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Operator Estimates for Fredholm Modules

E A. Sukochev

Abstract. 'We study estimates of the type

l6(D) — d(Do)llevi,ry S C - ID = Do, = =,1

1
2

where ¢(t) = t(1 + 1?)~1/2, Dy = D} is an unbounded linear operator affiliated with a semifinite von
Neumann algebra M, D — Dy is a bounded self-adjoint linear operator from M and (1 + Dé)_ 12 ¢ EOM, 1),
where E(M, 7) is a symmetric operator space associated with M. In particular, we prove that ¢(D) — ¢(Dy)
belongs to the non-commutative Lp-space for some p € (1,00), provided (1 + D3)~!/2 belongs to the non-
commutative weak L,-space for some r € [1, p). In the case M = B(H) and 1 < p < 2, we show that this
result continues to hold under the weaker assumption (1 + Dg)_l/ 2 € @,. This may be regarded as an odd
counterpart of A. Connes’ result for the case of even Fredholm modules.

0 Introduction

In a very general form, one of the basic problems of perturbation theory may be formulated
as follows.

I. If F is a continuous function on (—oo, co) under what conditions does the small-
ness of D — Dy imply that of F(D) — F(Dy)?

This paper is intended to study this problem when the function F = ¢ and D, (respectively,
D — Dy) is some self-adjoint (respectively, bounded self-adjoint) operator on the infinite-
dimensional Hilbert space I affiliated with M (respectively, from M). We shall measure
“smallness” of D — Dy (respectively, F(D) — F(Dy)) in the uniform operator norm (respec-
tively, in the norm of some symmetric operator space associated with M). The difference
between norms on the right and left hand sides makes virtually impossible the application
of well-known double operator integral techniques from [BSo1-3] and therefore new tech-
nique is required even in the simplest situation when M coincides with the algebra B(H)
of all bounded linear operators on . However, not only this makes the problem of inter-
est. Our choice of F is stipulated by the recent development of the theory of unbounded
Fredholm modules [Col], [Co2] and that of spectral flow [P1], [P2], [CP].

Let (M, 7) be a semifinite von Neumann algebra on the Hilbert space H with a fixed
faithful and normal semifinite trace, let E(M, 7) be a rearrangement-invariant Banach
space associated with (M, 7) and the Banach function space E (for the definitions see next
section) and let A be a unital Banach *-subalgebra of M.
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Definition 0.1 ([Col], [Co2], [CP]) An odd unbounded (respectively, bounded) Breuer-
Fredholm module associated with E(M, 7) and A, is a pair (M, Dy) (respectively, (M, Fy))
where Dy (respectively, Fy) is an unbounded (respectively, bounded) self-adjoint operator
affiliated with M (respectively, from M) satisfying:

(1) (1+D)~'/? (respectively, (1 — F2)'/?) belongs to E(M, 7); and
(2) A:={a € A | [Dy,a] € M} (respectively, A := {a € A | [Fy,a] € EM,7)})isa
dense *-subalgebra of A.

In the special case when M = B(H) and 7 is the standard trace Tr we shall omit the word
“Breuer” from the definition and speak about unbounded (respectively, bounded) Fredholm
modules (3, Dy) (respectively, (}, Fy)). In this case and when E = L, (i.e., when the non-
commutative symmetric space E(M, 7) coincides with the Schatten-von Neumann ideal €,
of compact operators T such that Tr(|T|?) < o00) the “bounded” part of Definition 0.1 is
a slight extension of Definition 3 from [Co2, p. 290] (where A = A and F2 = 1, see also
[Col, Appendix 2]). In the special case when M is a semifinite factor and E = L,, the
“unbounded” part of Definition 0.1 coincides with [CP, Definition 2.1]; and, in the case
M = B(H), it may be considered as an odd counterpart of the notion of an unbounded
even p-summable Fredholm module from [Col, Section 6, Corollary 3 and the remarks
thereafter]. Further, ifagain (M, 7) = (B(J—C), Tr) and if E is Marcinkiewicz function space

with the fundamental function ¥ (t) = logl/ 2(e* +1) (see [KPS] and Section 5 below), then
the “bounded” part of Definition 0.1 yields the definition of the #-summable Fredholm
module [Co2, Definition 4, p. 291].

Following the line of Connes’ results for the even case (see [Col, 1.6]), the importance
of the mapping (H, Dy) — (J—(, sgn(Do)) was recognised and outlined in [CP] for the
odd case. The smooth approximation of sgn(Dy) is the map

¢: D —s D(1+D?)~1/?

and the latter fact explains our interest in the difference ¢(D)—@(Dy). The results presented
in this article contribute also to the study of the mapping (M, Dy) — (M, sgn (DO)) which
was initiated in [CP] for the odd p-summable Breuer-Fredholm modules. At this mo-
ment it is far from being clear whether for an arbitrary odd unbounded Breuer-Fredholm
module (M, Dy) associated with E(M, 7), we may deduce that its bounded counterpart
(M, sgn(DO)) is associated with E(M, 7) as well. Though the even p-summable case was
settled in [Col], the odd case may require introducing weak L,-spaces (see [Co2, Sec-
tion IV.2] and [CP, Section 2.A]). In other words, question I (with F = ¢) is prompted by
and closely connected to the following problem.

II. Given the symmetric operator space E(M, 7), find a symmetric space F(M, 7)
such that (M, sgn(DO)) is an odd bounded Breuer-Fredholm module associated with
E(M, 7), provided (M, Dy) is an odd unbounded Breuer-Fredholm module associ-
ated with F(M, 7).

To answer Question I, we consider (see Sections 2—5) Lipschitz estimates of the type

(0.1) [¢(D) = (Do), < C - [|D = Do

https://doi.org/10.4153/CJM-2000-037-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-037-8

Operator Estimates for Fredholm Modules 851

where C > 0 depends on Dy. In Section 6, we consider Holder estimates of the type
(0.2) |#(D) — ¢(Do)llzcwe.r) < C - [ID— Do

Our general approach to the estimates (0.1) is based on a systematic use of generalized
s-numbers of measurable operators [FK] and symmetric operator space theory. After gath-
ering in Section 1 below some basic facts concerning symmetric spaces of measurable op-
erators, in Section 2 we reduce the problem of calculation of the norm ¢(D) — ¢(Dy) in the
norm of symmetric operator space E(M, 7) to the calculation of some integral whose inte-
grand depends only on the behaviour of generalised s-numbers of the operator (1+D3)~'/2
in an appropriate symmetric function space E (see Propositions 2.4, 2.6). This approach
leads to the selection of a rearrangement-invariant ideal J(E) C E consisting of all func-
tions from E for which the integral converges. The study of J(E), in the special cases of
L,-spaces, Lorentz and Marcinkiewicz spaces, is presented in Sections 3, 4 and 5 respec-
tively. These sections contain an account of joint results of the author with A. Sedaev and
E. Semenov (announced in [SSS]), and the author wishes to thank them for their kind
permission to publish these results in this paper. We place earlier estimates of [CP] for L,-
spaces in the setting of non-commutative Orlicz and Lorentz spaces. This viewpoint allows
improvement of several results given in [CP].

In Section 6 we present some results which indicate the intrinsic connection between our
theme and the study of H6lder and Lipschitz continuity of the absolute value in the setting
of operator spaces. Combined with the Birman-Koplienko-Solomyak inequality [BKS] this
approach allows to obtain estimates of type (0.2).

All the results presented in this article may be easily reformulated to also contribute
to the resolution of Question II. For example, Corollary 6.8 asserts, that for any odd un-
bounded p-summable Fredholm module (3, Dy), 1 < p < 2, we have that (J—C, sgn(DO))
is a p-summable odd bounded Fredholm module. This complements results of A. Connes
for the even case [Col, Section 6]. Using the same method, it may be easily verified that the
space F(M, 7) arising in Question II may be taken to be J(E)(M, 7).

Work on this paper was initiated during a visit to the University of Haifa and the Weiz-
mann Institute of Science (Rehovot). The author wishes to thank his hosts J. Arazy and
M. Solomyak for their insights, assistance and encouragement. Special thanks are due to
A. Carey and J. Phillips for bringing this circle of ideas to the author’s attention, and for
their comments on earlier drafts of this paper. The author also wishes to acknowledge
fruitful conversations with P. Dodds and with Yu. Farforovskaya who strongly influenced
the development of Section 6.

1 Preliminaries

We denote by M a semifinite von Neumann algebra on the Hilbert space HH, with a fixed
faithful and normal semifinite trace 7. The identity in M is denoted by 1. A linear operator
x: dom(x) — H, with domain dom(x) C XK, is called affiliated with M if ux = xu for all
unitary u in the commutant M’ of M. The closed and densely defined operator x, affiliated
with M, is called 7-measurable if for every e > 0 there exists an orthogonal projection
p € M such the p(H) C dom(x) and 7(1 — p) < e. The collection of all 7-measurable
operators is denoted by M. With the sum and product defined as the respective closures of
the algebraic sum and product, M is a *-algebra.
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Given a self-adjoint operator x in J{ we denote by ¢*(-) the spectral measure of x. Now
assume that x € M. Then e/*!(B) € M for all Borel sets B C R, and there exists s > 0 such
that T(e""(s, oo)) < 00. Forx € M and t > 0 we define

As(x) := 7 (e (s, 00))

and
wy(x) :=1inf{s > 0: T(e‘xl(s, oo)) <t} =inf{s > 0: A\(x) < ¢}

The function A,(x): [0,00) — [0, 00] is called the distribution function of x and the func-
tion p(x): [0,00) — [0, 00] is called the generalized singular value function (or decreasing
rearrangement) of x; note that y,(x) < oo forall t > 0. We note that a sequence {x,} C M
converges to 0 for the measure topology (see [FK]) if and only if p;(x,) — 0 forallz > 0.
Equipped with this measure topology, M is a complete topological *-algebra.

If we consider M = Lo (R*, m), where m denotes Lebesgue measure on R, as an
abelian von Neumann algebra acting via multiplication on the Hilbert space H =
L,(R*, m), with the trace given by integration with respect to 1, it is easy to see that M
consists of all measurable functions on R* which are bounded except on a set of finite
measure, and that for x € M, the generalized singular value function p(x) (respectively,
the distribution function A(x)) is precisely the decreasing rearrangement of the function
|x| (respectively, the distribution function of |x|) and in this setting, u(x) is frequently de-
noted by x* (respectively, M| ). As usual, for x € M, we define

t
x*(t) == % / x*(s)ds, forallt > 0.
0

It is easy to see that 0 < x*(¢) < x**(t), t € (0,00). We recall also that the dilation operator
05 s > 0 on M is defined by

ox(t) = x(s71), xe M.

If M = L(F) and 7 is the standard trace, then M = M and the measure topology
coincides with the operator norm topology. If x € M, then x is compact if and only if
lim;_, o p:(x) = 05 in this case,

,un(x) :,Ut(x)a te [I’l,l’l-l—l), n=0,1,2,...,

and the sequence {p,(x)}52, is just the sequence of eigenvalues of |x| in non-increasing
order and counted according to multiplicity.

