Sy =
Spec A, with corresponding adic space S = Spa(A, A°). Further, let fo: Xo — So
be a proper morphism of schemes, and let f: X — § be the corresponding
morphism of adic spaces.

THEOREM 9.1.

(i) The category of coherent Ox,-modules is equivalent to that of coherent
Ox-modules.

(i) Let Fy be a coherent Ox,-module with analytification F on X. Then for all
i >0, R'f,F is coherent and equal to the analytification of R'fy,JFo.

Proof. This is the main result of Kopf’s thesis [13]. [l

Further, we need to know that one can also use the étale site to compute
coherent cohomology. This is summarized in the following proposition.

PROPOSITION 9.2. Let K be a complete nonarchimedean field. All adic spaces
are assumed to be locally of finite type over Spa(K, O).

(i) Let F be a coherent module on an affinoid adic space X. Then the association
mapping any affinoid étale U — X to Oy(U) oy F (X) is a sheaf F on
Xy For i > 0, the higher cohomology group H'(X¢, F¢) = 0 vanishes.

(ii) Let g: T — S be an étale morphism of affinoid adic spaces. Let f: X — S
be proper. Let Fx be a coherent Ox-module, let Y = Xx T, and let Fy be
the pullback of Fx to Y. Then for all i, we have an isomorphism

H' (X, Fx) ®ogs Or(T) = H(Y, Fy).
In particular, (Rf,.F)¢ = RifswFa.
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Proof. Part (i) follows from [11, Proposition 3.2.5]. Using [11, Proposition
3.2.2], one easily reduces the assertion in part (ii) to the cases where T C S is
a rational subset, and where T — S is finite étale. The first case is dealt with by
Kiehl in [12], Satz 3.5. In the other case, choose some open affinoid cover of X
and compute H'(X, Fy) via the associated Cech complex C. Then H' (Y, Fy) is
computed via C ®ogs) Or(T), as Or(T) is a finite Og(S)-module. But Or(T) is
flat over Os(S), so tensoring commutes with taking cohomology, which is what
we wanted to prove. U

Let us recall a comparison between algebraic and analytic étale cohomology.
Let K be some complete nonarchimedean field, let f;: X, — Sy be a proper
morphism of schemes over K, let S be an adic space locally of finite type over
Spa(K, Ok), and let S — S, be some morphism of locally ringed topological
spaces, which induces via base-change a proper morphism of adic spacesf: X —
S.

THEOREM 9.3. Let m be an integer which is invertible in K. Let 1Ly be a
Z/mZ-sheaf on Xog which is locally on Xy the constant sheaf associated with
a finitely generated 7./mZ-module. Let 1. be the associated sheaf on Xg. Then
Rifs, L is the analytification of R'fys L.

Proof. This follows from [9, Theorem 3.7.2]. O

We recall that if Xy — Sp is smooth or Sy is a point, then Rifye. L is locally on
So« the constant sheaf associated with a finitely generated Z/mZ-module; thus
the same is true for R'f;,LL in that case.

Finally, let us record another fact on affinoid algebras. Let K be an
algebraically closed nonarchimedean field, and let R be a topologically finitely

generated Tate K-algebra: that is, R is a quotient of K(T, ..., T,) for some n.

THEOREM 9.4. Assume that R is reduced. Then R° is a topologically finitely

generated Og-algebra: that is, there is a surjection O(Ty, ..., T,) — R° for

some n. Moreover, if S is a finite reduced R-algebra, then S° is a finite

R°-algebra.

Proof. This follows from [3, Section 6.4.1, Corollary 5]. O
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