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Abstract We show that the conjecture of [27] for the special value at s =1 of the zeta function of an
arithmetic surface is equivalent to the Birch-Swinnerton-Dyer conjecture for the Jacobian of the generic
fibre.
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1. Introduction and statement of results

Let V be a connected regular scheme with V' — Spec Z flat projective and consider its
scheme zeta function

1
cv.s) =l sy
L a=8w
the product is over all closed points z of V and N(z) is the size of the finite residue
field of z. The first author [27, Conjecture 3.1| has recently conjectured a formula for the
special value (*(V,r) as a generalised Euler characteristic (up to powers of 2):

C*(V,T) :iX(er)' (1)

The basic example is the case when V' = Spec O where Op is the ring of integers of
a number field F; then (1) recovers [27, §7]| the well-known class number formula (15)
for r =0 and r =1 (see Subsection 2.7) and, for r # 0,1, the formula (1) recovers the
conjecture [25] of the first-named author relating ¢*(V,r) and algebraic K-theory. The
next case of interest would be that of arithmetic surfaces and r = 1 (considered in this
article). The compatibility of (1) with the functional equation, proved in [27, §6] using
the deep results of Bloch-Kato—Saito [22], is a strong point in support of the conjecture.
Our results for arithmetic surfaces provide additional evidence for (1).
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1.1. History

It is a fascinating and important problem to give a description of these special values in
terms of cohomological invariants of V. The first conjectural attempt at such a description
was given in 1991 by Fontaine and Perrin-Riou [16, 15], building on previous work by
Deligne, Beilinson, Bloch and Kato. Roughly speaking, Bloch and Kato [2] considered
values at positive integers, while Deligne and Beilinson considered values at negative
integers. Fontaine and Perrin-Riou were the first to give a uniform approach valid for all
integers.

The reader should be warned that the conjectures of Fontaine and Perrin-Riou [16, 15]
do not in fact concern the scheme zeta function ((V,s) above but rather the Hasse—Weil
zeta function Cyw (Vp,s), which is the alternating product of Hasse-Weil L-functions
Luw (k7 (Vp),s) [35]. These L-functions Lpgw (h/(Vp),s) only depend on the generic
fibre Vp of V — Spec Z, while ((V,s) depends on the special fibres as well. In fact,
Fontaine and Perrin-Riou gave conjectures for the special values of the L-functions
Luw(h/(Vp),s), whose alternating product yields conjectures for the Hasse-Weil zeta
function Cgw (Vo,s) = Hj (LHW(hj(Vo),s))(_l)Hl. These two zeta functions agree if V is
smooth over Spec Z but not in general.

Fontaine and Perrin-Riou first introduced various (conjecturally) finite-dimensional
vector spaces and made a conjecture (which we will call Conjecture FPR) giving the
special value of the (Hasse-Weil) zeta function (gw (Vp,s) up to a rational number
in terms of determinants of maps between these vector spaces tensored with R. They
then used spaces taken from p-adic Hodge theory to refine these conjectures to obtain a
conjecture for the special value of (g (Vo,s) up to sign.

A crude description of the main conjecture made in 2017 by the first author [27]
(which we will call Conjecture L) would be to say that it refines Conjecture FPR by
using canonical integral models for the vector spaces used in that conjecture, avoiding
the necessity for p-adic Hodge theory. In fact, the difference between the scheme zeta
function and the Hasse-Weil zeta function forces minor changes in the vector spaces
to be considered. These changes are similar to those made in [12] for the same reason.
In 2016, Flach and Morin [12] also made a general special values conjecture, which we
will refer to as Conjecture FM1. Conjecture FM1 does make use of p-adic Hodge theory
and is more closely related to Conjecture FPR than is Conjecture L. In fact, Conjecture
FMI1 can be shown to be equivalent to Conjecture FPR if V is smooth over Spec Z;
see [12].

In 2019, Flach and Morin [13] made a new conjecture (referred to here as Conjecture
FM2) which avoids p-adic Hodge theory and so is more closely modeled on Conjecture L
and less related to Conjecture FPR. In fact, it seems plausible that it is not too difficult
to show that Conjecture L is equivalent to Conjecture FM2, except that Conjecture
FM2 eliminates the 2-power indeterminacy. Both Conjecture L and Conjecture FM2
have been shown to be compatible [27, 13] with a form of the functional equation
for the scheme zeta function. This has not been shown for either Conjecture FM1 or
Conjecture FPR.

Conjecture L is a bit more ad hoc than Conjecture FM2 but has the advantage that it
involves much less elaborate machinery. Of course, as previously mentioned, Conjecture
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FM2 is more precise, but we hope that is possible to remedy this by modifying Conjecture
L using the Artin—Verdier topology.

Conjecture FPR is local: for each prime p, a conjecture is formulated involving
sophisticated p-adic Hodge theory and the corresponding local variety V x Spec Q,, and
it is their combination (for all primes p) that determines the special value up to sign. In
contrast, Conjecture L (and FM2) is truly global as it produces a description of ¢*(V,r)
intrinsically in terms of invariants of V. For instance, in the case of an arithmetic surface
X, where Conjecture FPR calculates the order of the Tate—Shafarevich group III(J) of the
Jacobian J of the generic fibre Xy of X, Conjecture L for (*(X,1) concerns its intrinsic
counterpart: the Brauer group Br(X).

1.2. The conjecture for arithmetic surfaces

Let S = Spec Op be the spectrum of the ring of integers Op in a number field F. In this
article, an arithmetic surface X over S will mean

e a regular scheme X (of dimension 2) together with a projective flat morphism
m: X — S,

e the generic fibre Xy — Spec F' is a geometrically connected smooth projective
curve of genus g.

We recall the conjecture of [27, Conjecture 3.1] for the case at hand: V = X and
r=1.

Conjecture 1. For an arithmetic surface X as above, the special value of (*(X,1) at
s =1 1is a generalised Euler characteristic x(X,1) (up to powers of 2),

xa,0(X,1)
XB(Xal)

As we shall see in Subsection 7.5, this provides a description of ¢*(X,1) in terms
of (periods computed using) the finitely generated Op-modules H*(X,0), the Betti
cohomology Hj(Xc,Z(1)), the conjecturally finite group Br(X), the finitely generated
abelian group Pic(X) and the Arakelov intersection pairing on Pic”(X).

Our main result is the following theorem.

C*(Xal) :iX(Xal) ==

Theorem 2. Conjecture 1 is equivalent to the Birch—Swinnerton—Dyer conjecture
(Congecture 20) for the Jacobian J of Xy over F.

Remark 3.

(i) This theorem is the analogue (Subsection 7.5) for arithmetic surfaces of Conjecture
(d) [36, p. 427]; see |26, 18, 30, 32]. Such an arithmetic analogue had long been
expected. Flach—Siebel [14] proved a similar relation between the conjectures of
Flach-Morin [12] for X and Conjecture 20.

(ii) In a certain sense, Conjecture 1 is dual to Conjecture 20. When X is an elliptic
curve, the former uses the proper map 7 : X — S that may not be smooth, whereas
the latter uses the Néron model A of Xy (and the smooth map A — S may not
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be proper). This suggests that one should start with the case when 7 is smooth
and admits a section; this case is considered in Section 5.

(iii) If =0, then J is trivial. Since Conjecture 20 is obviously true in this case, Theorem
2 gives a proof of Conjecture 1 for g =0. See Remark 43 for details.

Since Tate [36] has proved that Conjecture 20 is invariant under isogeny, one obtains
the following.

Corollary 4. Suppose X and X' are arithmetic surfaces over S such that the Jacobians
of X}y and Xy are isogenous over F. Then Conjecture 1 for X is equivalent to Congjecture
1 for X'.

In particular, Conjecture 1 for (the regular integral models of) an elliptic curve E and
a torsor T over F are equivalent.

1.3. Plan of the article

We start in Section 2 with a presentation of the main conjecture from [27] and provide
a detailed description of the basic examples (V' = 5); in particular, we show that the
conjecture recovers the analytic class number formula (15). This is followed in Section 3
by the conjecture (Conjecture 20) of Birch-Swinnerton-Dyer (and Tate) for the global
L-function of an abelian variety over a number field. Here we rely on [19] because it
contains the formulation of Conjecture 20 in terms of Néron models and provides the
definition of a period even when the (projective) module of invariant differentials on the
Néron model is not free as a Op-module.

In Section 4, we prove the key relation (Theorem 23) between the period in Conjecture
20 and the period in Conjecture 1.

Section 5 contains the proof of Theorem 2 in the special but illustrative and important
case where 7: X — S is smooth and Xo(F') is nonempty. The rich intersection theory
on a regular surface figures prominently in Section 6. The beautiful results of Raynaud-
Liu—Lorenzini [30, 3, 4] on the Néron model, the connected components of the special
fibre and the relation to intersection theory play a key role in our article. Though the
analysis of the role of torsion in derived de Rham cohomology could complicate the study
of ¢*(V,r) in general, these results help us bypass the torsion in H!(X,0x). An equally
important role is played by the result of Geisser [17]. Finally, the proof of Theorem 2 is
completed in Section 7.

The concept of integral structures and derived differentials is resonant with the methods
used in the study of e-constants, Arakelov theory [5, 6] and Bloch’s conjectural formula
for the conductor [22].

Notations

As usual, we write dp for the discriminant of F' over Q, h for the class number of F' and
w the number of roots of unity in F. Using the notation Ay, for the torsion subgroup of
an abelian group A and [B] for the cardinality of a finite group B, one has w = [F} ].
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We shall use S to indicate both Spec Op and the set of nonzero prime ideals of Op.
Thus, v € S means a closed point of S or a nonzero prime ideal in Or. We write g, for
the size of the finite residue field k(v).

Let S denote the set of embeddings of F into C; complex conjugation ¢ on C induces
an involution o — co =& on S via

c:I'—=C — g:FSCSC.

The set S of infinite places of S is the set of orbits of the involution; the set of fixed
points of the involution is exactly the subset Sg of embeddings of F' into R. As usual, 71
is the size of Sg and r1 +ry is the size of S..

For any scheme Y over S, we put Yc =Y Xgpec zSpec C and Y, for the base change
along o0 : F — C:

Yo ——— Y Y, —— Y
| | | | @)
Spec C —— Spec Z Spec C —— S

We write H,(Y,Z(r)) for the étale motivic cohomology groups of Y; these are the
hypercohomology groups of Bloch’s higher Chow group complex in the étale topology
of Y.

2. Statement of the main conjecture from [27]

Fix a connected regular scheme V of dimension d together with a projective flat morphism
V — S; we assume that the generic fibre V[ — Spec F' is a geometrically connected smooth
variety of dimension d— 1 over Spec F. The aim of this section is to present the conjectural
formula from [27] for the special value ¢*(V,r).

