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Calibrated geometry in hyperkahler cones,
3-Sasakian manifolds, and twistor spaces

Benjamin Aslan, Spiro Karigiannis®, and Jesse Madnick

Abstract. We systematically study calibrated geometry in hyperkihler cones C*"*4, their 3-Sasakian
links M*"*3, and the corresponding twistor spaces Z*"*2, emphasizing the relationships between
submanifold geometries in various spaces. Our analysis highlights the role played by a canonical
Sp(n)U(1)-structure y on the twistor space Z. We observe that Re(e™*%y) is an S'-family of semi-
calibrations and make a detailed study of their associated calibrated geometries. As an application,
we obtain new characterizations of complex Lagrangian and complex isotropic cones in hyperkéhler
cones, generalizing a result of Ejiri-Tsukada. We also generalize a theorem of Storm on submanifolds
of twistor spaces that are Lagrangian with respect to both the Kéhler-Einstein and nearly Kahler
structures.

1 Introduction

Hyperkahler manifolds C, equipped with a Riemannian metric g¢, complex structures
(I, I, I3), and Kahler forms (w;, w,, w3 ), are a rich source of calibrated geometries.
They feature not only familiar geometries arising from the Calabi-Yau structure — such
as complex submanifolds and special Lagrangians — but also less-familiar ones specific
to the hyperkihler setting. For example, a submanifold N2¥*2 ¢ C4"** is complex
isotropic with respect to I if it is simultaneously

I1-complex, w,-isotropic, and w3-isotropic.

Complex Lagrangians N*"*? c C*"**, those complex isotropic submanifolds of
top dimension 2n + 2, are particularly remarkable, as they are at once complex
submanifolds with respect to I; and special Lagrangian with respect to I, and I.

This paper seeks to systematically study the various calibrated cones of hyperkéihler
manifolds C, with a particular focus on complex isotropic cones. For this, it is of
course necessary to assume that (C*"**, gc) = (R* x M*"*3 dr? + r2gy) is itself a
Riemannian cone.

Hyperkihler cones are themselves highly special objects: each induces three
associated Einstein spaces, called M, Z, and Q, as we briefly recall. The first of these,
M*"*3 s just the link of C, which inherits a 3-Sasakian structure. In view of the simple
relationship between C and M, 3-Sasakian manifolds exhibit a wide array of semi-
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calibrated geometries. Indeed, each of the calibrated cones in C that we study has a
semi-calibrated counterpart in M.

dim(C(L)) Calibrated cone C(L) c C  Semi-calibratedlink Lc M  dim(L)

2k +2 Complex CR 2k +1

2n+2 Special Lagrangian Special Legendrian 2n+1

2k +2 Special isotropic Special isotropic 2k +1

2n+2 Complex Lagrangian CR Legendrian 2n+1

2k +2 Complex isotropic CR isotropic 2k +1
4 Cayley Associative 3

The entries of this table will be explained in Sections 2 and 3.

Now, since M is 3-Sasakian, it admits three linearly independent Reeb vector fields
Ay, Az, Aj. In fact, for each v = (v, v2,v3) € S%, the Reeb field A, = ¥ v;A; yields a
one-dimensional foliation F, on M, the projection p,: M — M/F, is a principal S'-
orbibundle, and the quotient Z = M/J, isa (4n + 2)-orbifold. It is well known that Z
naturally admits both a Kidhler-Einstein structure (gxg, Jxg, wkg ) and a nearly Kihler
structure (gnk, JNk> Wk ). Indeed, Z is the twistor space of a quaternionic-Kahler
4n-orbifold Q of positive scalar curvature.

The four Einstein spaces C, M, Z, Q may be summarized in the following “diamond
diagram” in which 7: Z — Q denotes the twistor S*-bundle.

M4n+3 P C4n+4

Py l

(11) h Z4n+2

-

The flat model is (C,M,Z,Q) = (H"*,S*"+3 CP***' HP"), in which each
py: S35 CP*"*is a complex Hopf fibration, and h: S*"** — HIP" is a quaternionic
Hopf fibration.

In addition to all of the structure already discussed, we recover an observation
of Alexandrov [3] that twistor spaces Z admit a distinguished complex 3-form y
corresponding to an Sp(n)U(1)-structure. In fact, we give two different proofs of this
result, one in Section 4.2 via the 3-Sasakian geometry of M, and the other in Section 5.1
via the quaternionic-Kahler geometry of Q. Furthermore, we establish the new result
that Re(y) is a semi-calibration and we classify those Re(y)-calibrated submanifolds
that are wgg-isotropic. More precisely:

Q4n
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Theorem 1.1 Let Z be the (4n+2)-dimensional twistor space of a positive
quaternionic-Kéhler 4n-orbifold. Then Z admits an Sp(n)U(1)-structure y € Q*(Z;C)
compatible with the Kihler-Einstein and nearly Kihler structures. Moreover:

o The 3-form Re(y) is a semi-calibration (i.e., has comass one).

o If33 is compact, Re(y)-calibrated, and wxg-isotropic, then with respect to the Kihler-
Einstein metric, ¥ is a geodesic circle bundle over a totally complex surface in Q.
(See Definition 5.7.) Conversely, any such circle bundle is Re(y)-calibrated and wxg-
isotropic. (See Theorem 5.16.)

We remark that there is a difference between the cases n =1 and n > 2, so our
proof handles them separately. In Section 4.3, we undertake a detailed study of
Re(y)-calibrated 3-folds in Z*"*2. In a certain precise sense, these are generalizations
of special Lagrangian 3-folds in nearly Kéhler 6-manifolds.

Geometric structures in place, we establish a series of relationships between the
various classes of submanifolds in M, Z, and Q; see diagram (1.1). That is, given a
submanifold ¥ c Z, we ask how various first-order conditions on X (e.g., complex and
Lagrangian) influence the geometry of alocal p(; ¢,¢y-horizontal lift 3 ¢ M (provided
one exists) and its p(y,9,0)-circle bundle Ple,o,o)(Z) c M, and vice versa. Similarly,

starting with a totally complex U ¢ Q*", we study its 7-horizontal lift U c Z and its
geodesic circle bundle lift L(U) c Z:

ﬁlx = {] € Zx:j(TxU) = TxU}> L(U)|x = {J €Z:j(TxU) c (TxU)L}-

See Section 5.2 for a detailed discussion.

Altogether, the litany of propositions and theorems - proven in Sections 4.4, 5.2,
and 6 — comprise a sort of “dictionary” of submanifold geometries. As an example,
in Section 5.2, we obtain the following characterization of the compact submanifolds
of Z that are Lagrangian with respect to both wgg and wnx, generalizing a result of
Storm [30] to higher dimensions.

Theorem 1.2 Recall diagram (1.1).

(1) If 22"+ c Z*"*2 s a compact (2n +1)-dimensional submanifold that is both
wxg-Lagrangian and wnk-Lagrangian, then ¥ = L(U) for some totally complex
2n-fold U*" c Q*" (resp. superminimal surface if n = 1).

(2) Conversely, if U*" c Q*" is totally complex and n > 2, or if U is a superminimal
surface and n = 1, then L(U) c Z is wxg-Lagrangian and wnk-Lagrangian.

As another example, in Section 6, we provide several characterizations of complex
isotropic cones in hyperkihler cones C*"** in terms of submanifold geometries in M,
Z, and Q. In particular, we prove the following theorem, generalizing a result of Ejiri
and Tsukada [13] on complex isotropic cones of top dimension 21 + 2 in C = H"*!,

Theorem 1.3  Recall diagram (1.1). Let L**' ¢ M*"*3 be a compact submanifold, where
3 <2k +1<2n+1. The following conditions are equivalent:

(1) The cone C(L) is complex isotropic with respect to cos(0)I, + sin(0)I5 for some
ef e s,

(2) The link L is locally of the form pzé,cos(e),sin(ﬂ))(ﬁ) for some totally complex
submanifold U** c Q (resp. superminimal surface if n = 1) and some e'® € S,
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(3) The link L is locally a p(1,0,0)-horizontal lift of L(U) c Z for some totally complex
submanifold U** ¢ Q*" (resp. superminimal surface U* ¢ Q* ifn = 1).

A more detailed statement appears as Theorem 6.1. Moreover, additional character-
izations are available for complex isotropic cones C(L) c C of top dimension 2n + 2
and lowest dimension 4: see Theorems 6.2 and 6.3, respectively.

Intuitively, Theorem 1.3 states that the link L?**! ¢ M of a complex isotropic cone in
C*"** can be manufactured from a totally complex submanifold U?* ¢ Q in two ways.
By (2), one can first consider its 7-horizontal lift U c Z and then take the resulting
P(0,c0s(8),sin(6)) -circle bundle. On the other hand, by (3), one could instead begin with
the geodesic circle bundle lift £(U) c Z and then take a p ¢,0-horizontal lift to M.
Thus, in a sense, the operations of “circle bundle lift” and “horizontal lift” commute
with one another.

Broadly speaking, Theorems 1.2 and 1.3 illustrate that a great variety of distinct
classes of semi-calibrated submanifolds of a hyperkéhler cone, 3-Sasakian manifold,
or twistor space can only arise as particular constructions built from totally complex
submanifolds, which is not at all evident from their definitions. Consequently, such
submanifolds are essentially as plentiful as totally complex submanifolds. See Exam-
ple 5.2 for some explicit totally complex submanifolds.

1.1 Organization and conventions

In Section 2, we discuss several calibrated geometries in hyperkihler manifolds C*"+4,

including the complex, special Lagrangian, complex isotropic, special isotropic, and
Cayley submanifolds. Then, starting in Section 3, we assume that C = C(M) is a
hyperkihler cone over a 3-Sasakian manifold M*"*3. We spend Section 3.1 reviewing
3-Sasakian geometry, turning to the submanifold theory of M in Sections 3.2 and
3.3. In Section 3.4, we introduce a complex 3-form I € Q*(M;C) and prove that it
descends via p(1,9,0): M — Z to a 3-form y € Q*(Z; C) on the twistor space.

Section 4 concerns submanifold theory in twistor spaces. After discussing
Sp(n)U(1)-structures on arbitrary (4n + 2)-manifolds in Section 4.1, we show in
Section 4.2 that the 3-form y € Q(Z;C) defines such a structure on the twistor
space. Then, in Sections 4.3 and 4.4, we study various classes of submanifolds of Z,
establishing a series of relationships between those in Z and those in M.

In Section 5.2, we consider totally complex submanifolds of quaternionic-Kahler
manifolds Q and relate them to submanifold geometries in M and Z. Finally, in Section
6, we provide several characterizations of complex isotropic cones in C. This paper also
includes two appendices: Appendix A.1 collects some results on the linear algebra of
calibrations that we use, and Appendix A.2 gives a brief introduction to metric cones
and their associated conical differential forms.

Notation and conventions.

« We often use ¢y, sy to denote cos 8, sin 8, respectively, for brevity.

« Repeated indices are summed over all of their allowed values unless explicitly stated
otherwise. The symbol ¢4, is the permutation symbol on three letters, so it vanishes
if any two indices are equal, and it equals sgn(o) if p,q,7 = 6(1), 0(2), 0 (3).

o A superscript on a manifold always denotes its real dimension.
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« For a manifold M, we use C(M) = R* x M with metric dr* + r*gy to denote the
metric cone over M, as discussed in Appendix A.2.

o If L is a submanifold of M, then NL denotes its normal bundle. Submanifolds
are assumed to be embedded. (Much of what we discuss works for immersed
submanifolds, but not everything. See also Remark 5.15.) Unless stated otherwise,
all submanifolds are assumed to be connected and orientable and thus have exactly
two orientations.

o We use interchangeably the terms semi-calibration and comass one. That is, a
differential form « is a calibration if it is a semi-calibration that satisfies da = 0.

« The twistor space Z*"*? and the quaternionic-Kahler Q*” are in general orbifolds.
However, we avoid technical complications and work only over the smooth parts
of Z and Q. That is, all submanifolds are assumed to not pass through any orbifold
points of Z or Q.

2 Calibrated geometry in hyperkahler manifolds

Let C*"** be a hyperkihler manifold with n > 1. The hyperkahler structure on C
consists of the following data:

+ a Riemannian metric g¢;

« atriple of integrable almost-complex structures (I3, I, I3) = (I, ], K) satisfying the
quaternionic relations I; I, = I3, etc., each of which is orthogonal with respect to g¢;

« atriple of closed 2-forms (w;, w,, w3) given by w,(X,Y) = gc(I,X,Y).

Note that w, is a Kéhler form with respect to I, so in particular it is of type (1,1)

with respect to I,. This means that w,(I,X,I,Y) = w(X,Y) and thus gc(X,Y) =

wp(X,1,Y). We also have

(2.1) wp(IgX,Y) = gc(IIgX,Y) = €pqr8c (L X, Y) = 1,0, (X, Y).

In fact, we have an S*-family of Kahler structures: for any v = (v, v2, v3) € S?, we can
take I, = ¥.3_, vpIp and 0, (X, Y) = gc(I, X, Y).

One can show that C inherits a triple of complex-symplectic forms o3, 02, 03 €
Q*(C;C) via

0] = wy + iws, 0y = w3 + iw, 03 = W) + iwy.

A calculation shows that o7 is of I;-type (2,0), and analogously for o,, g;. It follows
that each oy, is a holomorphic symplectic form with respect to I,.
Further, C inherits the following triple of (21 + 2)-forms Y;, Y5, Y3:

1 1 1
Y, = O,n+1) Y, = O,n+1’ Y: = O,n+1
N CES e 2T (n+1) 2 T (n+1)?

Each Y, is a holomorphic volume form with respect to I, so that (gc, I, wp,Y,) is
a Calabi-Yau structure on C. More generally, fixing I; as a reference, by considering

the holomorphic volume form e!("*D0y, = (nil)! (e'%01)"*1, we obtain an S'-family

of Calabi-Yau structures with respect to I;. Since e'%0, = (cow, — sgws) + i(sgw, +
cows), this S'-family corresponds to rotating the orthogonal pair I, I; by 6 in the
equator of $* determined by the poles +I;.
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Finally, C also admits a quaternionic-Kahler structure via the real 4-form
1 1 1
A= g(l)% + gwﬁ + g(l)i

(See Definition 5.2 for our definition of quaternionic Kahler.)

In this section, we recall various classes of distinguished submanifolds of C. Some
of these classes - e.g., the complex, Lagrangian, special Lagrangian, and quaternionic
- arise from a Calabi-Yau or quaternionic-Kihler structure. Others arise from a
complex-symplectic structure, or are otherwise special to the hyperkahler setting.

2.1 Submanifolds via the Calabi-Yau and QK structures

Recall that every hyperkihler manifold is a Kdhler manifold in an $?-family of ways,
and given such a choice, it is a Calabi-Yau manifold in an S'-family of ways. Due to
these structures, we may consider the following classes of submanifolds.

Definition 2.1 A submanifold N2* ¢ C*"** is I;-complex if
Lk
Pk o voly.

That is, if it is calibrated with respect to %w{‘

It is I;-anti-complex, or —I;-complex, if it is calibrated with respect to —%w{‘.

Equivalently, if it is I;-complex when equipped with the opposite orientation.
A submanifold is +I;-complex if and only if its tangent spaces are I;-invariant:

L(TeN) = T,N, VxeN.
The definitions of I-complex and I5-complex are analogous.
Definition 2.2 A submanifold N ¢ C*"** is w,-isotropic if
w1y = 0.

An w;-isotropic submanifold satisfies dim(N) < 2n + 2. An w;-Lagrangian sub-
manifold is an w;-isotropic submanifold of maximal dimension 2n + 2.

Let X,Y € TL. Since w1(X,Y) = g(I; X, Y), we see that L is w;-isotropic if and
onlyif ;(TL) ¢ NL. If N has dimension 2n + 2, then I;(TL) = NL if and only if L is
w;-Lagrangian. We use these facts repeatedly.

Definition 2.3 Fix 6 € [0,27). A (2n + 2)-dimensional submanifold N*"*% c C*"*4
is called Y;-special Lagrangian of phase e'% if

Re(e_i9Y1)|N = voly.

Equivalently [20, Corollary 1.11], there exists an orientation on N*"** making it
Y;-special Lagrangian of phase e'? if and only if

Im(e”"*Y)|, =0, wi|y = 0.

When the phase is left unspecified, we assume it to be e’ = 1.
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Remark 2.4 Every hyperkdhler manifold is also quaternionic-Kéhler, and such
manifolds admit a distinguished class of quaternionic submanifolds. However, Gray
[18] proved that such submanifolds are always totally geodesic. We will not consider
quaternionic submanifolds in this paper.

2.2 Submanifolds via the hyperkahler structure

In addition to the submanifolds discussed above, hyperkédhler manifolds also admit
three more notable classes of submanifolds: the complex isotropic, special isotropic,
and generalized Cayley submanifolds. We discuss each of these in turn.

