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1.

Given a ring R we consider the category R of R -rings (rings A with given
ring-homomorphisms R -* A), and .R-homomorphisms (ring-homomorphisms that form
commutative triangles with the given maps from R). All rings are associative and have 1,
all homomorphisms send 1 to 1.

Wedefineac-i?-ringasanobjectA ini? with a family of maps {px Ghom/j(A, A)\x G
A}. Equivalently, a c-i?-ring is an R-ring A with a binary operation a • b(= apb) on A
satisfying

(a + a')b=(ab) + (a'b); (aar) • b = (a • b)(a'• b); f • b = r (1)

for all a, a', bE.A, rE.R. Here f denotes the image of r under R-*A and the ring
multiplication on A is denoted by juxtaposition.

We call the third operation R -composition and we denote by cR the category whose
objects are the c-R -rings and whose maps are those maps of R which preserve
R -composition.

Let A be a c-R -ring and KdA. We call K a c-ideal in A if K is the kernel of a map in
cR. The following is implied.

Theorem 1. KG A is a c-ideai in A if and only if:
Oi) K is an ideal in the ring A,
(12) k • a G K for all k G K, a 6 A, and
(13) a(k + a')-aa'EKfor all a,a'EA,k£ K.

2.

We emphasise the importance of c-ideals by relating them to the well-known T-ideals
(1,2.2) in free algebras.

Let A be a commutative ring with 1 and V = A{Xj}sSS the free associative A-algebra
with 1 over a set S (the notation follows (1)). Let V|s| be the direct product of \S\ copies of
V. We may write elements of V|s| as vectors of polynomials in the (non-commuting)
indeterminates {xs \ s G S}, namely

f = (Js(*))ses with x = (xs)ses,

with component-wise addition and multiplication. We define a composition on V|s|

f ° g = (fs(g))ses for f = (/•,(«)), g = (&(x)). (2)
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It follows that V|s| with the (associative) composition (2) may be viewed as an object of
the category cA.

Theorem 2. (i) / / K is a c-ideal in V|s| with the composition (2), then K is a subdirect
sumof \S\ copiesofa T-idealJofthe free algebra V and it contains the direct sum 2,\s\Jof
\S\ copies of J; thus K is a dense sub-direct sum.

(ii) For any T-ideal Jof the free algebra V, the direct product J|51 of \S\ copies of Jis a
c-ideal in V|s|. // the index-set S is infinite and 7 ^ 0 then the direct sum 1\S\J is not a
c-ideal in V|s|.

Proof, (i) Let K be a c-ideal in V|s| and for any r £ S denote by Jr the r-th projection
of K into V. We show that Jr is a T-ideal in the free algebra V. Take hE.Jr and any hEK
with hr = h. For arbitrary f G V15' we have h°f G K by (/2) of Theorem 1, hence (h°f)r G /,,
But (h°f)r = hr{l) = h(f) and this proves that Jr is indeed a T-ideal. We use the property
(j3), Theorem 1, of K to show that all Jr are equal. Let r, t be any two indices in 5 and h
any element of Jn Take again h G K with hr = h and f = (8s,xr)s<=s- Then the vector
f°(h + O) — t°O is in K so its f-component, namely /,(h) = h, is in /,. This proves Jr C /,
and, since r and t were arbitrary, it follows that all the projections of K are equal, say to J.
Now, the set of vectors {(8sth)sSS \ t £ S, h G /} generates the direct sum S|s| J- We show
that all these vectors are in K, hence 2|S| JC K. Fix t G S and put f = (Sstxs)sBS- With any
h G / take h G K with h, = h. Then f°(h + O) - t°O is in K and this vector is precisely
(Sjift)jes-

(ii) Assume J is a T-ideal in the free algebra V and let K be a direct product of \S\
copies of / . We show that K is a c-ideal in V|s|. The condition (it) of Theorem 1 is evident
and (12) follows since J is a T-ideal. To establish that K meets (i3) we have to show that
/(h + g ) - / ( g ) G / for all h e X and for any / G V, gG V|s|. It suffices to show it for
monomials / = \xSl ... xSm in V. Thus we prove that A (hs, + gS])... (hSm +gSm)~ Xgs, • • • gSm

is in J. Upon expanding, the term gs , . . . gSm cancels out and we arrive to a sum of
monomials, each of them involving at least one component of h as a factor. Since all the
components of h are in / and / is an ideal, the result follows.

To establish the last assertion in (ii), let L = 2|S| /, / a non-zero T-ideal in V. Take any
h £ L with a certain non-zero component h^. Now, consider f G V|s| with all components
equal to JC .̂ If L satisfies (i3) of Theorem 1, then f°(h + O) — f°h has to be in L. Yet all the
components of f°(h + O) — f°h are equal to the non-zero polynomial h^, hence this vector
cannot be in L if S is infinite. So, in this case L cannot be a c-ideal.

Remark. The assumption that V has 1 is not essential. It puts V in A, but the
theorem is true even without 1 and the proof remains unaltered.

3.

For infinite S, the question whether there are c-ideals in V|s| which are not direct
products of T-ideals, namely J|s |, remains open. In this form, the problem is related to a
well-known open problem (2) concerning varieties of algebras, as follows. We assume
that \S\ S |A|, so |A{jcJses| = \S\.
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Theorem 3. If there is in V = A{xs}ses a T-ideal J which is not finitely generated as a
T-ideal, then there is a c-ideal in V's' which is not a direct product of T-ideals.

Proof. We may assume that / is generated by a set of polynomials {ps \ s €E S}. For
finite subsets H dS denote by JH the T-ideal in V generated by {ps \ s G H}. Let KH be a
direct product of \S\ copies of JH- Then KH is a c-ideal by (ii) of Theorem 2, and so we
obtain a directed set of c-ideals {KH | H finite, H C S} in V^s|. It follows that K = U KH is
a c-ideal in ^K However, K is a subdirect sum of |5 | copies of J, but not the whole J | s |

since p = (ps)ses£ K.
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