2.1. The Bloch—Kato—Fontaine—Perrin-Riou conjecture [15, 16]

The motive M = h?(V)(r) has a Betti realisation Hé(V@,Z(r)), a de Rham realisation
H} . (Ve,C(r)), an action of complex conjugation ¢ on Hy(Ve,Z(0)) = Hp(Ve,Z), a Hodge
filtration F on H),(Ve,C(r)) and a period map

0.+ HI (Ve C(r) = Hjp(Ve,C(r).
As abelian groups, H,(Ve,Z(r)) = HL(Ve,Z) and HL(Ve,C(r)) = H(Ve,C); also,

HJJ:B(VC,C(T)) = Hp(Vi,Z(r)) ®z C. The map 6 is the classical period map from
H%,(Ve,C) to H,(Ve,C). We define

HY (Ve, Z(r)) " = {z € H(Ve,Z) | elx) = (=1)" -z},
HI(Ve,C(r) T ={z € H (V¢,C) | c(z) = (=1)"-z}.
Finally, the map 0; , defined as (27¢)" -6, ¢ induces a map

. ~ M,
OéMZHJ(V(c,C(T))+—>MB—)MdR%tM:%. (3)
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Fontaine—Perrin-Riou [16, 15] introduced certain vector spaces H]Q(M ) and H}(M )
that are conjecturally finite-dimensional Q-vector spaces. Further, they conjectured the
existence of the fundamental exact sequence

0— HY(M)®R % Ker(ay) — H}(M*(1))* @R % H(M) @R L Coker(anr)

— HY(M*(1))* @R — 0, (4)

where ¢ is a cycle class map, h is a (Arakelov) height pairing and r is the Beilinson
regulator. They used it to reformulate the Deligne-Beilinson conjecture Cpp(M) [15]
which predicts the special value L*(M,0) € R*/Q* at s =0 of the L-function L(M,s).

To predict L*(M,0) € R*, they introduced similar exact sequences for each prime p;
this is the conjecture Cgg (M) [15] for p. One obtains a prediction for the special value of
Caw (Vo,8) at s =r by combining Cpx (M) for the motives h’ (Vy)(r) for all j. For more
details, see [2, 16, 23, 24, 15, 10, 11, 12].

But our approach, following [27], to ¢*(V,r) is different: we endow the vector spaces
in (4) with integral structures using Weil-étale motivic cohomology groups and the de
Rham cohomology groups of V. The determinants of the maps in (4) with respect to these
integral structures will be used for a description of ¢*(V,r).

2.2. Weil-étale motivic cohomology groups

These groups Hyy, (V,Z(r)) |27, §2.1] are defined as étale motivic cohomology H,(V,Z(r))
for ¢ <2r and r > 0 and then, for ¢ > 2r, as the dual of étale motivic cohomology

H'(RHom(RTo(V,Z(d—r)),Z[-2d — 1]));
thereby, for ¢ > 2r, they sit in an exact sequence
0 — Ext' (H*2~4(V,Z(d —r)),Z) — H}y, (V,Z(r)) — Hom(H2 =4V, Z(d — 1)), Z) — 0.

We define Hi;,(X,Z(r)) to be zero when r < 0 and i < 2r.
The groups Hi;,(V,Z(r)) are conjectured to be finitely generated.

2.3. Integral structures and complexes

We recall the well-known theory of determinants [24, Lecture 1, §5].

A lattice L in a finite-dimensional vector space C is the Z-submodule generated by a
basis of C. Write AL 227 (noncanonically) for the highest exterior power of L and AC = C
(noncanonically) for the highest exterior power of C' and (AC)~! for its dual. Given a
finite complex of finite-dimensional complex vector spaces C; and lattices L; C C;

Co: 0= -Cilh0 I Cn o,
one has a canonical map ¢ : A(Les) = A(C,) where
ALy =®,;(AL)CY =7, A(C,) =@;(AC;) V.
If C, is exact, then one has a canonical isomorphism

h:A(Cy) = C.
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We define
det(Ce,Lo) = h(g(e))
as the image of a generator e of A(L,) = Z under the composite map
A(Ls) L A(C) 5 G
det(C,,Ls) is well-defined as an element of
C*/{£1}.

2.3.1. Integral structures.

Definition 5.

(i) An integral structure on a complex vector space V is a pair (M, m) consisting of a
lattice M C V and a positive rational number m € Q.

(ii) The Euler characteristic of a map from (M,m) on V to (N,n) on W is the
determinant of the map f:V — W (with respect to the lattices M and N) multiplied by
n/m.

(iii) Two integral structures (M,m) and (M’,;m’) on V are Euler-equivalent if the Euler
characteristic (relative to M and M’) of the identity map on V is one.

(iv) The Z-dual of (M,m) is the integral structure (Homgz(M,Z),~) on Homc(V,C).

The Euler characteristic of f in (ii) does not change if (M,m) is replaced with a Euler-
equivalent integral structure (M’,m’) on V. If M’ is a sublattice of M with index e, then
(M’,em) and (M,m) are Euler-equivalent, as are (Homy(M,Z),1) and (Homyz(M',Z),1/e):
Euler equivalence is compatible with duality.

If $: A—V is a homomorphism, A is a finitely generated abelian group, Ker(¢) is
finite and ¢(A) is a lattice in V, then (¢(A),[Ker(¢)]) is an integral structure. If A is
torsion-free, (¢(A),1) essentially determines ¢.

2.3.2. Integral structures on complexes. Given a finite complex C, of finite-
dimensional complex vector spaces, an integral structure L on C4 is a collection L, =
(L;,t;) where L; is a lattice in C; and ¢; is a positive rational number. If C, is exact, we
define

to: - to

€ C /{+1}, T:ﬁ€Q>o'

det(Ce,Ls)
T

Here, T is a multiplicative Euler characteristic.

X(C.,L.) =

Example 6. A collection ¢ of homomorphisms ¢; : A; — C; where, for all i, 4; is a
finitely generated abelian group, Ker(¢;) is finite and Im(¢;) is a lattice in C; gives an
integral structure L, = (L;,t;) where L; = ¢;(A;) and ¢; = [Ker(¢;)]; in this case, we write
T = x(Ator). If C, is exact, then we have

_det(C,, L,)

X(Ce,As) = m € C* /{£1}.

We often refer to A, as an integral structure on Cl,.
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If there is a canonical integral structure Lo on C,, then we write det(Cs) and x(C,) for
det(Ce,Le) and x(Ce,Ls).

2.3.3. Integral structures on Op-modules. Let M be a finitely generated Op-
module of rank d; there are two natural integral structures iy; and jy; on V = M ®4C.
Let ¢ : M — V be the canonical map. The integral structure i), is obtained by entirely
forgetting the Op-structure:

iy = (¢(M)7[th“])' (5)

While i, appears in the conjectural formula (1), another® integral structure jj; appears
in Conjecture 20; jps uses the Op-structure on M. Recall the standard isomorphism

V:Op@,C S Cit2r2 = gtz g C (6)
that sends z®1 € Op ®C to the element of Cr1+2r2 given by the collection of o(x) as

o € S runs through the embeddings of F' in C. Define M, = M ®o,, C using 0 : F' — C.
The isomorphism (6) shows

V=M®;C=M®&o, (Or@2C) = Mo, C" 2= ][ M,.
oe8S
Suppose B ={x1,---,xq} C M is linearly independent over O. Let {¢;} be the standard
basis of C"1 1272, Define B =< x; ®¢; > to be the Z-span of x; ®¢; inside V. Consider
the integral structure i(B) = (B,b) where b is the order of the quotient of M by the
Op-submodule < xq,---,z4 > generated by B.

Proposition 7. For any two such subsets B and B’ of M, i(B) and i(B’") are Euler-
equivalent.

Proof. Let B’ = {ci121,c0m9, -+ ,cqxq} and C = ¢q.¢o---¢q and consider ¢(B’). As b and
b’ are related by & = C.b and the determinant of the identity map of V with respect to
i(B) and i(B’) is C, i(B) and i(B’) are Euler-equivalent. Given B and B’, one can find
B" such that the previous argument applies to the pairs B,B” and B’,B". O

Definition 8. For any finitely generated Op-module M, the Op-integral structure jys
on V =M ®zC is the Euler equivalence class in Proposition 7.

2.3.4. Results on integral structures. Let M be a finitely generated Op-module of
rank d.

Proposition 9.

(i) The Euler characteristic of the identity map on V from iy to jar is (vdp)2.

(i1) Let M be torsion-free and MY = Homo,(M,OF). The Z-dual of jp is the Op-
integral structure jpsv .

IRecall that two lattices L and L’ in V are commensurable if LN L’ is finite index in L and L.
The integral structures ip; and jps for M = Op are not commensurable in general.
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Proof. (i) Write ks for the Euler characteristic. For M = Op, this says /dr is the
determinant of the standard map v : O ®7C — Z" 72”2 @ C in (6). So ks = \/@d it M
is free of finite rank d > 0. Even if M is not free, it contains a free submodule M’ of finite
index. As ks = kg, the claim for M’ implies the one for M.

(ii) Define the index (M : N) of any two torsion-free Op-modules M and N of rank d
inside V by (M : N)= (M : P)/(N : P) for any submodule P of finite index contained
in M and N. Let {1, ---,zq4} be a basis of V=M ®p, F. Let {¢;} be the standard
basis of C"1 %272, Let {y1,---,yq} be an F-basis of MY ®p,. F dual to {z1,---,74}. Then
(<z;®€ >,(M:<xq,---,2q4 >)) is a representative for the Op-integral structure jas.
Its Z-dual is (K y®e; >, (< x1,++-,24 >: M)). But (Ky®¢; >,(MY :<y®e >)) is a
representative for jprv, and since (M : N)~! = (MY, NV), we are done. O

2.3.5. Pairings and determinants. Let N be a finitely generated abelian group and
¥ : N/Nor X N/Nior — R be a nondegenerate symmetric bilinear form on N. One defines
A(N) € C*/{£1} as the determinant of the matrix 1 (b;,b;) divided by (N : Ng)? where
Ny is the subgroup of finite index generated by a maximal linearly independent subset
b; of N; therefore, A(N) is independent of the choice of b;s and incorporates the order
of the torsion subgroup of N. We can rewrite ¢ as the integral structure (Cs,L,) with
Ly=N,L; =Hom(N,Z):

C0=N®(C£>Hom(N,Z)®(C:C1, A(N) = c[l]c;;f(w%);
tor

here det(Ce,Ls) is the determinant det(t).) of ¢ computed with the bases Ly and L.
Given a short exact sequence of finitely generated groups 0 — N’ — N — N” — 0 which
splits over Q as an orthogonal direct sum

No = N@ ©® N(g
with respect to a definite pairing ¥ on N, one has the following standard relation:
A(N) =A(N') - A(N"). (7)

2.4. Motives

We start with the integral structures underlying the Betti and de Rham realisations of
the motives M = h/ (Vp)(r) for 0 < j <2(d—1).