2.2.1 Complex isotropic submanifolds

Definition 2.5 A 2k-dimensional submanifold L** c C*"** is called I -complex
isotropic if it is both I;-complex and o;-isotropic. That is, if
1

k
—w;| =vol ai|; =0.
Kl 1 L L> 1|L
Said another way, L is I;-complex, w,-isotropic, and ws-isotropic:
K~ vol _ _
—w;| =volg, ws|; =0, ws|; = 0.
kUL

An I -complex Lagrangian submanifold L2"*? ¢ C*"** is an I;-complex isotropic

submanifold of maximal dimension 2# + 2. That is, an I;-complex Lagrangian sub-
manifold is simultaneously I;-complex, w,-Lagrangian, and ws-Lagrangian. The
definitions of I,- and I5-complex isotropic (resp. complex Lagrangian) are analogous.

Complex isotropic submanifolds are interesting from several points of view.
For example, in algebraic geometry, one often considers holomorphic symplectic
manifolds that are fibered by complex Lagrangians, as in [29]. As another example,
Doan and Rezchikov [11] use complex Lagrangians as part of a hyperkahler Floer
theory. In the differential geometry literature, complex isotropic submanifolds have
been studied by, for example, Bryant and Harvey [9], Hitchin [22], and Grantcharov
and Verbitsky [17].

Proposition 2.6  Let L** ¢ C*"** be a 2k-dimensional submanifold. The following are
equivalent:

(1) L is I;-complex, w,-isotropic, and ws-isotropic.

(2) Lis I-complex and w,-isotropic.

Proof One direction is immediate. For the converse, suppose L is I;-complex and

w,-isotropic. Let X € TL, so that [; X € TL, and thus —I3X = I,(I;X) € NL. Hence,

I;X € NL. This shows that L is w;-isotropic. [ ]
In the complex Lagrangian case, we can say more:

Proposition 2.7 Let L*"** c C*"** be a (2n + 2)-dimensional submanifold. The fol-

lowing are equivalent:

(1) Lis -complex, w,-Lagrangian, and ws-Lagrangian.
(2) Lis I;-complex and w,-Lagrangian.
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(3) L is wy-Lagrangian and ws-Lagrangian.
(4) L is I-complex, Y,-special Lagrangian of phase i"*', and Y3-special Lagrangian of
phase 1.

Proof The equivalence (i) <= (ii) was observed above. It is clear that (i) = (iii).
For (iii) = (i), suppose that L is w,- and w3-Lagrangian. Let X € TL, so that ;X €
NL, and thus [, X = I,(I3X) € TL. Hence, L is I;-complex.

It is clear that (iv) == (i). For (i) = (iv), suppose that L is I;-complex, w,-

Lagrangian, and w;-Lagrangian. Then L satisfies ﬁwi‘“ L= vol; and w;|; = 0and
w3y = 0. Recalling that
1 1
-i)"Yy = ——— () — iw3)", Y3 = ———(w +iwy)",
(=" (n+1)!( 1o ias) } (n+1)!( 1+ iw2)
we have
1 1
Re((-1)""'Y,)| = o™ =voly, Re(Y3)|, = ———w™| =vol;.
|L (n+1)! ! L L™+ ! L
|

2.2.2 Special isotropic submanifolds

The following definition is due to Bryant and Harvey [9]. We prove that these forms
are calibrations in Theorem A.6 in the Appendix.

Definition 2.8 The special isotropic forms are the 2k-forms ®j,x, ®j 2k, Ok 2k €
Q?k(C) defined by

1 1 1
@1,2]( = ERE(O{C)’ @],2]( = ERe(UZk)’ ®K,2k = ER@((@]{).
A 2k-dimensional submanifold N2* c C4"** is @ ,-special isotropic if it is calibrated
by ®I,k:

12k = voln.
The definitions of @ ,- and Ok ,x-special isotropic 2k-manifold are analogous.
Let us highlight the cases 2k = 2,4,2n + 2.
Example 2.1

(1) For 2k = 2, the special isotropic 2-forms are
O, = wy, Q5 = ws, Ok,2 = wy.

In particular, a @ ,-special isotropic 2-fold is the same as an I-complex 2-fold.
(2) For 2k = 4, the special isotropic 4-forms are

1 1 1
B4 = E(wﬁ—wﬁ), O = E(wg—wf% Ok,q = E(wf—wg)-

In particular, if L is an I;-complex isotropic 4-fold, then L is both —®; 4-special
isotropic and @ 4-special isotropic.
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(3) For 2k = 2n + 2, the special isotropic (2# + 2)-forms are
Or1,2n+2 = Re(V1), 07,2042 = Re(Y2), Ok 2n+2 = Re(Y3).

In particular, a @; 5, +,-special isotropic (21 + 2)-fold is the same as an Y;-special
Lagrangian, which explains the name “special isotropic”

At present, it appears that little is known about special isotropic 2k-folds in
hyperkihler (4n + 4)-manifolds when 2 < 2k < 2n + 2.

2.2.3 Cayley 4-folds

The following definition is due to Bryant and Harvey [9], though our sign conventions
are opposite to theirs.

Definition 2.9 The generalized Cayley 4-forms are the 4-forms @, ®,, @3 € Q*(C)

defined by
1 1 1 1 1 1 1 1 1
Oy =——w; +-w; +~w;, Dy=-wf--w;+-w;, D3=-0]+-w;--wj.
e e e e N e Rt M
Note that
1 2 1 2 1 2 1 2 2
(22) (I)2 = Ewl —61)4: Ew3+®K,4 :—E(U2+E(w1 +(U3),

and similarly for cyclic permutations. A four-dimensional submanifold N* ¢ C*"** is
®,-Cayley if it is calibrated by ©;:

®@,|y = voly.
The definitions of ®;-Cayley and @;-Cayley are analogous.

Remark 2.10 Bryant and Harvey [9, Lemma 2.14] computed that the SO(4n + 4)-
stabilizer of the generalized Cayley 4-forms in R*"** are

Spin(7), ifn=1,

Stab(®y) = {Sp(n +1)0(2), ifn>2.

This above definition was inspired by Spin(7)-geometry, as we now recall. If
(X%, (g, w,1,Y)) is a Calabi-Yau 8-manifold, where w € Q*(X) is the Kéhler form
and Y € Q*(X;C) is the holomorphic volume form, then X inherits a torsion-free
Spin(7)-structure via the following formula:

(2.3) o= %wz - Re(Y).

The real 4-form ® € Q*(X) is called the Cayley 4-form, and a four-dimensional
submanifold N c X satisfying ®|y = voly is called Cayley. The following fact is well
known, but we include a proof for completeness.

Proposition 2.11  Let (X8, (g, w,1,Y)) be a Calabi-Yau 8-manifold, and equip X with
its induced Spin(7)-structure. Let N* c X be a four-dimensional submanifold.

(1) If N is complex, then N is Cayley.
(2) If N is special Lagrangian of phase e'™ = -1, then N is Cayley.
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Proof If N is complex, each tangent space TyN admits a basis of the form
{e1,1e1, e3,1e;}. Then vy = ey — iley is of type (1,0) for k = 1,2,and T, N = e; A Iey A
ey A Iey is a multiple of v; A V] A v, AV, and thus of type (2,2). Since Re(Y) is type
(4,0) + (0, 4), it vanishes on T, N. But 1 w? restricts to the volume form on Ty N, so
by (2.3), N is calibrated by ®.

If N is special Lagrangian with phase -1, it is calibrated by —Re(Y'). Since it is also
Lagrangian, 1 w” vanishes on N, and thus, again by (2.3), N is calibrated by ®. |

When the ambient space is hyperkahler, Bryant and Harvey showed that the above
fact can be generalized to higher dimensions in the following sense.

Proposition 2.12 ([9, Theorem 8.20])  Let C*"** be a hyperkdhler (4n + 4)-manifold.
Let L* ¢ C*"** be a four-dimensional submanifold. Then:

(1) If Nis I;-complex or Is-complex, then N is ©,-Cayley.

(2) If Nis —@y 4-special isotropic or Ok 4-special isotropic, then N is ©,-Cayley.

(3) If N is I-complex isotropic, then N is simultaneously I -complex, —®j 4-special
isotropic, and O 4-special isotropic, and hence is @,-Cayley.

Proof Parts (a)and (b) are contained in [9, Theorem 8.20]. It is easy to see from (2.2)
that (a) holds. For example, if N is I;-complex, then %w% restricts to the volume form,
but -©;,4 = —Re(307) is of I-type (4,0) + (0,4), and thus vanishes on N since the
tangent spaces of N are of I;-type (2,2). Part (b) is less obvious, and uses a normal
form for the tangent spaces of N. Details are given in [9, Sections 2 and 3]. Part (c) is
immediate from the first two. [

Remark 2.13 Note that every calibration ¢ € Q¥(C) discussed in this section is
stabilized by the Lie group Sp(n + 1), which acts transitively on the unit sphere in
T,C ~ R*"** Consequently, at any point x € C, every unit vector v € T, C lies in some
¢-calibrated k-plane.

2.3 Bookkeeping: summary of forms on C

Starting in the next section, we will assume that the hyperkahler manifold C*"** is
a metric cone, say C = C(M) for some Riemannian (47 + 3)-manifold M. Studying
the geometry of M and its relationship with C will require the introduction of further
tensors and differential forms. So, before continuing, we briefly summarize the tensors

and forms already defined on C:

gc Riemannian metric
L,L,I; Complex structures
Wy, W2, W3 Kahler 2-forms
Y1, Y, Y3 Complex volume (27 + 2)-forms
01,02, 03 Complex symplectic 2-forms
O1,2k> 9,2k, Ok 2k Special isotropic 2k-forms
Oy, O,, D3 Cayley 4-forms
A Quaternionic 4-form
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3 Calibrated geometry in 3-Sasakian manifolds

If (C*"**, gc) = (M x R*,dr* + r*gy) is a hyperkihler cone, then its link M*"*?
inherits a 3-Sasakian structure, as we recall in Section 3.1. Then, in Sections 3.2 and
3.3, we explain how each of the calibrated geometries of C discussed previously has a
semi-calibrated counterpart in the 3-Sasakian link M.

In Section 3.4, we recall that M is the total space of a natural S'-bundle p;: M — Z.
The base space, Z*"*2, called a twistor space, admits both Kéhler-Einstein and nearly
Kihler structures. It is interesting to ask exactly how much geometric structure the
map p1: M — Z preserves. In this regard, we discover that every 3-Sasakian manifold
M admits a natural C-valued 3-form I} € Q*(M;C) that descends to a 3-form on
Z (Proposition 3.21). Later, in Section 4.2, we will prove that the descended 3-form
endows Z with a canonical Sp(n)U(1)-structure.

Finally, in Theorem 3.20, we observe that Re(T;) € Q*(M) is a semi-calibration,
and classify the Re(I)-calibrated 3-folds in terms of more familiar geometries.

3.1 3-Sasakian manifolds as links

Definition 3.1 Let M be an odd-dimensional manifold. An almost contact metric
structure on M is a triple (gu, &, J) consisting of a Riemannian metric gy, a 1-form
a € QY(M), and an endomorphism J € T'(End(TM)) satisfying

a(JX) =0, J(A) =0, Plker(a)=-1d, gu(JX,JY) = gu(X,Y) - a(X)a(Y),
where A := a € T(TM) is the Reeb vector field. It follows that a(A) = 1.

Thus, if M is equipped with an almost contact metric structure, then each tangent
space splits as

T:M = RA|, @ Ker(aly).

Further, restricting to the hyperplane Ker(al,) c TyM, the endomorphism
J:Ker(al,) - Ker(af,) is a gp-orthogonal complex structure. Thus, the hyperplane
field Ker(«) ¢ TM is naturally endowed with the Hermitian structure (gu,J, Q),
where Q := g)(J-,-) is the corresponding nondegenerate 2-form.

Definition 3.2 Let M be a (4n + 3)-manifold. An (Sp(#n) x 3)-structure (or almost
3-contact metric structure) on M consists of data (g, (a1, a2, a3), (J1,J2,J3)) such
that:

« each triple (gu, @y, J) is an almost contact metric structure (p = 1,2, 3); and
o letting A := (x}, € I(TM) denote the corresponding Reeb fields, we require

Jpolg—ay®A;=epgrdr — 8pq1d,
Jp(Aq) = epgrAr.

Note that there is no sum over r in the above equations. For example, the above
equations say J;(A;) = 0, J;(A2) = A3, J1(A3) = —Ay, that J} = -1d on Ker(a, ), and
that J;J, = J;. Similarly for cyclic permutations of 1, 2, 3.
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Let M*"*3 carry an (Sp(n) x 3)-structure. We make three remarks. First, for each
P =1,2,3, the tangent bundle splits as

(3.1) TM =RA, ®Ker(a,),

and the hyperplane field Ker(a,) c TM carries a Hermitian structure (gu, Jp, Qp),
where Q, = gy (Jp-,-). In fact, each Ker(a,) is also endowed with the complex
volume form ¥, € A*"*»%(Ker(a,)) given by

1
“I”l = (OCZ + 1“3) A 7'(02 + iQ.’))n;
n.
1
(32) Y, = (0(3+Z‘061)/\f'(03+1‘01)n,
n.
1
\P3 = ((Xl + i(Xz) N 7'('(21 + in)n.
n.

Second, considering (3.1) for p = 1, 2, 3 simultaneously, we see that the tangent bundle
splits further as

(3.3) TM=HeV,
where

ﬁ:Ker(al,az,a3), \7:RA1€BRA2€B]RA3.

Note that the 4n-plane field Hc TM is preserved by the three endomorphisms
J1, J2, J5. In fact, the restrictions of J;, J,, J; to H are gm-orthogonal complex struc-
tures that satisfy the quaternionic relations J;J, = Js, etc.

Third, we consider the relationship between the structure on a manifold
(M*"+3, g)r) and that of its metric cone

C4n+4 _ C(M) _ (R+ > M,gC = drz + rng).

In one direction, if (M, gy ) is equipped with a compatible (Sp(n) x 3)-structure
(gm> (@), (Jp)), then the (4n + 4)-manifold C inherits a Riemannian metric gc, a
triple of gc-orthogonal almost-complex structures (11, I, I3) satisfying I, I, = I3, etc.,
and a triple of nondegenerate 2-forms w, defined by

gc = ar* + rng’ wp(X, Y) = gC(IpX’ Y),
1,(X) = JpX —ap(X)ror, if X e TM,
AP’ if X = rar)

where X, Y € TC. A computation shows that for each p =1,2,3,
(3.4) wp :rdercp+erp.

Altogether, the data (gc, (w1, w2, w3), (11,12, 13)) are an almost hyper-Hermitian
structure on C.
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Conversely, if the metric cone (C*"*%, gc =dr*+r?gy) carries an almost
Y; by g

hyper-Hermitian structure (gc, (w1, w2, w3), (I1, I, I3)) that is conical in the sense
of Definition A.9, namely that

grar(wp):zwp) p:1)2)3)

then its link (M, gy ) inherits a compatible (Sp(n) x 3)-structure (gu, (), (Jp))
via

I,, onKer(a,),
ap = (rdr1wp)|ms Jp:{P (ap)

0, onlRA,.
This relationship leads to the following definition:

Definition 3.3 Let M be a (4n+3)-manifold. A 3-Sasakian structure on M
is an (Sp(n) x 3)-structure (gum,(«p),(Jp)) for which the induced almost
hyper-Hermitian structure (gc,(wp),(I,)) on its metric cone C(M) =R* x M
hyperkihler.

Note that this is equivalent to requiring that the 2-forms w;, w,, w; are all closed.
(See, for example, [21, Section 2].)

3.1.1 Distinguished forms on 3-Sasakian manifolds

For the remainder of this work, M*"** will denote a 3-Sasakian (47 + 3)-manifold
with 3-Sasakian structure (gas, (o1, o2, @3), (J1, J2,J3)). The induced conical hyper-
kéhler structure on C*"** = R* x M will be denoted (gc, (w1, w2, w3), (I1, I2,13)). In
this section, we record some of the distinguished differential forms on M and compute
their exterior derivatives.

To begin, we consider the contact 1-forms &y, a;, a3 € Q'(M) and the transverse
Kahler forms Qy, Q, Q3 € Q*(M) defined by Q,(X,Y) = gu(J,X, Y). By (3.4), we
may compute

0=dw,=d(rdraa,) +d(r’Qp) =rdra(-da, +2Q,) +r*dQ,,
which implies that
(3.5) da, = 2Q,, dQ, = 0.

(The first equation in (3.5) shows that each «, is indeed a contact form. That is, that
ap A (day)**! is nowhere zero.)
Next, we decompose the 2-forms ), Q,, Q3 according to the splitting

A(T*M) = A*(V) e (Ve H) e A*(H").

One can show that each ), has no component in V* ® H* and that the A?(V*)-

component of Q; is @, A a. Letting k1, £, k3 denote the A>(H*)-component of Qp,
we arrive at the formulas

(36) QIZ(Xz/\(X?,‘FK], QZZ(X3/\(X1+/£2, Q3Z(X1/\(X2+H3.
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Taking d of (3.6) and using (3.5) shows that

dH] = 2(“2 A Q3 - a3z A Qz) = 2(“2 NK3— a3 A K/z),
(37) d:‘@z :2(063/\01—0(1/\03) :2(0(3/\,‘{21—061/\%3),
d/i3 = 2((X1 A Qz — 0 A Q]) = 2(0(1 NRy— Oy A Ii]).

