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Jackson’'s Theorem for locally
compact abelian groups

Waiter R. Bloom

If f 1is a p-th integrsble function on the circle group and
wlp; f3 8) 1is its mean modulus of continuity with exponent p ,
then an extended version of the classical theorem of Jackson
states the for each positive integer =n , there ekists a

trigonometric polynomial tn of degree at most 7 for which
Hf-thp = éw(p; f3 1/n)

In this paper it will be shown that for G a Hausdorff locally

compact abelian group, the algebra Ll(G) admits a certain

bounded positive approximate unit which, in turn, will be used

to prove an analogue of the above result for LF(G)

We shall let X denote a chosen Haar measure on G . The spectrunm
(written Z(f) ) of f € L(G) will be defined as in [3], (40.21). For
f € Lp(G) (p € [1, w)) , we define its spectrum by

L(f) = U L(f*¢)
%0 (6)

(where COO(G) denotes the space of continuous functions on & with

compact support). Given X< T , VG G and f € Pe) , ve put
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26 = {retfo) : e <1},
E (p; f) = inf{”f‘g"p i g € Li(c)} )
and
wlp; f3 V) = sup{llraf-—fllp ta € vl

We require the following theorem, a corollary of which will serve as

the basis of the proof of the main result.

THEOREM 1. Let V be a neighbouwrhood of zero in G and € > 0 be
gtven. Suppose P 18 a locally bounded measurable function on G
satisfying:

(a) plx) 21,
(b) platy) = plx)ply) , and
() T Eﬁpéﬂl <o

n=1 n

for all x, y € G . Then there exists a continuous kV on G such that

kV >0, fc kaA =1, suppl?v is compact, and
Pk. A\ < sup Plx) + € .
fG Vd x€V

Proof. This follows readily from [!], Theorem 2.11 and the proof of
[1], Lemma 1.23. //

COROLLARY. Suppose V <ie& an open neighbourhood of zero generating

G, €>0 is given, and m, tig the integer-valued function on G

4
defined by

my(x) = min{m € {1, 2, ...} : x €mV} .
Then there exists a continuous kV on G such that kV >0,

f kaA =1, KV = suppiv is compact, and
G
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[GkaVdA<1+s.

Proof. Put p = 2m in Theorem 1. //

|4

We are now in a position to prove our promised analogue of the

extended version of Jackson's Theorem as stated in the abstract.
THEOREM 2. Given € > 0 , we can find a base {Vi}iEI of open

neighbourhoods of zero, and a corresponding family {k of continuous

i}iGI
functions on G such that for each 71 € I , ki >0, I kidl =1,
G

K, = suppii is compact, and

A

(L) Migef=Al, = (redelps £5 7,)

(1+e )w(p; fs Vi)

A

(2) E, (s 1)
1

for every f € IF(6) if p € [1, ®) , or for every bounded uniformly

continuous f 1f p =.

Proof. Since, by [2], (24.30), G 1is topologically isomorphic with
Rn X GO , where n € {0, 1, ...} and GO is a Hausdorff locally compact
abelian group containing a compact open subgroup # , we need only prove
the theorem for R* x G

[2], (2b.41) (¢)).

0 (and the result for G will then follow from

Let {Vi}iéI be a base of open neighbourhoods of zero in Rn X GO

such that for each ¢ € I ,

where Ui (respectively Wi ) is open in R (respectively H ). Let Wi
be the subgroup of GO generated by W_b. . Clearly wi C E 1is open and

compact. Let A _, A and A denote the Haar measures on Rn, G and
R Go wi 0

Ww.

. respectively, where A is chosen such that A (E.} = A, (w.)
7 wi GO 7 P
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By the corollary to Theorem 1, we can find continuocus kU . kW on
i i

Rn, wi respectively such that kU.’ k, 20,

. pn .
R ¢ R i 7
:l’
suppiu‘ and suppﬁw are compact, and
2 7
1/2
max{f m. k. dx ( m, k. d;i } < (1+e) .
g Vel R e M v

. "
X
Define ki on R Go by

kL@, y)] =k, (@K, (y)
T 1

where

! =
kW‘(y) -
7
0 A

We shall show that {ki}iEI has the desired properties.