Definition 10. The integral structure Hé(V@,Z(T))"’ is defined as the complex vector
space H5(Ve,C(r))" together with the homomorphism

H}(Ve,2)* — Hp Ve, ©F O 1 (Ve, ()
the first map is the natural map and the second map is multiplication by (277)".

Example 11. When V = S, one has H°(S¢,Z(r))* is isomorphic to Z™ when r is odd
and Z" "2 when r is even.
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2.5. de Rham realisation of M = h7(V)(r)

The de Rham realisation Myp = HéR(VC,C(r)) is HgR(VC,C) with the Hodge filtration
shifted by r; that is, the Tate twist in de Rham realisation shifts the Hodge filtration but
does not change the vector space. The tangent space (tpr)c of M is defined as follows:

(tan)e = P4VECOD T pionve o) = TT [T 0, ).

k<r oe§ k<r

Let )\ka/S denote the kth derived exterior power of the sheaf {y,5 on V; see the
appendix of [27].

Definition 12. The integral structure on the complex vector space (tpr)c is given by
the map

ta = [[HH VA Q) s) = [T [TH (Ve 00,) = (ta)e.
k<r oel8 k<r

As in (5), one views Hj’k(V,)\kQV/S) as an abelian group; its structure as a module
over OF is not used.

Remark 13. We can use the Hodge decomposition of (tps)c to decompose the period
map ap of (3) as a sum of «y, where oy, is the composite map

HI (Vo,C() " = (ta)e = [ [ H7F(Ve, ) — HI7F(Ve, Q).
k<r

The enhanced period map s of [27, §2.3],
YM Hj(Vc,C(T))+ — (tM)C,

likewise decomposes as a sum of 75 :=T*(r — k) - ay. Here T is the classical gamma
function and T'*(m) denotes the special value at s = m.

2.6. Integral structures on certain motivic exact sequences

The conjectural formula (1) from [27, Conjecture 3.1] predicts that the special value
¢*(V,r) of ((V,s) at s =1 is equal to £x(V,r) (up to powers of 2) defined as follows:

_ XA,C(V7T) _ X(C(T)) ) XA(er) i XA’(er)

xB(V,r) xB(V,r)

x(V,r)

In more detail,
e M; is the motive h?(Vp,Z(r)) with 0 < j < 2d —2 with the enhanced period map
’}/Mj : HJB(V((;,Z(T‘))E — tle-

e We fix an integral structure on Ker(vyys,) and Coker(vyyy;) for all j and use them
implicitly in all that follows. Under this condition, the final conjecture is actually
independent of the choice of these integral structures.
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e The exact sequences B(j,r) with integral structures
0 — Ker(yar,) = Hp(Ve, Z(r)) & — tar, — Coker(yar,) — 0. (8)
We write

" — D X(BOr) - x(B2r)) -
x5 (V,7) I;I(X(B(L ) B xBE)

e The integral structures A(j,r) for 0 < j <min(2d—1,2r—3) and A'(j,r) for 2d+1 >
j > max(0,2r +1) are defined as

A(jr): HY (V,Z(r))e — Coker(yar,),  A'(Gr) - Ker(yar,) = Hiy > (V,Z(r))e.

(9)
We write
min(2d—1,2r—3) v
xa(V,r) = I @G,
=0
j=2d—1 _
xa(Vr)= I[  @Gm)=Y. (10)

j=max(0,2r+1)

The map in A(j,r) is Beilinson’s regulator from (4), usually stated as a map from
algebraic K-theory of V4 to the Deligne cohomology of Vj; it is conjectured to be
an isomorphism. The group Ker(Msg_2_; q—,) can be identified with the dual of
Coker(M;. ) - see [27, §2] or [15, §6.9]. The integral structures A’(j,r) are defined
as the dual of A(2d—2—j,d—r) in [27].

e The exact sequence C(r)c with integral structure (for 0 <r <d)

0— H2 NV, Z(r))c — Coker(yar,, ,) — HAZTY(V,Z(r)e &
— HE(V,Z(r))c — Ker(yar,,) = Hop T2 (V,Z(r))c — 0. (11)

The maps here are integral versions of the maps from (4): the first is Beilinson’s
regulator, the second is the dual of the cycle map, the third is the Arakelov
intersection /height pairing map, the fourth map is the cycle class map and the
fifth is the dual of Beilinson’s regulator. Beilinson’s conjectures [27, Conjectures
2.3.4-2.3.7] imply that C(r)c is exact; we refer to [27, §2] for more details. Integral
versions of (4) have also been introduced by Flach-Morin [12, Conjecture 2.9 and
(28), (29)].

Remark 14. (see Table 1) (i) By [15, §7.1] or [34, §2.1 and (2.2.1)], if the weight of M
is positive (so j > 2r), then one has Coker(yys) = 0. Dually, if j —2r < 0, then one has
Ker(yys) = 0. It remains to consider the case M = h?"(Vp,Z(r)). Since N = h?" (Vy, Z(r+1))
has negative weight, it follows that Ker(vyy) = 0. Hence, Coker(yas,,) =0 as it is dual to
Ker(yn). '

(ii) Note that each group Hj, (V,Z(r)) appears exactly once.

All of the exact sequences above are variants of motivic exact sequences (4) but equipped
with an integral structure. Our convention is that the terms Ker(y,s) have even degree and
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TasLE 1. Tabulation of invariants in the various integral structures for the motives M; = h7(Vp)(r)

Groups Type B Type Aor C
H}, (V,Z(r)) and max(1,2r +2) < j < 2d+2 - A'(j=2r)
H}y (V,Z(r)) and 0 < j < min(2d +1,2r — 2) = A —1,r)
H}y(V,Z(r)) and 2r —2 < j < 2r+3 - C(r)
Ker(yar,) and j > 2r+1 B(j,r) A'(4,7)
Ker(vya,) =0 for j <2r—1 B(j,r) -
Coker(yar;) = 0 for j > 2r B(j,r) -
Coker(yar;) =0 for j =2r B(j,r) -
Coker(yar;) and j <2r—3 B(j,r) A(j,r)
Ker(fy]\/lzr) B(Q’I",’I") C(T’)
COker(’yMz,«,z) B(QT—Z,T’) C(T)

Coker (s, ,) =0=Ker(yam,,_,)

Coker(vas) have odd degree. If j = 2r —1, then Ker(vya,;) = 0 = Coker(yyy, ); if j # 2r —1,
these terms occur exactly twice in the conjecture, once in the B-complexes and once in
A, A" and C-complexes. Since x p is the denominator and the others (x4, x4/ and x(C))
are in the numerator of x(V,r), the conjecture is independent of the choice of integral
structures on the terms Ker(vys) and Coker(yas).

(iii) The conjectural formula (1) from [27, Conjecture 3.1] tacitly assumes the
generalised Beilinson—Soulé conjecture from [27] which predicts

if » <0, then Hjy (X,Z(r)) = finite 2-group for i < 1.

If this is not assumed, then (10) has to be replaced with

2r—3 _ j=2d-1 )
xa(Vor)= IT A=, xa (V= T Gy
Jj=0 j=2r+1

and the limits on j in the first two lines of Table 1 have to be replaced with 2d+2 > j >
2r 42 (in the first line) and 0 < j < 2r —1 (in the second line). We refer to [27] for more
details.

(iv) We refer to [27] for the conjectures such as the finite generation of Hjy, (V,Z(r))
which are implicit in the formulation of (1).

It is instructive to consider the conjecture [27, Conjecture 3.1] in the case of number
fields before delving into the case of arithmetic surfaces.

2.7. The case of number fields: V=5,d=1and r=0and r=1
This example is worked out in [27, §7].

2.7.1. The case r =0. The motives are M; = h?(S)(0).

We know HZ,(S,Z(1)) =0 if j < 1 and that HL(S,Z(1)) = O}, H2(S,Z(1)) = Pic(S),
H3,(S,Z(1)) =0 (up to a finite 2-group) and HY,(S,Z(0)) = Z.
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It immediately follows from the definitions that HS,(S,Z(0)) = Z, H{,(S,Z(0)) =0 (up
to a finite 2-group) and Hy,(S,Z(0)) = u), the dual of the roots of unity in F.
There is also an exact sequence

0 — Pic(S)Y — HE,(S,Z(0)) — Hom(O},Z) — 0.

Note that ¢y, =0 for all j.
x5(S5,0) =1: The sequence B(3,0) is zero for all j # 0 and we can arrange x(B(0,0)) =1
by using the isomorphism

B(0,0):  Ker(yn,) = Hp(Sc,Z(0))¢

to transfer the integral structure H%(Sc,Z(0))" to Ker(yay,)-

Since A(j,r) contributes only for j < 2r—3 = —3, it follows that there is no contribution
from any of the A(j,0)-terms. We see that A’(7,0) =0 unless j = 1, in which case A’(1,0) =
p)- in degree 2. Thus, we obtain x(A’(1,0)) = w and

1
(S,0)=—.
XA ( ) ) w
The sequence C(0)¢ for V=15
0 — HY, (S,Z(0))c — ker(yar,) = Hiy (S,Z(0))c — 0
becomes the sequence (our convention is that Ker(vy) has even degree, say, degree 2)

0— C —C"" — Hom(Ox,C)—0, (12)

degree 1 degree 2 degree 3

with HE,(S,Z(0)) providing the standard integral structure Hom(O}5,Z) on the last term
and the second map being the dual of the classical regulator. So x(C(0)) = hR and so
o XA,C(S7O) _ X(C(O)) ) XA’(S7O) h’j

R T

As is well-known,

¢*(5,0) = —hR/w. (13)
So the conjectural formula (1) from [27, Conjecture 3.1] is valid in this case.
2.7.2. The case r =1. The motives are M; = h’(S)(1).

As A(j,1) contribute only for j < —1, we have x4(S5,1) = 1. The complex C(1)¢ (our
convention is that Coker(v) has odd degree, say 1)

0 — Hyy (S,Z(1))c — Coker(yar, ) — Hiy (S,Z(1))c —0—0---
becomes

0-50;,®C—C" - C =0, (14)

degree 0 degree 1 degree 2

with the last two terms getting the standard basis and the first term a basis from
Oj. This is exactly as in [27, §7|. Thus, det(C(1)) is the classical regulator R. One
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checks that H{;,(S,Z(1)) =0 for i > 3 and that Hy,(S,Z(1)) = Hom(HY,(S,Z(0)),Z). As
Hi,(S,Z(1)) = H.,(S,Z(1)) for i <2, this completes the computation of Hy; (S,Z(1)).
From this, we see that

We need to consider A’(j,1) only when j > 3. Since ¢, = 0 for j > 0 and H{;Q(S,Z(l)) =
0 for j >3, we see A'(j,1) =0 for j > 3. As a result, x4/(S5,1) =1.
Finally, B(4,1) =0 if j # 0 and B(0,1) given by

0— H%(S@Z(l))é — tar, — Coker(vyag,) — 0
becomes (our convention is that Coker(vy) has odd degree)

0> C? 5 0pezsC— CtT2 50,
degree 1 degree 2 degree 3

The first map is the composition of the natural inclusion of C" in C™+272 (multiplied
by 2mi) with the inverse of 1 of (6). The integral structure on Coker(vyy) = C™17"2 is
defined by H%(S,Z(1))~ = Z"*"2. Since the determinant of ¢ with respect to the usual
bases is V/dp and the integral structures are torsion-free, we obtain

Vdr

det(B(0.1)) = e = x(BO.1).