Finally, recalling the transverse complex volume forms ¥;, ¥,, ¥; € Q***!(M;C) of
(3.2), we compute

(3.8)
2 2 2
d\Pl = *'(Qz + iQ3)n+1, d\Ilz = *'(Qg, + in)n+1, d\I”g, = *'(Ql + in)n+1.

To conclude this section, we summarize the relationships between various forms
on the hyperkihler cone C*"** and those on its 3-Sasakian link M*"*3,

Proposition 3.4 We have

(3.9) wy =rdraa+12Qy,
(3.10) %wf:r3dr/\(oc1/\01)+r4 %Qf,
(3.11) %wk = dr A (kil)!((xl/\Q{‘_l)+r2k%Q{‘.
Consequently,
1

(312) Y, = T2n+1 dr A Y, + 72n+2 (QZ + ng,)rHl,

(n+1)!
1
@1)4 = TS dr A ((Xz AN Qz — 03 A Qg) + 7‘45(95 - Qg),
1
O =r’dra(-agAQr+aaAQy+az AQs)+r? E(—Qf + Q7+ Q3),
1 1
A:rsdr/\g((xl/\Ql+oc2/\02+oc3/\03)+r4g(0f+Q§+Q§).
Proof Each of these follows from a straightforward calculation. [ ]

3.2 Submanifolds via the Sasaki-Einstein structure

By analogy with our discussion in Sections 2.1 and 2.2, we now consider the various
classes of submanifolds of M. We begin with those defined in terms of a Sasaki-
Einstein structure.

By Remark 2.13, we can apply Proposition A.1 to (3.11) with k replaced by k + 1. We
deduce that for p = 1,2, 3, the (2k + 1)-forms

1 +
E(ocp A Qp) € QP (M)

are semi-calibrations. Their calibrated submanifolds are called I,,-CR submanifolds. To
be precise:
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Proposition 3.5 Let L***1 ¢ M*"*3 be a (2k + 1)-dimensional submanifold. We say L
is I;-CR if any of the following equivalent conditions holds:

(1) C(L) c C is I;-complex. That is, each tangent space of C(L) is I;-invariant.

(2) C(L) is (up to a change of orientation) ﬁw{‘“—calibmz‘ed:

1 k+1
(k+1)! !

= VOlc(L).
C(L)

(3) Each tangent space Ty L is Jy-invariant and contains the Reeb vector A;.
(4) L satisfies (up to a change of orientation) that

= VOlL.

1 k
— (A Q
k!(l l)L

Proof The equivalences (i) <= (ii) <= (iii) are well known. The equivalence
(ii) <= (iv) follows from Proposition A.1. [ |

Proposition 3.6 Let L¥ ¢ M*"*3 be a submanifold. We say L is «;-isotropic (resp.

ay-Legendrian if k = 2n + 1) if any of the following equivalent conditions holds:

(1) C(L) is w;-isotropic: w1|C(L) =0.

(2) (X1|L =0.

(3) |, =0and O, =0.

In particular, an a;-isotropic submanifold L ¢ M satisfies dim(L) < 2n + 1.

Proof The first equation in (3.5) shows the equivalence (ii) <= (iii). The equiva-

lence (i) < (iii) follows from (3.9). [ ]
Next, from formula (3.12) together with Proposition A.l and Remark 2.13, we

observe that for p = 1,2, 3 and a constant e’® € S, the (2n + 1)-forms

Re(e %¥,) e Q*"*1(M)

are semi-calibrations. Their calibrated submanifolds are called ¥, -special Legendrian
submanifolds of phase e'®. We observe:

Proposition 3.7  Let L*"*' ¢ M*"*3 be a (2n + 1)-dimensional submanifold. We say L

is W1-special Legendrian if any of the following equivalent conditions holds:

(1) C(L) is (up to a change of orientation) Yi-special Lagrangian: Re(Y1)|c(y) =
VOIC(L).

(2) C(L) satisfies wi|¢(py =0 and Im(Y1)|¢py = 0.

(3) L satisfies (up to a change of orientation) that Re(\ty)|; = voly.

(4) L satisfies a|; = 0 and Im(¥;)|; = 0.

Proof The equivalence (i) <= (ii) is well known. The equivalence (ii) <= (iv)

follows from equation (3.12) and Proposition 3.6. The equivalence (i) <= (iii) follows

from (3.12), Remark 2.13, and Proposition A.1. [ ]

3.3 Submanifolds via the 3-Sasakian structure

We now turn to those submanifolds of M whose definition requires more than the
Sasaki-Einstein structure. Here, we will discuss the CR isotropic, special isotropic, and
associative submanifolds.
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3.3.1 CR isotropic submanifolds

Proposition 3.8 Let L***! ¢ M*"*3 be a (2k + 1)-dimensional submanifold, 1 < k < n.
We say L is I-CR isotropic (resp. I;-CR Legendrian if k = n) if any of the following
equivalent conditions holds:

(1) C(L) c Cis I-complex, w,-isotropic, and w3-isotropic.

(2) C(L) c C is I -complex and w,-isotropic.

(3) Lis ;-CR, a,-isotropic, and as-isotropic.

(4) Lis I;-CR and a;-isotropic.

Proof The equivalence (i) <= (ii) was shown in Proposition 2.6. The equivalences
(i) < (iii) and (ii) <= (iv) both follow directly from Propositions 3.5 and 3.6. =

In the CR Legendrian case, we can say more:

Corollary 3.9 Let L*"*'c M*"** be a (2n+1)-dimensional submanifold. The

following are equivalent:

(1) C(L) is I;-complex, w,-Lagrangian, and ws-Lagrangian (i.e., C(L) is I;-complex
Lagrangian).

(2) C(L) is wp-Lagrangian and ws-Lagrangian.

(3) C(L) is I;-complex, Y,-special Lagrangian of phase i"*', and Y;-special Lagrangian
of phase 1.

(4) Lis I;-CR, ay-Legendrian, and as-Legendrian (i.e., L is I;-CR Legendrian).

(5) Lis ay-Legendrian and a3-Legendrian.

(6) L is I;-CR, Yy-special Legendrian of phase i"*', and Vs-special Lagrangian of
phase 1.

Proof The equivalence (i) <= (ii) <= (iii) was shown in Proposition 2.7. The
equivalence (i) <= (iv) was shown in Proposition 3.8. Finally, (ii) <= (v) follows
from Proposition 3.6, and (iii) <= (vi) follows from Proposition 3.7. [ ]

Examples of CR isotropic submanifolds can be constructed via Example 5.2
together with Corollary 5.12.

3.3.2 Special isotropic submanifolds

Definition 3.10 'The special isotropic forms on M are the real (2k —1)-forms
01,2615 07,2k-1> O 2k-1 € Q¥ (M) defined by

01,261 = (rarJ®I,2k)|Ma 91,2p—1 = (rarJ®I,2k)|Ma Ok 2k-1 = (T’arJ@K,zk)\M-
In particular, for 2k —1=1,3,2n + 1, these are

011 = az,
9[’320(2/\92—063/\03:(Xz/\ﬂz—(X3/\lﬁJ3,
91,2n+1 = Re(\Pl)-

By Remark 2.13, Proposition A.l, and Theorem A.6, the special isotropic forms
01,2k-1>07,2k-1, O, 211 are semi-calibrations.
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Proposition 3.11 Let L**7' ¢ M*"*3 be a (2k —1)-dimensional submanifold, 1< k <
n+1. Wesay L is 01 ,x-1-special isotropic if either of the following equivalent conditions
holds:

(1) C(L) c Cis Oy x-special isotropic.
(2) Lis 8y k-1-special isotropic.

Proof This follows from Remark 2.13 and Proposition A.1. [ ]

3.3.3 Associative 3-folds

The following definition is due to Bryant and Harvey [9].

Definition 3.12 The generalized associative 3-forms are the real 3-forms ¢y, ¢, ¢35 €
Q*(M) defined by

¢1:—a1AQI+062/\Qz+(X3/\Q3,
¢2=(X1/\Ql—0(2/\92+063/\03,
(/)3:061/\Ql+0(2/\92—0(3/\03.
Equivalently,
Pr=a1Aaz Az — ) AR+ Q2 A Ky + 03 A K3,
¢2:0(1/\0(2/\0(3+0£1/\:‘€1—062/\:‘€2+(X3/\K)3,
3= Aoy Aaz+ 0o AR+ 0y AKy — O3 AK3,

where the r; were defined in (3.6). A three-dimensional submanifold L* ¢ M*"*3 is
¢1-associative if it is calibrated by ¢;:

¢1|L = VOlL.
The definitions of ¢,-associative and ¢3-associative are analogous.

Observing that
1
Oy =rPdrang, +rt E(—Qf + Q2+ Q2),

we obtain:

Proposition 3.13  Let L* c¢ M*"*3 be a three-dimensional submanifold. The following
are equivalent:

(1) C(L) c Cis ®1-Cayley.

(2) L c M is ¢y-associative.

Proof This follows from Remark 2.13 and Proposition A.1. [ ]

Finally, we remark on the relationships between the above submanifolds. Let us
recall that a manifold is called Sasaki-Einstein if its cone is Calabi-Yau and that a
7-manifold is called nearly parallel G, if its cone is a Spin(7)-manifold. Suppose now
that (Y7, (g, @, J, ¥)) is a Sasaki-Einstein 7-manifold. It is well known that Y inherits
a nearly parallel G,-structure by the following formula:

¢=anQ-Re(¥).
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The real 3-form ¢ € Q*(M) is called the associative 3-form, and a three-dimensional
submanifold ¥* ¢ M satisfying ¢|s = voly, is called associative. The following fact is
well known, although we prove a more general result in Proposition 3.15.

Proposition 3.14 Let (Y’,(g,a,J,¥)) be a Sasaki-Einstein 7-manifold, and equip
Y with its induced nearly parallel G,-structure ¢. Let L*> c Y be a three-dimensional
submanifold. Then:

(1) IfLis CR, then L is associative.
(2) IfL is special Legendrian of phase '™ = 1, then L is associative.

When the ambient space is 3-Sasakian, the above fact generalizes to higher dimen-
sions in the following way.

Proposition 3.15 Let M*"*® be a 3-Sasakian (4n + 3)-manifold. Let L> ¢ M be a
three-dimensional submanifold. Then:

(1) IfLis I;-CR or I5-CR, then L is ¢,-associative.

(2) If L is -0y 3-special isotropic or Ok 3-special isotropic, then L is ¢,-associative.

(3) If L is I;-CR isotropic, then L is simultaneously I,-CR, —8; 5-special isotropic, and
Ok ,3-special isotropic, and hence is ¢,-associative.

Proof (a)If L c M is I;-CR (resp. I5-CR), then Proposition 3.5 implies that its cone
C(L) c Cis I;-complex (resp. I3-complex). By Proposition 2.12(a), C(L) is @,-Cayley,
so by Proposition 3.13, L is ¢,-associative.

(b) If Lc M is —03-special isotropic (resp. Ok, 3-special isotropic), then
Proposition 3.11 implies that its cone C(L) c C is —@j 4-special isotropic (resp. @ 4-
special isotropic). By Proposition 2.12(b), C(L) is ®,-Cayley, so by Proposition 3.13,
L is ¢,-associative.

(c) If L is I;-CR isotropic, then Proposition 3.8 implies that C(L) c C is I;-complex
isotropic, and the result follows from an argument analogous to those used in parts
(a) and (b). Alternatively, if L is I;-CR isotropic, then by definition, L is I;-CR,
a2 -isotropic, and a3-isotropic. Recalling that

9])3:063/\03—“1/\01 GK’:’,:(XI/\Q]—OCz/\Qz,
we observe that L is —0;3- and O 3-special isotropic. ]
Remark 3.16 Where associative 3-folds in 3-Sasakian manifolds M*"*3 are con-
cerned, the case n =1 has received the most attention in light of the connection to
G,-geometry. Recently, several studies have considered the two one-parameter fami-

lies of squashed associative 3-forms on M’ given by

_¢1_,t :061/\062/\063+tz(—al/\li1+(X2/\Fd2+(X3/\/13),

2
Plr=ar Ay Aaz—t7 (g AR+ ARy + a3 AK3).

See, for example, [6], [23], or [24].
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3.3.4 Summary

The following table summarizes the relationships discussed above.

dim(C(L)) ConeC(L)c C Link Lc M dim(L)
2k I;-complex I;-CR 2k -1
2n+2 w;-Lagrangian a;-Legendrian 2n+1
<2n+2 w1 -isotropic ay-isotropic <2n+1
2n+2 Y;-special Lagrangian ~ W;-special Legendrian 2n+1
2n+2 I;-complex Lagrangian I;-CR Legendrian 2n+1
2k I;-complex isotropic I;-CR isotropic 2k -1
2k O ,k-special isotropic 05 ,x-1-special isotropic 2k -1
4 ®,-Cayley ¢1-associative 3

With the exception of «;-Legendrian and «;-isotropic submanifolds, all of the “link”
submanifolds L ¢ M*"*3 that appear in the table are minimal (i.e., have zero mean
curvature), because a calibrated cone is minimal, and the link of a minimal cone is
minimal.

3.4 3-Sasakian manifolds as circle bundles

From now on, 3-Sasakian (47 + 3)-manifolds M are assumed to be compact. Above,
we viewed M as the link of a hyperkahler cone C. In this section, we adopt a different
perspective, viewing M as the total space of a circle bundle. The starting point is the
following result.

Theorem 3.17 (Boyer-Galicki [8], Theorems 7.5.1, 13.2.5,13.3.1) Let M be a compact
3-Sasakian (4n + 3)-manifold. For v = (v1,v2,v3) € S, let A, = viA; + v2A; + v3A;3
denote the corresponding Reeb field. Then:

(1) Each A, defines a locally free S*-action on M and quasi-regular foliation F, ¢ M.
Let Z,, := M|J, denote the corresponding leaf space, and let p,: M — Z, denote the
projection.

(2) The projection p,: M — Z, is a principal S'-orbibundle with connection 1-form
a, = Y via;, and it is an orbifold Riemannian submersion.

(3) For v,v' € 82, there is a diffeomorphism Z, ~ Z,.. In fact, each Z, may be iden-
tified with the (orbifold) twistor space Z of the quaternionic-Kihler 4n-orbifold
Q = M/F 4, where F 4 is the three-dimensional foliation determined by the vector
ﬁelds Al, Az, A3.

Thus, every compact 3-Sasakian (47 + 3)-manifold M has a natural S*>-family
of projections p,: M*"*3 — Z4"*2_ For definiteness, we choose to work with p; :=
P@1,0,0): M — Z, with respect to which a; € Q!(M) is a connection 1-form. On M, the
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choice of p; preferences the splitting TM = RA; ® Ker(«;). On the hyperkéhler cone
C*"** = C(M), our choice distinguishes the Kahler structure (gc, I, ;).

3.4.1 The 3-forms I, I;, T3 and 4-forms E,, 55, 53

We now introduce C-valued 3-forms I}, 5, T3 € Q*(M;C) and R-valued 4-forms
By, By, B3 € Q*(M) that will play a key role in understanding the structure on the
twistor space Z. These forms do not appear to have been studied before. Recalling the
2-forms ; defined in (3.6), we define

I = (az —ia3) A (K2 + iK3),
(3.13) D= (a3 —iag) A (ks +iK1),
T3 = (a1 —iay) A (Ky + 1K),
and
(3.14) Bl = K + K3, By = K] + ki, B3=kK
Note that the real and imaginary parts of I; are given by
Re(I1) = az A ky + a3 A K3,
(3.15) ImEFi; = ocz A I{z - ocz A /{z.
Their exterior derivatives are given by:
Proposition 3.18 We have
dRe(T) =28 —4ay A az A K,
dIm(Ty) =0,
dBy = —4k; Alm(LY).

Proof This is a straightforward computation using the definitions (3.15) and (3.14)
and the exterior derivative formulas (3.5) and (3.7). [ |

Remark 3.19 We remark in passing that one can compute
K+ K5+ K3 = %d(a123+cx1/\m+0¢2/\n2+¢x3A/<;3),
showing that the natural 4-form k7 + 8y = k7 + K3 + K3 is exact.
To clarify the geometric meaning of I} € Q°(M; C), we consider the 2-form
51 = 2K] — 0 A Q3.
Using equations (3.5)-(3.7), (3.15), and Proposition 3.18, we derive the identities
dQ, =3Im(2Ly),
dRe(2l) = 2(28; — 4ap A az A Ky).

When #n =1, in which case dim(Z) =6 and dim(M) =7, there is a coincidence
Kk} = k3 = k3, which implies &, = 27, and therefore

dQy = 3Im(2Ly),
dRe(2Iy) = 202,
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which is familiar from the geometry of nearly Kahler 6-manifolds [26]. So, when n =1,
the forms Q; € Q2(M) and 2I € O3 (M;C) are the pullbacks via py: M7 — Z° of the
nearly Kdhler 2-form and complex volume form on Z, respectively.

