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Oscillation of differential equations with non-monotone
retarded arguments

George E. Chatzarakis and Ozkan Ocalan

ABSTRACT

Consider the first-order retarded differential equation
'(t) + p(t)z(r(t) =0, t>to,

where p(t) > 0 and 7(t) is a function of positive real numbers such that 7(¢t) < ¢ for ¢ > to, and
lim; o0 7(¢) = co. Under the assumption that the retarded argument is non-monotone, a new
oscillation criterion, involving lim inf, is established when the well-known oscillation condition

t
lim ian p(s)ds > %

t—o0 7(t)

is not satisfied. An example illustrating the result is also given.

1. Introduction

Consider the retarded differential equation
2'(t) + pt)x (7(t) =0, t>to, (E)
where p(t) > 0 and 7(¢) is a function of positive real numbers such that

T(t) <t fort >ty and tlgr{)lo 7(t) = o0. (1.1)

By a solution of (E) we mean a continuously differentiable function defined on [7(7}), oo] for
some Ty > to and such that (E) is satisfied for ¢ > Tj. Such a solution is called oscillatory if
it has arbitrarily large zeros. Otherwise, it is called non-oscillatory.

The problem of establishing sufficient conditions for the oscillation of all solutions of equation
(E) has been the subject of many investigations. See, for example, [1-18] and the references
cited therein. The first systematic study for the oscillation of all solutions of equation (E) was
made by Myshkis. In 1950 [17], he proved that every solution oscillates if

limsup[t — 7(t)] < oo and liminf[t — 7(¢)] litrginfp(t) > 1
o0 e

t—o00 t—o0

In 1972, Ladas et al. [15] proved that the same conclusion holds if, in addition, 7(t) is a
non-decreasing function and

¢
limsupj p(s)ds > 1. (1.2)

t—o00 T(t)

In 1982, Koplatadze and Canturija [13] established the following result.
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If 7(t) is a non-monotone or non-decreasing function, and

¢
1
lim inf ds > = 1.3
im in L(t)p(s) 5>, (1.3)
then all solutions of (E) oscillate, while if
’ 1
limsupj p(s)ds < —, (1.4)
t—oo  Jr(t) €

then the equation (E) has a non-oscillatory solution.

It is important to consider non-monotone arguments when solving differential equations
rather than using a pure mathematics approach, which only approximates the natural
phenomena described by equations of type (E). This is because there are always natural
disturbances (for example, noise in communication systems) that affect all the parameters of
the equation and therefore the fair (from a mathematical point of view) monotone argument
almost always becomes non-monotone. In view of this, an interesting question that arises in
the case where the argument 7(¢) is non-monotone and (1.3) is not satisfied, is whether we can
state an oscillation criterion involving lim inf.

In the present paper, we give a positive answer to the above question.

2. Main Results

In this section, we present a new sufficient condition for the oscillation of all solutions of (E),
under the assumption that the argument 7(¢) is non-monotone and (1.3) is not satisfied. Set

h(t) :=sup7(s), ¢=0. (2.1)
s<t

Clearly, h(t) is non-decreasing, and 7(t) < h(t) for all ¢ > 0.
In 2011, Braverman and Karpuz [3] established the following theorem.

THEOREM 2.1. Assume that (1.1) holds, and

lim sup r (s) eXp{Jh(t) p(€) dg} ds > 1, (2.2)

t=oo Jn(r) (s)

where h(t) is defined by (2.1). Then all solutions of (E) oscillate.

THEOREM 2.2. Assume that (1.1) holds, and

t h(t)
lim ian p(s) exp {J (&) df} ds > %, (2.3)

t=o0 Jh(t) (s)

where h(t) is defined by (2.1). Then all solutions of (E) oscillate.

Proof. Assume, for the sake of contradiction, that there exists a non-oscillatory solution x(t)
of (E). Since —z(t) is also a solution of (E), we can confine our discussion only to the case
where the solution z(t) is eventually positive. Since 7(t) — oo as t — oo, there is a positive
number t1 > tg, such that z(7(t)) > 0 for all ¢ > ¢;. Thus, from (E),

2'(t) = —p(t)x(r(t)) <0 forall t > t,
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which means that xz(t) is an eventually non-increasing function of positive numbers. Using the
fact that x(¢) is non-increasing and h(t) < ¢ for t > 0, we have z(h(t)) > x(t) > 0 for all ¢ > ¢;.

By (E)
z(7(t))
(t)
O ICI) S,
nx(h(t)) —|—J'h(t)p(s) 05) ds=0 forallt>t;.
Using the Gronwall inequality,

NG J;t) p(sﬁ%)) exp{ J((j () dg} ds < 0.

+p(t) =0 forallt>t, (2.4)

or

Since h(t) < s < t, clearly z(h(t))/x(s) > 1, and the last inequality becomes

0 [ e[ o) (2.5)
In +J p(s exp{J p(€ df} ds < 0. 2.5
z(h(t)  Jnw 7(s)
Also, from (2.3), it follows that there exists a constant ¢ > 0 such that
t h(t) 1
J' p(s) exp{J p(§) df} ds>zc>—, t>ta>1. (2.6)
h(t) 7(s) €

Combining the inequalities (2.5) and (2.6), we obtain

+c¢<0, t=>ts.