Hence, we obtain

_ X(C() _ R
D= B0 T vy

as the sign of dp is (—1)"2, this is equal to the usual formula (up to a power of 2)

wy/|dF|

So the conjectural formula (1) from [27, Conjecture 3.1] is valid in this case, too.

2.8. The case of arithmetic surfaces: V=X and r=1

We now turn to an explicit description of the terms that enter into the description of
¢*(X,1); this uses the motives M; = h?(X()(1) for j =0,1,2 of the algebraic curve X
over F' and ty, = H 7(X0,0x). We begin with the Weil-étale motivic cohomology groups
of X.

2.8.1. The groups Hj;,(X,Z(1)). Fix an arithmetic surface 7: X — S.
Since the motivic complex Z(1) is G,,,[—1], one has the identifications

Hgt(X7Z<1)) = Hgt_l(X7Gm)7
the Picard group Pic(X) = H2(X,Z(1)) and the Brauer group Br(X) = H2,(X,Z(1)).
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Recall that Hip,(X,Z(1)) [27, §2.1] are defined as étale motivic cohomology H,(X,Z(1))
for ¢ <2 and, for i > 2, as the dual of étale motivic cohomology

H'(RHom (RT i (X,Z(1)),Z[~3]))
thereby sitting in an exact sequence (for i > 2)
0 — BExt'(HS (X, Z(1)),Z) — Hiy (X,Z(1)) — Hom(H> (X, Z(1)),Z) — 0.
As Hj,(X,Z(1)) =0 for i =0 and i > 6, the following is a complete description of
Hyy (X,Z(1)):

Hyy (X,Z(1)) = OF*, Hiy(X,Z(1)) =Pic(X), Hy(X.Z(1))=Ext'(0r*,Z), (16)
0 — Ext'(Br(X),Z) — Hy,(X,7(1)) — Hom(Pic(X),Z) — 0, (17)
0 — Ext'(Pic(X),Z) — Hyyy (X,Z(1)) — Hom(O},Z) — 0. (18)

Remark. As the finite generation of Pic(X) is well-known (theorem of Mordell-Weil-
Roquette), the finite generation of Hyj, (X,Z(1)) reduces to the finiteness of Br(X).

2.8.2. The complexes A(j,1) and A’(j,1). In our case, only A’(3,1) could be
nonzero.

In our case, r = 1. For A(j,1) to intervene, one needs j <2r—3=—1as 2d—1=3.
Since HY (X,Z(1)) =0, we obtain x(A(j,1) =1) for all j.

For A’(j,1) to intervene, one needs j > 3. For j = 3, since H{,(X,Z(1)) is a finite group
of order w, we have det(A’(3,1)) = 1 and x(A’(3,1)) = w. If j > 3, then H} *(X,Z(1)) =0
and M; =0; so x(4'(4,1)) =1 for j > 3. Thus,

(XD =1 xw(Xn= (19)

2.8.3. The groups H!(X,0x). Since 7: X — S is proper, H'(X,0x) are finitely
generated Op-modules.

Lemma 15. H (X,Ox) is zero fori > 2.

Proof. Since X — S is a relative curve, H'(X,,0x,) =0 (for i > 1) at all points s € S.
Since S is a reduced noetherian scheme and 7 : X — S is proper and Ox is a coherent
sheaf on X flat over S, by Grothendieck’s theorem on formal functions (see L. Illusie’s
article |9, Corollary 8.3.4]), Rm,Ox =0 for i > 1. O

Using Subsection 2.8.2 and Lemma 15, we find that

(- XMW  X(BLY) _x(C) | x(BLY) 0

X(A(3,1))  x(B(0,1)) w x(B(0,1))

where the exact sequence B(j,1) is

0 — Ker(yar;) — HL(Xe,Z(1)E — tn, — Coker(yas;) — 0 (21)
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and C(1)c is
0 — Hi (X,Z(1))c — Coker(yar, ) — Hi (X,Z(1))c — Hz,(X,Z(1))c — Ker(yar,)
— Hy (X,7(1))c — 0. (22)

So Conjecture 1 provides an intrinsic formula for (*(X,1) using only B(0,1), B(1,1), C(1)
and H}, (X,Z(1)). We compute x(B(0,1)) and explain how x(B(2,1)) can be assumed to
be one.

2.8.4. x(B(0,1)). This has been computed ([27, §7]) in Subsection 2.7. Here
Ker(ya,) =0, Coker(ypg, ) =2 C 72, H°(X,0)=0p. (23)

Our convention for B(0,1) is that Coker(vys) is in odd degree, say, degree 3. As the
integral structure

B(0,1): 0— HE(Xc,Z(1))E — (OF)c — Coker(vaz,) — 0

degree 1 degree 2 degree 3

is torsion-free, we have (again using that the sign of dp is (—1)"2)

X(B(0,1)) = det(B(0,1)) = (ﬁz _ (V%':;fj. (24)

2.8.5. The sequence B(2,1). By Lemma 15, t3;, = H*(X,,0) = 0; so, in B(2,1),
Ker('yMz) = HIQB’(X(QZ(l))gy

we use the isomorphism to transfer the integral structure from H%(Xc,Z(1))T to
Ker(yas, ), thereby obtaining

x(B(2,1)) =1 (25)

3. The conjecture of Birch—Swinnerton—Dyer—Tate

3.1. Statement of the conjecture [36, 19]

Our presentation of this conjecture follows (almost verbatim) [19, § 2] where it is
formulated in terms of Néron models.

Let A be an abelian variety of dimension g over Spec F. Let L(A,s) be its L-series over
F, which is defined — see (28) by a Euler product convergent in the half-plane Re (s) > 3.
We assume that L(A,s) has an analytic continuation to the entire complex plane. We
write L*(A,1) for its special value at s = 1. Write

L(As) ~ ¢ - (s—1)"A) s—1,

where r(A) is a nonnegative integer and ¢ is nonzero (the special value L*(A4,1)). Birch
and Swinnerton—Dyer and Tate have conjectured that r(A) is equal to the rank of the
finitely generated group A(F’) of points of A over F'; they have also given a conjectural
formula for L*(A,1) in terms of certain arithmetic invariants of A which we now recall.
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Let A be the Néron model of A over S. Let NV be the largest open subgroup scheme
of A in which all fibres are connected. For any nonzero prime v of Op (i.e., v € S), we
write

No, N

for the fibres over v. Thus, N, is a commutative group scheme over k(v) and N is the
connected component of the identity of N,. We have an exact sequence of group schemes
over k(v):

0—H, -N°—=B,—0

where H, is a commutative linear group scheme and B, is an abelian variety. For almost
all v, we have

N, ZNB = B,;

these are the primes where A has good reduction. Let Y;, = Hom(H,,G,,,) be the character
group of H, and m, be the Frobenius endomorphism of B,.

We write @, = my(N,,) for the finite group scheme of connected components of the fibre
N, over v. The Tamagawa number of A at v, denoted c¢,, is the size of the group ®,(k(v))
of the group of rational points of ®,. The Tamagawa number ¢, is one for almost all
v € S; we may define the product

PA,fin = H Cy. (26)
veES

Let T', be a decomposition group for v in 'y = Gal(F/F) and let I, be the inertia
subgroup of I';, and o, be an arithmetic Frobenius, a topological generator of the quotient
I',/I,. For any prime ¢ distinct from the characteristic of k(v), consider the ¢-adic Tate
module Ty A of A; this is a free Zy-module of rank 2g which admits a continuous Z,-linear
action of I'p. We define the local L-factor of A at v by the formula

Ly (At) =det(1 — o, 't | Homg, (TyA,Z¢)™). (27)

The characteristic polynomial L, (A,t) has integral coefficients which are independent of
£: this is evident from the formula

Lo(At) =det(1— oyt | Y,) - det(1—mot | TeB,)

where the first determinant is clearly independent of ¢ and the second is the characteristic
polynomial of an endomorphism of the abelian variety B, which has integral coefficients
independent of ¢ by a theorem of A. Weil.

The roots of the first factor have complex absolute value 1, whereas those of the second
factor have complex absolute value ¢, /2 Therefore, the global L-series L(A,s) defined
by

1

Ly(A,q0 %) (28)

L(As)=L(A/F,s)=]]

vES
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converges for Re (s) > % We shall assume that it has an analytic continuation to the
entire complex plane.

3.2. The archimedean period of A

Let wps denote the projective Op-module of invariant differentials of the Néron model N.
Since g is the rank of wyr, the module AYwy  is a rank 1 Op-submodule of H?(A,Q9), a
vector space over F' of dimension 1. Let {wy, -+ ,w,} be an F-basis of H%(4,Q') and put
n=wiA---Awg. We have

Nwy=n-a, CH'AQY) (29)
where a,, is a fractional ideal of F' and
ay =acey - (€) ce F*. (30)

For any o € Sg (corresponds to a real embedding o : F — R), let H* denote the
submodule of H;(A,(C),Z) which is fixed by complex conjugation; it is a free Z-module
of rank g and if {v1,---,7,} denotes a basis, we put

()] e

For any complex place v of S (corresponding to o : F — C and its conjugate), let
{7,724} be a basis of the free module H;(A,(C),Z) of rank 2¢ and define the period

 My(An)= ((/wﬂ)) @

this period is nonzero and depends only on the differential form n and the place v. The
period of A (relative to 7)) is the real number

Pace() = T[] »e(Am). (33)

oE€ESs

Po(An) = [(m0(As(R)))] -

Po(An) = |det(M, (A,n))

Remark 16. We recall the well-known fact that the determinant of M, (A4,n) is (v/—1)9
times a real number. In the basis {1, ,r4} of H?(A,(C),Q') defined by f%_ ki = 0;5 for

1<14,5 <g, the 2g x 2g-period matrix (f,y K;j,f% k) is a block matrix of the form

welg gl o=(f.~)
Yg+i 1<4,5<g

whose determinant is equal to the determinant of the g x g-matrix Q —Q (all of its entries
have zero real part) and hence det(M’) is the product of a real number with /—17. If K

is the change of basis matrix from the basis {w,--,wy} to the basis {1, -+ ,k4}, then
, [K 0 , -
M,(An)=M" - 0 'l = det(M,(A,n)) =det(M') - det(K) - det(K).
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Lemma 17. The number

Paoo(n)  Npjg(ay) =Npsglay) - [] po(4m)
VES

is independent of n. It will be denoted Pa, o .
Proof. For any 0 # k € F and any v € S, one has
po(Am) - ok if v e Sy

po(Am) - oF) - o(k) fveSc
On the other hand, we see from (30) that ay, = (k)™ *a,. Since

H o NF/Q k), (34)

oesS

one has
Nejg(arg) - [T po(Akn) =Npjo(k)™" - Nejglay) - T po(Am)

0ESs 0ES
(I];U(k ny@ an II Do /1U 0
oc€S €S

Definition 18. The global volume P4 of A is defined by

Py fin - Paso _ Pa,fin + Paoco(n) - NF/Q(%)
|dp|o/2 |dp|9/2

Py=

Remark 19. It is known that P4 is the volume m4(A(Ar)) of the adelic points A(Ap)
with respect to the (canonical) Tamagawa measure m4. If A’ is the Weil restriction of
A to F' C F, then L(A,s) = L(A’,s). One can compare the terms in Conjecture 20 for A
and A’:

[I(A/F)=TI(A"/F'), Onr(A)=0n7(4), A(F)=AF), (A)(F)=AF);

see Remark 23 for the the comparison of P4 and P4/. Conjecture 20 is compatible with
restriction of scalars [33] |7, §6]: Conjecture 20 for A over F is equivalent to A" over F’;
see |7, §6] for a beautiful exposition.

