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N-MANIFOLDS CARRYING BOUNDED BUT NO DIRICHLET
FINITE HARMONIC FUNCTIONS

DENNIS HADA, LEO SARIO, AND CECILIA WANG

Among the most remarkable results in the theory of harmonic func-
tions on Riemann surfaces is the strictness of the inclusion relations
Og < Ogxp < Oyp, established by Ahlfors [1,2], Royden [2,4], and Toki
[8] two decades ago. Subsequently the strictness of the relations Oy <
Opnpr < Oy was shown and a somewhat simpler proof of Oy < Oy, given
by Sario [5] and To6ki [9]. Here O, is the class of parabolic surfaces,
and Ogp, Opp, Onp stand for the classes of surfaces which do not carry
nonconstant harmonic functions which are positive, bounded, or Dirichlet
finite, respectively. The corresponding nonstrict inclusion relations extend
readily to Riemannian manifolds of any dimension, and so does the strict-
ness of Oy < Oyxp < Oyp (see e.g. Sario-Schiffer-Glasner [7] and Sario-
Nakai [6]). In contrast, the strictness of Oy < Oyxp has remained an
open problem. The purpose of the present paper is to submit an ex-
ample which solves the problem in the affirmative for an arbitrary dimen-
sion N. In the process we also obtain complete characterizations of the
Poincaré N-ball in Oy,p; and Oyp. This manifold plays an important
role in the harmonic and biharmonic classification theory.

1. For N >3, consider the N-ball BY = {{z| <1,z = (2, - - -, z"), ds}
with the Poincaré-type metric ds = (1 — |2[)*|dz|, « constant.

THEOREM 1. BY¢Ou;5a<1/(N —2), N>3.
Proof. For the necessity, observe that a radial function h(r), r =

||, is harmonic if and only if
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Since BY €O, if and only if |A(r)]— oo as r—1, the parabolicity is
characterized by o >1/(N — 2). In view of Oy C Ogygz, we have the
necessity. To prove the sufficiency, let {S,,} be the spherical harmonics.
First we find an f,(r) such that f,S,, is harmonic on BY. The equation
A(fSum) = 0 gives

@ — 7@ + {N—1—[(N —1) + 2(N — 2alri}r fi(r)
—nm+ N—2)1 —1)f,(r)=0.
The origin is a regular singular point, and there exists a solution of

the form f,(r) = 2 7€, with ¢,, = 1. A recursion formula for the
coefficients is obtained in the usual manner and yields (cf. [3])

Cn,zi = ’

ﬁ (m+2]—2)[n+2/+N—4+ 2N —2a] —nn+ N —2)
i=1 (n+2)m+2j+N—-2)—nn+ N —2)

Cnaivn = 0 for ¢ > 0. We shall show that f,S,, € HB(BY) if a« <1/(N — 2).
There exists an 4, = (N, @) such that for 7 >4, and a« <1/(N — 2),
Cn2j/Cnypj-2 18 positive and dominated by

(m+2]—2)[n+2]+N—4+2N—2a]
n+2)n+ 2]+ N—2)

For i > 4,

2 =1 w4+ 2] i=io n+2/4+N—-2 }
cn ¢ <.2—2(N——2)oc)
n+2 i~e\n+2+N—2/"

Here and later, ¢ is a positive constant, not always the same. We now
impose on ¢, the additional condition that for j > 1,

2 — 2(N — 2)
n+2]4+N-—-2

0 < <1.

Then
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; 2——2(N—2)(x>
Bl (1— ~ < 9l — (N —2
pag n It 2L N_2 [1—( o]
& 1 11 dx
X < —[1—(N—2 f
AT N2 L= W=l | e N2

= log (At it N — 2y
n+i1+N-—-1

Therefore

ﬁ(l— 2 — 2N — 2)a )<(n+io+N—2>l‘(N~2)a
=i n+2j+N-—2 i

¢ ‘ <}T)1—(N-2)a <o (l.)2—-(1\7——2)a .
n+2t\1 1
We conclude that

2~(N-2)a
FoSaal < Blenulrms <o 52 (L)

=10

and

Icn,zil <

This is finite for &« <1/(N — 2), and the proof Theorem 1 is complete.