Thus, we have
e‘x(t) < z(h(t)), t=ts,

or
(ec)z(t) < z(h(t)), t=>ts.

Repeating the above procedure, it follows by induction that for any positive integer k,
(ec)*a(t) < z(h(1)),
or

z(h(t))
x(t)

> (ec)® for sufficiently large t, (2.7)

where ec > 1.
Since h(t) > 7(t), by (E),

2(t) + pO)2(h(1) <0, t>to. (2.8)

Integrating (2.8) from h(t) to ¢, and using the fact that the function z(¢) is non-increasing and
the function h(t) is non-decreasing, we obtain

or
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Thus :
x(h(t)) (1 - J p(s) ds) >0,
h(t)
that is,
f@t) = r p(s)ds < 1. (2.9)
h(t)
Now, we claim that
lim inf £(#) > 0. (2.10)
If not, then
lim inf £(t) = 0. (2.11)
Since f(t) is bounded, then there exists a sequence {¢x} such that limg_, .ty = oo and

limk_mo f(tk) =0.
Observe that
T(s) < h(t) <s <t.

Then, we can write

t

t s
j p(f)ds:j p(@duj p(€)d = I + Iy,
7(s) 7(s) s

By (2.9), it is obvious that Is < 1 and liminf; , Io = 0.
But then, from the definition of A(t), it is known (see [16]) that

nminfr p(g)dgzhminfr p(€) d¢

t—o00 R(t) t—o0 7(t)

and so

tr tr
i [ p(de = tm [ ple)de=o.
k—oco h(tk) k—oco (tk)

T

Thus, we have liminf; ., I; = 0. Consequently,

i | " pede=0

k=00 Jr(si)
and, consequently,
h(ty)
lim J p(&)dg = 0.
k—oc0 (Sk)
Therefore, we obtain
th h(tx) th
lim J p(s) exp{J' p(§) df} ds = lim J p(s)ds =0,
k=00 Jh(te) 7(sk) k=00 ()

which contradicts (2.3).
So, since (2.10) is satisfied, it follows that there exists a constant d > 0 such that

t

0<d< J' p(s)ds < 1. (2.12)
h(t)
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Thus, there exists a real number t* € (h(¢),t), for all ¢t > ¢; such that

o
0< d gJ p(s)ds <1 (2.13)
2 e
and
d t
0< 3 < J p(s)ds < 1. (2.14)
-

Integrating (2.8) from h(t) to ¢*, and using the fact that the function x(¢) is non-increasing
and the function h(t) is non-decreasing, gives

o(t") = b)) + | pls)a(h(s)) ds <.
h(t)
x(t*) — x(h(t)) + z(h(t*)) L(ﬂp s)ds <0
Thus, by (2.13),
—z(h(t)) + x(h(t*))g <0. (2.15)

Integrating (2.8) from t* to ¢, and using the same arguments gives

o(t) = alt") + | po)alhl)ds <o,

t*

or

z(t) — x(t*) + z(h(t)) J ) p(s)ds < 0.

Thus, by (2.14),

—a(t*) + x(h(t))g <0. (2.16)

Combining the inequalities (2.15) and (2.16), we obtain

or

2 (2) <o

that is, liminf; . x(h(t))/x(t) exists. This contradicts (2.7).
The proof of the theorem is complete. O

ExAMPLE 2.1. Consider the retarded differential equation

1
z'(t) + %w(T(t)) =0, t=0, (2.17)
e
where
t—1 if t € [3k,3k + 1],
T(t) =4 -3t+12k+3 ifte[3k+1,3k+2], k€N

5t—12k — 13 ift € [3k + 2,3k + 3],
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By (2.1), we see that

t—1 if t € [3k,3k + 1],
h(t) :== SgI?T(S)= 3k if t € [3k 41,3k +2.6], k€No.
h 5t — 12k — 13 if t € [3k + 2.6, 3k + 3],

Observe that the function f : Ry — R, defined as
¢ h(t)
s =] soen]] " wede}as
h(t) (s)
attains its minimum at ¢t = 3k, k € Ng, which is equal to

fin = f’k p(s) exp{jh(%) p(6) ds} ds

h(3k) 7(s)

10 (3 10 31 10 3+ 10
— —_ d¢pds = — — (3k—3s))d
1le J'kal exp{ 1le Lq 5} T 1le Lk,l eXp(lle ( S)) 5

10
= exP(lle) —1>~0.397151967

and therefore

t h(t) 1
lim ian' p(s) exp{J p(§) d§} ds ~ 0.397151967 > —,
e

t=e0 Jh(t) 7(s)

that is, condition (2.3) of Theorem 2.2 is satisfied and thus all solutions of (2.17) oscillate.
Observe, however, that

¢ t

1 1 1
limian p(s)ds = limian' 10 ds = 10 < =,
t—=oo [t t—oo J,_q 1le 1le e

that is, condition (1.3) is not satisfied.
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