Using the generalized singular value function, it is possible to construct certain Banach
spaces of measurable operators. In particular, the non-commutative L,-spaces (1 < p <
00) associated with (M, 7) can be defined by

L,M,7)={x€ M: p(x) € L,(R",m)},

equipped with the norm ||x[|, := ||(x)[|p, x € L,(M, 7). It is not difficult to see that this
definition coincides with the definition of non-commutative L,-spaces as in [Ne], [Te]. If
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M = B(H) with standard trace, then these non-commutative L,-spaces are precisely the
Schatten classes C,, 1 < p < o0.

We will consider non-commutative spaces of more general form and now briefly de-
scribe their construction.

By L°(R*, m), we denote the space of all C-valued Lebesgue measurable functions on R*
(with identification m-a.e.). A vector subspace E C LO(R™, m) is said to be a rearrangement-
invariant ideal if it follows from x € E, y € L°(R",m) and y* < x* that y € E. A

Banach space (E, || - ||g), where E C L°(R",m) is a rearrangement-invariant ideal and
y* < x*,x € Eimply ||yl < ||x||g is called a rearrangement-invariant Banach function
space. Furthermore, (E, | - ||g) is called a symmetric Banach function space (respectively,

fully symmetric Banach function space) if it has the additional property, that x, y € E and
y** < x** (respectively, x € E, y € L°(R",m) and y** < x**) imply that ||y|p <
|lx||e (respectively, y € E and ||y||[g < ||x||g). Any exact interpolation space for the pair
(Ll(lRU, m), Loo (RY, m)) is fully symmetric (see [BS], [KPS]). Dilation operator o, s > 0
acts boundedly in any rearrangement-invariant Banach function space (E, || - ||g) [KPS,
Theorem 11.4.4).

Recall (see [KPS]) that for an arbitrary rearrangement-invariant function space E =
E(0, 00) the fundamental function of E, ¢x(+), is given by

oet) = |Ixjo0lle, t>0.

Given a semifinite von Neumann algebra (M, 7) and a symmetric Banach function space
(E, || - ||g) on (R*,m) we define the corresponding non-commutative space E(M, 7) by
setting

EM,7) = {x € M: u(x) € E}.

Equipped with the norm [|x||gv,r) = [|[(x) ||, the space (E(M,7), || - |leov,) is a Ba-
nach space and is called the (non-commutative) symmetric operator space associated with
(M, 7) corresponding to (E,|| - ||g). If E is one of the familiar Lorentz (respectively,
Marcinkiewicz) function spaces (see [KPS], [BS]), then the spaces E(M, ) given by the pre-
ceding construction coincide with Lorentz (respectively, Marcinkiewicz) operator spaces
introduced in [O1], [O2].

The previous definition is still valid for rearrangement-invariant function spaces E pro-
vided that E is a subspace of an exact interpolation space for the pair (Ll(]R{+,m),
Loo (RY, m)) (see [CS], [DDP1], [DDP2], [SC]). Any rearrangement-invariant space
(EOV,7), || - ||lEat.m)) is continuously embedded into M.

In the present article, we shall work mainly with the Banach space

EMV, 1) ==MnN (EOV7), | - [leove,n)
equipped with the norm
|- leeve,ry = max{[[ - ||, [| - [[rave.m }-

It is easy to see that (E(M,7), || - [[e(m,r) is symmetric operator space corresponding to
symmetric function space € := L (0, 00) N E.
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2 Lipschitz Estimates: Symmetric Operator Spaces
In what follows, we shall let dy € Lo (R*, m) be given by
do(t) := p(1+DY)"7, t>0.

If dy € E then it is clear that (1 + D)~'/2 € E(M, 7). Moreover, if M is non-atomic,
then it is easy to see that

(1+D)™ V2 e &M, 1) <= dy € &.
We denote by M; := M ® M,(C) the von Neumann algebra of all 2 x 2 matrices
71— (X1 X2
[x,]] (le xzz)

with x;; € M, 1, j = 1,2, acting on the Hilbert space H & H. If for 0 < [x;;] € M, the
trace 71 is defined by setting

71 ([xi;]) = 7(x11) + 7(x22),
then (M, 1) is a semifinite von Neumann algebra. Now suppose that x € M and define

m(x): dom (w(x)) —HeH

m(x) = (g 8) ;

where dom (7r(x)) = dom(x) @ H. It is easy to see that w(x) is affiliated with M, and
further w(x) € M;.

We note that it follows immediately from [DDPS1, Lemma 2.1] that u,(x) = p (w(x))
for any t > 0 and any x € M, where p, (7 (x)) is the generalised ¢-th singular number of

by

the operator m(x) € M,. If E is a symmetric Banach function space on R*, it follows that
the operator 7(x) belongs to E(M;, 71) if and only if x € E(M, 7) and in this case

[ Clev, ) = Il
Let Pp,, Pp € B(HPIH) be orthogonal projections on the graphs of Dy and D respectively.
For brevity we set

1, 1
ht) :== 1+ Et2 + Et(t2 +4)2, t>0.

Our first result shows that distance between projections Pp, and Pp calculated in the
metric of the space E(M,, 1) is Lipschitz continuous with respect to small perturbations
D — D,.

Theorem 2.1 Let E be a rearrangement-invariant Banach function space on R, let
(1+D})~2 € EOM,7) and let (D — Dy) = (D — Dy)* € M. Then P, — P, € EM;,71)
and moreover

1Pb — PpyllEvsm) < 2]|D = Dol - (h= + B)(|D — Doll) - |1 + D)™ [[zv, -
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Since h(1) < 3 the preceding estimate implies immediately that
2.1) 17D = Py lleve,m) < 10[/dole - |D — Dol

whenever |D — Dyl| < 1.

Proof It follows from the equality
Pp = Pp, = Pp(1 = Pp,) — (1 = Pp)Pp,
that to prove the assertion of the theorem it suffices to show that
(22)  [[Po(1 = Pp)re,m) < 1D = Dol - (b2 + WY(ID = Do) - |1+ D§) ™ lecae.r)
and
(2.3) [|(1 = Pp)Pp,[lere, m) < D= Dol - (B2 + B)(|D = Do) - (1 + D§) ™% [| ot -

We shall check (2.3) first. Given w € H @ H there exists £ € dom (D) such that

(¢
Poow = <D0§>'

Taking into account that the matrix of projection Pp, is given by (see [CP, Appendix A])

P (1+D»)~' D(1+D»)!
b=\bp1+D¥»' D*(1+D*!
and applying the spectral theorem we get
D*1+D*)™" —D(1+D*)M (£
—D(1 + D?*)7! (1+D»)! Doé

D*(1+D*)~'¢ — D(1 + D?)~'Dy¢
(—D(l +D?)71E - (1+ D2)1D05>

(1 — TD)TDOW = (

2.4

24 ~ (D(1+D*)7'DE — D(1 + D*)~'Dyé
B ( —(1+D?)~1D¢ — (1+ D*)~'Dpé )
_ (D(1+D*)"1(D — Dy)¢
B (—(1 +D2>—1(D—Do)£>‘

Let

1 0 0 1
Q:= <0 0) and U := (1 0)

be an orthogonal projection and a unitary operator from B(H @& H) respectively. Since
Qw; ®wy) =w; &0, U(w G wy) = (wy B wy) for any wy,w, € H, it follows from (2.4)
that

(2.5) Q1 — Pp)Ppw = 7(D(1 + D*)~"(D — Dy)) QPp,w

https://doi.org/10.4153/CJM-2000-037-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-037-8

856 E. A. Sukochev
and
(2.6) (1 - Q)1 = Pp)Ppw = Ur(—(1+D*)~(D— Dy)) QPp,w.

Using the fact that the uniform operator norms of the operators Q, U, Pp, are all one and
using the simplest properties of generalised singular numbers we get from (2.5) and (2.6)

1 (QUL = Pp)Pp,) < e (W(D(l +DY)I(D — Do))>

= (D1 +D*) (D — Dy))

2.7)

and

(1= Q1 = Pp)Pp,) < e
o (1= Q1 = Po)Pp,) < pu(

= ((1+D*)~1(D — Dy))

x((1+D) (D - DO)))

respectively. Since for any a € M and x € E(M, 7) we have

llax|[eave.ry < llall - [1x]|zove.r)

we infer that (2.7) and (2.8) imply in turn

(2.9) 1Q(1 — Pp)Pp,|[Evt,,r) < IID = Dol - [D(1 + D)~ govr)
and
(2.10) [(1 = Q1 = Pp)Ppyllevt;m) < 1D = Doll - [[(1+D*) g,

Via [CP, Appendix B, Lemma 6] and since (1 + D)~ < (1 + D)~ 3, we have

o (1 + D)~ |zavry < h(||D = Do) - [(1 + D§) ™)
2.11
1
< h(||D = Doll) - [|(1 + D)~ || zve,m)-

Since D(1 + D?)~' < (1 + D*)~% and again via [CP, Appendix B, Lemma 6] (combined
with the fact that 0 < x < y implies 0 < x3 < y%) we have also

o ID(1 + D)™ [y < 11+ D)~ [|rne.r)
< h2(||D = Do) - (1 +D2) ™2 e, -

(2.3) follows now from (2.9), (2.10), (2.11) and (2.12).

The inequality (2.2) may be obtained via the same arguments (replacing D by D, and
vice versa) used to establish (2.3) if it is noticed that

HTD(l - iP1:)0)||E(3\/f17"'1) = ”(1 - TDO)TD”E(MHTI)’
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This completes the proof of Theorem 2.1. ]

We further let for brevity
H(t) =2t (h+h?)(t), t>0.
Corollary 2.2 If (1 + D2)"2 € E(M, 7), then

Dy

D —_=
_ . < H(|D = Do) - |(1 + D2)™[|ecov. )
(1+D%*) (1+D2)
0

E(M,7)

and therefore

Dy

D 1
(1+D?) (1+D?2) < 10[|D = Dy - [|(X + Dg) ™ || v,
0

E(M,7)

whenever |D — Dy|| < 1.

Proof The assertion of Corollary 2.2 follows from that of Theorem 2.1 combined with the
following two easily seen facts:

0 1%_ D]OJ
_ _ — +D? 1+D?
Q(Pp —Pp,)(1—-Q) (0 0 )

0 2% - & D D
1+D? 14D} 0
= —— - —=), t>0.
“f(<0 0 )) “‘(1+D2 1+D3)

This suffices to complete the proof of Corollary 2.2.

and

Corollary 2.3 For any A > 0 and any rearrangement-invariant operator space E(M, 1) we
have

(2.13)

D D,
1+X+D?> 14+X+D}

1+ 1+ A

_ 2\ —1/2
< HUD Doll>.H(1+ %)

E(M,7) E(OM,7)

Furthermore, if ||D — Dyl| < 1, then

D Do
1+X+D?> 14+X+D}

—1/2
_ 10JD-Dy|| <1+ D; )
B LA 1+

E(M,7)
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Proof The assertion of Corollary 2.3 follows immediately from that of Corollary 2.2 and
the definition of the function H:

D Dy
L+A+D? 1+ A+Dfllgoen
.\ 1+X\) 2D 1+)) D
1+N" ( ( ) T2 ( : . 2)
L+ (1+N)7:D)" 1+ (+X)72D0)" ) [l

1 D — DO
<(1+)N (H e

b N —1/2
) (5m))
(1+ )12
E(

D2 —1/2
< (1+N)'H(||D — Dy|)) - <1+ 0)

i)

1+ A

E(M,7)

We let

oo . . D(Z) 7%
2.14 = —2.(1 B 1
(2.14) Jou /0 AE (14N ( +1+A)

It should be pointed out that for an arbitrary Dy the number Jp, ¢ is finite and that
Jp,,e < oo if and only if Jp, < co. The next proposition gives the upper estimate for
lo(D) — ¢(Do)llev,r) provided Jp, g < oo and thus shows that the study of (2.14) is
crucial in our present approach.

dA.
E(M,7)

Proposition 2.4 Suppose that (1 + Dé)_% € EM, 1) and Jp, p < oo. Then

D D
r— ——— € &0, 7),
(1+D?: (1+D}):
and
D D 1
(2.15) I < — H(ID=Dyl)) o, e
(@+D%)> (14D o0
In particular,

D Dy
(1+D?: (1+D3):

10
< 2D = Doll Joue
EM,T)

whenever |D — Dy| < 1.
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Proof For any A > 0 we let

. 1 D DO
JA) =X '<1+)\+D2 a 1+)\+D(2)>'

It is clear that j is simultaneously M-valued, E(M, 7)-valued and €(M, 7)-valued function.
In each case it may be checked directly (via the Spectral Theorem and simplest properties
of symmetric operator spaces) that j is a continuous function. We show first that the (Rie-
mann) integrals of the function j(-) over (0, c0) converge in all these three spaces.