In Sections 4.1 and 4.2, we will see that aspects of this picture persist in higher
dimensions. That is, for any » > 1, the 2-form Q is the pullback of the nearly Kéhler
2-form, while 2T is the pullback of a natural 3-form that (together with other
geometric data) defines an Sp(#)U(1)-structure on Z. When n = 1, the Sp(1)U(1) =
U(2)-structure on Z induces the familiar SU(3)-structure, but when n > 1 the group
Sp(n)U(1) is not contained in SU(2#n + 1).

3.4.2 Re(Iy)-calibrated 3-folds

The real parts of the 3-forms I}, T, T3 € Q*(M;C) turn out to be semi-calibrations
(Corollary 4.11), and thus give rise to a distinguished class of 3-folds of M. The
following theorem characterizes these submanifolds; we defer the proof to Section 4.4,
where the result is restated as Theorem 4.31.

Theorem 3.20  Let L*> ¢ M*"*? be a three-dimensional submanifold. The following are
equivalent:

(1) C(L) is a (col, + s¢I3)-complex isotropic 4-fold for some constant e'® € S'.
(2) Lisa (col, + sgI3)-CR isotropic 3-fold for some constant e'® € S.
(3) L is Re(Iy)-calibrated.

Examples of Re(I})-calibrated submanifolds can be constructed via Example 5.2
together with Theorem 6.3.

3.4.3 Descent to Z

To conclude this section, we observe that certain differential forms defined on M
descend to the twistor space Z via the map p;: M — Z. For this, we recall that a k-form
¢ € Q% (M) is called p;-semibasic if ix ¢ = 0 for all X € Ker((p1).). Since the fibers of
p1: M — Z are connected, it is a standard fact that a k-form ¢ € Q¥ (M) descends to Z
if and only if both ¢ and d¢ are p;-semibasic.

Proposition 3.21 Consider the projection p = p1: M — Z.

(1) There exist R-valued differential 2-forms wy, wy, wk, wnk € Q*(Z) satisfying

a Az =p(wy), K1+ oy Aoz =0 = p*(wke)s

mzp*(wH), 2/@1-0{2/\063251:1)*((1)1\][().

(2) There exist a C-valued differential 3-form y € Q*(Z; C) and an R-valued differen-
tial 4-form & € Q*(Z) satisfying
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Proof (a) By equations (3.5) and (3.7), we have
d((XZ A (X3) = —2(062 NKR3— O3 A ;‘{2), dﬁll = 2(0(2 NKR3— 03 A /*62).

Therefore, both a, A a3 and d(a;, A a3) are p;-semibasic, and similarly for k1 and dk;.
(b) By Proposition 3.18, we have

dly = 2(K3 + K3) — 40y A a3 A K, dEy = -4k A (ay A K3z — a3 A Ky).
Therefore, both I} and dI are p;-semibasic, and similarly for Z; and d&,. ]

Remark 3.22 By contrast, one can check that the following forms on M do not
descend via p;: M — Z to forms on Z:

K2> K35 I, I3, ap, o, A3, o1, b2, P3,
02’03) E‘Z)E"_’)) \PI’\P2>\IJ3'

Remark 3.23 One must be careful to distinguish the 3-form Ij = (a; — iaz) A
(k2 + ik3) from the special isotropic 3-form

(raﬂéaf)m =(az +iaz) A (kg +iK3).

While I descends to Z, the special isotropic 3-form (rd, 1307 )| does not, because
its exterior derivative has a; terms. Note that for n = 1, the object (9, 4 30)|m = ¥
is a 3-form on M’ whose real part calibrates special Legendrian 3-folds.

4 Calibrated geometry in twistor spaces

We now turn to the submanifold theory of twistor spaces Z, organizing our discus-
sion as follows. In Section 4.1, we briefly discuss Sp(n)U(1)-geometry on arbitrary
(4n + 2)-manifolds Y*"*2, Then, in Section 4.2 (Theorem 4.7), we prove that every
twistor space Z*"*? admits a canonical Sp(n)U(1)-structure, which (among other
data) entails a distinguished 3-form y € Q*(Z;C). In Proposition 4.10, we prove
that Re(y) € Q*(Z) is a semi-calibration, and devote Section 4.3 to the study of
Re(y)-calibrated 3-folds. In a certain sense (Proposition 4.10(b)), these are higher-
codimension generalizations of special Lagrangian 3-folds in six-dimensional nearly
Kéhler twistor spaces.

Finally, in Section 4.4, we study the relationships between submanifolds of M*"*+3
and those in Z*"*2. More specifically, distinguishing the map p;: M — Z, we consider
how various submanifolds =¥ c Z behave under the operations of p;-circle bundle lift
7 (2)**! ¢ M and p;-horizontal lift ¥ ¢ M.

We remind the reader that as mentioned in the introduction, we only consider
submanifolds of Z that do not meet any orbifold points.

4.1 Sp(n)U(1)-structures

Let Y*"*2 be a smooth (4n + 2)-manifold with n > 1.

Definition 4.1 A (U(2n) x U(1))-structure on Y*"*? is an almost-Hermitian
structure (g,/J;,w,) together with a distribution of J,-invariant 4n-planes H c
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TY. Equivalently, it is an almost-Hermitian structure (g, J;, w,) together with an
orthogonal splitting
TY=HeV,

where Hc TY and V c TY are J,-invariant subbundles with rank(H) = 4n and
rank(V) = 2.

Givena (U(2n) x U(1))-structure (g, J+, w4, H), wesplit (g, J;, w, ) into horizon-
tal and vertical parts as follows:

g=8H+8v Jo=Tely + Jelvs Wy = WH + Wy.
Further, we can extend it to a one-parameter family (g(¢), ]+, w,(t),H) by defining
g(t) = Pgn + gv, w, (1) = Pwy + wy.
Moreover, by reversing the orientation of the vertical subbundle V c T'Y, we obtain a
second one-parameter family (g(t), J-, w_(¢), H) by defining
J-=Tily = Jilv» w_(t) = Pwp - wy.

For calculations on Y, we will need local frames adapted to the geometry of the
(U(2n) x U(1))-structure. To be precise:

Definition 4.2 A (U(2n) x U(1))-coframe at y € Y is a g-orthonormal coframe

(P, ,u) = (Plo,Pn,Plz,Pw, <5 Pn0s Pnls Pn2s Pn3s ,Hz,.l/lz-): TyY - R* xR?

for which
wvly, = p2 A pis, wil, = 2 (Pjo Apji+pja Apj3)-
1

For example, we will soon recall (Theorem 4.6) that every twistor space Z*"*2
admits a natural (U(2n) x U(1))-structure. In fact, we will show (Theorem 4.7) that
twistor spaces admit an additional piece of data:

Definition 4.3 Let Y*"*? be a (4n + 2)-manifold with a (U(2n) x U(1))-structure
(g, ]+ ws, H). A compatible Sp(n)U(1)-structure is a complex 3-form y € Q*(Y;C)
with the following property: At each y € Y, there exists a (U(2n) x U(1))-coframe
(p» 1) such that

Y, = (2= ius) A 3 (pjo +ipjn) Alpja+ipjs)-
i1
Note that if y is a compatible Sp(#n)U(1)-structure, then y has J, -type (2,1) and J_-
type (3,0).

To justify this terminology, we make a digression into linear algebra. Consider
the following Sp(n)U(1)-representation on R*"**2. For (A, 1) € Sp(n) x U(1) and
(h,z) e H" ® C, define

(4.1) (A, 1) - (h,2) = (ARATY, 1 722).
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Identify H" ~ C" by writing h = hy + jh, with by, h, € C". This identification endows
H" with the complex structure given by right multiplication by i, which in turn yields
an embedding 1:Sp(n) — U(2#n). In this way, the representation (4.1) induces an
embedding

Sp(n)U(1) — U(2n) x U(1)
(A1) = (1(A)ATY, A72).
The image of this map is
(4.2) {(B,v) e U(2n) x U(1):v"V2B € Sp(n)}.

Since Sp(n) contains the element —Id, the condition v~/2B € Sp(n) does not depend
on the choice of square root.

Let (e10,em €125 €135 - - > €105 €nl> €n2, €n3» f2, f3) denote the standard basis of
R**2 and let (e, el, e, €13, ..., e"0, ™, "2, ™, f2, f*) denote its dual basis. We
identify R*"*? ~ C*" @ C via the complex structure J, whose Kahler form is

wo=fPAf + 3 (e nelt + el neP).
Identifying C*" ~ H", the standard hyperkihler triple on H" is
B = Z(ej0 nelt v e ae), By = Z(ejo Aelr— el nel?),
Bs=>(e" nel + el ael?).
We consider the 3-form y, € A*((R*"*?)*) given by
yo=(f*=if*) n (B2 +ips).

(4.3)

Then:

Proposition 4.4  With respect to the standard (U(2n) x U(1))-action on R*"*2, the
stabilizer of yo € A*>((R***2)*) is the subgroup Sp(n)U(1) < U(2n) x U(1) given by
(42).

Proof Let(B,v) e U(2n)xU(1),andset 7= f2—if> and B = B, + iBs. Since 7 has
Jo-type (0,1) and f8 has Jo-type (2,0), we have

vir=vly, v B =B,
and hence
(B,v)*yo = (B,v)* (tAB) =v*TAB*B=1A (v'V2B)*B.

If (B,v) € Sp(n)U(1), then v"Y2B e Sp(n) by (4.2). Thus, since Sp(n) stabilizes
B> B2, B3, we get

(B,v)" yo =1 A B =yo.
Conversely, if (B, v) € U(2n) x U(1) stabilizes yy, then

tAB=1A(v2B)*B.
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Contracting both sides with the vector f, + if; implies that g = (v"/2B)*, so that
v Y2B € U(2n) stabilizes . Since the U(2n)-stabilizer of § is Sp(n), we deduce that
v/2B € Sp(n), and hence (B, v) € Sp(n)U(1). [

Example 4.1 'The case n =1 is particularly special. Let Y® be a 6-manifold with
a (U(2) xU(1))-structure (g, ]+, w.,H). By definition, a compatible Sp(1)U(1)-
structure is a complex 3-form y € Q*(Y;C) such that at each y € Y, there exists a
(U(2) x U(1))-coframe (po, p1, p2, p3» 2> 3): T, Y — R* x R? for which

Yy = (42 = ipz) A (po +ip1) A (p2 +ips).
So, y is a nonvanishing 3-form of J_-type (3, 0) satisfying
i
gV AV T H N Hs APONPLA P2 A Ps-
As such, y € Q3(Y;C) defines an SU(3)-structure on Y.
Alternatively, the presence of a compatible SU(3)-structure on Y® follows

abstractly from the following group isomorphism of Sp(1)U(1) = U(2) onto a sub-
group of SU(3). Using Sp(1) = SU(2), we have

Sp(1)U(1) = {(ﬁ 0):v—l/23 € SU(2)} = {(g (detOT)l) :Te U(Z)} <SU(3),

v
B 0 = B 0
0 detB 0 (detB)')"
(This is a group homomorphism because U(1) is abelian.) The situation is described
by the following diagram:

/ )\ SU(3

U(2) x U(1)

\ /

Sp(HU(1) 2 U(2)

)

Remark 4.5 The notation in this remark is that made standard in the monograph of
Salamon [28]. Let T = H ® V ~ R*"*2 denote the (real) Sp(n)U(1)-representation of
(4.1). Let E ~ C*" denote the standard complex Sp(#)-representation, and let L ~ C
denote the standard complex U(1)-representation. Then, by refining the splitting
A*(T*) = A*(H*) ® (H* ® V*) ® A>(V*), one can decompose the space of real
2-forms into Sp(n)U(1)-irreducible representations as follows:

A*(H*) 2 Row @ [Sym*(E)] @ [A5(E)] @ [L°] @ [A3(E) ® L]
H*oV ' z[[EoL’|@[[E® L]
AX(V*) = Ray.
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Alternatively, by refining the ], -type splitting A*(T*) = [[A*°]] ® [A"'], one obtains
(A>T =[As(EB) e LT e [L* e [Ee L]
[A"'] 2 Roy ® Roy @ [Sym) (E)] @ [AS(E)] @ [E® L]).
4.2 The geometry of twistor spaces
We now return to the study of twistor spaces Z. The following fact is well known:

Theorem 4.6 Let M*"** be a 3-Sasakian manifold, and fix a projection
p=pi: M — Z. The quotient Z admits a (U(2n) x U(1))-structure (g, ]+, w., H) for
which:

« (g(1), J+, w+(1)) is Kahler-Einstein with positive scalar curvature.
. (g(ﬂ), J w_(ﬂ)) is nearly Kihler.
« p.(H) =Hand p.(span(A,, A3)) = V.

Proof The Kéhler-Einstein structure is very well known and has been extensively
studied. The statement about the nearly Kahler structure is [8, Theorem 14.3.9]. Details
can be found in [4] or [25]. [ ]

From now on, the twistor space Z will carry the (U(2n) x U(1))-structure
(g,]+, w4, H) described in the previous proposition. We will write

(gxes Jxe, wxe) = (g(1), J+, w+ (1)),
(gnx Jnks ong) = (8(V2), J-, w-(V2)).

In particular,
(4.4) WKE = WH + Wy, WNK = 20H — Wy.

We now recover the important observation of Alexandrov [3] that Z naturally
admits even more structure:

Theorem 4.7 Let Z be a twistor space with its (U(2n) x U(1))-structure (gkg, Jxe,
wxg, H). Then Z naturally admits a compatible Sp(n)U(1)-structure y € Q*(Z;C).

Proof By Proposition 3.21(b), there exists a unique 3-form y € Q*(Z; C) satisfying
p*(y) =17 = ((X2 - i063) A (KZZ + il'€3).
This 3-form is an Sp(n)U(1)-structure. |

In Section 5.1, we will give a second proof of Theorem 4.7 from the perspective of
quaternionic-Kéhler geometry. For now, using Proposition 3.21, we can compute the
following exterior derivatives:

dwy = -Im(2y), dwgg =0, dRe(y) =2¢ - 4wy A wy,
dwy = Im(2y), dwnk =31m(2y), dIm(y) =0,
d& =—-4wy AIm(y).
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Example 4.2 When n =1, there is a coincidence & = 2w};. Therefore, in this case,
using that wik = 2w — wv)? = 40}, — 4wy A wy = 2 — 4wy A wy, we recover the
equations

da)NK = 31m(2y),
d Re(2y) =2 WNK N WNK>

familiar from the theory of nearly Kéhler 6-manifolds.
4.3 Re(y)-calibrated 3-folds

Let Z*"*? be a twistor space equipped with the (U(2n) x U(1))-structure
(gxe> Jxe, wxe, H). With respect to this structure, one can consider several classes of
submanifolds of Z, such as:
o Jxe-complex (resp. Jnx-complex) submanifolds.
 Horizontal submanifolds (i.e. those tangent to H).
o wgg-isotropic (resp. wnk-isotropic) submanifolds.
These submanifolds have been the subject of numerous studies, particularly when
dim(Z) = 6. However, since we have now shown that Z admits a compatible
Sp(n)U(1)-structure y € Q*(Z; C), twistor spaces also admit a distinguished class of
3-folds. In this section, we explore these.

We begin by showing that Re(y) € Q3(Z) is a semi-calibration, for which we need
a preliminary lemma.

Lemma 4.8 For any horizontal unit vector v € H, the 2-form 1,(Re(y)) € Q*(Z) isa
semi-calibration. Moreover, its calibrated 2-planes lie in the 6-plane L & V, where L is
the quaternionic line spanned by v.

Proof It suffices to work at a fixed point z € Z. Let (p, ) be an Sp(n)U(1)-coframe
at z as in Definition 4.3. We may then write y|, = 7 A (82 + if33), where

T=py—ips, Pa=D.(pjoApa—piApia)s PBs= (PjoApjs+piipi)
i=1 i=1
Define complex structures J, and J; on H|, by declaring
J2(pjo) = pj2s J3(pjo) = pj3»

J2(pj1) = —pjs J3(pj1) = pjas

which implies J. J, = J3 and g(J»-,-) = B2 and g(J3-,-) = B3. Note that 7, 35, 3, as well
as J», J3, depend on the choice of Sp(#n)U(1)-frame.
Now, let v € H be a horizontal unit vector. Let w = J,v, so that

wy=u(tA(B2+ifs)) =t AL (Ba+ifs) =1A(g(Jav,) +ig(J+J2v,+))
=tA (W i wh)
= (2 = is) A (W' = i]-w")

since J, = J_ on horizontal vectors. This 2-form is decomposable and has J_-type
(2,0). Moreover, {y,, p3,w",J-w"} is an orthonormal set. Thus, this 2-form is a
standard complex volume form, and hence its real part is a semi-calibration. [ ]
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Remark 4.9 'The above proof shows slightly more, namely that the 1, (Re(y))-
calibrated 2-planes lie in the 4-plane span(w, J,w) @ V = span(J,v, J3v) @ V.