Let A! be the dual abelian variety. We write © y7(A) for the determinant of the Néron—
Tate height pairing
AF) AP)
A(F)tor  AY(F)tor

—R. (35)

Since this height pairing corresponds to the Poincaré divisor on A x A which is symmetric,
it follows that © 1 (A) = O 7 (A?). Following Subsection 2.3.5, one has

Onr(A)
([A(F)tw] ’ [At(F)tor])
Finally, let III(A/F) denote the Tate-Shafarevich group of A over F.

Anr(A) =
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The BSD conjecture states that the order of vanishing of L(A,s) at s =1 is equal to the
rank of the Mordell-Weil group A(F') of A. The strong BSD conjecture [36] (we follow
Gross’s formulation [19, Conjecture 2.10] which is shown by him to be equivalent to the
one in [36]) concerns the special value L*(A,1) of L(A,s) at s =1.

Conjecture 20. III(A/F) is finite and L*(A,1) satisfies

Py - Onr(A) - [IH(A/F)]

L*(A1) = ([A(F)tor] - [AY(F)tor])

=Pa - Anr(4) - [HI(A/F)]. (36)

3.3. The case of everywhere good reduction

If A has good reduction everywhere, then ¢, =1 for all v € § and P4 i = 1; also,
A, =N, =N? = B,. Conjecture 20 simplifies to the following.

Conjecture 21. If A has good reduction everywhere, then
Pa,o(n) - Npjg(ay) - Onr(A) - [HI(A/F)]

FAD = T b (A ] - A F) )

4. Comparison of periods

In order to relate Conjectures 1 and 20, it is necessary to compare the period Pj . of
Lemma 17 with the determinant of B(1,1) in (21). Let wy denote the projective Op-
module of invariant differentials on the Néron model J of the Jacobian J of X,. Recall
that the integral structure i, , (Definition 5) uses the abelian group underlying ws and
forgets the Op-structure.

Definition 22. (i) det(77) is the determinant of the period isomorphism
vy Hp(Je, Z)¢ <~ wy ®2C (37)

calculated with respect to Hj(Jc,Z)" and the integral structure i, .
(i) deto,(7%) is the determinant of (37) with respect to Hj(Je,Z)" and the Op-
integral structure j,,, (Definition 8).

The main result of this section is the following.

Theorem 23. One has (up to a power of 2)

P Pr o - N
Jioo £(V=1)9 7,00 (1) gF/Q(an>
|dF 9/2 Vdr

Remark 24. (i) As we shall see below, the factor /dp” arises from the change of integral
structures and the factor Np/q(a,) appears if ws is not free and if F is totally real; then
Pj o0 = deto,(v%) up to a power of 2 (because (31) — but not (37) — uses mo(As(R)), a
finite 2-group). Finally, there is a factor of /=1 > ¥ because the definition of Py o, uses
a different Betti lattice at complex places.

(ii) As det(vy%) uses only the underlying abelian group of wy, one observes that the
actual Op-structure on wz is irrelevant for Conjecture 20. This observation has the

det(v%) ==+
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following implication. As in Remark 19, let A be an abelian variety over F and let A’
be its restriction to F’ C F'; let N and N’ be their Néron models. Conjecture 20 for an
abelian variety A over F is equivalent to Conjecture 20 for A’ over F’. A key step in the
proof of the equivalence is showing that |7, §6]

PA,oo PA’,oo

(Idr)o2  (1gp)) 5

This is clear from Theorem 23 as wps is isomorphic to wy as abelian groups and the
period isomorphism s is the same as Y.

Proof. (of Theorem 23) It is difficult to calculate or write down a formula directly for
det(v%) as the integral structure i, , is not easy to describe explicitly. So one has to use
Jw. - By Proposition 9, one has

* * g
deto,. (V) =det(v%) - Vdr .

We shall now see how to compute deto,. (v7) explicitly in the style of Subsection 3.2.

4.0.1. The case that N =w_ is free

If N is free as an Op-module (its rank is g), then pick an Op-basis B= {v1,---,v4} for it.
If B’ is a different basis for N, then the determinant d(5B,58’) of the change of basis matrix
is a unit in Op. Note that B is also a basis for the F-vector space ws ®0, F = H°(J,Q1).
For any embedding o : FF — C, let

o(B) ={o(v), - 70(“9)}
be the image of B under the isomorphism (via o)
H°(J,0 Y orC=H(J,(C),Q%.

So o(B) is a basis for the complex vector space H(J,(C),Q"). Just as a basis for V and
W produces a basis for V' x W, we can combine the bases o(B) for o € S to get a basis
B for the complex vector space

HO(Jo, Q') = H(J,0") @, C = [[ H°(J,(C),0").
oe8S
The lattice (Z-module) spanned by B represents the Op-integral structure jy on V =
N ®zC (see Definition 8). The determinant D(B) of (37) computed with respect to
the integral structure provided by B is equal to deto,(v%). Let us show that D(B) is

independent of the basis 5.
Given another basis B’ for N, we have

D(B')=D(B) [[ o(ds.s)

oes§
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The determinant of the change of basis matrix from B to B’ is

1 o(ds.5) = Npjgds s = +1
o€l

as dp p is a unit in Op. Though the integral structure on N ®zC provided by B depends
on the choice of B, the number D(B) is independent of the basis B: Any two Op-bases of
N provide Euler-equivalent integral structures representing jy on V = N ®7 C. Thus, in
this case, for any basis B, one has

D(B)

det(v%) = N

4.0.2. The case that N =ws is not free as a Op-module

In this case, we proceed as in Subsection 3.2 using the top exterior power AYN of the
projective Op-module N. Let B = {vy,---,v,} be a F-basis of H’(J,Q2!) and put p =
v A--- Avg. We have

AIN =b, - pC AYH"(J,Q") (38)

where b, is a fractional ideal of Op. For any k # 0 € F, one has an equality of fractional
ideals

by = biy - (k). (39)

As before, let B denote the basis of V = N ®7C obtained from B. Let D(B) denote the
determinant of (37) with respect to the basis B and Hj(Jc,Z)*. Using (38), one has

deto, (v7) =D(B) - Npgb,.
Let us directly show that the right-hand side is independent of the basis. Given any basis
B ={v},--- v},
DB)=DB) [[o(k)  k:=d(BB).
oes

Note that k = d(B,B’) € F* need not be a unit.
If o' =vi A-- Avg, then

pl=p -k  k=dBB),

which gives

Thus, using (34) as in Lemma 17, we find

D(B')- Npjgby =D(B) - (][] o(k)) - Npjgby = D(B)
oes

- (] o(k)) - Npsgb, - (Npjg(k)) ™" = D(B) - Npgb,.
UGS

Thus, D(B) - Np/gb, is independent of B.
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4.0.3. Betti lattices

It should be clear that the above computation of deto, (7%) is exactly the computation
of Py in Subsection 3.2. In fact, for any g-dimensional abelian variety A over F, one
has (up to a power of 2)

deto, (V) =+£(V=1)? "™ - Pa. (40)
Here, as in Subsection 3.2, N is the Néron model of A and ~j, is the period isomorphism
Vi H}%(AC7Z)?:— < wy ®zC.

Let B ={wy,-,w,} be an F-basis of H°(A,Q') and put n=1w; A---Aw,. The discrepancy
in (40) arises from the fact that the Betti lattices are different.
For a real place of S corresponding to o : F' — R, consider the period isomorphism

Yo = HE(A,(C),2)¢ <= H(A,,QY).

For a complex place v of S (corresponding to ¢ : F' — C and its conjugate co), consider
the complex abelian variety

Ay =As X Aco
and the period isomorphism
Yot Hp(Ap,Z)E <~ H(A,, Q).

For real places, the groups in <, are the same as the one used in (31); in this
case, po(A,n) is the determinant® of 7, relative to the basis H}(A,(C),Z)" and B =

{wq, -, wg}.

For complex places v, (32) uses H'(A,,Z) instead of HL(A,,Z)". In this case,
(vV/=1)9 - py(A,n) is the determinant of ~, relative to the basis H5(A,,Z)" and B. This
is what leads to the discrepancy between the two invariants. What follows is presumably
well-known, but we include it for sake of completeness.

Complex conjugation

c:A; — A
simply permutes the factors of A,. One has the decomposition

H,y (Av((C),Z) =H (A,,((C),Z) © Hy (ACU(C),Z),
HY(A,,QY = H(A,,Q") @ H (A, Q).

Concretely, a basis for Hy(A,,Z) is given by
{(7170)7 (72’0)’ e 7(72930)a (0a671)7 (07072)7 e a(070729)};

a basis for H°(A,,Q') is given by (here the image of w; is denoted as w; on A, and as
cw; on Acy)

{(w1,0),(w2,0), - -+, (wg,0),(0,cw1),(0,cws), - - ,(0,cwy) }.