By Corollary 2.3 applied to the symmetric operator space (M, || - ||) we have

Lo < FUP=Doll) H(ulDz)_ - H(ID = Dy|)

A (1+N)

)

AN + A

whence
(2.16) / 1] dA < oo.
0

(2.16) means that the Riemann integral (M) — fooo j(A) dX converges absolutely. Further,
by Corollary 2.3 and the assumption Jp, g < 0o we have

(217) / H]()\)”E(M",—) i\ < H(HD — D()”) . ]DO,E < 0.
0

(2.17) means that the Riemann integral (E(M, T)) - fooo j(A) dX converges absolutely. Fi-
nally, it follows from (2.16) and (2.17) and remark before Corollary 2.4 that

(2.18) / 15 et < HAID — Doll) - Jone < o0
0

and again, as before, (2.18) means that the Riemann integral (8(M,T)) - fooo F(A) dA
converges absolutely. )

Since the spaces M, E(M, 7) and E(M, 7) are continuously embedded into M we infer
that

— (N d)\ = — (N d\N= (€ — i(N)dM.
o0 /0]() (EOV, 7)) /0]() (£, ) /0]()

Thus, there exists an operator T € E(M, 7) such that

* D D,
2.19 T= [ X3 - dx
(2.19) /0 (1+)\+D2 1+)\+D§>
where the integrand from the right side converges in any of the norms || - ||, || - ||zov,-) and
Il - Il & v.7)- From the convergence in the uniform operator norm || - || of the right hand side
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in (2.19) we see also that for every £ € JH the Riemann integral () — fo A3
%}:Dé )€ d) converges and furthermore

1+)\+D2 -

_1 D Dy
(2.20) Te= / A (1+/\+D21+)\+D2>5d>\

From (2.18) and the simplest properties of vector-valued Riemann integrals we see that

o0
(221) W%mﬁﬁ/ i et dA < HUID = Doll) - Jppe < oc.
0

On the other hand from [CP, Appendix A, Lemma 4] we know that

(2.22)
D Dy 1 RSt D Dy
_ = —. A2 — dX
<(1+Dz)% (1+Dg)%)g 71' /0 <1+/\+D2 1+>\+D2)5

where £ € dom(D) = dom(Dy) and the integrand on the right converges in J{. It follows
from (2.20) and (2.22) that

D Do
((1+D2)z (1+D2)z>£_ e

for any ¢ € dom(Dy), whence

D Dy
(2:23) ((1+D2)2 (1+D2)2>g e

for any £ € JH. Thus we have just established the integral representation

(2.24)
D D 1 o | D D
e = (eotn) - [ xh< __ D de
(1+D»: (1+D}): ™ 0 1+A+D* 1+A+Dj
The assertion follows immediately from (2.21), (2.23) and (2.24). [ |

We shall present in Proposition 2.6 below different formulae which are intended to sim-
plify the calculation of Jp, r. We need first the following well-known technical lemma.

Lemma 2.5 If0 < x € M then the equality

Mot (w(x)) =9 (Ht(x))

holds for each t > 0 and any continuous increasing function ¢ on [0, co) with 1(0) > 0.
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Proposition 2.6 The following formulae hold for an arbitrary symmetric space (E, || - ||g).

(i)
(2.25) ]DO,E:/ 7 ! i H ! || dA

0o A2-(1+A)2 (d_12+)\)z E
(ii)

1 * du 1
2.2 - < < .
(2.26) 4]DU,E_/0 1 dio*'“ E_]DU,E
(iii)
> 1
(2.27) Ipy g < 00 <= / @ ’min (—,do> < 00.
’ . u u E

(iv)

o0 oo
1 1
(2.28) Jp,r < 00 = g " Hmin (n,d()) H < 00 <= E || min(27", dp)||g < 0.
E

n=1 n=1

Proof (i) Given A > 0 we let

1

wA(xw:(l”) ., x€(0,00) and 1,(0) =0,

1
2t

It is easily seen that 1, () satisfies the assumptions of Lemma 2.5 for any A > 0. If x, y €
(0, 00) are such that x = (1 + y)’% then we have

R A - AU & T A U
(1+1+)\> _< 1+ A C\L A = N,

and it follows that

ol

D \~ 1
(1+135) = wenh.

By Lemma 2.5 and the definition of ¢, we have

D\’
1
( +1+>\>

! 1+))3
= |lva (e (1 +Dg) ) || = 1+

1
1 2
S BN
EQV7) (u%_)(HDg)f% )
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The equality (2.25) now follows from (2.14)

1

o 1
ME_A A#u+»%'(

ol

L + )

1
12, (14D}) 2

:/ 1 ! T ! 1 aA
o A (1+A)z |[(£+A):
0 E

E

dX

F. A. Sukochev

(ii) Substituting in (2.25) A = u? A\ — 2dy and taking into account that ar +bi <

2

V2(a+ b)% < \/f(a% + b%), 0 < a,0 < bwe get (2.26) as follows

1

° 1
ME_A MaEnt

£ )

ol

0

1

1
1

/°° du
<4
o u-tl d—0+uE

/°° 2du
- T’ 1
0 (M2+1)2 (dié_l_uZ)z

1

/°° du
§4 5 T

3 1
o (u2+1)2 (d_ﬁ

=4]p,E.

(iii) Since it is obvious that

/1 du 1
1
o utl 5 tu B
and that foru > 1
1 1
1 ~N oo N T
d—0+u E max(u,%) E

1
+uz)2 .

on i)
u

(here and below =~ signifies two-sided estimate) we get (2.27)

> du
]Do,E < 00 <=
1 u+

Hmin <l,do>
1 u
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E

1

du
< ——\ldpllg =In2 - ||dol|lp < o0
_/ou+1”0”E n2-||do|l

[ (o)
< 00 &= — ||min { —, dy
E . u u

< Q0.
E
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(iv) Since the function 1| min(%, dy)||s, u € [1, 00) is decreasing we infer from (2.27)
u u g

that
1
’min <—, d0>
u

< 00.

* du
]DO,E <00 <— —
1 u E

=1 1
< o0 <= E - Hmin (—7d0>
E —1 n n

Finally we note that since

1 . 1 d
on+l ©|(rmn 2n+1’ 0

2"

2n+1711 1
< - min - d
DN 1D

E j=on

E

we have that

oo
< 00 &= Z | min(27", dp)||r < 0. u

1
n
E n=1

D

00
n=1

min (l, d0>
n

Throughout the rest of the article we shall be concerned with the description of the sets

JE):={dy € E: Jp,g < oo}, JE):={f€E:ulf) B}

which are of interest in their own right. It turns out that J(E) is a rearrangement-invariant
ideal (see below Corollary 2.8). To see this we first present a slight generalization of [BM,
Proposition 1.4].

Let G C {x = x* : x € L'(R",m) + L>°(R",m)} be such that x,y € G imply that
xt+yecG.

Proposition 2.7 The smallest rearrangement-invariant ideal Ng containing G coincides with
the set G given by

G:={x e L'(R",m) + L°(R", m) :
dq = q(x) > 0 such that x* < qo,(g") for some g € G}.
Proof By [BM, Proposition 1.4], for an arbitrary y € L'(R*, m) + L>(R*, m) we have
that the smallest rearrangement-invariant ideal N, is given by the set {x € L'(R",m) +
L>(R*,m) : 3q = q(x) > 0 such that x* < qo,(y*)}, and it follows immediately that
GC§C Ng.

It is easy to see that y € G, |z| < |y| imply z € G and therefore to complete the proof we
need only to show that § is a vector space. To this end, let y,z € G. Then we have

y* < qog(vh), ZF <so(w")
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for some v, w € G and some positive g, s. Letting n := max{q,s}andu = v+ w € G we
see that
y* <Non(u*), 2" <Non(u")

whence, via [KPS, 1.2.23],
(y +2)* < 2Naoan(u*). n

Corollary 2.8 For an arbitrary rearrangement-invariant Banach function space E the set J(E)
is the smallest rearrangement-invariant ideal containing J(E).

Proof Since
min(a, b + ¢) < min(a, b) + min(a, c¢)

for an arbitrary a,b,c > 0 we immediately infer from (2.28) that fi, , € J(E) imply
fi + f» € J(E). Again by (2.28) we have g € J(E), provided that 0 < ¢ < f, f € J(E).
Therefore, by Proposition 2.7, it suffices to show that o,(f) € J(E) for an arbitrary f €
J(E) and arbitrary s > 0. Since for any s € (0, 1] and x* = x € L;(R", m) + Lo (R", m) we
clearly have ox < x, it follows that o, sends J(E) into itself for any s € (0, 1]. Further, for
s € (1,00) and « > 0, we have that

o=l ()]}
=m{st: |f(t)] > a}

= sny(a),

(see also [KPS, p. 98]) and therefore

o (min(a, )(1)) = o5(ax(on @) @) + FE)Xn/(@),00) (1))
= aX[O,snf(oz))(t) + f(t/s)X[snf(a),oo)(t)

= QX [0,1,,p() (1) + Os( L)) X 1,05 (0),00) ()

= (min(a, O'S(f))) (t).

Using the fact that o, boundedly acts in E [KPS, Theorem 11.4.4] we deduce from the latter
that

(D Imin", Pl < 00) = (D limin(27", a(N)ll; < o).
n=1 n=1

The latter, again by (2.28), implies that o; (2] (E)) C J(E) for any s > 1 and this completes
the proof of Corollary 2.8. ]

Since J(E) is a rearrangement invariant ideal, it is natural to study it by means of the
theory of rearrangement invariant spaces. In the next section we shall study J(L,) in terms
of the asymptotic of d; (respectively, n4,) on infinity (respectively, in zero) and to this end
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we shall employ so called weak-L,-spaces and a certain family of Orlicz spaces. In Section 4
a complete characterization of J(E) is given in the setting of Lorentz spaces. Results of the
fourth section will be subsequently used in Section 5 where the ideal J(E) is studied in the
setting of Marcinkiewicz spaces.