Proposition 4.10 The 3-form Re(y) € Q*(Z) is a semi-calibration. Moreover, let
E € Gr; (TZ) be an oriented 3-plane.

(1) E is Re(y)-calibrated if and only if E=Rv @& E’ for some v € EnH and some
2-plane E' that is 1, (Re(y))-calibrated.

(2) IfE is a Re(y)-calibrated 3-plane, there is a quaternionic line L c H such that E is
contained in L® V.

(3) IfE is Re(y)-calibrated, then E is wnk-isotropic.

Proof IfE € Gr;(T,Z) isan oriented 3-planeat z € Z, then dim(E n H) > 1, so there
exists a unit vector v € E N H, and we may orthogonally split E = Rv @ E’. Then

(Re(y))(E) = (vRe(y))(E') <1

by Lemma 4.8, so the comass of Re(y) is at most 1. Now, let v be a horizontal unit
vector and let E’ be an 1, (Re(y))-calibrated 2-plane, which exists by Lemma 4.8. Then
E =Rv @ E' is Re(y)-calibrated, which shows that Re(y) has comass equal to one.
Further, we have seen that an oriented 3-plane E is Re(y)-calibrated if and only if E’
is 1, (Re(y))-calibrated, which proves (a).

Part (b) follows from Remark 4.9. Finally, since y is of J_-type (3, 0), part (c) follows
from Proposition A.5. ]

Returning to the 3-Sasakian manifold M*"*?, we can now establish the following:
Corollary 4.11  The 3-form Re(T;) € Q*(M) is a semi-calibration.

Proof Recallthat p;: M — Z is a Riemannian submersion, that Re(T;) = p;y (Re(y)),
and that Re(y) € Q*(Z) has comass one. The result now follows from Proposition
A4, [ |

Remark 4.12 We pause to make two remarks. First, Proposition 4.10 shows that
Re(y)-calibrated 3-folds L* ¢ Z*"*? are wyk-isotropic. However, we emphasize that
such 3-folds need not be wgg-isotropic in general. Later (Theorem 5.16), we will
characterize the Re(y)-calibrated 3-folds L c Z satisfying wgg|; = 0.

Second, we clarify that Proposition 4.10 asserts Re(y) is a semi-calibration with
respect to the metric gxg. Therefore, by Proposition A.3, the 3-form Re(#%y) is a
semi-calibration with respect to the metric g(t) = t*gn + gv. In particular, Re(2y)
is a semi-calibration with respect to gnk = 2gH + gv-

4.3.1 A normal form for Re(y)-calibrated 3-planes

We now aim to establish a normal form for Re(y)-calibrated 3-planes in Z. Since the
subsequent discussion is a matter of linear algebra, we work in R*"*? ~ H" @ C. As
we have done previously, we let

(610, €115 €125 €135 - - - > €105 €nl> €2 enS’fZ’f3)
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denote the standard basis of R*"*2, let (e'%, e, ..., f2, f*) denote its dual basis, let
B1, B2, B3 be the standard hyperkihler triple on H" as in (4.3), and consider the 3-form
yo € A ((R***2)*) given by

yo=(f2=if>) A (B2 +iBs).
Now, for e’ € S!, define the 2-plane

(4.5)  Vg=span(co(-f2—e13) +sa(—f3 —enn),sa(—f2 +en3) +co(—f3 + e12)).

In particular, we highlight

(46) V% = span (f2 + f3 + e + 613,f2 + 3 —én— 6’13) .

Proposition 4.13 Consider the Sp(n)U(1)-action on H" @ C given in (4.1). Let
EcH" e C be a Re(yg)-calibrated 3-plane. Then there exist (A, 1) € Sp(n)U(1)
and a unique 0 € [0, 7] such that (A, 1) - E = Rejg ® Vy. Moreover, the following are
equivalent:

(1) dim(EnH") = 2.

(2) E=(EnH")® (EnC).
(3) E is wgg-isotropic.

(4) 6=1.

Proof Let EcH" @ C be a Re(y)-calibrated 3-plane. By Proposition 4.10, there
exists a quaternionic line L ¢ H" for which E c L & C. Since the subgroup Sp(#) <
Sp(n)U(1) acts transitively on the quaternionic lines of H", there exists Ag € Sp(n)
such that Ay - L = Loy, where Ly is the standard quaternionic line

Lo = span(eq, en, €12, €13 ).

Thus, (Ag,1)-EcLy®C, so we can without loss of generality suppose that
Ec L() & C.

Now, Ly @ C is a complex 3-plane, and the restriction of yo to Ly ®C is a
complex volume form. Thus, the problem reduces to finding a normal form for
special Lagrangian 3-planes in a complex 3-space with respect to the action of
Sp(1)U(1) 2 U(2). Such a normal form was established in [5, Proposition 3.2].
(Translating between notations, the by, iby, b,, iby, bz, ibs of [5] corresponds to our
€10, €11 €12, €13, f2, —f3.)

For 6 € [0, 7], write Wy = Rejo ® V. We observe that the conditions (a), (b), and
(c) above are invariant under the action of Sp(n)U(1), so it is enough to verify that
for Wy they are equivalent to 6§ = 7. If 6 = 7, we have

W% = span(elo, ep + e3, fZ +f3) = (W% al Hn) ® (W% n (C),

so both (a) and (b) hold. If 6 # 7, then one can compute from (4.5) that dim(Wy n
H") =1. Since a Re(y )-calibrated 3-plane cannot contain any complex lines, we have
dim(Wy n C) < 2, and hence

dim((Wg nH") ® (W nC)) = dim(Wy nH") + dim(Wy n C) < 3 = dim(Wy),
so both (a) and (b) do not hold.
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With respect to the above basis, we have wxg = 1 + f* A f°. Letting

V2 = Ce(—fz - e3) +$e(—f3 —ep), V3= So(—fz +e3) + Co(—f3 +e12),

so Vp = span(v,,v3) and Wy = Rejo @ Vj, a computation shows that
wke(e10,v2) = wke(ew,v3) =0, wke(v2,v3) =2(c§ - s5),

s0 wklyy, = 0ifand onlyif 6 = 7. [

4.3.2 HV compatibility

Definition 4.14 A submanifold =¥ ¢ Z4"*2 is called HV-compatible if at each x € 2,
we have

T.2=(T,ZnH)® (T,ZnV).

HV compatibility is a rather stringent condition. Nevertheless, we now observe that
certain natural classes of submanifolds of Z automatically satisfy it.

Proposition 4.15 Let =¥ c Z*"*2 be a submanifold, 1< k < 2n +1.

(1) IfZ is HV-compatible, then ¥ is wgg-isotropic if and only if ¥ is wnk-isotropic.

(2) Suppose dim(X) =2n+1. If £ is wxg-Lagrangian and wnk-Lagrangian, then
is HV-compatible. Moreover, dim(T,Z nH) = 2n and dim(T,Z nV) =1 at each
z€X.

(3) Suppose dim(X) = 3. If £ is Re(y)-calibrated, then T is HV-compatible if and only
if ¥ is wgg-isotropic. In this case, dim(T,Z N H) = 2 and dim(T,Z N V) = 1at each
z€X.

Proof (a) Suppose X is HV-compatible. If ¥ is wgg-isotropic, then (4.4) says that

(4.7) wv|y = - wnly -
We claim that wy|z = wy|z = 0, which would imply again by (4.4) that X is also wnk-
isotropic. Let uy, u; € Ty X, and decompose them orthogonally as u; = uJH + u}’, where

u]H e Hand uY € V. Since X is HV-compatible, both u]H and u}’ arein T, X for j =1,2.
Using (4.7) and the facts that wy € A*(H*) and wy € A*(V*), we have

wy (U, uy) = wv(ulH + u}/,ug' + u;/) = wv(u}/,u;/)

= —wn(w,uy) =0.

The argument in the other direction is essentially the same, with (4.7) replaced by
wV|Z = 2wH|Z.

(b) Let Z*"*! ¢ Z be wgg-Lagrangian and wyk-Lagrangian, so that wy|y = 0 and
wHl|y = 0.Fixz € E,let my: T,Z - Hand 7y: T, Z — V denote the projection maps, so
that

T.2 c ny(T,2) & ny (T,Z).

Let (p, u): T.Z - R***2 be an Sp(n)U(1)-coframe at z. Since y? A ‘u3|2 = wy|y =0,

we have p? Ay’ =0, so that dim(7y(T,Z)) < 1. Moreover, since wy is a

ny(T:Z)
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nondegenerate 2-form on the 4n-plane H, the condition wh |, (r,z) = 0 implies that
dim(7mn(T;2)) < 2n. Therefore, since
dim(my(T,2) ® ny(1,2)) = dim(my(T,2)) + dim(ny (T,2)) < 2n+1=dim(T,2),

we deduce that T,X = ny(T,;2) @ ny(1,X), which implies the result.
(c) This is immediate from Proposition 4.13. ]

4.3.3 Other phases

Thus far, we have studied the real 3-form Re(y) € Q*(Z). More generally, one can
consider the S'-family of real 3-forms Re(e~*%y) for constant e’® € S'. We now explore
the corresponding submanifold theory, beginning with a familiar situation:

Example 4.3 Suppose that n = 1, so that the twistor space Z is six-dimensional, and
y € Q*(Z;C)isan Sp(1)U(1) = U(2)-structure. By the discussion in Examples 4.1 and
4.2, the 3-form y induces an SU(3)-structure on Z° and satisfies
dwnk =3Im(2y),
dRe(Zy) =2 WNK N WNK-

Now, let L* ¢ Z° be an oriented three-dimensional submanifold. It is well known that
L is wnk-Lagrangian if and only if L is y-special Lagrangian of phase 1. That is,
Re(2y)|L =vol, <= Im(2y)|; =0 and wnk|; =0 <= L is wnk-Lagrangian.

More generally, one might wish to consider y-special Lagrangian 3-folds of other
phases e’ € S'. However, it is well known that if L* ¢ Z° satisfies Re(e~"%y)|;, = voly,
then e 1 = +1.

Example 4.3 is the special case n = 1 of the following more general statement, which
is new:
Proposition 4.16  Let L* ¢ Z*"*? be a three-dimensional submanifold.

(1) IfL is Re(e~*®y)-calibrated, then ¢'® = +1.
(2) IfLisRe(y)-calibrated, then wxk|L = 0 and Im(y)|L = 0. If n = 1, then the converse
also holds.

Proof Suppose that L c Z*"*? is Re(e y)-calibrated. By the same argument
as in Proposition 4.10, we have wyk|; = 0. Since dwnk = 6Im(y), it follows that
Im(y)|; = 0. Therefore,

+vol; = Re(e’iey)’L = cos(0) Re(y)|, -

Since Re(y) has comass one, it follows that cos(0) = +1. (The converse of (b) when
n = 1is the well-known result discussed in Example 4.3.) [ ]

4.4 Relations between submanifolds in M and Z

We now systematically discuss the relationships between the various classes of sub-
manifolds in Z*4"*2 and those in M*"*3. Broadly speaking, given a submanifold X c Z,
there are two natural ways to construct a corresponding submanifold of M. The
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first is to consider the circle bundle p;'(2) ¢ M, and the second is to consider its
pi-horizontal lift ¥ ¢ M (provided it exists). We will examine both constructions.

4.4.1 Circle bundle constructions

We begin by considering submanifolds of the form p;'(2) ¢ M for some submanifold
> c Z. First, we consider those that are I;-CR. In general, Proposition 3.15(a) shows
that every I;-CR 3-fold of M is ¢,-associative. For circle bundles, the converse also
holds:

Proposition 4.17 Let 2% c Z*"*2 be a submanifold, 2<2k <4n. Then X is
J.-complex if and only if p;*(Z) is I,-CR. Moreover, in the case of 2k =2, these
conditions are also equivalent to: p;'(Z) is ¢,-associative.

Proof Let ¥ c Z be a submanifold, and set L = p;'(Z) c M. Fix x € L and let
z = p1(x) € Z. Note that

Y is J,-complex <= (wKE)k|2 = k!vols,
LisI;-CR < (a; A Q{‘)|L = k!vol;.
Since A, € T, L, we can write T,L = RA; @ U for some subspace Uc Ker(ay).

Let {#3,...,tx_1 } be an orthonormal basis of U such that {A1,U1,..., U1} isan
oriented orthonormal basis of T, L. Setting u; = (p1). (i), and noting that

p1|Ker(o¢1): Ker(‘xl)|x - T,Z

is an isometry, we see that {uy, ..., us;_; } is an orthonormal basis of T, . Therefore,
recalling that QO = p; (wxg ), we have

Lis;-CR <= (a; A QM) (AL, ., Thko) = k! — QN ..., Tky) = k!
— w’I‘(E(ul,...,MZk_l) = k!
<= X is J,-complex.

Now suppose k = 1. Observe that
2= AQr =0 AQy +az AQs
= AQp—ax ARy + a3 A K3.

Since 14, (-2 A Ky + a3 A K3) = 0, we have (—a; A K + a3 A K3)|; = 0. Therefore, we
see that ¢,|; = (a1 A )|, which gives the result. |

The previous proposition shows that a circle bundle p;*(X) is I;-CR if and only if
¥ is J,-complex. In fact, any I;-CR submanifold is locally a circle bundle:

Proposition 4.18 Let L***! ¢ M*"*3 be a submanifold, 2 < 2k < 4n. Then L is I-CR if
and only if L is locally of the form p;' () for some J . -complex submanifold 2 ¢ Z4"+2,

Proof (<) This follows from Proposition 4.17.

(=) Let Lc M be I;-CR, and abbreviate p:= p;. At each x € L, we have
A, € TxL, so (short-time) integral curves of A; lie in L. That is, at each x € L, there
exists an open set I, ¢ p~'(p(x)) such that x € I, and I, L.

https://doi.org/10.4153/50008414X24000282 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000282

Calibrated geometry in hyperkdhler cones 1195

We claim that p(L) c Z is an embedded 2k-dimensional submanifold of Z. To see
this, fixz € p(L),and let x € L have p(x) = z. Letting £ satisfy (2k +1) + £ = 4n + 3, we
choose a neighborhood W ¢ M of x and a chart ¢: W — R*"*? = R% x R x R’ with
coordinate functions denoted ¢ = (¢,..., 2%, u,v,...,v") such that

S(LnW)cR* xR x0,
6. (Ay) = 2 onLnW.
ou

Since p: M — Z is a submersion, it is an open map, and therefore p(W) c M is an
open set. Letting 7: R?* x R x RY - R?* x R? denote the natural projection map, we
observe that 770 ¢: W — R*"*2 = R?* x R descends to a chart ¢: p(W) — R*"*2 =
Rk x R such that

¢(p(L) n p(W)) c R* xo.

This provides slice coordinates at z € p(L), showing that p(L) c Z is an embedded
2k-fold.

It follows that p~!(p(L)) ¢ M is an embedded (2k + 1)-dimensional submanifold
of M, so that L c p~!(p(L)) is an open set for dimension reasons. That X := p(L) is
J.+-complex follows from Proposition 4.17. [ ]

Next, for any submanifold = c Z, we note that its circle bundle p;* (£) c M is never
oy -isotropic. However, in special situations, it can be a,-isotropic. In this direction, we
first observe:

Lemma 4.19 Let =% c Z'"*2 be a submanifold with 1< k <2n. The following are
equivalent:

(1) pr(2) is ay-isotropic.

(2) pii(Z) is az-isotropic.

(3) X is horizontal.

Proof LetX c Z*"*2 be a submanifold with dim(X) < 2n, and set L = p;*(Z) c M.
Fixx € Landletz = p;(x) € X.

(i) < (ii). Suppose that L is a,-isotropic at x. By Proposition 3.6, we have both
T,L c Ker(a;,) and Q1,1 = 0. That is, the subspace T, L c Ker(a;) is Q,-isotropic.
Therefore, since A; € T, L, it follows that A3 = —J,(A;) is orthogonal to T,L, and
hence T L c Ker(a3), showing that L is a3-isotropic at x.

(ii) < (iii). Since A; € TyL, we can write TyL=RA, ® U for some sub-
space U c Ker(a,). Since P1lker(a): Ker(ay)|x = T;Z is an isometry, it follows that
(pl)*(ﬁ) = T,X. Now, observe that

L3 cH = (p)o(0) < (p)o(F) <= T c Ker(ay, az,a5)
<= T,LcKer(az,a3).

Thus, if ¥ is horizontal at z, then T, c H, so that T, L c Ker(a;, a3 ), and hence L is
both a,- and az-isotropic at x. Conversely, if L is a,-isotropic at x, then by the previous
paragraph, L is also a3-isotropic at x, so Ty L c Ker(«az, a3 ), and hence X is horizontal
at z. [
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Corollary 4.20 Let 2% ¢ Z*"*2 be a submanifold, 2 < 2k < 2n. Then X is ], -complex
and horizontal if and only if p;'(2) is I-CR isotropic (i.e., ,-CR, ay-isotropic, and
a3-isotropic).