2Up to a power of 2.
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So a basis for Hy(A,,Z)" is given by

{('YbC'Yl)v T 7(729a6’729)}'

For the complex place v and 7, the determinant of -, relative to the basis H}B(AU,Z)'*‘
and B is the determinant of the 2g x 2g-matrix M

M =
f(mycvl)(wl’o) f(WLC’Yl)(wQ’O) f("/17371)(wg’0) f(wyc“fl)(o’cwl) f(’Yl,CM)(O’cwg)
f('vz,c'm)(wl’o) f('vz,c'vz)(wQ’O) f(’vmcwz)(w-‘]’o) f(wzwz)(o’cwl) f('yz,cvz)(o’cw«‘])
f(729»072g)(w1’0) f(72g»072g) (w2,0) - f(’YZg’C’Y?g) (wg,0) f(W2ng’YZg) (0,cwr) - f(wzgﬁcwzg)(o’cwg)

Observe that (in a product V' x W of manifolds, a differential form from W does not pair

with a cycle from V)
wj, / (0,cw;) :/ cw; .
(yisevi) i

[ wo-/
(virevi) v i

So the matrix M can be rewritten as

[

—f% wr o Jy, w2 f% Wy fcvl cwp o fC’Yl cw |
f’y w1 Y2 w2 o fny wg fc’yg cwy e fc‘yQ ng
_f')’2g w1 f'YZg w2 o f’Y?g wg fC'YQg cw o fc"/2g ng_

As A, and A, are complex conjugate abelian varieties, one has

/ ijz/ wij;
i i

it follows that M and M, (A,n) of (32) satisfy
det(M) = det(M,(A,n)).
Remark 16 shows that

[T det(M,(An)

VES

is a real number multiplied by (v/—1)9 * "2. This proves the identity (40); combining it
with Proposition 9 provides (up to a power of 2)

detoF(fY‘*j) . PJoo
det(vy) = — T2 — (y/—1)9 T2l
‘ (’YJ) \/ng ( ) \/CEQ

Theorem 23 follows using the well-known result that the sign of dp is (—1)"2.
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Proposition 25. (i) deto, (V%) is equal to the determinant deto, () of
v+ Hp(Je, Z(1))¢ = Lie (J)©zC
calculated wusing the Op-integral structure jri () (Definition 8) and the lattice
Hp(Je,Z(1)) "
(i) det(v7) = det(vz).

Proof. (i) For any complex abelian variety A, the dual abelian variety A satisfies
Hy (A7) = H5(A,Z(1)) Lie A= H'(A",0)
Hom(Hy(AYZ),7) = H5(A,Z(1)) Home(H'(A,0),C) = HY(A',Q").
This shows that the period isomorphism
T4 HY(AZ(1)E = HY(A,0)
is dual to the map
Vit H(ALZ)E < HO(A',QY).

Applying these to the self-dual Jacobian Jc gives that the lattice Hp(Jc,Z(1))" is dual
to the lattice H}(Jc,Z) . The natural duality of the projective Op-modules Lie (7) and
wyg shows, using Proposition 9, that the Op-integral structures jpi. (7) and j.,, are dual.
As the determinants of dual maps computed with respect to dual lattices are equal, the
result follows.

(ii) Proposition 9 and (i) imply det(v%) - (Vdp)? = deto,(vy) = deto,(vg) =
det(v7) - (Var)". O

5. Proof of Theorem 2 in a special case

Throughout this section, we assume that 7 : X — S is smooth and X((F') is nonempty.
We prove Theorem 2 in this case by computing Hjy, (X,Z(1)) and then use it to compare
x(X,1) with Conjecture 21 for the Jacobian J of Xj.

5.1. The groups H}y, (X,Z(1))
By Subsection 2.8.1, we need to understand Pic(X) and Br(X).
Any z € X(F) provides Pic(Xy) = J(F) x Z.
Proposition 26. One has (neglecting 2-torsion)
(1) Pic(X) =2 Zx J(F)x Pic(S), [Pic(X)tor] =h - [J(F)tor),
(ii) Br(X) = UI(J/F).
Proof. As 7: X — S is smooth proper, any = € Xo(F') provides a splitting of the map
Pic(S) — Pic(X). The identity component Picg(/s of the relative Picard scheme Picy,g is

the Néron model J of J by [4, Theorem 1, page 264] and Picx,s(S) = Picg(/S(S) x Z by
[4, Theorem 1, page 252]. As m,Ox = Og, [4, Proposition 4, page 204] says Picx,s(S) =
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Pic(X)/Pic(S) and Picx,s(F) = Pic(Xp). This proves (i). For (ii), we note that [36,
Theorem 3.1] provides an exact (modulo 2-torsion) sequence

0 — Br(S) = Br(X) — III(J/F) = 0;
by class field theory, Br(S) is a finite 2-group. O

5.2. The Euler characteristic xp(X,1)

We now compute the Euler characteristic of (21),

X(B(0,1))x(B(2,1))
x(B(1,1))

Remark 27. As 7: X — S is smooth, H'(X,,Ox,) has dimension g over the residue
field k(s) for all points s € S. Since S is a reduced noetherian scheme, 7: X — S is proper
and Ox is a coherent sheaf on X flat over S, a result of Grothendieck (see L. Illusie’s
article [9, Corollary 8.3.4]) states that R'7,Ox is locally free and that R'7m,Ox ®@k(s) =
H'(X,,0x.). So the Op-module H*(X,0) is projective of rank g.

xB(X,1)=

5.2.1. The Euler characteristic of B(1,1). We write det(yx) for the determinant
of

vx : Hp(X¢,Z(1))E = H' (X,0) @7 C (41)
with respect to the lattices H5(Xc,Z(1))" and the abelian group underlying H'(X,0).
Lemma 28. The projective Op-modules H'(J,0) and wy are dual.

Proof. As J — S is an abelian scheme, its relative Picard scheme Picy,g exists [4,
Theorem 5, p. 234] and its identity component Pic% /s 1s the dual abelian scheme J t S,
The S-points Lie Pics of its Lie algebra® Lie Pics satisfy [4, Theorem 1, p. 231], [30,
Proposition 1.1 (d)]

Lie (J') = Lie (Pic;,5) = H'(J,0). (42)

Since J* is the generic fibre of J°¢, the self-duality J = J* shows J = J! and Lie (J?!) &
Lie (J). Combining this with the natural duality between Lie (J) and w7 [30, Proposition
1.1 (¢)] proves the lemma. O

Proposition 29. One has

Py pin vV dp|’

x(B(1,1)) = Py Pjo(n) Npjglay)'

Proof. Any = € Xo(F) gives a map
By X = T, Xo — J;

3For any group scheme G over S, we write Lie G for the S-points Lie G(S) of the Lie algebra
Lie G over S.
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the induced map S on cohomology is independent of the choice of z; for example, it
provides the following isomorphism:

B:HY (J,0) = H'(X,0)

of Op-modules, which fits into a commutative diagram (using Lemma 28)

HE(Je,Z(1)¢E —7 H'(T,0)@2C

@ lﬁ (43)

HE(Xce,Z(1))¢ —5> H'(X,0)@2C;

as the vertical maps (8 are isomorphisms, the integral structure corresponding to the map
v7 (top row) is isomorphic to the one corresponding to vx (bottom row). As they are
torsion-free, Theorem 23 and Proposition 25 show that

x(1x) = x(0g) = detlrg) = 5075

Our convention for B(1,1) is that Ker(yy,) is in even degree, say, degree 0. We have

B(1,1): Hp(Xc,Z(1)E — H'(X,0)®2C,

degree 1 degree 2

det(B(1,1)) = PJm(n” )lcll\l;l/@(%) = x(B(1,1)).

Combining Proposition 29 with (24) and (25) yields the following.

Proposition 30. We have

1 X(B(1,1)) (2mi)= VIdr]’

xs(X.1)  x(BO1)x(B(21))  Vdr  Proc(n) Nejglay)

5.3. The determinant of the sequence C(1)
Using (16), (17), (18) and Proposition 26, the torsion in (22) satisfies
w - [Br(X)] w - [Br(X)]

MOWeor) = XY~ b T Ee] - b T F)eor]

As Hom(Pic(X),Z) @ C =2 C x Hom(J(F),Z) ® C by Proposition 26, the sequence C(1)¢
of (22)

0— O ®C — Coker(ya,) — Hom(Pic(X),C) 2 Pic(X) ® C — Ker(yas,)

degree 0 degree 1 degree 2 degree 3 degree 4
— Hom(O,C) — 0. (44)
degree 5
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breaks up into exact sequences

0 — O ®C — Coker(ya,) = C— 0,
degree 0 degree 1

Hom (Pic(X),C) & Pic®(X) ® C,

degree 2 degree 3
0 — C — Ker(yam,) — Hom(Of,Z) ® C — 0.
degree 4 degree 5

We compute det(C(1)) in three steps:

e By (23), the first sequence is (14) and so has determinant R.
e By [27, Conjecture 2.3.7] or (11), the map h is the Arakelov intersection pairing

Hom(J(F),Z)®C — J(F)®C.
By Faltings—Hriljac [8, 21], —h is the Néron-Tate height pairing (35) and so
det(h) = :t@NT(J)
o Asty, = H?*(X,0) =0, one has Ker(ya,) = H*(X¢,C(1))" =2 C 72, Using (18),
the third sequence is (12) and so has determinant R.

Proposition 31. We have

_ RxR

 det(C(1) X BI(F)eor][J(F)uor] RX R
G B '

XCW) = M) BrX)Jw  Onr

det(C(1))

5.4. Completion of the proof of the main theorem in a special case

In this case, J has good reduction everywhere as Picg( /s is the Néron model of J; the
group scheme @, is trivial and the Tamagawa numbers ¢, =1 for all v and Pj fi, = 1.
Conjecture 20 for L(J,s) becomes Conjecture 21:

L*(J,1) = Pj,oc(n) Npjg(ay) [II(J/F)] - Onr
’ W) TE) e T E)er]

We recall that

) _ Pi(Xys)
e = [Te(us) o) = i (TE 0

As m: X — S is smooth and proper, one has

PO(XU»S):(]-*(];S)a Pl(Cvat):Pl(Jv;t)v PZ(Xvas):(lquljis)

and
1 1 1
HmZC(S,SL Hm:C(S’S_l)a L(J’S):Hm' (45)
veS veS ves

Using (13), (15), we see that Conjecture 21 for J/F' is equivalent to the equality

¢(5,1)¢*(5,0) _2m(@2m)=hR AR (V|dr))?[J(E)or][J(F)ior]

CED =700 wy/ldel  w  [/F)ONTPy,oc(n) Nrjglay)”
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Conjecture 1 for ¢*(X,1) says

. _ _ xac(X,1) x(C(1))
CED=XXD =TT T B - xAGD)

Propositions 30 and 31 show

(x1)= L. Pie)wl® BxR - (2mi) V0del’
X ’ = - . .
w  w[Br(X)] Onr  Vdr Pr(n) Nrjglay)
Proposition 26 shows that Conjecture 1 is equivalent to Conjecture 21 for J over F, up
to powers of 2. This proves Theorem 2 in the special case 7 : X — S is smooth and X (F)

is nonempty.

6. Towards the main theorem in the general case: arbitrary reduction

The assumption 7 : X — S is smooth and Xy(F) is nonempty leads to several
simplifications such as H!(X,0) is torsion-free, Br(X) = II1(J/F), the intersection pairing
on Pic’(X) is the Néron-Tate pairing on J(F) and Pic’(Xp) =2 J(F). The failure of these
identities complicates the proof of Theorem 2 in the general case. In order to handle these
complications, we now recall certain results from [18, 30, 31, 32, 17, 37, 29].