3 Lipschitz Estimates: L,-Spaces

We begin with the simple and frequently encountered in the applications case when the
function dy (equivalently, the operator (1 + Dé)*%) satisfies a “Lorentz space”-type condi-
tion of the form

(3.1) do(t) <Ct™r C,r>0,
for sufficiently large #; or, equivalently,
(3.2) ng,(s) <C's™" C'yr>0

for sufficiently small s. It is convenient to employ the terminology and notation from the
interpolation theory.

Definition 3.1 [LT2] For1 < p < oo,1 < g < 00, L, 4(0, 00) is the space of all locally
integrable real valued functions g on (0, co) for which

o 1/q
||g||p,q<q/p / (rl/Pg*m)er/t) <o,

For 1 < p < 00, L) (0, 00) is the space of all functions g as above so that

gl .0 = supt'/Pg*(t) < oo
t>0

Recall (see [LT2, pp. 142-143]) that L, oo = L) (0, 00) is a linear space and though
| - || p.00 does not satisfy the triangle inequality, nevertheless, the space L, o, can be made
into a symmetric Banach space if p > 1 by introducing an actual norm ||| - |||,cc which
satisfies ||g]/p00 < |/Ig]|[po0 < C(P)|Igllp,00- In fact, the spaces Ly, and L,  are spe-
cial examples of Lorentz and Marcinkiewicz function spaces (see below, Sections 4 and 5
respectively).

The following inclusions are well-known (see [LT2, p. 143]) and may be verified directly
via Holder inequality:

(33) Lroo :Lr,oo ﬁLoo nga 7'<Pa
and
(3.4) Lp - Lp.,oo ClLliw, p<s
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Theorem 3.2 For every p € (1, 00) we have

(3.5) U Lroo € I(L).

r<p

Proof Let f(t) = t=7,t > 1and let f(t) = 1,0 <t < 1. Then, given n € N, we have
27" = f(2"), whence

(oo} » p
(3.6) | min2~", f)[% = zfnp.znq/ g Str—p).
2nr p—r
It follows immediately from (3.6) that
(3.7) > [ min2™", ), < oo.

n=1

By Proposition 2.6 we see from (3.7) that f € J(L,). The embedding (3.5) now follows
from Corollary 2.8. ]

The next Corollary in an implicit form is contained in [CP, Proposition 2.4].
_1

Corollary 3.3 If (1+ D)~ € L,(M, 1) for some p € (1,00), then for given € > 0 there
exists a constant C, depending on p, € and Dy only, such that

and further, if |D — Do|| < 1

< C-H([D = Do)

D Do
(1+D?: (1+D2):

Lpte

D Dy
(1+D?: (1+D2):

< 10C - ||[D — Dy|.

L pte

_1

Proof By (3.4) the assumption (1 + D3)™2 € L,(M, 7) implies that (1 + D%)’% €
Lsoo(M, 7) forany p < s < p +¢€, € > 0. The assertion follows now from Theorem 3.2
and Propositions 2.6, 2.4. |

We shall further strengthen the result of Theorem 3.2. In this section this aim will be
achieved via replacing of condition (3.1) (respectively, (3.2)) by

(3.8) do(t) < Ct™7 -In"%¢ C,p,a >0,

for sufficiently large ¢ (respectively,

(3.9) ng,(s) <C's7P-In" (1) C',p,a>0
s
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for sufficiently small s.) In the next section another strengthening of Theorem 3.2 is
achieved via the use of Lorentz spaces (see Corollary 4.5).

It should be pointed out that the conditions (3.8) and (3.9) are not equivalent to each
other and therefore will be treated separately. It turns out that the most convenient way
to consider a class of functions which satisfy (3.8) is to introduce a certain Orlicz space.
We shall recall below some notation and definitions concerning Orlicz spaces (for more
substantial information we refer to [KR], [LT2], [BS]).

Let @ be an Orlicz function on [0, c0) (i.e., ® is a continuous convex increasing function
on [0, o) satisfying ®(0) = 0 and ®(c0) = o0). The Orlicz space Lg ([0, oo)) is the space
of all measurable functions f on [0, co) so that

/0°°(I)<|f(pt)|> dt < oo

for some p > 0. The (Orlicz) norm in Lg ([O, oo)) is defined by

|f||¢=inf{p>0:/ooo¢<@> dt§1}.

Definition 3.4 Welet L(p,q), 1 < p, q < oo be the Orlicz space Ly, , [0, 00) with @, ;)
given by

1
(P(P;‘i)(u) .= yP 1n? (; + e) , u>0, ¢(p7q)(0) = 0.

Clearly L(p,q) C £, forany g € [1,00) and ||g][, < gl for any g € L(p,q). The
next proposition shows that L(p, q) is bigger than | J.__ L,, provided p < g.

r<p

Proposition 3.5 Fors € [1,00) and for q € (p, 00) we have

(3.10) ULr C L(p,s) and L(p,q) # ULr.

r<p r<p

Proof To establish the first assertion from (3.10) its suffices to show (see Definition 3.1)
that the function ¢ given by

1, ifo<t<e
t) = 1 B
¢r) {t_7, ift >e

belongs to L(p, s) as soon as r < p. Indeed, since

[eS) 0o p
/ Dy (C(1)) dt:/ (til) (¢ +e) dt

_e [ )

dt

[
r Je tr

< 0
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we have, by Definition 3.4, that { € L(p,s).
To prove the second assertion from (3.10) we let « be a fixed positive real number such

that o > % and
1, ifo<t<e
§(t) = {t_l a _

poln” %, ift >e.

It is obvious that for any C > 0 the inequality
EB)<C-t7r, t>0

does not hold (uniformly on t) if r < p. Therefore,

£¢ | JLroo-

r<p
On the other hand,
= o 1 b s
/ Dy g (E(1)) dr = / < I > ~In(¢7 - In®t +e) dt
e e tr -In%t
< e /°° In?(¢) + aIn?(In(r))
—p Je t-In®?(¢)
2q 00 1
Si'(1+a)'/ Tdt
p e t-In*P7I(1)
< 00,
and, again by the definition of L(p, q), we have £ € L(p, q). ]

In view of Proposition 3.5, the following result is a strengthening of Theorem 3.2.

Theorem 3.6 For any p € [1,00) and any q € (p, o) we have
L(p,q) € J(Ly).

Proof Let f = f* € L(p,q), | flla,, = 1. Thanks to Proposition 2.6 we need only to

show that
> Jmin (7.1)

k=1

< 00.
LP

Lett; = inf{r: f(t) < 1}, k=1,2,... . Since

(1)

1

+</mfﬁﬂw>i k=1,2,...
L, t

1
< H‘X[o,r)
L, k ‘
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it suffices to show that the following two series

oo 1 < 0o %
; - f"(t)dt>

converge. To show that the first series from (3.11) converges we note that

11
(3.11) Z % H%X[O,tk)

k=1

1
%X[Oﬁk) < ||fX[0-,tk)||<I’(p.q) <1

(I)(P-,q)

1 P ty 1 p
fy - <_> In?(k + ¢) :/ (—) ~Inf(k+e)dt < 1.
k o \k

It follows immediately, that

whence

1 _4
HX[O.,fk)”Lp = tkp <k-In P(k-i— e).

Since, by the assumption, p < q it follows that

Zl
X kX[O )

k=

=1
L SZE In"7(k+e) < oo
P k=1

and we are done with the first series.
To show that the second series from (3.11) converges we note that for ¢ > #; one has
f) < % and it follows that

lnq(k+e)/ fP(¢)dt </ fP(t) - In? (m +e) dt

- / Do (F(0)) dr

<1

(/Oo fp(t)dt)P <InF(k+e)
tk

whence, again by the assumption p < g,

It follows, that

> l( > > 1 ,1
z fe(t) dt) - r(k+e) < oo.

It completes the proof of Theorem 3.6. ]
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Remark 3.7 (i) It follows from the proof of Proposition 3.5 and Theorem 3.6 that the
function
fo<t<e

1,
t) = 1
&) {t_5~lnat, ift >e

belongs to J(L,) for any o > HTP. It turns out that this estimate can not be improved in
the terms of (3.8). Indeed, for the function

o 1, fo<t<e
=N om Ty > e

we have

1
Ltu
n

Y

/m m4</w dt )i

e wHI\Je (Tt

l/‘x’ du /°° dt

2 . u+l\J, tIn'""Pr+uwr

>1/°o du </°° dt )P

“2J), ut1\Jo tIn"Pryur
1/‘oo du /“ dt \7

> -

“4), u+1\J, tIn'"Pt

1 [ 1 1
> - . du
8J, u+l Inuwp

= 00,

/°° du
o utl

P

AV
-

in other words (see (2.27)) n & J(L,).

(ii) It should be pointed out that the space L£(1,1) coincides with Lo, N LlogL :=
Llog L where, the space Llog L is the Zygmund space (see [BS, pp. 243, 266] and [BR]). It
follows from Theorem 4.3 and Corollary 4.4 below that J(L;) = Llog L.

Corollary 3.8 Ifp € [1,00), q € (p,00) and (1 +D%)_% € L(p,q) (M, T), then there exists
a constant C, depending on p, q and Dy only, such that

whenever ||D — Dy|| < 1.

D Dy
(1+D?): (1+D}):

< C-[[D— Dyl
L,(M,7)

We shall now see what information concerning distribution function 7 of element f €
J(L,) may be obtained in terms of estimate (3.9). For brevity we let

B(p,q) = {x =x" € L, : ne(A) < CA"FIn"1(1/A) for sufficiently small X > 0}.
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Theorem 3.9 Ifq > p + 1, then
(3.12) B(p,q) € d(L,) < B(p, p)-
Proof Forx € B(p, q) we have

27" 1/p CP 1/p
[ min(2™", x)||z, < (p/ CA PIn~ 21/ )N dA) = < l(nan)—qﬂ) .
0 q—

By assumption ~9*1 < —1 and we can infer now that 3°° | min(27", x)|[;, < oo,

whence, by (2.28), the first embedding in (3.12) is proven.
Conversely, given x € J(L,) we have (again via (2.28)) that >~ ° || min(2™", x) llr, < o0
and since the sequence {|| min(27", x)||r, };2; decreases there exists a constant C > 0 such

that || min(2™",x)||;, < & foralln = 1,2, ... . In other words we have
Y. -
(—> Zp/ P70, (s) ds
h 0
-
>p P70, (s) ds
2—n—l

> n (27" (@7 — 27
=n (27" 27 (1 —27P),

or
ne(27%) < C2*kP = (C'In” 2)(27%) P In~P(2%)

forall k = 1,2,... and some C’ > 0. It easily follows from that the latter inequality that

x € B(p, p). This completes the proof of Theorem 3.9. ]

The following theorem shows that the description of n,, x € J(L,) given by Theorem 3.9
is exact in the terms of (3.9).

Theorem 3.10 Ifr > p, then
B(PaP + 1) g 3(1’1’) g B(P?r)-
Proof Let y = y* € L(0, 00) be such that

A PInTPN1/N), ifo< A< 1/4
ny(A) = A/ . <l
0, if\ > 1/4.