Proof This follows immediately from Proposition 4.17 and Lemma 4.19. m

Corollary 4.21 Let L**' ¢ M*"*3 be a submanifold, 3 < 2k +1<2n +1. Then L is
I,-CR isotropic if and only if L is locally of the form p;*(Z) for some horizontal
J -complex submanifold £* c 742,

Proof This follows from Proposition 4.18 and Corollary 4.20. ]
When X is 2n-dimensional, the situation is particularly special:

Corollary 4.22 Let 3*" c Z*"*2 be 2n-dimensional. The following are equivalent:

(1) X is J.-complex and horizontal.

(2) X is horizontal.

(3) pr'(Z) is ar-Legendrian.

(4) pr'(2) is as-Legendrian.

(5) pr'(Z) is I;-CR Legendrian (i.e., I;-CR, ay-Legendrian, and as-Legendrian).

(6) pr(Z) is Wa-special Legendrian of phase i"*' and Vs-special Legendrian of phase 1.

Proof The equivalence (ii) <= (iii) < (iv) is Lemma 4.19. The equivalence
(i) <= (v) is Corollary 4.20.

It is clear that (v) == (iv). Conversely, if (iv) holds, then L := p;!(Z) is both
a3-Legendrian and o,-Legendrian, so that C(L) c C is both w,-Lagrangian and
ws3-Lagrangian, and therefore C(L) is I;-complex Lagrangian. This proves (v).

It remains only to involve condition (vi). For this, note that (v) == (vi) follows
from Corollary 3.9, and (vi) = (iii) follows from Proposition 3.7. [

The results of this subsection can be summarized in the following table.

dim(p;'(2)) S'-bundle p;’(£)cM BaseZcZ dim(Z) Ref.
2k +1 I;-CR J+-complex 2k 4.18

3 ¢, -associative J+-complex 2 4.17
<2n+1 a-isotropic Horizontal <2n 419
2n +1 a2-Legendrian (J+-complex and) horiz. 2n 4.22

2n +1 Y,-special Legendrian (], -complex and) horiz. 2n 4.22

of phase i"*!
2n +1 I;-CR Legendrian (J+-complex and) horiz. 2n 4.22
2k+1<2n+1 I;-CR isotropic Ji-complex and horiz. 2k <2n  4.21
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4.4.2 p;-horizontal lifts

Let L c M*"*3 be a submanifold, and recall that L is p;-horizontal if and only
if it is oy-isotropic. In this case, dim(L) < 2n +1, and its projection p;(L) c Z is
wxg-isotropic. Conversely:

Proposition 4.23 Let ¥ c Z*"*? be a submanifold. Then X locally lifts to a
p1-horizontal submanifold of M if and only if X is wgg-isotropic. In this case, dim(X) <
2n+1

Proof Suppose first that X locally lifts to a p;-horizontal submanifold T ¢ M. Since
3 is py-horizontal, we have that a1ls = 0. Therefore, Proposition 3.6 implies that
(pfwke)ls = Quls = 0, and hence wkgly = 0.

Conversely, suppose that ¥ is wgg-isotropic. Since p;: M — Z is a Riemannian
submersion, the restriction of the derivative (p;).: TM — TZ to the p;-horizontal
subbundle Ker(a;) ¢ TM is an isometric isomorphism. Consider the distribution
on M defined by D := (pl)*|iler(al)(TZ) c TM. Since X is wgg-isotropic, we have
wke|rs = 0, and therefore 204|p = 2(p; wke)|p = 0. Since, by (3.5), 20 is the cur-
vature 2-form of the connection «; on the bundle p;: M — Z, an application of the
Frobenius theorem implies that D is locally integrable. By construction, the integral
submanifolds of D are (local) p;-horizontal lifts of X. [ ]

4.4.3 p;-horizontality and CR isotropic submanifolds

Note thatif L c¢ M is p;-horizontal, then L cannot be I;-CR. Nevertheless, it is possible
for L to be I,-CR or I3-CR. Moreover, it is also possible for L to be both p;- and p,-
horizontal simultaneously. The following proposition elaborates on this.

Proposition 4.24 Let L***! ¢ M be a (2k +1)-dimensional submanifold, 3 < 2k +1 <
2n + 1. Then:

(1) Lis I,-CR and p,-horizontal if and only if L is I,-CR isotropic.
(2) Suppose dim(L) =2n+1. Then L is I,-CR and py-horizontal <= L is I,-CR
Legendrian <= L is p3-horizontal and p,-horizontal.

Proof (a) This follows from Proposition 3.8 (iii) <= (iv) with indices 1,2,3 replaced

by 2,1, -3.
(b) This follows from Corollary 3.9 (iv) <= (v), again with 1,2,3 replaced by
2,1,-3. |

Now, given a CR isotropic submanifold L c M, we consider the geometric
properties of its projection p; (L) c Z. To state the result, we introduce the following
notation. For a vertical unit vector V € V, c T,Z, we let By := 1y (Rey) denote the
induced nondegenerate 2-form on H,, and let Jy € End(H,) denote the corresponding
complex structure on H,.

Proposition 4.25 Let L***! ¢ M be a (2k +1)-dimensional submanifold, 3 < 2k +1<
2n+ 1

(1) IfL is ay-isotropic and (—sga, + coaz )-isotropic for some e'® € S, then py(L) c Z
is wgg-isotropic and wnk-isotropic.
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(2) If L is (cgly +sgl3)-CR isotropic for some e'® €S, then T :=pi(L)c Z is
wxg-isotropic, wnk-isotropic, and HV-compatible. Moreover, dim(T, 2 nV) = 1 for
all z€ X, and the 2k-plane T, nH is Jy-invariant for any vertical unit vector
VeT,ZnV.

Proof (a) Suppose L c M is a-isotropic and (—sga, + cgas)-isotropic for some
constant e’? € S1. On L, we have a; = 0 and —sga, + cgaz = 0. This second equation
implies

cga, Naz =0 sgay ANasz =0,

and hence ay A a3 = 0 on L. Therefore, a; = 0 implies 0 = da; = 2Q; = 2(az A az +
K1) = 2Ky, so that k; = 0 on L. We deduce that Q;|; = 0 and §1|L = 0. Therefore, on
the projection p1(L) ¢ Z, we have both wkg|,, ;) = 0and wnx|,, () =0

(b) Suppose L c M is (cgl, +sgI3)-CR isotropic, so that L is a;-isotropic and
(—sgay + coar3)-isotropic, and (cgl, + sgl3)-CR. By part (a), the projection X :=
p1(L) is both wgg-isotropic and wyk-isotropic.

Fixx € L, let z = p(x) € =, set V = cpAs +sgAs € TeM, and let Jy = cgJs + sgJs.
By assumption, we can write Ty L = H, & RV for some Jy-invariant 2k-plane Hy, c H.
It follows that T,X = Hy @ RV, where Hy := p.(Hy) c H is a horizontal 2k-plane,
and V = p, (V) €V is a vertical unit vector. In particular, this shows that 3 is HV
compatible, and that dim(T,Z nV) =1L

Now, since Re(T;) = p*(Re(y)), we have that 1:(ReT}) = p*(1v(Rey)) = p*(Bv)
on L. In particular, if Y € Hy, is a horizontal vector tangent to L, then

ge(p«IvY, pe) = gu(IvY,:) =Re(L)(V, Y,") = By (p«Y, ps-) = gre(Jyp« Y, pe-),
which shows that

(4.8) p«Jy =Jyp. on Hy.

Finally, if X € T,XnH = Hjy, thsn X:p*()N() for some )N(EHL. Since Hj is
Jy-invariant, it follows that Jy X € Hy. Therefore, JyX = Jyp.(X) = p.(JyX) €
p«(Hy) = Hs, which shows that Hy is Jy-invariant. [

Conversely, we now ask which submanifolds £ c Z admit local p;-horizontal lifts
to CR isotropic submanifolds of M. As we now show, the necessary conditions given
in Proposition 4.25(b) are in fact sufficient:

Proposition 4.26 Let ¥ c Z*"*2 be a submanifold, 3 < k <2n+1, that is, wgg-
isotropic, wnk-isotropic, and HV-compatible.

(1) If X is nowhere tangent to H, then every local p,-horizontal lift of % is a;-isotropic
and (—sga, + cas)-isotropic for some constant e’ € S,

(2) If dim(T,ZnV) =1forall z€ £, and if T, nH is Jy-invariant for any vertical
unit vector V € T,Z NV, then every local p-horizontal lift of £ is (cgI, + sgI3)-CR
isotropic for some constant e? e sl

Proof (a) Let £ c Z be as in the statement. Since X is wgg-isotropic, Proposition
423 implies that X locally admits a p;-horizontal lift to a k-dimensional
submanifold L ¢ M, which is automatically «;-isotropic. Moreover, since X is
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HV-compatible, and since (p1)«|ker(a,):Ker(a1) = TZ is an isomorphism that
respects the horizontal-vertical splitting, it follows that T'L splits as

(4.9) TL=(TLnH)e& (TLnV).

Now, note that the system wkg|y = wnk|y = 0is equivalent to wy|y = wnly = 0. Since
P (wv) = ag A as, it follows that {a, |1, 3|1 } is a linearly dependent set of 1-forms on
L. Moreover, since X is nowhere tangent to H, it follows that L is nowhere tangent to
H= Ker(a, a3, 3), and thus there is no point of L at which a5 |1, &3], simultaneously
vanish. Therefore, there is an S!-valued function e’?: L — §! such that the 1-form

Tg := =Sy + CoX3

vanishes on L. It remains to show that e’? is constant on L. For this, we compute on L
that

0=drg=dO A (—sgay+coas) +2(coky + Sgk3),

where we have used that o], = 0 to compute da, = 2k, and das = 2k3. Now, the
first term is in (T*L ® V*)|;, while the second is in A>(H*)|L, so by equation (4.9),
they vanish independently. In particular, d0 A (—sga, + coar3) = 0. Together with the
equation cga, + spaz = 0 on L, this implies that d0 A @, = 0 and d6 A a3 = 0, which
yields d6 = 0, so (since L is assumed connected) 6 is constant.

(b) Let X c Z be as in the statement. By part (a), every local p;-horizontal lift
L ¢ M of the submanifold ¥ c Z is a;-isotropic and (—sga, + cga,)-isotropic for
some e'% € S!. Thus, it remains only to show that L is (ce1, + s¢I3)-CR.

Fix x € L, and let z = p;(x) € =. By assumption, we may split 7,2 = Hy ® RV,
where V €V is a unit vector, and Hy ¢ H is Jy-invariant. Therefore, since (p; ). yields
an isomorphism Ker(a;)|, — T,Z that respects the horizontal-vertical splittings, we
may decompose TL = Hy ® RV, where H; c H satisfies p«(HL)=Hs and V € Vv
satisfies p, (V) = V.

Now, since L is both a;-isotropic and (—sga, + cgay)-isotropic, it follows that
V = cpAy +sgAs. Let Jy = coJs + sgJs. If X € Hy, then p«X € Hy, so by (4.8) we
have p,(JvX) = Jyv(p«X) € Hs = p.(HL), and therefore Jy X € Hy. Thus, Hy is Jy-
invariant, and so L is (cgI, + sgI3)-CR. [

In the highest and lowest dimensions, the relationship between CR isotropic
submanifolds of M and their projections in Z becomes simpler. Indeed, in the top
dimension:

Corollary 4.27

) IfL*"*! ¢ M*"*3 is (coI, + sgI3)-CR Legendrian for some e'® € S, then p,(L) c Z
is wgg-Lagrangian and wng-Lagrangian.

(2) Conversely, if 2*"*! ¢ Z*"*2 is wyg-Lagrangian and wxy-Lagrangian, then every
local py-horizontal lift of = is (ce I, + sgI3)-CR Legendrian for some e'® € S.

Proof (a) This follows from Proposition 4.25.

(b) Suppose X c Z is wgg-Lagrangian and wyk -Lagrangian. By Proposition 4.15(b),
it follows that ¥ is HV compatible, and that dim(T,Z nV) = 1 at each z € X. Therefore,
by Proposition 4.26(a), every local p;-horizontal lift L ¢ M is a;-Legendrian and
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(—sgay + cparz)-Legendrian for some constant elf e S, By Corollary 3.9(v) = (iv),
it follows that L is (cgI, + sgI3)-CR Legendrian. |

Corollary 4.28

(1) IfL? c M*"*3 is (cgI, + sgI3)-CR isotropic for some e € S', then py(L) c Z is (up
to a change of orientation) Re(y)-calibrated and wxg-isotropic.

(2) Conversely, if £° c Z*"*? is Re(y)-calibrated and wxg-isotropic, then every local
pi1-horizontal lift of 2 is (cgI, + sgI3)-CR isotropic for some e'® € S,

Proof (a) Let L*> ¢ M*"*3 be a (cgl, + s¢I3)-CR isotropic 3-fold. By Proposition
4.25(b), 2 := p1(L) c Z is wkg-isotropic, so it remains only to show that X is Re(y)-
calibrated.

Fix z € X. Again, by Proposition 4.25(b), we may decompose T~ = Hy ® RV for
some 2-plane Hy c H and vertical unit vector T € V,. Let N € V, be the vertical unit
vector such that {T, N} is an oriented orthonormal basis of V,, and let 1,y €
A?(H}) be the induced nondegenerate 2-forms from y. Since Hy is Jy-invariant, it
follows that Bv|; = +voly,. Therefore,

Re(y)lg,s = (T° A Br +N" APy)|,. , = #voly, Avoly, +0 = +vols.

(b) Suppose =3 c Z*"*2 is Re(y)-calibrated and wg-isotropic. By Proposition
4.15(c), it follows that ¥ is HV compatible, so we may write T,X = Hy & V5, where
Hs c Hand V; c V. The same proposition shows that dim(Vs) = 1. Now, let V € Vx
be a unit vector, let By = 1y (Re(y)) denote the induced nondegenerate 2-form on
H_, and let Jy be the corresponding complex structure on H,. Since Re(y)|5 = vols =
voly, A voly,, it follows that By |y, = +voly,, which proves that Hy is Jy-invariant.
Therefore, Proposition 4.26(b) gives the result. ]

4.4.4 p,-horizontality of special isotropic submanifolds

By Proposition 3.15(b), every —0; ;-special isotropic 3-fold is ¢,-associative. More-
over, since 14,(—613) =0 by Definition 3.10, Proposition A.2 implies that every
—0),3-special isotropic 3-fold is p;-horizontal. We now observe that these necessary
conditions are sufficient:

Proposition 4.29  Let L***! ¢ M*"*3 be a (2k +1)-dimensional submanifold, 3 < 2k +
1<2n+1

(1) If L is 01 k+1-special isotropic, then L is pi-horizontal.

(2) IfL is Yy-special Legendrian, then L is p;-horizontal.

(3) Suppose dim(L) =3. Then L is —0;3-special isotropic if and only if L is ¢,-
associative and p;-horizontal.

Proof (a) Since 14,(012k+1) = 0, Proposition A.2 gives the result.
(b) This is simply part (a) in the case of dim(L) = 2n + 1.
(c) Suppose dim(L) = 3. Then

L is ¢,-associative and p;-horizontal

= (AU -axAQy+a3AQ3)|; =volp and ay|, =0
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and
Lis — 0p3-special isotropic <= (—az A Q, + a3 A Q3)|; = vol,
The result is now immediate. [ ]

Example 4.4 For n =1, Proposition 4.29(c) is the well-known fact that a 3-fold
L3 ¢ M7 is ¢,-associative and p;-horizontal if and only if it is ¥, -special Legendrian
of phase -1.

4.4.5 Re(I})-calibrated 3-folds of M

We now observe that Re(T})-calibrated 3-folds L*> c¢ M*"*3 are always p;-horizontal,
and describe their projections p; (L) c Z. Namely:

Proposition 4.30 IfL* c¢ M*"*? is Re(T;)-calibrated, then L is p,-horizontal (equiva-
lently, a;-isotropic). Moreover:

(1) IfL* c M*"*3 is Re(T})-calibrated, then L is locally a p,-horizontal lift of a 3-fold
in Z that is both Re(y)-calibrated and wyg-isotropic.

(2) Conversely, if 2> c Z*"*2 is both Re(y)-calibrated and wxg-isotropic, then X locally
lifts to a Re(Ty)-calibrated 3-fold in M.

Proof LetL c M beaRe(T})-calibrated 3-fold. Since Re(I}) = a; A K3 + a3 A K3, we
have 14,(Re(I})) = 0. In view of the splitting TM = RA; @ Ker(a;), Proposition A.2
implies that TL c Ker(a), so that L is p;-horizontal (equivalently, a;|1, = 0).

Parts (a) and (b) now follow from Proposition 4.23 and the fact that I} = p; (y). =

We are now in a position to prove Theorem 3.20, which classifies the Re(I})-
calibrated 3-folds in terms of more familiar geometries.

Theorem 4.31 Let L*> ¢ M*"*> be a three-dimensional submanifold. The following are

equivalent:

(1) C(L) is a (col, + sgI3)-complex isotropic 4-fold for some constant e'® € S.

(2) Lisa (col, + sgI3)-CR isotropic 3-fold for some constant e'® € S.

(3) Lislocally of the form p;'(S) for some horizontal ] -complex curve S ¢ Z and some
V= (0, C(-),Sg).