6.1. Index and Period
Let C' be a smooth proper curve over a field K and T'= Spec K.

Definition 32.

(i) The index dx of C over K is the least positive degree of a K-rational divisor on C.
If

d:Pic(C)—=Z
is the degree map, then §x = [Coker(d)]. The kernel of d is Pic’(C).

(if) The period &% of C over K is the least positive degree of a K-rational divisor class
on C.

6.2. Curves over local and global fields [3, 30]
Let K be a p-adic field with ring of integers Ok and residue field k(v) = F,. Write
T = Spec Ok and v : Spec Fy — T for the closed point of T. Let f:C — T be a flat
projective morphism with C regular, f.Oc = Or and Ck — Spec K a geometrically
connected smooth curve of genus g > 0. Let A/ be the Néron model of the Jacobian J of
Ck. We write @, = my(N,,) for the finite group scheme of connected components of the
special fibre N, over v and ¢, is the order of ®,(k(v)).

Consider the map Lie (¢) : R* f,Oc — Lie N of coherent sheaves on T and the induced
map on T-points

Lie(¢) : H(C,0¢) — Lie (N).

We will need the following result in Section 7.
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Theorem 33 ([30, Theorem 3.1].).
(i) The kernel of Lie (¢) is the torsion subgroup of H'(C,Oc¢).

(ii) The kernel and cokernel of Lie (¢) are torsion sheaves on T of the same length.

Let T'; (¢ € I) be the irreducible components of the special fibre C,.

e d; is the multiplicity of I'; in C,,.

e ¢; is the geometric multiplicity of I'; in C,,.

e 7; is the number of irreducible components of T'; x Spec F,,.
There are canonical maps [3, Proposition 1.9] ac : Z! — Z! (defined using intersection on
C) and B¢ : Z' — Z. Let d be the ged of the set {d;,i € I} and d’ be the ged of the set
{’/‘Z‘d,’,i S I}

Theorem 34 ([3, Theorem 1.7, Corollary 1.12].).

(i) There is an exact sequence

Ker (B¢) b, cdZ

0— @U(Fq)adl—zﬁo;

Im (ac)
here c =1 if d' divides g—1 and c =2 otherwise.

(i) If Ck(K) is not empty, then d' =d and h is an isomorphism.

It is known that [29, §9.1, Theorem 1.23] that the intersection pairing on R,
Z[
R, ::i:Coker (z— 70 1HZdiFi
i€l
is negative definite. The following corollary of Theorem 34 and [3, Theorem 1.11] on
A(R,) (defined as in Subsection 2.3.5) is due to Flach—Siebel.

Corollary 35 (Flach-Siebel [14, Lemma 17]|.). If 6, is the index of Cx and 6. is the
period of C'x, then

AR = 2]

Oy - O
v Vel

In terms of the Arakelov intersection pairing on R, (see [8, p. 390] or [20, (3.7)]), one
has

Aar(Ry) = A(Rv)(logql;)#av_l~
Lemma 36. Let L,(J,t) be the local L-factor of J as in (27). The zeta function

B P1(Cy,t)
D= - Pt

of C, satisfies
L,(J,t)
(1=t) - TLie, (1= (gt)™)

Z(Cy,t) =
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Proof. As Ck is smooth projective and geometrically connected, C, is geometrically
connected. So Py(Cy,t) = (1 —1).

We next show that Py (C,,t) equals L, (J,t) of (27). For any prime ¢ coprime to ¢, the
Kummer sequence and the perfect pairing (Poincaré duality)

HL(Cx x K,Q) x HY (Cxe x K,Qu(1)) = H%(Cx x K,Qe(1)) = Q¢
provide isomorphisms of Gal(K /K )-representations
He,(Cx x K,Qu(1)) = ToJg ©Qp,  Hey(Cx x K,Q¢) = Hom(H, (Cre x K,Qq(1)),Qp).
So we obtain an isomorphism
H}(Cx x K,Qq) = Hom(TyJx @ Qr, Q) (46)

of Gal(K/K) representations. Since H},(C, x F,,Q,) isomorphic to the subspace of
H,(Ck x K,Qy) of invariants under the inertia subgroup [1, Lemma 1.2], it follows from
(46) and (27) that Py(Cy,t) is Ly (J,t).

Finally, one has the elementary identity * [18, Proposition 3.3]; see also
[30, p.484]

Pa(Cont) = ] (1~ (a0)").
el

This completes the proof. O

6.3. Relating III(J/F') and Br(X)

For any arithmetic surface X — S, let § be the index of Xy over F' and a be the order
of the (finite) cokernel of the natural map Pic’(Xo) < J(F). For any finite place v of
S, we put 0, and 0, for the (local) index and period of X x F, over the local field F,.
The following result is due to Geisser [17, Theorem 1.1]; there is also a recent proof by
Flach-Siebel [14].

Theorem 37. Assume that Br(X) is finite. The following equality holds (up to powers
of 2):

[Br(X)]a?s* = [L(J/F)] [] 8,60 (47)
vES

7. The proof of the main theorem in the general case

7.1. Preliminary steps

We are in a position to prove Theorem 2 in the general case. Let ¥ = {v €
S | X, is not smooth}; let G, denote the set of irreducible components of X,.

4This proposition, first stated on p. 176 of [18], has a typo which is corrected in its restatement
on p. 193.
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Lemma 38. If

QQ(S) — H (l_qg;_s)

ri(1—s)y’
vEYD HiEGv(l_qU ( ))

then
1 c
5(1) = = - =P in
:(1) Hvez((bg%)#GFI : HierTi) vel_IEAar(Rv) by - 0y, 2
1
. 4
s mys (48)

Proof. The first equality is clear; the second uses Corollary 35; the third follows from
(26) using ¢, =1 for v ¢ X. O

Proposition 39. One has
Py fin 1 |dp|9/?

X(B(L1)) = P, Pj - Pjoo(n) - Npjg(ay)

Proof. One has the isomorphism of integral structures (its Euler characteristic is 1)
Hp(Je,Z(1)¢ = Hp(Xe,Z(1))¢-

As the notion of Néron model is local on the base [4, Proposition 4, page 13|, Theorem
33 shows that the kernel and cokernel of Lie(¢) : H'(X,0) — Lie(J) are torsion Of-
modules of the same length and the kernel is exactly the torsion of H'(X,Ox). This
implies that the Euler characteristic of

HY(X,0)05,C 229, Lie(7) @5 C

is 1: y(Lie(¢)) = 1. Here the integral structures are (H'(X,0),[H'(X,0)ir]) and
(Lie(J),1). We obtain that the Euler characteristic of

Hp(Xe,Z(1)E = HY(X,0)@zC
is equal to that of

vt Hy(Je, Z())E = Hy (X, Z(1)E 25 HY(X,0)02C 2% Lie(7) @2 C.

Proposition 25 and Theorem 23 show

Pj.o(n) - Npjglay)

x(x) =x(g) = 7 ~ (49)
Vde|
Our convention for B(1,1) is that Ker(ya) is in even degree, say, degree 0. Thus,
VIdr|’
HLY(Xe,Z(1))f - HY(X,0)®C, det(B(1,1)) = | = x(B(1,1)).
B(dcgrcc(l ))C (dcgrcc)2 ( ( )) PJ7<X>(77) ' NF/@(aﬁ) ( ( ))
O
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7.2. Global index

Since X is regular, the natural map Pic(X) — Pic(Xj) is surjective: a natural section (as
sets) is provided by sending a divisor on X to its Zariski closure in X. So the index ¢ of

Xy over F is the order of the cokernel of the composite map Pic(X) — Pic(Xj) 4 7.

7.2.1. Calculation of x(C(1)). The torsion in C(1) of (22) satisfies
w - [Br(X)]

C(Dtor) = — - . 50
MCWror) = B o] - Pie(X o] (50)
We can rewrite C(1)c as
0— O ®C — Coker(vyas,) — Hom(Pic(X),C) — Pic(X) @ C — Ker(vas,)
degree 0 degree 1 degree 2 degree 3 degree 4
— Hom(O5,C) — 0. (51)
degree 5
Using the exact sequence
Z
0— Pic’(X) = Pic(X) L Z — = —0, (52)

0Z
the sequence C(1) breaks up into

e the sequence (14) with determinant R

0 — OF ®C — Coker(ya, ) — Hom(Z,C) — 0;
degree 0 degree 1 degree 2

e the sequence with determinant §
0 — Hom(Z,C) — Hom(Pic(X),C) — Hom(Pic’(X),C) — 0;
e and the sequence with determinant det(v))

h : Hom(Pic"(X),C) — Pic’(X)®@C

degree 2 degree 3

where h is the Arakelov intersection pairing [27, Conjecture 2.3.7] as in (11);
e the sequence with determinant §

0 — Pic’(X)®C — Pic(X)®C % C — 0;
e the sequence (12) with determinant R

0 — C — Ker(va,) = Hom(OZ,Z) @ C — 0.
degree 4 degree 5
It follows from (52) that, in (51), the image of the lattice in degree 3 has index § in the
lattice in degree 4; dually, the image of the lattice in degree 1 has index § in the lattice
in degree 3. Thus,
R - R

det(C(1)) = 5 -0 - det(h)
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So x(C(1)) is given as

_ det(C(1)) _ R? - [Pic” (X)sor)?
C X(CM)tor) 82 - A (Pic’(X)) - [Pic’(X)ior]2  w - [Br(X)]
R2
T AL (PIC(X)) - w - Br(X)] &
where, as in Subsection 2.3.5,
A (Pic(X)) = — 2t ) (54)

[Pic(X)ior]?

Our next task is to calculate A,,.(Pic’(X)) and relate it to the Néron-Tate pairing (56)
on J(F).

7.2.2. Calculation of A,,.(Pic’(X)). This is based on localisation sequences on X
and S.

Let U=S—3%. So the map Xy =7~ }(U) — U is smooth. For any finite ¥’ C S containing
¥, we put U' =5 —% and Xy = X —n H(U').

Lemma 40.
(i) The maps
Pic(S) — Pic(X), Pic(U") — Pic(Xy)
are injective.

(ii) There is an exact sequence

00 ZGv . Pic®(X)
vexTy, Pic(S)

— Pic’(Xy) — 0. (55)

Proof.

(i) From the Leray spectral sequence for 7: X — S and the étale sheaf G,, on X, we
get the exact sequence

0— HY(S,n.G,,) - H (X,G,,) = H°(S,R'1,G,,,) — Br(9).

Now use that 7,G,, is the sheaf G,, on S. This provides the injectivity of the first
map. A similar argument provides the injectivity of the second.

(ii) We can compare the localisation sequences for Xy» C X and U’ C S

0 — I(X,Gm) — D(U",Gm) —— @ Z —— Pic(S) — Pic(U') — 0
vez’!