Clearly, y € B(p, p). On the other hand,

Imin@ " I, =p [ 970 ds

- /zn s lds
=P ) W

1
= C—
In® (n)
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for some C > 0 andany n = 2,3, ... . It follows immediately that 3 ° || min(2~", y)||r,,

= oo and applying (2.28) we see that y ¢ J(L,).
To establish the second assertion of Theorem 3.10 we fix p < s < r and set

oo
j+1
z(t) = 2272] X(tj,t,-+1)(t)7

ry
where fp = 0, t; = 202 = s forj=1,2,.... Thenn,(\) =t; if272" < X\ <27, whence
. n,(\) _oin .Y . tj
| _— 2 A< 2 =1 .
Jars (Sup { iyt ST e (272) P(In22)

2p2j —Js

300 20771 (In2) "

lim (In2)72/¢—9
]*)00
= OO’

i.e., z ¢ B(p,r). On the other hand for 2/ < m < 2/*! we have,

oo
. — _ _ okl
|| min(2 m,z)Hfﬂ =27t + E 277 (i — 1)

k=j
0o oo
<SSy =N "ok <o
k=j k=j
Hence,
oo oo 0o
Z I min(Zﬁm,Z)HLp < 22(*j5+1)/1721' —l/p ZZ(I*S/PU < 00,
m=1 j=1 j=1
i.e., z € J(Lp). This completes the proof of Theorem 3.10. [ |

4 Lipschitz Estimates: Lorentz Spaces

In this section we shall study another special case of symmetric operator spaces E(M, 7),
namely Lorentz spaces. Itis possible (see Theorem 4.3 below) to completely characterize the
ideal J(E) in this setting. It is interesting to note that this characterization may be applied
further to general symmetric spaces, in particular another strengthening of Theorem 3.2,
different in spirit from those given by Theorems 3.6, 3.9, 3.10, is presented in Corollary 4.6.

Definition 4.0 [KPS], [LT2] If): [0,00) — [0, 00) is a positive concave continuous func-

tion on [0, c0) with ¢(0) = 0, then Lorentz space Ay, = Ay[0,00) is the space of all
measurable functions g on [0, co0) so that

gl =/0 g (1) dip(t) < oo.
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Definition 4.1 Given symmetric space E we set

. « 1
Elogé = {x € & :min(1,x") - In (min(l,x*)) S E}

In the case E = A, we denote € log € as Ay log Ay.

Proposition 4.2 € log € is a rearrangement-invariant ideal in €.

Proof The inclusion x € €log € implies immediately that Ax € €log € forany A € C. The
implication

(4.1) (y*(t)gx*(t),t>0 and xeﬁlogﬁ) = y € Clogé

is also easy, if to take into account that the function f(¢) := ¢In(¢), t € (0, 1) is decreasing.
Further, it follows from [KPS, Theorem I1.4.4] that x 6 & implies ox € € foranys > 0,
therefore, taking into account that (x ln(l))* ln( ) (provided, |x| < 1) and
that 05( ~In(+ ! )) = oy(x*) - In( ( )) we 1mmed1ately 1nfer that x* € Elog& implies
os(x*) € Elog 8 This fact and (4.1) combmed with Proposition 2.7 give the assertion. M

If E is a Lorentz space, then the space € log € is a special example of (so-called) Orlicz-
Lorentz spaces and it may be equipped with a norm to become a symmetric function space
(see e.g. [Ka]). In this setting the space € log € is a direct generalization of the Zygmund
space Llog L (see Remark 3.7).

We will assume, that 9(t) — oo ast — oo so that Ay is separable, in particular, the
space Lo (0, 00)NL (0, 00) is dense in Ay, (see [KPS, CorollaryIL.5.3, p. 110]) and therefore
lim; o g*(t) = 0 forany g € Ay.

Without loss of generality we may (and shall) assume in this section that

do(t) < t > 0.

ml»—‘

The following theorem is the main result of the present section.

Theorem 4.3 IfE = Ay, then

J(E) = Elogé,
and therefore for any dy € Elog&, there exists a constant C, depending on 1 and Dy only,
such that
D D
| =cip-n
(1+ D?)3 (1+D)z V)

provided |D — Dyl| < 1.
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Proof The second assertion follows immediately from the first assertion and Proposi-
tion 2.4. It follows from Proposition 2.6, Definition 4.2 and (2.26) that we need only to
check that for f = f* € E

/°° du
o utl

To this end, noting that

1
Tvu
¥

f
() o
uty * 79

(1n(5)) 0= ln<f)

[
Lol )

/ wm( %iu>du~ll_1>dt
/ ﬂt)(r) “(W) v

2rm ()],

Sz/ooolf(?m o (f(r))w)dt

:2/0(><> u(ﬁll

Corollary 4.4 J(L,) = LlogL, and therefore for any dy € Llog L, there exists a constant
C, depending on Dy only, such that

provided |D — Dyl| < 1.

<oo<= fellogl.

and that

we have

> du
0 u+1

\ﬁlw

1
T .
f+u’l/)

D Do
(1+D?: (1+D3):

C-|ID— Dy
Li(V,7)
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Recall (see [KPS, p. 48]) that two positive functions ¢ and ¥ on (0, co) are said to be
equivalent if there exist positive constants C; and C; such that

Cip(t) < ¢(t) < Cuap(t), VYt > 0.

We further note, that the fundamental function ¢g is quasiconcave [KPS, Theorem 11.4.7]
and therefore equivalent to its smallest concave majorant ;5; [KPS, Theorem II.1.1 and
Corollary]. It is also well-known that A; is the smallest among symmetric spaces with
the fundamental function equivalent to ¢ (see e.g. [KPS, Theorem II.5.5], [BS, Corol-
lary 2.5.14]).

Taking into account that the norm E is majorised by the norm of Az [KPS, Theo-
rem I1.5.5] we arrive at the following corollary.

Corollary 4.5 For an arbitrary symmetric function space E it follows from dy - In( d,IO) €A 5
that dy € J(E) and therefore there exists a constant C, depending on ¢ and Dy only, such that

provided |D — Dy|| < 1.

D Dy
(1+D?: (1+D}):

<C-|[D=Dol
E(M,7)

In the special case E = L, 1 < p < oo we have ¢y () = q/S\L;(t) = tﬁ, 0 <t < ooand
A L= Ly, (see Definition 3.1). The following result yields new information concerning
'

J(L,) comparatively with Theorem 3.2.

Corollary 4.6 Ifd, - ln(dio) € L,1[0,00), 1 < p < oo, then dy € J(L,) and therefore there
exists a constant C, depending on p and Dy only, such that

provided |D — Dy|| < 1.

D Dy
(1+D%): (1+D2):

<10C-ID— Dy
L,(M,1)

To see that Corollary 4.6 indeed yields a strengthening of Theorem 3.2 we need to estab-
lish the following two assertions

(42) U Lr g Lp,l IOgLPJ, Lp.,l longJ ;é U Lr-
r<p rep

We shall essentially follow to the arguments and notation following Proposition 3.5. The
first assertion in (4.2) would follow from the embedding ¢ -In( %) € L, foranygivenr < p
(here we also used the fact that £, ; log L, is linear, rearrangement-invariant manifold).
The following simple calculation validates this fact

1 [e’e)
H<-1n<1> :/ dﬁ+/ tr In(t™7) dt?
C Pl 0 1
1

—1+ —/ t7 M n(e) de
1

r

< 0.
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The second assertion will be proven if it is shown that { € £, log L, for given o > 2. It
is confirmed by the following calculation

/ M.t%_ldt:l/ t='-In"%¢-Intdt
e t 7-In"%t P Je

1 o0
+—/ L In %t - In(Int) dt
« e
11 e dt
<2maxq —, — L a—1,
pa)l t-In" ¢

The following proposition shows that in most cases J(E) is a proper subset of A -

We let pp(00) = lim;_, o ¢£(t) and note that if a natural embedding of E 1nt0 its sec-
ond associate space (see [KPS, 11.4.6]) is an isometry, then ¢r(co) < oo if and only if
Loo(0,00) C E.

Proposition 4.7
(i) J(E) C Ay for an arbitrary symmetric space E.
(ii) If r(00) = oo, then J(E) # A .

Proof (i) Ifx = x* € J(E), |x| < % then, via (2.28), we have that foo d“|| mln( ,)||E <

oo and since
min [ —, x
u

— +x- 1
PRRACENEI) Xlny(L)

E

),00)

E

1
< ;”X[O ny( ||E + ||X X[ny (1 (3),00) HE

l
u

1
<2 Hmin (—,x>
u

we deduce that also [, 4 IX[0.1,(1)) llE < 00, or, in other words,

(4.3) / %QSE <nx <£>> < o0.
1

Substituting u = % in (4.3) we arrive at

E

1
(4.4) / ¢E(nx(t)) dt < oco.
0

Taking into account that n,(t) = 0, > % we have from (4.4), from the fact that ;S; and ¢g
are equivalent and from [KPS, formula (I1.5.4), p. 111] that

Il = / g2 (ma(0)) dt < oo.

https://doi.org/10.4153/CJM-2000-037-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2000-037-8

Operator Estimates for Fredholm Modules 877
(ii) We fix an arbitrary sequence of positive real numbers {a;}2°, such that >_:° a; <

0o. Using the assumption ¢p(co0) = oo we may always select an increasing sequence of
positive reals {;}2°, such that

5= In(¢e(t)) — In(a), i=1,2,...

is an increasing sequence of positive integers such that

oo
(4.5) Z(Siﬂ — 5)aj41 = OO.
i=1
We further let
a; . .
Gi=——(=e9), x:= GXlog), P=1,2,....
op(t;)

Clearly, -
Hleq;L :Ci(bE(ti):aia i= 1727"'

and since 377, [|xif|; = 327, a; < 0o we may now set

x,'EAq;E.

x%
[
=
i

=1

Since the functions ;i; and ¢y are equivalent we also have

lxillg = cide(t;) > Ca; i=1,2,...
for some C > 0. It follows that for s € (0, s;) we have e~* > ¢; and
(4.6) || min(e™, x)||g > || min(e™, x;)||z = ||xi]|g > Ca;.

It now follows from (4.5) and (4.6) that

o0 o0 o0
Z | min(e™*, x)||r = Z Z || min(e™*, x)||p > CZ(Sm — $5i)ajy = 0.
s=1 i=1

=1 5 <s<si11

The proof is completed since Y oo, || min(27,x)[[z > Y%, || min(e™*, x)|| (see (2.28)).
|

Remark 4.8 Given symmetric space E with the fundamental function ¢ we always have

ErG)

A¢~ CECM._:
E

(see [BS, pp. 71-73], [KPS, Theorems 11.5.5-5.7]), where M i is a Marcinkiewicz space
E(
(see Section 5 below). If E = L, [0, 00), 1 < p < 00, then ¢g(t) = tY/P and Ay, =Ly, and
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M_._ = L, o (see Definition 3.1 and [KPS, Theorem I1.5.3]). Proposition 4.7 (ii) shows

dE(t)
that even in this situation the assumption dy € L, does not guarantee that dy € J(Lp o).

Remark 4.9 (i) Combining Proposition 3.5 with Corollary 4.6 we obtain the following
strengthening of Theorem 3.2

L(p,q) +Lpiloghl, 1 € J(Ly), Vg€ (p,o0).