(4) Lislocally a p,-horizontal lift of a 3-fold * c Z that is Re(y)-calibrated and wxg-
isotropic.

(5) L is Re(Ty)-calibrated.

Proof (i) <= (ii). This follows from Proposition 3.8.
(ii) <= (iii). This is Corollary 4.21.
(ii) <= (iv). This is Corollary 4.28.
(iv) <= (v). This is Proposition 4.30. [ |

5 Submanifolds of quaternionic Kahler manifolds

Thus far, we have studied twistor spaces Z as S'-quotients of 3-Sasakian manifolds M.
In Section 5.1, we adopt a different perspective, viewing Z as the total space of a
canonical $?-bundle 7: Z - Q over a quaternionic-Kihler manifold Q*". This leads

https://doi.org/10.4153/50008414X24000282 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000282

1202 B. Aslan, S. Karigiannis, and J. Madnick

to an alternative construction of the Sp(n)U(1)-structure on Z, including the 3-form
y € Q*(Z;C).

In Section 5.2, we turn our attention to totally complex submanifolds of Q*", a class
that is intimately related to the (semi-)calibrated geometries of previous sections. To
explain these relations, we will recall that a totally complex submanifold U?* c Q*"
admits two distinct lifts to Z, namely its 7-horizontal lift U c Z, and its geodesic circle
bundle lift L(U)** c Z.

Given such a circle bundlelift £L(U) c Z, we will prove (Corollary 5.12) that its local
p1-horizontal lifts to M are (cgl, + sgl3)-CR isotropic. The main result of this section
(Theorem 5.14) is that the converse also holds: If L ¢ M is a compact (cgl, + sgI3)-CR
isotropic submanifold, then L is a p;-horizontal lift of some circle bundle £(U). As an
application, we prove (Theorem 5.17) that every compact (2n +1)-fold = c Z that is
Lagrangian with respect both wkg and wyx is of the form £(U), thereby generalizing
a result of Storm [30] to higher dimensions.

We remind the reader that as mentioned in the introduction, we only consider
submanifolds of Q that do not meet any orbifold points.

5.1 Quaternionic Kihler manifolds

Let Q*" be a smooth 4n-manifold, n > 1.

Definition 5.1 An almost quaternionic-Hermitian structure (or Sp(n)Sp(1)-
structure) on Qis a pair (gq, E) consisting of an orientation and a Riemannian metric
£q»> and a rank 3 subbundle E c End(T'Q) such that:

(1) Ateach g € Q, there exists alocal frame (i, j», j3) of E, called an admissible frame,
satisfying the quaternionic relations ji j, = j3 and j# = j3 = j2 = -Id.
(2) Every j € E acts by isometries: gq(jX, jY) = go(X,Y), forall X, Y € TQ.

Equivalently, an almost quaternionic-Hermitian structure may be defined as 4-form
IT € Q*(Q) such that at each g € Q, there exists a coframe L: T,Q — R*" for which
M|, = ¢L* (B} + B3 + P3), where {1, B2, B3} is the standard hyperkihler triple on
R** = H". (See [27] or [8] for details.)

Definition 5.2 Let n > 2. An almost quaternionic-Hermitian structure (gq,E) is
quaternionic-Kihler (QK) if E c End(TQ) is a parallel subbundle (with respect to the
connection V induced by gq). That s, if ¢ is alocal section of E, then Vo is also a local
section of E. An equivalent condition is that the 4-form IT € Q*(Q) is go-parallel.

For n =1, we say (Q*, gq) is quaternionic-Kéhler if the metric gq is Einstein and
anti-self-dual.

Remark 5.3 1t is well known that if (gq,E) is a QK structure, then Hol(gq) <
Sp(n)Sp(1). Conversely, for n > 2, if ¢ is a Riemannian metric on Q with Hol(g) <
Sp(n)Sp(1), then there exists a g-parallel rank 3 subbundle E c End(TQ) such that
(g, E) is a QK structure.
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5.1.1 The twistor space

From now on, (Q*", gq, E) denotes a quaternionic-Kahler 4n-manifold with positive
scalar curvature. The twistor space of Q is the (4n + 2)-manifold

Z:={jeE:j* =-1d}.

The obvious projection map 7: Z - Q is then an $*-bundle, and we let V ¢ TZ denote
the (rank 2) vertical bundle. The Levi-Civita connection of g induces a connection
on the vector bundle E c End(TZ), and hence a connection on the S?-subbundle
Z c E, thereby yielding a 4n-plane field H ¢ TZ such that

TZ=HeV.

We now recall the Kéhler-Einstein structure (gxg, wke, Jxkg) on Z. First, define a
Riemannian metric ggg by requiring that gxg(H,V) = 0 and

(1) For X, Y € H, we have gxg(X,Y) = go(7.X, 7. Y).
(2) OnV, the metric gxg is induced by the fiber metric (-,-) on E ¢ End(TZ) under
the identifications V, = T,(Z;(;)) € T.(E+(z)) = Ex(z)-

Next, define an almost-complex structure Jxg on Z by requiring that both H and V are
Jxg-invariant, and

(1) On H,, we set Jxg = (T*|HZ)’1 02Z0T,.
(2) On V., identifying vertical vectors X €V, ~ T,(Z,(;)) with endomorphisms
jx €zt ={j€ Exz):(j,2) = 0}, weset Jxg X = z 0 jx.

We let wxp(X,Y)=gxke(JxkeX,Y). It is well known [27] that the triple
(gxE> wxE, Jxe) is a Kdhler-Einstein structure.

Remark 5.4 'The (U(2n) x U(1))-structure (gxg, wke,Jxe> H) just defined on Z
coincides with the one described in Section 4.2. In brief, if Q*" is a quaternionic-
Kihler manifold of positive scalar curvature, then its Konishi bundle M*"*3 =
Fso(3)(E), which is the SO(3)-frame bundle of the rank 3 vector bundle E - Q,
admits a 3-Sasakian structure, from which one can recover the (U(2n) x U(1))-
structure on Z. For details, see [8, Sections12.2 and 13.3.2].

Recall from Theorem 4.7 that there exists a canonical Sp(n)U(1)-structure
y € Q*(Z;C) on the twistor space (Z, gkg, Jxe, H). We end this section by giving a
different proof of the existence of this Sp(n)U(1)-structure, working directly from the
projection 7: Z — Q, without reference to M. At a point z € Z, choose an admissible
frame (z, j,, j3) at 7(z) € Q. Via the isomorphism

V,~z' = {j € Exz):{jr2) = 0},

the points j,, j3 € E;(;) define vertical vectors at z, and hence (via the metric) 1-forms
2, y3 € A'(V*],) at z. On the other hand,

(5.1) I = (T*|HZ)710]'30T* J5 = —(T,r\Hz)flojonyr
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are ggg-orthogonal complex structures on H;, and hence yield 2-forms S, :=
gxe(J2+-) and B3 := gke(J3+,-) on H,. We can now define a C-valued 3-form yatz € Z
by

(5.2) y = (p2 —ips) A (B2 +ifs3).

This 3-form is independent of the choice (js,j3). That is, one can check that if
(2, j2, j3) = (2, coja + So 3> —Se ja + Cgj3) is another admissible frame at 7(z), then the
corresponding 1-forms 7, 713 on V, and 2-forms B, 3 on H,, satisfy

(i ifis) A (Ba+iBs) = (2 — ips) A (Ba + iP3).

Remark 5.5 In fact, there is a natural one-parameter family of 3-forms on Z given
by e'?y € Q*(Z;C) for constants e’? € S. In particular, the 3-form defined by (5.2)
agrees with that of Section 4.2 (viz., Theorem 4.7) up to a constant A € S'. The 90°
rotation in formula (5.1) relating (J2,J3) to (j2, j3) was chosen to arrange for A = 1.
(This follows from Theorem 6.3 and Proposition 4.16.)

5.1.2 The diamond diagram

Altogether, the various spaces we have considered can be summarized by the diamond

diagram:
M4n+3 < C4n+4
Z4n+2
/
Q4n
Example 5.1

« The flat model is (C,M,Z,Q) = (H",S*+3 CP***', HP"), in which each
py: S35 CP*™*! for v e §? is a complex Hopf fibration, h:S*"** — HP" is the
quaternionic Hopf fibration, and 7: CP*"*! — HIP" is the classical twistor fibration.

o Perhaps the second simplest family of examples is

(M, Z,Q) = (S(T*CP"*"), P(T*CP™™"), Gr,(C"*?)),

where P(T*CP"*") and S(T*CP""") refer to the projectivized cotangent bundle
and unit sphere subbundle of the cotangent bundle of CP"*', respectively [33]. In

the case of n = 1, these spaces are (M’, Z%, Q*) = (Ny1, SUT(23) , CP?), where Ny ; =

s(th ((13)) is an exceptional Aloff-Wallach space.

« An exceptional example is (M", Z°, QS) (Sp(1)+’ ng)+, 50(4)) Here, M"! and
Z" should not be confused with (1) = V,(R”) and G2 2 Gry(R7). See [8,
Example 13.6.8].
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5.2 Totally complex submanifolds

We now turn to the various submanifolds of a quaternionic-Kéhler manifold
(Q*", gg, E), continuing to assume that gq has positive scalar curvature.

Definition 5.6 A submanifold U** ¢ Q*" is almost-complex if there exists a section
ieT(Z|y) such that i(T,U) = T,U forallu € U.

We will be particularly interested in the following subclass of almost-complex
submanifolds.

Definition 5.7 A submanifold U?* c Q*", for 1 < k < 2n, is called totally complex if
there exists a section i € T'(Z|y) such that at each u € U:

(1) i(T,U) = T, U.

(2) Forall j e Z, with (j, i) = 0, we have j(T,U) c (T, U)".

A totally complex submanifold U ¢ Q*" is called maximal if dim(U) = 2n.

Totally complex submanifolds were introduced by Funabashi [16], who proved that
they are minimal (zero-mean curvature) provided n > 2.

Example 5.2

« In Q = HP", the maximal totally complex submanifolds with parallel second fun-
damental form were classified by Tsukada [32]. The list consists of the two infinite
families

SO(n +1)
SO(2) xSO(n-1)

and four sporadic exceptions (in HP®, HP’, HP'"®, and HP*’). Bedulli, Gori, and
Podesta [7] proved that a maximal totally complex submanifold of HP" is homo-
geneous if and only if it appears on Tsukada’s list.

o If Q = Gry(C"*?), the maximal totally complex submanifolds that are homoge-
neous have been recently classified by Tsukada [33].

« If Qis a quaternionic symmetric space, the maximal totally complex submanifolds
that are totally geodesic have been classified by Takeuchi [31].

CP" - HP" CP* x

->HP" (n3>2)

Remark 5.8 Totally complex submanifolds are also studied by Alekseevsky and
Marchiafava [1, 2]. In particular, they prove the following results for almost-complex
submanifolds U?* c Q*k;

o If k > 2 (so that n > 2), then
Vxi=0, VXeTU <= Uistotally-complex <= (U, gqly,ily) is Kahler.

For this reason, totally complex submanifolds U of real dimension > 4 are some-
times called “Kahler submanifolds” in the literature.
o If k =1and n > 2, then the equivalence

Vxi=0,¥XeTU <= U istotally complex

continues to hold. By contrast, the condition that (U, galy» i|U) be Kihler is
automatic.
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o« If k=1and n =1, then every oriented surface U* c Q* is totally complex, and
(U, galy » ily) is Kahler. By contrast, Vxi = 0 for all X € TU is equivalent to U
being superminimal (or infinitesimally holomorphic), a condition on the second
fundamental form (see, e.g., [10, 14, 15]).

5.2.1 The horizontal lift

Given a totally complex submanifold U?* ¢ Q*", there are two natural ways to lift U
to a submanifold of the twistor space Z. The first of these is the horizontal lift U c Z,
defined as the union of

U, := {z€Z,:2(T,U) = T,U}

for p € U. The following results were proved in [31, Theorem 4.1], and later generalized
in [2, Theorem 4.2 and Proposition 4.7].

Lemma 5.9 [2] Let U c Q be a submanifold, let i € T(Z|y) be a section over U, and
let N = i(U) c Z be its image. Then N c Z is Jxg-complex and horizontal if and only if
(U, i) is almost-complex and Vv i = 0 forall V e TU.

Proof (=) Suppose N is Jxg-complex and horizontal. Fix u € U, and let
z=i(u) € N.Let X € T, U, and write X = 7, (X) for some X € T,N. Since T,N c T,Z
is complex, we have Jxg X € T,N. Since X is horizontal, we may calculate i(u)(X) =
2(7.X) = 7. (JxeX) € 7. (T,N) = T, U. This shows that (U, i) is almost-complex.
Moreover, since N = i(U) is horizontal, it follows that Vyi =0 forall V € TU.
(«<=) Suppose (U, i) is almost-complex and Vyi =0 for all V € TU. Since i
is a parallel section, its image N is horizontal. Now, fix z € N, write z = i(u) for
ueU,andlet Y € T,N. Since (U, i) is almost-complex, we have i(u)(7.Y) € T, U.
Therefore, since Y is horizontal, we have 7. (JxgY) = i(u)(7.Y) € T,U = 7, (I;N).
Since 7.: H, - T, Q is an isomorphism, it follows that Jxg Y € T, N, which proves that
N is Jxg-complex. ]

Theorem 5.10 [2, 31]  Let 2% c Z*"*2 be a submanifold, where 1 <k <n. Then ¥ is
Jxge-complex and horizontal if and only if X is locally of the form U for some totally
complex U ¢ Q*" (resp. a superminimal surface U* c Q* if n = 1).

Proof (<) Suppose that X is locally of the form U for some totally complex U c Q
(resp. superminimal surface if n =1). By definition, U is almost-complex, so there
exists a section i € I'(Z|y) such that i(TU) = TU, and hence U = i(U) u-i(U).
Moreover, by Remark 5.8, we have Vi = 0 for all V' € TU. Therefore, by Lemma 5.9,
the submanifolds i(U) and —i(U) are Jxg-complex and horizontal, and hence ¥ is,
too.

(=) Suppose that ¥ is Jxg-complex and horizontal. Since ¥ is horizontal, the
Implicit Function Theorem implies that ¥ is locally of the form i(U) for some
horizontal section i € T(Z|y) over some submanifold U ¢ Q. By Lemma 5.9, (U, i)
is almost-complex and Vyi = 0. Thus, by Remark 5.8, U is totally complex (and, in
addition, superminimal if n = 1). ]
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5.2.2 The circle bundle lift

Let U** ¢ Q*" be totally complex. The second natural lift of U is the circle bundle lift
L(U) c Z, defined as the union of

LU, =1{jeZpyj(T,U) c (T,U)*}

for p € U. Each fiber £(U)|, is a great circle in the 2-sphere Z,.

The circle bundle lift was introduced by Ejiri and Tsukada [12], who proved that
if U%* ¢ Q*" is totally complex and k > 2, then £(U) c Z is a minimal submanifold
that is both wxg-isotropic and HV-compatible. In particular, if dim(U) = 2n > 4, then
L(U) c Z is a minimal wgg-Lagrangian. In the case of k = n = 1, circle bundle lifts of
superminimal surfaces U* c Q* were studied by Storm [30].

We now explore these submanifolds further. Recall that if V € V, is a vertical unit
vector, we let By := 1y (Re(y)) € A*(H}) denote the induced nondegenerate 2-form
on H;, and let Jy be the corresponding complex structure on H,.

Theorem 5.11 Let U** ¢ Q*" be a submanifold with 1< k < n. If U is totally complex
and n > 2, or if U is superminimal and n =1, then £ := L(U) satisfies the following:

(1) £LcZ is wkg-isotropic, wnk-isotropic, HV-compatible, and satisfies
dim(T,£LnV) =1lateveryze L.
(2) For any unit vector V € T,L NV, the 2k-plane T,L n H is Jy-invariant.

Proof Suppose U is totally complex if n > 2, or superminimal if n =1, and set
L := L(U). In either case, there exists a section i € I (Z|y) such that i(TU) = TU
and Vxi=0forall X e TU.

(a) Following [12, Proof of Lemma 2.1], we orthogonally decompose E|y = Ri @ E’.
If 0 e T(E") is a local section, then (o, i) = 0, so that (Vxo,i) =0, and thus Vxo €
['(E'). Thus, E’ c E|y is a parallel subbundle. Since £ c E’ is the unit sphere subbun-
dle, it follows that £ c E’ is a parallel fiber subbundle. This implies that TL = Hy & V5
for subbundles Hy c H and V5 c V, meaning that £ is HV compatible.

We now show that £ is wxg-isotropic and wnx-isotropic. Fix z € £, and recall that

WKE = WH + Wy, WNK = 20H — Wy.

Since £ is HV compatible and dim(T,£ n V) =1, it follows that wy|, = 0. Moreover,
if X,Y € T,L nH, then

wH(X,Y) = grke(JkeX, Y) = go(7:Jke X, 7. Y) = go(2(7.X), 7.Y) = 0,

where in the last step we used that z(T;(;)U) c (T;(;)U)". This shows that wy|, =0,
and therefore wgg|, = 0 and wnk|, = 0.