2. To discuss the existence of HD-functions, we first prove:

LEMMA. For « <0, f! is bounded; for a > 0, f{(r) < const
(1__ 2)—(N—2)a.

Proof. If « <0, it is immediate from the estimates in the proof of
Theorem 1 that f/ is bounded. If « = 0, ds = |dx| (the Euclidean metric),
and fi =1<co. If «a>0, ¢, >0 for all ¢, and

01y = ]—[ @j — DN —2)a + N -3 + 2] - (N -1

=1 @ +D2F+N-1)—-N-1
<ﬁ(27—1)[2(N—'2)a+?V—3+2y]_
= (27 + N)2j
For N even,
o n23+N ,-Q(zyzgl = 2)““; = 1)
2.4...N

@+ 22 +4) -2+ N

2j—1 2(N —2)a+ N —2+2j—-2
x 1
j=1 27 2j —1
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_ 2.4...N EWN—2a+3¥N—-2)+7—-1
@i+ 22+ 4 @+ N) i '

Hence

1) =1+ 30 @ + Deg,r® <N + 3@+ Ney %
7=1 =1

. 1
<N[1+2'4"'(N“Z);((zi+2)(2i+4)~--(2i+N_2)

x [] W=+ N —2) +7 - 1),02@] )
j=1 7

On the other hand,

(1 — 9 [@-Daesdw-01 — 1 | i (ﬁ N—-2a+ 3 N-—-2)+75—-1 )7,.213 .
: =1 \j=1 7

Repeating (N — 2) times the process of first multiplying through by r
and then integrating, we obtain

const (1 — #)~¥ -2« L polynomial
1,.1\1—2

= 2-4~--(N—2)[1+2'4“'(N_2)

- 1
X;((Zi+2)(2i+4)---(2i-|—N—-2)

PIRCELIES CERESESA)

which entails f{(r) < const (1 — %)~ -2«
For N odd, the proof is the same except that now

1-3---N E(N—=2a+3N-1D+j—1
2+ 1)@ +3)--- (20 + N) 7 j '

Ci2i

THEOREM 2. BY¥2O0u, & |a|<1/(N —2), N > 3.
Proof. We have

D(f.S:n) = J: (e, fi@) + er i fi(mHH(A — 1)V -DepN-1gyp

where ¢, and ¢, are positive constants. Since f, and f/ are bounded for
a <0,

D(fiS,m) < ¢ j " — ) F el < oo
0
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for —~1/(N —2) <a < 0. By the lemma,
D(fSim) < .r [d(1 — r)2¥-2a L qyr=?2)(1 — r2)F-DepN-1dp < oo
0

for 0 <a <1/(N —2). Hence, BY ¢ Oyp if |a| <1/(N — 2). In view of
Bl €0 C Oyp for a > 1/(N — 2), it remains to consider « < —1/(N — 2).
Let # be a nonconstant harmonic function. By means of the eigenfunction
expansion of the restriction of & to |x| = <1, we obtain

h= 33 0 FullunSum

on all of BY with absolute and uniform convergence on compact subsets
and with a,, # 0 for some (n,m), n > 0. By the Dirichlet orthogonality
of spherical harmonics,

D) = G2 D(fSu) > i [ (0 — 3o LaSem Y gy

! or

> CJ“ f:b(,r)z(l — T2)(N=2)ad/},. .
0

Here f,(r) converges as r—1, since the ¢,,; are of constant sign for
sufficiently large ¢. By virtue of f,S,, # const, we have fi(r) # 0 for
r >0, and lim,_, fi(r) + 0. Consequently

D) > cjl (1 — r)®-vagp
3
which implies BY € Oy, for a < —1/(N — 2).

3. Let OYs O%, be the classes of Riemannian N-manifolds in Oy,
Oyp, respectively.

THEOREM 3. Of; < 0%, for every N.

Proof. The strict inclusion 0%; < 0%, for Riemannian 2-manifolds
is a trivial consequence of that for Riemann surfaces. In fact, endow-
ing a Riemann surface by a conformal metric turns it into a Riemannian
2-manifold without affecting the harmonicity or the Dirichlet integral
of a function on it.

For N >3, the theorem follows from Theorems 1 and 2.
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