Generally speaking, the latter result is stronger than Corollary 4.6. Indeed, if * < o < 2,
then a direct verification shows that the function £ from the proof of Proposition 3.5 does
not belong to £, 1 log L, and therefore L(p, g) is not a proper subset of L, 1 log L, for
q € (p,2p—1), p > 1. However, exact relationship between the spaces L(p, q), p < gand
Lyiloghl, for p # 1, q # 1is still unclear.

(ii) An analogue of Corollary 4.4 for L,-spaces is not valid for p > 2. In other words, if
p > 2then L(p, 1) € J(L,) and, moreover, L(p,q) € J(Ly), q € [1, p — 1]. Indeed, let

1, ifo<t<eg
p(t) == ) .
@ n(n(i0r)? LiZ €

It is not difficult to verify that
peL(p,q), 1<q<p—1 and, ontheotherhand, p¢ L,;.

It now follows from Proposition 4.7 (i) that p ¢ J(L,).

5 Lipschitz Estimates: Marcinkiewicz Spaces

We recall at first the definition and some simple properties of Marcinkiewicz spaces and
associated concave functions, for more substantial information we refer to [KPS], [BS].
Let

U := {¢:[0,00) — [0,00) : ¥ is concave and increasing with tlim P(t) = oo}
—00

and let

Uy = {¢ € \Il:liminqub((zl‘l;) > 1}.

t—00

For example, given o € (0, 1] we set

. « 2 . !
G (t) :=In"(t+¢€°), t>0 and Y,(t):= ot e’ t > 0.

As it is easily seen, we have ¢, € U (however, ¢, ¢ ¥y) and ¥, € ¥, forall a € (0, 1].

It follows from [KPS, Lemma I1.1.4, p. 56] (see inequalities (II.1.30) and (II.1.23)) that
any function ¢y € ¥y is equivalent to the function fot ()71 dr, i.e., there are two positive
constants C;, C, such that

Cip(t) < / W(r)rtdr < Cy(t), t>0.
0
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For instance, it follows immediately, that given a € (0, 1] the function 1), is equivalent to
the function Li, (also belonging to ¥y) given by

. ! du
Lla(t) = /0 m

If @ = 1 we shall omit index in the notation Li, and use just Li.

Definition 5.1 [KPS] For 1 € ¥ the Marcinkiewicz space My, = My [0, 0o) consists of all
measurable functions x on [0, co) for which

t
Il = sup ﬁ / () ds < oo

t>0

It should be noted, that

(5.1) lxllar, = sup Y ()X (1)

where 1, (t) := ﬁ is the fundamental function of (My, || - [|m,) (see [KPS, Ch. IL.6 and
p. 101]). Recall tﬁat for an arbitrary ¢ € ¥ the fundamental function 1, is quasiconcave
[KPS, Theorem 11.4.7] and therefore equivalent to its smallest concave majorant ¢, [KPS,
Theorem I1.1.1 and Corollary].

For the sake of brevity in this section we shall employ the notation (Li%, || - ||;») rather
than (Mg, , || - [|my, )- It is clear, that since the functions v, and Li, are equivalent, we have
Li* = My, and the norms || - [|1;= and || - ||, are equivalent for any o € (0, 1].

In the case ¢ € Wy, a simpler formula to estimate norm || - ||y, than (5.1) may be
employed. Namely, the functional F: My, — [0, c0) given by

(5.2) F(x):= sup 9.(t)x"(t),

0<t<oo

is equivalent to ||x||u, (see [KPS, Theorem II.5.3]). Since the functions Li,(¢) and 1, (t)
are equivalent for any o € (0, 1], it follows immediately that ﬁ is equivalent to .

Do (t)
Therefore, given o € (0, 1], there exist positive constants Cy, C, such that

(5.3) Ci|lx||tie < sup In“(t + eH)x*(t) < Cal|x||rje, x € Li%.
p

0<t<oo

It is worth to note that if (M, 7) is B(H) equipped with the standard trace and o =
1 (respectively, a = 1/2), then Li®(M, 7) coincides with the ideal Li(J) (respectively,
Lil/z(iH)) considered in [Co2, p. 391].

Recall also that the space (My, || - ||u,) is a fully symmetric Banach function space, that
¥’ € My and that ¢’ ¢ L[0, 00), since 1)(00) = oo. In other words, My, € L, [0, c0). If

t
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then X[0,00) ¢ My), in other words Lo, [0, 00) §Z My. If (5.4) holds, then the set of all
x € M, for which

. 1,
hg{)floom/ox(s)dS—O

is denoted by Mfz. The latter space is a fully symmetric subspace of M,. An alternative
description of Mfz) is given by

xeEM,), }E}é(” min(s, x)|[m, + [|x*X[0,9lm,) = 0.

Indeed, the implication = follows from the fact that (My, | - ||r,) is a separable sym-
metric space [KPS, Theorem I1.5.4]. The implication <= follows from the fact that MS)
coincides with the closure of the set of all bounded functions of compact support in M,
[KPS, Lemma I1.5.4]. It follows from the description just given and Proposition 2.6 that
J(My) € MJ,.

More detailed information on the set J (Mw [0, oo)) is contained in the following theo-
rem, which is the main result of this section .

Theorem 5.2

(i)  For an arbitrary ¢ € U we have
AglogAy- C J(My) C Ay C M.
(ii) For an arbitrary ¢ € ¥, we have
IMy) NGy, = A NGy, J(My) NGy, = Ay NGy,
where
Gy, = {x =x" € L1(0,00) + Lo (0, 00) : Tt such that x(¢)1.(¢) is decreasing fort > o}

and Gy, is the smallest rearrangement-invariant ideal containing Gy, .
(iii) For an arbitrary 1 € V it follows from the embeddings

x€ My, and x7 €Ay
where

Hy, == {x=x" € L;(0,00) + Lo (0, 00) :

Ity such that x** (t)1. (t) is decreasing for t >ty },

thatx € J(My).
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Proof (i) The second embedding follows immediately from Proposition 4.7 (i) and the
first follows from Theorem 4.3 since AwN* is continuously embedded into My, (see also re-
mark following Corollary 4.4 and Corollary 4.5). The third embedding follows immediately
from [KPS, Theorem I1.5.5].
(ii) The embedding
d(My) N Gy, C Ay NGy,
follows immediately from (i). We shall now show that x € A@mgw implies x € J(My). To
4| min(L, x)[m, < oo (see (2.26)

and (2.27)), or equivalently, that for some positive A we have [ % | min(,x)||n, < oc.
By the assumption, there exists ¢, such that

oo

ensure the latter embedding, it suffices to show that [|

(5.5) x(t)e(t1) 2 x()he(t2), tHhH <t <ty

and without loss of generality we may take A so that % < x(to). It follows that nx(ﬁ) > to,
provided that u > A. It should be noted that, since x € G, we have m({t cx(t) = %}) =
0, u > A, therefore

. 1 1
min (u,x> = X0 () T X Xin(4),00)-

Using (5.2) and (5.5) we now have

5 min (25
— ||min | —, x
A u u M,
> du ya!
%A uF<m1n<u,x)>
* du 1
:/ W0 {(_'X[Omx(‘»(f)+x'x[m<l>,oo>(t)> w*(t)}
A U o<t<oo u ! *
:/m@max{ sup {lw*(t)},x<nx <l)>1/}* (nx (l>)}
A U o<t<ny (i) LU u u
- ()
A u u

Since x € AJ we may use the same arguments as in the proof of Proposition 4.7 (i) (see
(4.3) and (4.4)) to show that fAOO %w* (nx( i )) < 00. It completes the proof of the equality
dMy) NGy, = A;p: N Gy,

Let A (respectively, B) be the smallest rearrangement-invariant ideal containing g (M) N
Gy, (respectively, A;z)v N Gy, ). It follows from the first part of the proof that A = B.

Since J(My) N Gy, (respectively, A{p: N Gy, ) is a rearrangement-invariant ideal containing
J(My) N Gy, (respectively, A@« N Gy,) we see that A C J(My) N Gy, (respectively, B C
A;z): N Gy, ). However, using Proposition 2.7, it is easy to see that in fact A = J(My) N G,
and B = AJ N Gy, .
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(iii) Since

1 1 1
min (—,x) < min (—,x**) “X(ome-(2) + X X[en (1),00)
u u *

we, using the assumption x € H;,, and the same argument as in (ii), see that for sufficiently

large A
4G
— ||min | —,x
A U u M,
/ du <1 *>‘
< min x
A U My
= My ( t)+x- noses (1).00 (t)> *(t)}
/A u 0<t<oo{<u Xio,n, ))() Xlnes (1),00) (U
:/ * (nx** ( ))
A

Since x** € A~ we have f u2 N (”x**( )) < 0o and this completes the proof. [ |

Remark 5.3 (i) It should be pointed out that the rearrangement-invariant ideal G, in-
troduced in Theorem 5.2 (ii) is a proper subset of M. Indeed, if it were that G, = M,
then, according to Theorem 5.2, we have J(M,) N A~ ™ A and this is a contradiction
with Proposition 4.7 (ii).
(ii) Recall that symmetric space E has the Hardy-Littlewood property (notation: E €
(HLP)) if and only if
x€E=x""€cE

for every x € E (see, [KPS, 11.6.7]). If A;[ € (HLP), then we may replace the assumption
x** e A;z)v by the assumption x € A{f‘ By [KPS, Theorem I1.6.6 and (11.4.20)], we have

1 1, w*(st) : PEs)
(05 P o= (i ok = fim oo S50 = i sup 25 = o)

We shall now specialize our considerations to the case, when ¢y = v, a € (0,1] (i.e.,
when My, = Li®), and show in particular that

(5.6) L’ C JLiY), 0<a<pB<I1.

It is of interest to point out a certain resemblance with the situation in the L,-setting; we
refer here to the assertions of Theorem 3.2 and Corollary 4.6 (see also remarks given there-
after). For brevity we use below the notation Ajne for the Lorentz space Ajye(.1.¢2)[0, 00).

Proposition 5.4 For an arbitrary o € (0, 1] we have

U Li’ S Aelog Ae € J(LI®).
Be(a,1]
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Proof We shall show first that
(5.7) Li’ C ApelogApe, B € (o, 1].

It is clear from (5.3) that x € Li® if and only if x*(z) < L) for some C > 0. Therefore,

In? (t+e2
to establish (5.7) we need only to show that

1

b e A log Ay
(e +2) o8N

or, equivalently (see Definition 4.2), that

1
(5.8) — .In(ln(t + %)) € Ajpe.
In’(t + e2) ( )
We shall check (5.8) via direct computations. Let € = ﬂ%“ > 0. Clearly, there exists such
to > 0 that

In(In(t + ¢*)) < In“(t+¢€*), V&>t

By Definition 4.1 and [KPS, (IL.5.2), p. 108] we have

1
In’(t + e2)

-In (ln(t + ez))

In®

o0 1 1
<1+ b G+ ed) - dr
= a/o 7 (t + e2) n(Int + &%) (t+e)In' (¢ + &)

[e] 2
:1+a/ ln(ln(t+e))
0

(t+e) It + 2)

. a(/“’ ln(ln(t + ez)) g+ /°° ln(ln(t + ez)) dt)
o (t+e)In'"(t +¢?) o (E+e2)In"(t +e2)

fo ln(ln(t+ ez)) o0 1
<l+a«a / T dt+/ e dt
o (t+e2)In " (t+2)  (E+e?)In " (t +e?)