J | I | |

0 — I'(X,Gp) — I'(Xp,Gr) —— @ Z% —— Pic(X) — Pic(Xyr) —— 0
vez’

Note that S and X are regular and for any regular scheme Y, one has an isomorphism
Cl(Y) = Pic(Y) between the class group and the Picard group. The natural map between
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the localisation sequences is injective on all terms and, by assumption, is an isomorphism
on the first and second terms. This provides the exact sequence

7% Pic(X)  Pic(Xyr)
— — =
Z Pic(5) Pic(U")

0— Drvesy

In particular, we get this sequence for 3 and U. Using (52), we obtain the exact sequence

G Pic®(X) Pic®(Xy)
0= Soen=77 = 5i0(8) ~ Piell)

— 0.
By assumption, X, is geometrically irreducible for any v ¢ ¥. So for any U’ = S — ¥’ with
U’ C U, the induced maps

Pic®(Xy) R Pic®(Xy)
Pic(U) Pic(U)

are isomorphisms. Taking the limit over ¥/ gives us an exact sequence

zC Pic’(X ,
0— 691)627 — PIC((S)) — PICO(X()) — 0.

This proves the lemma. O

For any v € S, recall Ay-(R,) from Corollary 35, where

ZCv
R, =
Z
and, as before, G, is the set of irreducible components of X,,. Let us define (see Subsection
2.3.5)
OnT(J)

Anr(J(F)) = (56)

[J(F)tor] ' [J(F)tor]
using the Néron-Tate pairing (35) on J(F), analogous to A, (Pic’(X)) from (54).
Proposition 41. If a is the order of the cokernel of the natural map Pic®(Xy) — J(F),

then one has

OéQ

Aor(Pic’(X)) = %55 - Anr(J(F)) - [] Aar(Ro). (57)
vEL

Proof. By |21, Proposition 3.3], the Arakelov intersection pairing h is negative-definite
on Pic’(X)® Q and there exists a map « : Pic®(X,) — Pic’(X) such that

(1,y") = h(s(y),k(y"))

gives the intersection pairing on Pic’(X) which, by Faltings-Hriljac [8], [21, Theorem
3.1], is the negative of the Néron—Tate pairing (35) on J(F'). Note that this means

AnT(J(F)) = £Au (J(F)). (58)
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So the sequence (55) splits over Q as an orthogonal direct sum with respect to the Arakelov
intersection pairing

QG“
(Pic’(Xo)®Q) @ (@
veEY Q
The map & is defined as follows: given any element y of Pic’(X,), consider its Zariski
closure § in X. As the intersection pairing is negative-definite [29, §9.1, Theorem 1.23]| on
R,, the linear mapping R, — Z defined by z — 2.7 is represented by a unique element
ku(y) € R, ® Q. Clearly, the element

) =73 kuly)

)= Pic’(X)2Q. (59)

is orthogonal to @,ex R, C Pic’(X); so the assignment y + (y) provides (59).
Now (7) shows

Pic’(X)

A Ay (Pi A
(g ) = Bar (P’ g or
Using h = [Pic(S)], this becomes
Pic’(X)
Pic’ - h? = Pi
Ay (Pic’ (X)) - b =Agr(—=—== Pic(S) )= Agr( ic? UEI_IEAM ) (60)

As Pic?(X,) < J(F) is a subgroup of index a, we see A, (Pic®(Xg)) = a2A,,.(J(F))

o

:ta2 ANT(J(F))
7.3. The zeta function of X
Our first step is to rewrite the zeta function ¢(X,s)
Pl (th)
X
Ul;sc wte") (Xt = g e
Proposition 42. One has
X,s)= . X, 1 . 1). 1
C( 78) L(J,S) Q2(S)7 C ( ) L*(J,l) QZ( ) (6 )

Proof. By Lemma 36, we see that

(i) the factors Py combine to give ((.5,s);
(ii) the factors P; combine to give L(J,s)

(i) Pa(X,,t) is the expected factor (1 —g,t) for v ¢ ; for v € ¥ and is given in Lemma
36. So

I = @@ - I =) - s,

v, Qv ) ’UES]'_ D
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7.4. Completion of the proof of Theorem 2

We prove the main result of this article.

Proof (of Theorem 2). We can restate Conjecture 20 for J/F using (56) as

1 |dp|9/? . 1
L*(J,1)  Pryin - Proc(n) - Npglay)  Anr(J(F)) - [HI(J/F)]

(62)

From Proposition 42, we see that Conjecture 20 for J/F is equivalent to the equality

* e * . * . 1 . *
(15) 2" (2m)"2hR _ 1 e
N AR AV
(13 2" (2m)"hR AR 1
RN w  L*(J,1) Q)
(62) 27 (2m)"?hR  hR |dp|9/?
’lU\/|dF| w PJ,fin : PJ,oo(n) . NF/Q(an)
1 \
Ao -] W (63)
(48) 2" (27T)T2h2R2 : |d1«"|g/2 : PJ,fin

B w?y\/|dp|- P, fin - P1,00(n) - Npjg(ay) - Ao (J(F)) - [UL(J/F)]
1
(s mrw)
_2n(2m)™ h*-R* |dp|9/? . 1
Cw |dF| w Py o(n) - Npjglay) Aur(J(F))-[HI(J/F)]

H(W)

vEX

Conjecture 1 states that

C(X,1) = x(X,1) = m =xa(X,1) - yar(X.1) - x(C(1)) - x(B(1,1))

Using (24), (25), (19) and Proposition 39,
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we have

Xa,c(X,1)
D= T

x(B(L1))
x(B(0,1))x(B(2,1))
(2772 . |dF\9/2
V0dr|  Proo(n) - Npsg(ay)
B . (27 . |dF|g/2
=x(C(1)) w\/lde] Proo(n) - Nejglay)

2 2772 9/2
(3 R C)) ‘dF| - (69)

02 - Agr(Pic®(X)) - w - Br(X)]  wy/Jdr] Pree(n) - Npjgl(ay)

=xa(X,1) - xa(X,1) - x(C(1)) -

=1.

- x(C(1)) -

1
w

To prove Theorem 2, we need to show that x(X,1) is equal to

27 (2m)" B - R* |dp|9/? . 1

wy/|dp| W Pjos(n) - Npjglay)  Aar(J(F)) - [HI(J/F)]
1

Aur(Ry) - 0y - 6

vEX

Thus, we see that Theorem 2 follows if we prove that (neglecting powers of 2)

2 h R? 1
XOW) === R 7)) - (/)] H Aar vy

7 R h? 1
S o U somy - morm U5 ®

By (53), we have

R2
62 - Agr(Pic’(X)) - w - Br(X)]’

x(C(1)) =

Thus, to prove Theorem 2, we only need to check if

1 ? 1 1
52 Ay (Pic(X)) - [Br(X)] Am 1;[2 Aoy 11(J/F)] H 5, -0,

We can verify this readily using Proposition 41, which says

Aar(PiCO(X)) _ a? . Aar(J(F))hQ H'UEE Aar(Rv)’ (66)
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and Theorem 37, which says (note d, =1=19 if v ¢ X)

[Br(X)]a?s” = [LI(J/F)] [ ] 6,6.. (67)
veS
This completes the proof of Theorem 2 in the general case. O

Remark 43. Consider the case g = 0. As J is trivial, Theorem 2 says Conjecture 1 is
true. Let us see directly that this is true (up to powers of 2): (63) shows that

2m(2m)2 h? . R2 1
(X,1) = . . ,
C ( ) U)\/|dF| w Ul;!: Aar(Rv) : 61} : 5;;
but (64) and (65) show
R? (2m)"2 h?
X(le) = ) : =
62 - Ay (Pic’(X)) - w - [Br(X)] WA/ |dp| o= - HUGE Aur(Ry)
R? (2m)™2

S 2w - Br(X)]  wy/de|

As a, d,, 6 and ¢, divide 2 and (66) shows that [Br(X)] is a power of 2, it follows that
the equality ¢*(X,1) = x(X,1) is valid up to a finite power of 2.

7.5. Comparison with the Artin—Tate conjecture

Theorem 2 is the analogue for arithmetic surfaces of Conjecture (d) [36, p. 427] in the
spirit of [26]. More precisely, one has the following.

Theorem 44. Conjecture 1 for X is equivalent to the following identity (up to a finite
power of 2):

Pic’(X)

T(S)) .62 (68)

= x(7x) - [Br(X)]- Aar(

Here ¢ is the global index of X as in Subsection 7.2. The term x(yx) is an Archimedean
period: it is the Euler characteristic (as in Subsection 2.3) of

VX - HE(XCaZ(l))g l> Hl(XaO) ®ZC

with respect to the integral structures provided by Hy(Xc,Z(1))" and the abelian group
underlying H'(X,0).
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Proof. We can start with the left-hand side and rewrite it as follows:

¢(X,1)

_ C*(S’O)C*(S71) _ C*(S,O)'C*(S,1)~XB(X,1)
xa(X,1)-xa(X,1)-x(C(1))

by (24),(25),(19)

Vel
X(7x) - €*(5,0) - ¢*(S,1) -w? - 8 - Ay, (Pic® (X)) - [Br(X)] - /[ dr|
- 7 {2 by (53)

= X(1x) 6% h%- Agp(Pic”(X)) - [Br(X)] -2 by (15),(13)

Pic’(X)
Pic(5)

(rx)- 8 A, ( ) [Br(X)] by (60).

This proves the stated equivalence. 0

Remark 45 (T. Suzuki). The identity (67) is an analogue for arithmetic surfaces of the
Artin—Tate conjecture [36, Conjecture C]. Let us show this by rewriting the Artin—Tate
conjecture for function fields [28, Conjecture 2|; we shall use the notation of [28] from
now on.

So now let S be a smooth proper curve over a finite field F|;, and let X be a smooth
proper surface with a flat proper morphism 7 : X — S whose generic fibre is a smooth
geometrically connected curve X, over Spec F,(S). By combining (2), (12) and (13) of
[28], we obtain

¢(S,1-5)-¢(Ss) Py (X,q7")

(Xs)  PBa)RBa )1

Hence, the Artin—Tate conjecture [28, Conjecture 2| is equivalent to the identity

¢*(5,0)-¢*(S,1)  PE(X )™ P [Br(X)] Ay, (NS(X)) - XS ' 7 0x)
(X1 [B(Fy)]? - (logg)? [B(F,)]?- (logg)?
by (14), (3) and (4) of [28]. On the other hand, by [28, Proposition 13 and Corollary 5
(ii)], we have
Thus, the Artin—Tate conjecture for X is equivalent to the identity

C*(S’O)C*(S’l)f X(S,leox). . 52 PIC(X)()
CH(X,1) n [Br(X)]-0 A‘“"(w*Pic(S))

The factor gX(5R'™-Ox) plays the role of X(vx) in (67).
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