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Let d be a positive integer and let p be a pr ime > d . Set 
m q = p , where m _> 1 , and let I (q , d) denote the number of dist inct 

p r i m a r y i r reducible polynomials of degree d over GF(q). It is a simple 
deduction from the well-known expression for I (q , d) that 

(i) | i ( q , d ) - i q
d | < u - i ) q

d * 

where d* is the largest positive integer < d which divides d if d > 1 , 
and d* is 0 if d = 1 . We can write (1) as an asymptotic formula, namely, 

T# ^ 1 d , ^ # d * 
(2) I ( q . d ) = - q + 0(q ), 

where the constant implied by the O-symbol depends here (and throughout 
this note) only on d . Our purpose in this note is to obtain a generalization 
of (2). 

Let e and s be integers such that 1 <_ e <C d and 1 £ s <; [ d / e ] . 
We let I(q, d, e, s) denote the number of distinct p r imary polynomials of 
degree d over GF(q) having exactly s distinct p r imary irreducible 
factors of degree e over GF(q). We prove that 

H d - e + e# 
(3) I ( q , d , e , s ) = l d e s q a + 0 ( q Q 6 + 6 ) , 

where 

[ d / e ] - s ( _ 1 } i 
(4) i , = S 

d, e, s n . . a + s 
i=0 i l si e 

This provides a generalization of (2) , as I(q, d , d , l ) = I(q, d) and 

1 A A A = 1 / d • d, d, 1 
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We b e g i n by no t ing t h a t I ( q , e ) > [ d / e ] , fo r f r o m ( 1 ) , 

l e 1 e5^ 
I ( q , e) > - q - (1 - ~ )q 

> ~~ ( q - (e - 1 ) qe~ }, a s e* < e - 1 

1 , m a x j l , e -1 ) . . . e - 1 . 
> — { e q - (e - l ) q } , a s q > e , 

> q / e 

> d / e . 

T h u s the n u m b e r of p r i m a r y p o l y n o m i a l s of d e g r e e d o v e r GF(q) w h i c h 
a r e d i v i s i b l e by i d i s t i n c t p r i m a r y i r r e d u c i b l e p o l y n o m i a l s of d e g r e e e 

o v e r GF(q) i s q " l e , if 1 < i < [ d / e ] , and 0 , if [ d / e ] < i < I ( q , e ) 
H e n c e , by the i n p u t - o u t p u t f o r m u l a , the n u m b e r of s u c h p o l y n o m i a l s wi th 
wi th at l e a s t one p r i m a r y i r r e d u c i b l e f a c t o r of d e g r e e e i s 

(5) 

[ d / e ] 
S 

i= l 

( 1 ) i - l . I (q e) q d - i e 

F r o m (2) we h a v e 

K q . e ) _ _q^ + O 
/ i e - e + e # \ 

(q ) 

so (5) b e c o m e s 

(6) 
[dLe] (-if* I d / d-e+e* 

S J L- } q + 0 ( q 
i= l il e 

H e n c e t he n u m b e r of p r i m a r y p o l y n o m i a l s of d e g r e e d o v e r GF(q) hav ing 
no i r r e d u c i b l e f a c t o r of d e g r e e e o v e r GF(q) i s g i v e n by 

(?) N ( q , e , d ) = 
i=0 i- e 

d d - e + e * 
q + 0 ( q ) 
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Now 

(8) I ( q , d , e , s) = M(q , e, s) N(q, e , d - es) , 

where we understand N (q , e , d - es) to mean q when s = [d/e] , 
and M (q, e , s) denotes the number of distinct polynomials which a re the 
product of s (not necessar i ly distinct) p r imary i r reducible polynomials 
of degree e over GF(q) . M (q , e , s) is just the number of distinct 
s-combinations with repeti t ion of I (q , e) distinct things and so is just 

(9) 

Hence from (7), (8) and (9) 

K q . d . e . s ) = / — f l + Ofc—-~)Ml 2 ^ - 1 qd-eS+0(qd-eS-e 

d , r^t d-e +e* = 1 , q + 0(q ) 
d , e , s^1 

as requi red . We r emark that (5) and (6) were obtained by Uchiyama 
(Note on the mean value of V(f). II, P r o c . Japan Acad. 31 (1955) 321 
when e = 1 , in his work on the distinct values of a polynomial over a 
finite field. 
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