< 0.

To complete the proof of Proposition 5.4 we need to show that

(5.9) U Li’ # Aue log Ape.

BE(a,1]
To prove (5.9), let us fix an arbitrary € > 0 and set

1 1
In“(t + €2) " In2* (ln(t + 62)) ’

xX*(t) = x(t) :== t > 0.
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Given 8 > « we have

)

B—a 2
lim x*(¢) - In’ (¢ + €?) = M =
t—o0 In 6(ln(t + ez))

whence x ¢ Uge(a Li”. Thus, to establish (5.9) it suffices to show that

()

In (ﬁ) = aln(n(t+ ) + (2 +e€) ln(ln(ln(t + ez)))

< 00.

In®

We have

and taking into account that
In(in(t + &) > In(In(Int + &%) )
for sufficiently large ¢ > 0, we need to show only that

[|x(2) ln(ln(t + 2)) [lpe < 00

Again using [KPS, (I1.5.2), p. 108] we have

|x(t) In(In(t + €*)) |0

* In(In(t + €%)) 1 1
<1+ Ot/ 2] D) T 2te ' 1—a
0 In“(t +e*) In (ln(t + ez)) (t+e*)In % (t +e?)

a/o (t+e)In(t+e2) In""(In(r +e2))

*ds
=lta [ —
2 s-In"Cs

< 0. |

Remark 5.5 (i) The proof of (5.9) from the preceding proposition shows that if there exist
tg, Co, € > 0 such that
1 1

(5.10) ) < Co- In®(f +e2) In>** (In(t + €2)) '

t>1

then x(¢) € J(Li%). The asymptotics (5.10) may be further improved via using Theorem 5.2
(ii). Indeed, given € > 0, let
1 1

510 N e W e )
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Since
6,()In®(t + €*) > 0,(s) In*(s + &%), s>t>0

it follows that 8, € Gjpe. Since 6; = 6] we have also

Ol < 1+ a : '
191fhe < O‘/o "+ e) I (<) (+e)ln o+ e)
_ 1+a/°o 1 . 1 d(In(t + ¢%))
o In(t+e) In""(In(t +¢?))

*ds
=l+ta | —c
2 s-In"%s

< 00,

i.e., 0 € Ajpe. By Theorem 5.2 (ii), it follows that 8; € J(Li%).

(ii) It should be noted that (via similar calculation to that given in the end of the proof
of Proposition 5.4) 0; ¢ Ay« log Ajpe whenever e € (0, 1]. It is also worth to mention, that
similarly to L,-setting (see Remark 3.7 (i), Theorem 3.9), we can not replace the power 1 +¢
in (5.11) on 1. Indeed, the same calculations as in Remark 5.5 (i) show that the function

1 1
0'(t) := . t>0
® In®(¢ +¢e?) In(In(t +e2))’

does not belong to Ay, whence, by Proposition 4.7 (i), does not belong to J(Li*). However
the asymptotics given by (5.11) may be improved as follows. For sufficiently large t > 0
and 1 > e > 0 we let

1 1

1
0,(t) := In°(t + 2) ’ ln(ln(t + ez)) . Int*e (ln(ln(l‘ + 62))) .

The same calculations as above show that 6, € J(Li%). By obvious analogy we may define
functions 0y € J(Li%) forany k = 3,4, ... .

Corollary 5.6 If there exist ty, Co, € > 0 and k € N such that

1
In(t +¢2) In"** (In(t + €2))

Ao X [ty,00) (1) < Cp - X [ty,00) (£)

then there exists a constant C, depending on € and Dy only, such that

provided that |D — Do|| < 1.

D Do
(1+D?: (1+D3):

<C-|ID— Dy
Lie(M,7)
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Proof It follows from Remark 5.5 (i) that that

1 1
In"(+¢) In"(In(- +¢))

Xltg,00)(+) € J(Li%).

By Corollary 2.8 we have f € J(Li%). The assertion follows now from Proposition 2.4. M

Theorem 5.2 (ii) (respectively, 5.2 (iii)) yields a criterion as to whether a given rearrange-
ment-invariant space E embeds into J(My), provided ¢p € ¥, (respectively, ¢ € W).
We shall now adjust the arguments from that theorem to the special case that E is a
Marcinkiewicz space. The next result is, in a certain sense, a generalization of the em-
bedding (5.6).

Theorem 5.7 If, ¢, 1/) € VandL(t) := w—) is an increasing function such that

(5.12) Z 7 I‘(ek) 0,

k=1

where I is the inverse function of(j) o then My C J(My).

Proof It suffices to show that for an arbitrary x = x* € My, ||x||m, = 1 wehavex € J(My).
We let for brevity t; := T'(eb), ie., & = % Obviously, we have

(5.13) min (e_k, @) = e X040 (1) + @X[tk,oo)(t)-

By (5.1), without loss of generality, we may assume that sup,., x**(¢) - % < 1. Noting

that
min(e ¥, x)** < min(e %, x**), k=1,2,...

and using (5.1), (5.13) and (5.12) we have

kE::l H min(e*hx)HMw Z <Sup mll’l(e x)** . ﬁ)

E%g

(su mln(e L)

e (o)

<supm1n( —k (b(t)) L)

>0 Tt P(t)

(o (o 5 555}

t>%)) Otk] t [tx,00) w(t)

max < su e*k ! } S {gzﬁ(t)t}
0<t£tk w(t) tk<t<poo t Y(t)

»
Il
—

0

k

1

M

k=1

o

»
Il

1
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ok B M})
V(1) Y(t)

Plt) ¢(l‘k)}>
e () Pt

I
]38
8
5
—— ——

3 ()
B ; ()
=S 1)
—~ \L(t)
- 1
; (L(l"(ek))>
< o0.
By Proposition 2.6 we have x € J(My). ]

Corollary 5.8 Given e, € (0, 1], let

t+ ¢

0= In(¢) - In™* (In(t + ¢2)) >0

Then
U i’ €M, o).
a<fB<1

Proof Without loss of generality we may (and shall) assume that for sufficiently large r we

have o)
~ Pall) e g
L(t) = o0 In (ln(t)) and T'(t) =¢" .
Then - - -
Z lk :Z :k/a :Z;HE<OO’
= L(T() L") o k/a)

The embedding My C J(Li%) now follows immediately from Theorem 5.7. The embedding
Uae 5<1 Li’ M, follows from (5.2) if to take into account that

d.(t) <In’(t+6), a<p<1

for sufficiently large t > 0. To see that |J,,_5<, Li” # My, it suffices to notice that 6, (see

Remark 5.5 (i)) belongs to My and does not belong to Li?, B € (a,1] (see the proof of
Proposition 5.5). ]

Remark 5.9 Letting
dr=(t+e)-0t), t>0, keN
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we see that essentially the same arguments as in Corollary 5.8 combined with the observa-
tion
e My, ,, keN

show that
U 1S Mo, Mo G oo G My € i),
a<f<1

Remark 5.10 This section presents a general approach to the study of (Breuer)-Fredholm
modules motivated by special cases which appear in the existing literature. For the case
when M = L(H), 7 is standard trace and ¢ = 1;/, we note that the notion of an odd
Fredholm module associated with My, (M, 7) (see Definition 0.1) coincides with the notion
of §-summable Fredholm module (see e.g. [Co2, p. 391]). In the same setting, but with
(1) = t'~'/? the former notion coincides with the notion of ( p, 00)-summable Fredholm
module (see [Co2, pp. 308-312]). It is natural to ask for meaningful examples of the same
kind in the setting of general semifinite von Neumann algebra of type II. One such example
is considered in [CP, Example II]. The operator Dy constructed there is affiliated with I,
factor (N, 7) and dy(t) = (1 +¢2)"Y2 t > 0. Clearly, it is possible to treat (N, Dy) as
an example of unbounded p-summable Breuer-Fredholm module for every p € (1,00)
as it is done in [CP]. However, it is equally possible to consider (N, Dy) as an example of
Breuer-Fredholm module associated with the Marcinkiewicz space Myog(s+2)(N, 7). The
latter space was introduced in [DDPS2] as a (type II) analogue of the dual to Macaev ideal.

6 Holder Estimates

We present some results which indicate the intrinsic connection between our theme and
study of the Holder and Lipschitz continuity of the absolute value in the setting of operator
spaces. Among most recent publications concerning this setting we mention [Da], [Ko],
[DD], [DDPS1], [DDPS2].

Definition 6.0 If x, y € M, then we say that x is submajorized by y and write x << y if
and only if

t t
/ ps(x) ds S/ ps(y)ds, t>0,
0 0

in other words, if and only if when (,u(x)) < (,u(y)) .

Recall that for an arbitrary fully symmetric operator space E(M, 7) we have
(xe M,y € EM,7),x << y) => (x € EM,7), [|x|l[5vt,r) < [[¥lEv,m))-

We shall start from the auxiliary result which complements both [CS, Proposition 1.2] and
[CP, Appendix B, Lemma 5].

Lemma 6.1 Letx =x* € Mand0 <y € Mandlet —y < x < y. Then |x|'/* << 2y'/%,
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Proof Via the same arguments as in [CS] it suffices to consider the case when M is non-
atomic and further that it suffices to establish that

7(p)
ol <2 [ i d

0
for an arbitrary projection p € M commuting with x. Given such a projection p there
are two projections p, p, € M commuting with x such that p = p; + p, and p|x|'/? =
(p1x)'/2 + (= px)'/2. Since p1xp; < pyyp; and since the square root is an operator mono-
tone function, we have p,|x|'/2 = (p1xp1)'/? < (pyyp1)"/? and analogously p|x|'/? =
(—paxp2)'/? < (payp2)'/?. Tt follows

1/2

7(plxV/?) = T(p1x'/?) + T(p2x'/?)

= 7((prxp)/?) + 7((—p2xp2)'/?)
< T((plypl)l/z) + T((Pz}’Pz)l/z)
= I(pryp)" |11 + [ (p2yp2) Iy

< 210l + 120X 10,00 11
T(p) 1/2
sz/' 1) de
0

where in the penultimate step we used the inequality

1/2

1((qy)'?) = w'(qyq) < 12 xor@y = B X001

which holds for an arbitrary projection g € M. ]

Theorem 6.2 Let E(0,00) be a fully symmetric function space, let (M, T) be an arbitrary
semifinite von Neumann algebra, let Dy = Dy be affiliated with M such that d, € E(0, o).
Then there exists a constant C > 0 (depending on E and D) such that for all self-adjoint
D — Dy € M we have

Dl Dy
(1 +D2)1/2 (1 +D(2))1/2

6.1) ] < Cmax{|[D = Do|["2, D Do|}.

E(M,7)

Proof It follows from the proof [CP, Appendix B, Proposition 10 (see also Lemma 6)] that

—2max{||D — Dy ||, ||D — Dol|} - < =5 -
) (1+D3) ~— (1+D%) (1+D})
1
< 2max{||D = Dol*, 1D = Doll} - 7525
0

and, by Lemma 6.1, it follows that

1 1 1/2

(1+D?) (1+DY)

1
<< 2(zmax{ |0~ Dol 1D~ Dol (5 )
0
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The latter inequality implies immediately that

1 1/2

||‘(1+D2) - (1+D?)

