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A nonlinear complementarity problem
in mathematical programming
in Hilbert space

Sribatsa Nanda and Sudarsan Nanda

In this paper we prove the following existence and uniqueness
theorem for the nonlinear complementarity problem by using the

Banach contraction principle. If T : K + H is strongly monotone and

lipschitzian with k2 < 20 < k%41 , then there is a unique
y € X, such that Ty € X* and (Ty, y) =0 where H is a
Hilbert space, K 1is a closed convex cone in H , and K* the

polar cone.

1. Introduction and statement of the theorem

Let H ©be a real Hilbert space and let X be a closed convex cone in

H with the vertex at O . The polar of K is the cone X* , defined by
k*={y € H: (x, y) 2 O for every = € K} .

A mapping T : H > H is said to be monotone on K if
(Tx-Ty, x-y) 2 0 for all =z, y € K and strictly monotone if strict

inequality holds whenever x # y . T 1is called strongly monotone if there

is a constant ¢ > 0 such that (Tx-Ty, z-y) = cHx-y”2 . T is said to be
lipschitzian if there is a constant k > 0 such that |[Tz-Ty| = k|lx-yl|

for all x, y € H whenever x # ¥y , and a contraction if 0 < k <1 .

TQF purpose of this note is to prove the following existence and

uniqueness theorem for the nonlinear complementarity problem.
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THEOREM. Let T : K » H be strongly monotone and lipschitzian with

2

k< 2e < K2+l . Then there is a unique Yo such that

(1.1) Yo €K, Ty, €K*, and (Tyo,yo)=o,

2. Proof of the theorem

Since X 1is a nonempty closed convex set in H , for every y € K

there is a unique x € X closest to y - Ty ; that is,
lo-y+Tyll = llz-y+Tyll
for every 2z € K . Let the correspondence Yy > X be denoted by 6 . Let
2z be any element of X and let 0 =< A =1 . BSince K 1is convex,
(1-\)x + Az € K . Define a function 4 : [0, 1] + R® by the rule
_ 2
(X)) = lly-Ty-(1-M)z-2z]“ .
Then 4 1is a twice continuously differentiable function of A and
n'(A) = 2(y-Ty-rz-(1-A)z, x-z)

Since x 1is the unique element closest to y - Ty , we must have

h'(0) = 0 , and therefore
(2.1) (y-Ty-x, z-z2) = O
for every 2z € K . Let ¥, and Yy be two elements of KX and Yy, # Yy

Let G(yl) =z and e(yz) =x, . Putting y =Y, and 2 = 6(y2) in

(2.1) we get
(2.2) (yy-Ty,-0(y,)» 8(yq)-0(y,)) = 0 .
Again, putting y =y, and 2 = e(yl) in (2.1), we get
(2.3) (uo-Ty -0 (y,)» 0y, )-0(y1)) z 0 .
From (2.2) and (2.3) we have

(y,-T, -6 (5, )4 7y 48 (4,) . 8(y,)-0(y,)) = 0 .

Hence
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(y,-Py, -9 * Ty 0 0(y;)-0(y,)) = (8(yy)-0(v,)» 8(yy)-0(y,))

= lI6 (y,)-8 (w,) I -
Therefore,
10(y,)-8 (5 ) 1P = | (v, Ty, -y ,+Ty 00 6(y;)-0(,)) |
< Ny =Ty, =y 5Ty I8 ;) -0 () || -
Thus
(2.h) 18 (y,)-8(y ) Il = WTyq-Ty =y  +u,ll -

Since T 1is strongly monotone and lipschitzian, it follows from the
inequality (2.4) that

2

= (Tyl_Ty2—yl+y2’ I'yl-jye-yl+y2)

1A

19 (y,) -8 (v,) I1°

iy =Ty I + Ny, -y, 7 - 2(Ty, Ty, y,-3,)

LA

(kP+1-2¢) lly, -y, I° .

Since k% < 20 < k2+l , we have 0 < k2+l—2c < 1 . Putting

a2 = k2 + 1 - 2¢ 1in the above inequality we obtain
| < -
I8 (y;)-8(y ) I = ally -y, |
where 0 <aq <1 . Thus 86 1is a contraction. Now applying the Banach

contraction principle (see, for example, [!]) we conclude that 6 has a

unique fixed point, say y, . Now putting y =y, in (2.1) we get

0
(2.5) (Tyo, z—yo) >0
for every 2 € K . Since O € X we have from (2.5) that (Iyo, yo) =0.
Again since K 1is a convex cone, 2yo € K and therefore putting 2z = 2yo
in (2.5) we get (Iyo, yo) >0 . Thus (zyo, yo) =0 and (Iyo, z) 20

for every 2 € K , showing that Tyo € K* . Therefore Yo is the unique

solution to the complementarity problem (1.1) and this completes the proof.
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