ON GENERALISED LAH-NUMBERS

by SELMO TAUBER
(Received 11th May 1964)

1. Introduction

In (1) numbers related to the Stirling numbers are defined. Later in (2)
these numbers were called Lah-numbers (cf. 2, p. 43, Ex. 16). According
to (1) these numbers are of importance in Mathematical Statistics. In this
paper we shall generalise the method and apply it to generalised Stirling numbers
as defined in (3). 4

In (3) the polynomials Q and the numbers 4, and B, were defined by the

relations
Q(x: M, N, m) =00, = [] [M(m)+Nmix]= ¥ A, nz1,
m=1 s=0
0(x, 0) = M(0), 09
x" = i B:,"Q(x;m)’
m=0 )
1 = B3Q(x, 0) = BSM(0), @

where M and N are two functions such that M(0) # O, M(n) is defined for all
positive integers n, and N(n) is defined for all positive integers n and N(n) # 0.
The numbers A, and B, are called generalised Stirling numbers.

2. Relationship between different Q-polynomials
Let Ql(x’ n) = Q(X; Ml, Nl’ n) and QZ(x: n) = Q(x’ M2’ NZ, n)a then

n n

Qy(x, n) = ;0 Al x5 X" = Z,o BT » Q1(x, m), (3)

d 0i(x,00=M,0), 1= B(l), 0Qi(x, 0) = B?, oM,(0), - (3‘1);
an

i m= ¥ A5 x= 3BT .05 m) @

Q:(x, 0)=M,0), 1= Bg. 0Q2(x, 0) = Bg, oM ,(0), (4a)

where A, and B; are zero for m>n, m<0, n<0.
Let us express @,(x, n) in terms of Q,(x, m). We can write

O m)= 3 A3 = A;,,[’z BT [0:(x, m)],
§=0 o . m=0

. A3, BT, Q1(x, m). - 3.

s

IlM:
1pMe 1M

Qalx, m) =

Om
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Considering the conditions on the numbers 4 and B we can extend the second
summation to n and then change the order of summation, thus,

0= 3 3 aBLocm= ¥ otem T 4B, ©

and, using again the conditions on the 4 and B numbers, we have,

Q:x, M= 3 0i(em) ¥ A5,BL, ™

s=m

Let
Z A.;.,n T,s‘_' L"i,l,m (8)

where L3 ;,, =0 for m<0, n<0, m>n.
Similarly, if we express Q,(x, n) in terms of Q,-polynomials we obtain

0ln = ¥ Qixm) ¥ AL.BE, ©)
with - T

Z i,n ’Zn,s= "i,2,m ' (10)

and where L} , ,=0, for n<0, m<0, n<m. It is clear that in the special
case where Q, = Q,, Ll , ,= L3 ; ,=6;, where 0, is the Kronecker delta.

3. Quasi-orthogonality of the L-numbers

For obvious reasons we shall call the L-numbers generalised Lah-numbers
(cf. Ex. 2 hereafter). Using (7) and (8) we can write

0x(x = 3 Qix, M3, 1, (1)
and using (9) and (10) B

0% M= ¥ Qslx, M, 2,0 (12)

Substituting (12) into (11) we obtain

05 M= 3 Iia 3 Eion@:ls: 9

m=20

and using the conditions on the L-numbers we obtain

0= ¥ 09 ¥ Ihrolizm

thus

Z L’;. l,nUI, 2, m = 6fl (13)

m=s

(13) expresses the quasi-orthogonality of L-numbers for reversed indices.
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4. Recurrence relations
According to (1) we can write

n+1 n;
Oi(x, n+1)= Y AT e x"=[M;(n+1)+N,(n+1)x] > AT .x"
m=0 m=0
and,
nt+1l ) n
Qx(x, n+1)= Y A7 41 x" =[My(n+1)+Ny(n+1)x] Y, AT .x",
m=o m=0

which according to (11) yields
n+l .

Gx(x, n+1) = Zo Qi(x, m)LY ;1 p+1 = [Mz(”+1)+N2(”+1)x]

m=

Y 0 M3, (14
m=0
But
0(x,m+1) = [Ml(m +1)+N(m +1)x]Q1(x, m),

so that
xQy(x, m) = [Q1(xs m+1)—M,(m+1)Q,(x, m)]/Nl(m +1). (15)
Substituting (15) into (14) we obtain

n+1

Zo Q1(x, MLy a41 = My(n+1) Zo Q.(x, m)L3 ; ,
+Ny(n+1) ZO [Q:(x, m+1) =M (m+1)Q,(x, m)]L3 { /N (m+1).
By equating the coefficients of Q,(x, m) we obtain

IVZ(n + 1) L’;_ll _ Nz(n + 1)M1(m + 1) Lm

L5 1,061 =My(n+1)L5 .+

Ny(m) N,(m+1) R
or, ~ _
Ny,(m)M (m+1) N,(n) ..
m .= M.(n)— S ANAY el ALY I ae + 2 i 1 e 16
2,1, i 2( ) Nl(m+1) ] 2,1, 1 N1(m) 2,1, 1 ( )
and by inverting the indices 2 and 1,
[ N (mMy(m+1)] N(n) -
moaa= | M- L2, S0 et 17
1,2, i 1(m Nym+1) | 1,2,n—1 Ny(m) 1,2,a-1 ( )

5. Examples
1. Let M (o) = a, Ny(2) = a—1, My(a) = a+1, Ny(«) = 1/a. We obtain,
taking L, ; ; = L' ,,; = 1, and a>0,

m m+l| .. 1 m—
2,0,a= [(A+D)— —— 3 1,01+ I P
nm n(m—1)

M= [n—(=D)(m+D)m+2)JL] 5,y +m(n— DL,y
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and the following numerical values:

2, 1,n° m= 1 2 3 4

n:

1 1

2 2 1/2

3 20/3 29/12 1/12

4 30 1233/96 199/288 1/144
. 2.n% m= 1 2 3 4

o

1 1

2 -4 2

3 36 —58 12

4  —504 2072 ~1194 144

2. Let M(@) =1—a, N(a) =1, Mya) =a—1, Ny(®) =1, then the
numbers obtained are the Lah-numbers as studied in (1).
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