E(M,7)

< 22 max{||D — Dy||'/?,||D — D,

HH—————
(l + D%)l/2 EOVLA)

or, equivalently,
1/2
-l
(1+D?) (1+ D})

(62) < Cmax{|[D - Dol "%, D - Doll}

E(M,7)

where C := 23/2HWHE(M,T)‘

We shall now apply the submajorization inequality due to M. S. Birman, L. S. Koplienko
and M. Z. Solomyak presented in [BKS] for the case of symmetrically-normed ideals of
compact operators and which was rediscovered by T. Ando in [An]. An extension of this
inequality to measurable operators affiliated with an arbitrary semifinite von Neumann
algebra M is due to H. Kosaki (it is given in the appendix to [HN]) with an alternative
version of the proof given in [DD]. We need only a simplest case of this inequality for the
(operator monotone) square root function. By Theorem 1.1 from [DD] (see also [BKS,
Theorem 1]) we have

(6.3) Myl < — |12

forany 0 < x, y € M. Combining (6.3) with (6.2) and taking into account that, by the
assumption, the space E(M, 7) is fully symmetric we have

D2 1/2 B D2 1/2
EOV) (1 (1+D?) (1+Dj)

1/2

Dl Dy

H (1+D>)'2  (1+D§)V?||,

E(M,7)
}

E(M,T)
< Cmax{||D — Do||'/?, ||D — Dy}

Corollary 6.3 Let the assumptions of Theorem 6.2 be satisfied. Then the functions

D1+ D?) =12 — Do(1 + D3) ||z, (D] = |Do|) - (1 + D3|l 5w )
172 and 12
max{||D — Dy||'/2,[|D — Dol|} max{||D — Dy||'/2,[|D — Dol|}

are bounded or unbounded simultaneously for all self-adjoint operators D — Dy € M.
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Proof Since the operator D is affiliated with M, the partial isometry v in the polar decom-
position D = v|D| belongs to M. It easily follows that the functions

IDI((1 + D)2 — (14 D)) [0
max{||D — Dy||'/2,||D — Dol|}
ID((1+D*) =2 = (14 D)) [ yinry
max{||D — Dy ||'/2,||D — Dol|}

are bounded or unbounded simultaneously for all self-adjoint operators D — Dy € M. It
follows from the equality

1 1
D —
| |<(1+D2)1/2 (1+D3)1/2)
1 ) Dl [ Do

(1+D2)1/2 a

(6.4)

= —(|D| - ‘DOD ( Tt (1 +D2)1/2 (1 +D%)1/2

and Theorem 6.2 that the functions
2\—1/2 2y—1/2 _
I1P1(+ D)7 = A4 D) )lsinery o 1D = Do) - (1 + D3|
max{||D — Do||'/2, ||D — Dy||} max{||D — Dol['/2, ||D — Dol|}

are bounded or unbounded for all self-adjoint operators D — Dy € M simultaneously.
Finally, it follows from the equality

(6.5)

D ! ! - D Do (b Dy)
(1+D?)12  (1+D3)2)  (1+D»)12  (1+DY)\/? “(1+D3)1/?
that the functions
ID((1+D*)~"2 = (1+D§)'?) v
1/2 d
max{|[D — Dy ||'/2, [|D — Dol|}
D1+ D?)='2 — Dy(1 + D)~ || g,
max{||D — Dol|'/2, |D — Dol|}

are bounded or unbounded for all self-adjoint operators D — Dy € M simultaneously. W

If additional restrictions are imposed on the algebra M and/or the symmetric space E
then some refinements are possible. In the next corollary we consider the class of symmetric
function spaces E with non-trivial Boyd indices (see [LT2]). Such spaces are known to be
interpolation spaces for some pair of non-trivial L,-spaces. We assume, in addition, that
(D — Dy) € E(M, 7). For the definition of the Fatou property in the setting of symmetric
operator spaces, we refer to [DDP2] and [DDPS1].

Corollary 6.4 Let E(0, 00) be an interpolation space for some couple (LP(O7 00), L,(0, oo)),
1 < p, q < oo with the Fatou property. If the self-adjoint operator D — Dy belongs to E(M, 7),
then

ID(1 +D*) /% = Dy(1 + D) ™|l g(at,r) < C max{|[D — DOHig/(sz[,T)v D — Dollevi,n }
for some C > 0.
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Proof It follows from [DDPS1, Theorem 3.4] that

1(|D] = Do) (1 + D§) || pavr) < CElID = Dyl zne.r)

for some Cg > 0. Letting C; = ||(1 + D3)™"/?||gv.r) we clearly have
I(D = Do)(1 + D)™ |z, < Ci[ID = Do,
and by Theorem 6.2 we have that
1DI(1 +D*) 72 — [Do| (1 + DY)~/ [5at.r) < Co|D = Do||'/?

for some C, > 0. Combining identities (6.5) and (6.4) with the preceding estimates and
letting M = 3 max{C,, C,, Cg}, we obtain

ID(1 + D*) ™12 — Do(1 + D) ™3| ene. )

< C1||D — Dol| + C&||D — Do||pvi.r) + C2||D — Do||'/2

1/2
< Mmax{[[D — Do|| ¥y, ID — Dollecren}-

From [CP, Appendix A, Theorem 8] we have
|D(1 +D*) ™72 — Do(1 + Dg) V2| < ||D — Dol.
The assertion (with C = max{M, 1}) follows now from the two preceding estimates. = MW

In the special case that M = B(H), a stronger result may be achieved. We first present
a result which is of interest in its own right. Its proof is a slight extension of original argu-
ments of Yu. B. Farforovskaya.

Proposition 6.5 Let f be a Lipschitz function with a constant 1 and let E be an interpolation
space for the couple (I, L,). If T € Cg commutes with Dy, then (f(D) — f(Do)) T € Cg and,
moreover

[(f(D) = f(Do)) Tlle, < ID = Dol - I Tle,-

Proof We shall present the proof assuming, in addition, that both Dy and D have complete
orthonormal systems of eigenvectors {e; }?°, and {h;}3°, respectively. It should be noted
that in the special case T = (1 + D) ~!/? this assumption is satisfied automatically. Indeed,
T has a complete orthonormal system of eigenvectors as a compact operator, whence the
same holds for Dy too. Using the first inequality from the proof of Theorem 6.2, the same
arguments may be repeated for the operators (1 + D?)~'/2 and D.

Using interpolation theorems from [Ar], it suffices to consider only the two cases E = [,
and E = I,. Further we may also identify T with the diagonal matrix (¢;) (with respect to
the basis {e;}7°;). Let {k(i)}{°; and {I(j)}32, be the systems of eigenvalues of Dy and D
corresponding to the systems {e; }2°, and {h J}j’i | respectively. Now we consider the matrix
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representation ( f; ]-)?f]?:l of the difference f(D)— f(Dy) with respect to the bases {e; }2°, and
{h;}32,. It is given by the formulae
i = (k@) = £ (15)) - eis )

_ f(k®) — £(17) e e
= W - ((D — Dy)ej, hj), if k(i) # I(j),

and

fij =0, if k() =1(j).

It follows from the preceding identities, from the fact that (D — Dy) = (D — Dy)* € B(H)
and from the fact that f is a Lipschitz function with the constant 1 that

(6.6) Sup{z il Z iR} < 1D = Dol

1,] j=1 i=1

It follows from (6.6), that if P; is the orthogonal projection on the linear span of the vector
ej, j=1,2,...,wehave

(67) H(f(D)_f(DO))Psz:||(f(D)—f(Do)P||1—<Z|f1) <||Ip=D|

Further, the matrix representation (g; j)z?:l of the operator ( fD)—f (DO)) T (again with
respect to the bases {e;}2°; and {h;}?2,), is given by

gl]:ﬁjtj7 i?j:1727"~-

We see now that if T € C; then ||T||; = Z]Oil |tj| < oo and therefore it follows from (6.7)
that

S - o) ey, = S (S le?)

j=1 j=1 i=1

=D I (i
i=1

(6.8)
< ||D = Dol - || T];.

We infer from (6.8) that (f(D) — f(Do))T € C; and ||(f(D) — f(Do)) T||, < ||D — Dyl -
[alpe
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IfT € € then [T, = 3%, |tj|*)1/? < oo and therefore it follows from (6.6) and

(6.7) that
|(£(D) = FD))TI; = >[I (D) = F(Do)) TP l;
j=1
= Z(Z |gij|2)
j=1 =1
= 5P IAP
=1 i=1
< [ID = Do|* - [IT13-
It suffices to complete the proof of Proposition 6.5. ]

Corollary 6.6 Given an interpolation space E for the couple (I, ) and the operator Dy = D}
with dy € E we have (|D| — |Do|)(1 + D3)~/% € @ for all self-adjoint D — Dy € B(3H).
Moreover

11D = [Do)(1 +D§) ™[, < [ID = Dol - |l o[-

Combining now Corollary 6.3 with Corollary 6.6 we arrive at the following result.
Corollary 6.7 Let E be an interpolation space for the couple (I, 1,) and let dy € E. There
exists a positive constant C such that for all self-adjoint (D — Dy) € B(H) we have

ID(1 + D*) ™2 — Dy(1 + D) ™2||e, < Cmax{||D — Dyl|"/,||D — Dol|}.

Let A be a unital Banach *-subalgebra of B(J{). We shall assume below that the span

u(A) of all unitary elements from A generate A (see Definition 0.1).

Corollary 6.8 If E is an interpolation space for the couple (I;,1,) and (H, Dy) is an odd
unbounded Fredholm module associated with Cg and A, then (9{, sgn(DO)) is an odd bounded
Fredholm module associated with Cg and A.

Proof We first show that (fH, qS(DO)) is an odd bounded Fredholm module associated with
Cg and A. For an arbitrary u € u(A) we have

[@(Do), u] = $(Do)u — up(Dy) = u(u*$(Do)u — ¢(Dy)) = u(p(* Dou) — ¢(Dy)).

By the assumption u*Dou— Dy = u*[Dy, u] is a bounded self-adjoint operator from B(H),
therefore, letting D = u*Dyu we have by Corollary 6.7, that ¢(D) — ¢(Dy) € Cg. It follows,
immediately that [¢(Dy), u] € Cg and, since (1 — ¢(D0)2)1/ : obviously belongs to Cg, it
follows that (ﬂ-f, d)(Dg)) is an odd bounded Fredholm module associated with Cg and A.
It is now easy to verify that (3(, sgn(Dy)) is an odd bounded Fredholm module associated
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with Cg and A. Indeed, condition (1) from Definition 0.1 obviously holds. To verify that
condition (2) holds, we note that

sgn(Do)* — ¢(Dy)’
sgn(Do)2 — Dé(l + Dé)f1

(sgn(Dy) — ¢(Dy)) (sgn(Do) + 4(Dy))

=(1 +D§)*1|sgn(Do)\
<(1+DY)"V? e e,

and since .
((s8n (Do) + 6(D0) Isgn(Do)]) € BEO

it follows

sgn(Do) — ¢(Do) = (1 +D3)~"| sgn(Do)|((sgn (Do) + ¢(Do)| sgn(Do)|) ' € €,

whence
[sgn(Do), u] = [sgn(Do) — ¢(Do), ul + [¢(Do), u] € Cg
forany u € u(A). [ |
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