Clearly each ki is continuoﬁs (k&i is continuous on GO since
Wi is both open and closed, and kW. is continuous on Wi ] and non-
negative. An application of {27, (13.4) gives

R"XGO
The fact that supp@b- is compact follows from the compactness of
i

suppk,. , £2), (24.5) and (21, (5.24) (a). Appealing to [31, (31.7) (b),

4

we see that Ki = suppk,. is compact.
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Now let f € Lp(RnXGO] (p € [1, ®)) or, if p=®, take f to be

uniformly continuous. Then we have

k.*f—“:[ T F~flk. Az, y)dr (z, y¥)
’ R"xq [ @.y) jj AR RﬂxGO o

(interpreting the right-hand side as a vector-valued integral), and

"ki*‘f-‘ﬂ’p = " ”T(x,y )fEﬂlpki(x’ y)d)\Rn x AGO(x’ y)
Rl .
i
< .
< . w(p, bl mUi(x)Uimei(y)Wi]ki(x’ y)dARn bs AGO(x, y)
xW ,
i
= ulp; £3 UixWi) f m, (2)m, (y)k, (=, y)dARn X A, (z, y) .
R”xw, 7 A 6]

7z

It follows from [2], (13.12) that

f
Ilki*f—fllp =wlps 15 7v,) JRn mUi(x)kUi(x)dARn(x) fw‘ mWi(y)kWi(y)dAGO(y)
1

= (1+e)wlp; 75 V.) ,
proving (1).
The proof of (2) is immediate since

)

Ki = suppki = E(kt

and hence ki * f € Li (G) . //
'z
If we partially order I so that
12 g if and only if Vi c Vj ,
then the case p = 1 of Theorem 2 shows that the ki form a bounded

positive approximate unit in Ll(G) {er. [31, (28.51)).

When G 1is connected, Theorem 2 will hold for any base of open
neighbourhoods of zero since, by [2], (7.9), every neighbourhood of zero

generates the grour; in this case the proof is greatly simplified, needing
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only the corollary to Theorem 1 and the final two paragraphs of the proof

of Theorem 2.

When G is totally disconnected, then (see [2], (7.7)) taking each
Vi tq be a compact open subgroup of G , Theorem 2 holds with € =0 ,

o (y -l
RIS R

(the anninilator of Vv, in T J; see [3], (31.7) (a).

In the classical situation wvhen ( is taken to be the circle group

o -»
T , it is easily shown that the so-called kernel {k_} of Fejér-

n'n=1

Korovkin (see [4], p. 75 with k, = 2u ) satisfies the conditions of the

corollary to Theorem 1 with € =5 ,

18
v, = {fe*” : 6 € R ana |8| < 1/n}

= »
Kn supp&n

{-n, -n+1, ..., n-1, n} .

This simple dependence of Kn on Vn also appears when G = R .

THEQREM 3. There exists a number C > 0 and {kn}:ﬂ with the

following properties: for each n € {1, 2, ...}, kn s continuous and
non-negative, f kn(x)d}c =1, supp]?n c [-n, n] , and
R
(1) likn*f—fllp < cwlp; f3 (<1/n, 1/n)) ,

(2) E[_n’n](p; ) < cwlp; 75 (=1/n, 1/2))

~

for every f € P(R) iy p € [1, ©) , or for every bounded untformly

contiruous [ 1f p = «.
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Proof. Choose g to be a non-negative function on R with two

continuous derivatives such that suppg € [-1/2, 1/2] and g(0) >0 . Put
b = grg./g*g.(0) ,

vhere g. : x * g(-z) . Then h, hzo0, h)=1, supph < {-1, 1) , h

has four continuous derivatives;' and hence
N

23 (2) = 2h(a)
for all x € R . It follows that
h) -1

ﬂ(x) < B(1+x (= < x <o),

where B = Il + B3V

Now define the continuocus non-negative function k € Ll(R) by

k=h,

and for each n € {1, 2, ...} , k, by

kn(x) =nk(nx) ,  €R .
Then kn is non-negative, continuous and integrable, and for all x € R ,
k (z) = k(z/n)

Hence kn(O) =1, suppknC [-n, n] , and

Veges-gl, = [ e g i )
= w(p; f3 (-1/n, l/n)] IR m(_l/n’ l/n)(ar:)kn(.r,)d:x:
s wlp; f3 (-1/n, 1/n)) f M—Iiﬁudr
R 1+x

< Cm(p; fs (-1/n, 1/71)) s

proving (1).

Once again (2) follows immediately from the fact that
Ek) c l-n,n] ./

REMARK. It is easily shown that an analogue of Theorem 2, exhibiting
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a simple dependence of Ki on V% , can be obtained for all groups of the

form Rm x Tn X GO , where m, n are non-negative integers and GO is

totally disconnected.
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