(b) Fix ze £, let u=1(z), and let V € T,£L NV be a vertical unit vector. Let
j € L], nz* denote the point on the great circle £|, that corresponds to V under the
natural isomorphism V, ~ z*.Seti = z o j,sothat (z, j, i) isan admissible frame of E,,.
By (5.1), we have

Jv = (T*‘Hz)_l 0ioTy.
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Since U is totally complex, the 2k-plane T, U c T,Q is i-invariant. Therefore, if
X e T,L nH, theni(7.X) € T,U,sothat Jy X = (7.|yy_) ' (i(7.X)) € T.L N H, prov-
ing that T,£ n H is Jy-invariant. [ |

5.2.3 Circle bundle lifts and CR isotropic submanifolds

We now prove that circle bundle lifts £(U) c Z are intimately related to CR isotropic
submanifolds L ¢ M. Indeed, the geometric properties of £L(U) established in Theo-
rem 5.11 are precisely those needed for its p;-horizontal lift to be CR isotropic. That is:

Corollary 5.12  Let U** c Q*" be a submanifold with 1 < k < n. If U is totally complex
and n > 2, orif U is superminimal and n = 1, then L(U) c Z admits local p,-horizontal
lifts to M, and every such lift is (coI, + s¢I3)-CR isotropic for some e'® € S'.

Proof This follows from Theorem 5.11 and Proposition 4.26(b). ]

We now aim to establish a converse in the case where L is compact. For this, we
need a technical lemma.

Lemma 5.13 Let =¥ c Z%"*2 be a compact submanifold. If 3 is wgg-isotropic,
HV-compatible, and dim(T,Z nV) = 1forallz € %, then U := 7(£) c Q*" isa (k - 1)-
dimensional submanifold, and 7|y : X — U is an S'-bundle whose fibers are geodesics in
Z with respect to the Kihler-Einstein metric.

Proof Since ¥ is HV-compatible and dim(T,X nV) =1 for all z € X, it follows that
dim(T,2 n H) = k — 1. Therefore, the map 7|5 : £ - Q has constant rank k — 1. By the
Constant Rank Theorem, each fiber TEI (7(2)) c 2 is an embedded 1-manifold, and
therefore (since X is compact) is an at most countable union of disjoint circles.

We claim that each S'-fiber is a geodesic. For this, note that since ¥ is wyg-isotropic,
it admits local p;-horizontal lifts to M. Let L ¢ M be such a lift. Since £ is HV-
compatible and p;: M — Z respects the horizontal-vertical splitting, we may write
TL = H; @ RV, where H; c Hand V € V. Moreover, Proposition 4.26(a) implies that
L is a;-isotropic and (-sga; + cgas)-isotropic for some constant e'? € S'. Therefore,
V = cgA, +sgAs is a Reeb vector field, so its integral curves are geodesics in M.
Consequently, the integral curves of (p;). (V) € V ¢ TZ are geodesics in Z (and hence
geodesics in L), and these are precisely the S!-fibers T|; (1(2)) c Z.

Consequently, since ¥ is compact, each S'-fiber TEI (1(z)) c X is an at most
countable union of disjoint great circles in the twistor 2-sphere. Since any two great
circles in a round 2-sphere intersect, it follows that each S'-fiber consists of a single
great circle.

It remains to show that U := 7(2) is a (k — 1)-dimensional submanifold of Q. For
this, note that since X is a union of great circles, each of which is the p;-image of a
Reeb circle in M, it admits a free S'-action. (The action is free because we are working
on the regular part of M.) Therefore, the quotient =/S' admits the structure of smooth
(k - 1)-manifold, and the projection 7: £ — ¥/S! is a smooth quotient map.

Now, let T:¥ — U denote the map 7|y with restricted codomain, equip U c Q
with the subspace topology, and let 1: U = Q be the inclusion map. If V c U is open,
then V = U n W for some open set W c Q, and hence 7' (V) = Zn 77! (W) is open
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subset of Z, which proves that 7'is continuous. Since T is a continuous surjection from
a compact domain, it follows that 7 is a quotient map. Since 7 and T are quotient
maps that are constant on each other’s fibers, there exists a unique homeomorphism
F:%/S' - U such that 7= F o 7. Choosing a smooth local section 0:Y — % of 7,
where Y c 2/S! is an open set, we observe that 7|y 0 0: Y — Q is a smooth map of
rank k — 1, which implies that 1 o F: /S! - Q is also a smooth map of rank k — 1, and
therefore a smooth embedding whose image is U. ]

The converse to Corollary 5.12 is now given by the following.

Theorem 5.14  Let L***' ¢ M*"*3 be a compact submanifold, 1< k < n. IfL is (col, +
sol3)-CR isotropic for some e'® € S, and if p;(L) c Z is embedded, then p,(L) = L(U)
for some totally complex submanifold U* ¢ Q*" (resp. a superminimal surface U* c Q*

ifn=1)

Proof Suppose that L ¢ M is a compact (cgl, + sgl3)-CR isotropic (2k +1)-fold
for some constant % € S! and that X := p;(L) c Z is embedded. By Proposition
4.25(b), X is wgg-isotropic, wyk-isotropic, HV-compatible, and dim(T,ZnV) =1
for all z € 2. Therefore, Lemma 5.13 implies that U := 7(2) c Q is a 2k-dimensional
submanifold, and 7| : £ — U is an S'-bundle with geodesic fibers.

Fixz € X and let u = 7(z). Since X is HV compatible and dim(7T,Z n V) =1, we can
orthogonally split

T,2=Hy ® RV,

where V €V, is a vertical unit vector, and Hy c H, is 2k-dimensional. On H,, let
Bv :=1v(Rey) denote the induced nondegenerate 2-form, and let Jy denote the
corresponding complex structure. By Proposition 4.25(b), the 2k-plane Hy c H, is
Jv-invariant.

Now, the S!'-fiber ‘r|£1 (u) c X is a great circle through z in the 2-sphere
Zy=1"u). Let je TEI (u) nz* be the point on this circle that corresponds to V
under the natural isomorphism V, ~ z*. Setting i = z o j, we see that (z, j, i) is an
admissible frame of E,,, which is the fiber over u of the bundle E from Definition 5.1.
See Figure 1. We also have T\; (u) ={keZ,:(k,i)=0},and

Jv = (T*‘Hz)_l 00Ty,

In particular, the Jy-invariance of the 2k-plane Hy c H, implies that T, U c T,,Q is
i-invariant. _
Now, let X, X, € T, U, and let X = (7.| )™ (X;) € Hy. Since  is wgg-isotropic,
and wgg = f 2 A f3 + By, it follows that the 2k-plane Hy is f3;-isotropic. Therefore,
20(zX1, X;) = go (7« (]121), T*Xz) = gKE(hXh Xz) = ﬁ1(il, Xz) =0,

which shows that z(T,U) c (T,U)*. Finally, if X € T, U, then iX € T, U, so jX =
-z(iX) € (T,U)*, demonstrating that j(T,U) c (T, U)*. This proves that U is totally
complex and that

1)y (u) = {k € Z,: (ki) = 0} = {k € Z,: k(T U) c (T,U)*} = L(U)],.
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Figure I: The admissible frame (z, j, i) of E,.

Finally, suppose that 1 = 1, so that k = 1. Then 3* = £(U) is wgg-Lagrangian and
wnk-Lagrangian. By a result of Storm [30], the surface U ¢ Q* is superminimal. m

Remark 5.15 If U is an embedded submanifold of Q, then its geodesic circle bundle
is embedded in Z. Therefore, in order to characterize those submanifolds X of Z which
are geodesic circle bundles in Z, we need to assume a priori that X is embedded.

5.2.4 Applications

In previous sections, we considered Re(y)-calibrated 3-folds =* c Z that are wyg-
isotropic, describing their p;-horizontal lifts L* ¢ M*"** (Theorem 4.31). Now, we
are in a position to classify such 3-folds in Z as circle bundle lifts of totally complex
surfaces in Q.

Theorem 5.16

(1) If U? ¢ Q*" is totally complex and n > 2, or if U is superminimal and n = 1, then
L(U) c Z is Re(y)-calibrated and wxg-isotropic.

(2) Conversely, if 3 c Z*"*2 is a compact three-dimensional submanifold that is
Re(y)-calibrated and wxg-isotropic, then % =L(U) for some totally complex
surface U? ¢ Q*". Moreover, if n = 1, then U is superminimal.

Proof (a) Let U? c Q*" be totally complex if n > 2, or superminimal if n = 1. By
Theorem 5.11(a), the 3-fold £L(U) c Z is wgg-isotropic. Fix z € L,and let L ¢ M denote
a pr-horizontal lift of a neighborhood of z. By Corollary 5.12, L is (cgl, + s¢l3)-
CR isotropic. Therefore, by Theorem 4.31((ii) == (iv)), p1(L) c £L(U) is Re(y)-
calibrated.

(b) Suppose X*c Z is a compact three-dimensional submanifold that is
Re(y)-calibrated and wgg-isotropic. By Proposition 4.15(c), ¥ is HV-compatible and
dim(T,ZnV) =1for all z € =. Therefore, Lemma 5.13 implies that U* = 7(2) c Q is
a two-dimensional surface and that 7|5 : = — U is an $'-bundle with geodesic fibers.
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Fix z€Z, and let u = 7(z). We may write T, = Hy @ Vy for some 2-plane
Hy c H and line V5 c V. Let (e, .- ., ens, f2, f3) be an Sp(n)U(1)-frame at z, with
dual coframe (p1o, - - - » Pn3> f2> ¢43 ), such that

(5.3) Vs = span(f), voly, = pa.

Let (B1, B2, B3) = (wh, tf,(Rey), tr,(Rey)) denote the induced hyperkahler triple on
H., and let (J1, J2, J3) be the corresponding complex structures on H..

Now, the S'-fiber T|; (u) c X isagreat circle through z in the twistor 2-sphere Z,,.
Let j € 7|5 () N z" be the point on this circle that corresponds to V under the natural
isomorphism V, ~ z*. Setting i = z o j, we see that (z, j, i) is an admissible frame of
E, (see Figure 1), that TEI (u) ={k e Z,:(k, i) = 0}, and moreover,

Jo= (rly) oo, J==(nly) o jor.

Using (5.3), we compute

Ualy, Avolu, =volr,s = Re(y)[ry = (M2 A P2+ us AB3)|ry
= |y, A Boly, + tsly, A Bsly,
= .“2|Vy_ A /32|Hy_ .

Contracting with f, gives ff5|n, = voly,, which implies that the real 2-plane Hy c H,
is J,-invariant. Consequently, T,,U c T, Q is i-invariant.

Repeating the argument at the end of the proof of Theorem 5.14, we observe that
z(T,U) c (T,U)* and j(T,U) c (T,U)*. This proves that U is totally complex and
that

TEI (u) ={keZ,:(k,i)=0} ={k € Z,:k(T,U) c (T, U)*} = L(U)|,, .

Finally, suppose that 7 = 1. Since £* = £(U) c Z° is Re(y)-calibrated, it follows from
Proposition 4.16 that ¥ is wyk-Lagrangian. Thus, £(U) is both wyg-Lagrangian
and wnk-Lagrangian, so the superminimality of U* c Q* follows from Storm’s
theorem [30]. ]

We can now classify the compact submanifolds of Z that are Lagrangian with
respect to both wgg and wyk.

Theorem 5.17

(1) If U*" c Q*" is totally complex and n > 2, or if U is superminimal and n = 1, then
L(U) c Z is wxg-Lagrangian and wyx-Lagrangian.

(2) Conversely, if 22"*! ¢ Z*"*2 is a compact (2n + 1)-dimensional submanifold that
is both wg-Lagrangian and wnk-Lagrangian, then £ = L(U) for some (maximal)
totally complex 2n-fold U*" c Q*".

Proof (a) This follows from Theorem 5.11(a).

(b) Suppose £2"*! c Z is a compact submanifold that is both wgg-Lagrangian
and wyk-Lagrangian. By Proposition 4.15(b), £ is HV compatible, dim(T, X nH) =
2n, and dim(T,ZnV) =1 for all z€ . By Lemma 5.13, U:=7(Z) c Q is a 2n-
dimensional submanifold, and 7|, : £ — U is an S'-bundle with geodesic fibers.
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It remains to prove that U is totally complex and that 7|5'(u) = £(U)|,. For
this, note that Corollary 4.27(b) implies that every local p;-horizontal lift of X is
(coI + s¢I3)-CR Legendrian for some e'® € S'. The proof now follows exactly as in
Theorem 5.14. ]

6 Characterizations of complex Lagrangian cones

In a hyperkihler cone C*"*4, recall that a (2k + 2)-dimensional cone C(L) is (cgI5 +
sgI3)-complex isotropic provided that it satisfies the following three conditions:

wilery =0, (—sow2 + cows)|c(ry =0, (col + sgl3)-complex.

As discussed in Section 3.3, this is equivalent to requiring that the (2k+1)-
dimensional link L be (cgI, + sgI3)-CR isotropic, meaning
ol =0, (—spaz + cpar3)|; =0, (coly +sgI3)-CR.
In this short section, we characterize complex isotropic cones C(L)?*2 c C*"+4,
1< k < n, in terms of related geometries in M*"*3, Z4"*2 and Q*".
To begin, we generalize a result of Ejiri and Tsukada [13] - originally established for

complex Lagrangian cones (i.e., k = n) in the flat model C*"** = H"*! - to complex
isotropic cones of any dimension 2k + 2 in arbitrary hyperkahler cones C*"**.

Theorem 6.1 Let L***' ¢ M*"*3, where 3 < 2k +1< 2n + 1. The following conditions
are equivalent:

(1) C(L) is (coI + sgI3)-complex isotropic for some constant e'® € S*.

(2) Lis (cgl, + sgl3)-CR isotropic for some constant e'® € S,

(3) L is locally of the form p,'(V) for some horizontal Jxg-complex submanifold
V2 ¢ Z and some v = (0, cg, sg).

(4) Lislocally of the form p;*(U) for some totally complex submanifold U** c Q (resp.
superminimal surface if n = 1) and some v = (0, cg, sg ).

If, in addition, L is compact and p\(L) c Z is embedded, then the above conditions are
equivalent to:

(1) L is a py-horizontal lift of L(U) c Z for some totally complex submanifold
U c Q*" (resp. superminimal surface U* ¢ Q* ifn = 1).

Proof The equivalence (1) <= (2) is Proposition 3.8. The equivalence (2) <= (3)
is Corollary 4.21. The equivalence (3) <= (4) follows from Theorem 5.10.

() == (2). This is Corollary 5.12.

(2) = (*). This is Theorem 5.14. [

Therefore, given a (cgl, + sgl3)-complex isotropic cone C(L) c C, its link L ¢ M
can be viewed in two ways. On the one hand, L is a p(y,9,0)-horizontal lift of a circle
bundle over a totally complex submanifold U c Q. On the other hand, L is also a
P(0,¢q,56) -Circle bundle over a 7-horizontal lift of a totally complex submanifold U c Q.
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Thus, loosely speaking, the operations of “horizontal lift” and “circle bundle lift” form
a commutative diagram of sorts:

—_—

M L(U) =L =56 (U)
P(l,o,o)C EP(D,co,sg) / \
Z4n+2 L(U)2k+1 ﬁZk
J’r \ /
Q4n U2k

For complex Lagrangian cones in C*"**, we are able to say more.

Theorem 6.2 Let L*"*' ¢ M*"* be a (2n + 1)-dimensional submanifold. The follow-
ing five conditions are equivalent:

(1) C(L) is (cgI, + sgI3)-complex Lagrangian for some constant e’ € S.

(2) Lis (col, + sgl3)-CR Legendrian for some constant e™® € S'.

(3) L is locally of the form p,* (V) for some horizontal Jxg-complex submanifold
V2" ¢ Z and some v = (0, cg, sg).

(4) Lislocally of the form p;*(U) for some totally complex submanifold U*" c Q (resp.
superminimal surface if n = 1) and some v = (0, cg, sg ).

(5) Lislocally a p,-horizontal lift of a (2n +1)-fold 2*"*! ¢ Z that is wxg-Lagrangian
and wyk-Lagrangian.

If, in addition, L is compact and p,(L) c Z is embedded, then the above conditions are
equivalent to:

(1) L is a py-horizontal lift of L(U) c Z for some totally complex submanifold
U" c Q*" (resp. superminimal surface U* ¢ Q* if n =1).

Proof The equivalence (1) <= (2) <= (3) <= (4) < (») was proven in
Theorem 6.1. It remains only to involve condition (5). For this, note that (5) <= (2)
is the content of Corollary 4.27. Alternatively, (5) <= (*) is Theorem 5.17. [ ]

Finally, for four-dimensional complex isotropic cones in C*"**

characterizations are available:

, €veén more

Theorem 6.3 Let L* c¢ M*"*3 be a three-dimensional submanifold. The following six
conditions are equivalent:

(1) C(L) is (coI + sgI3)-complex isotropic for some constant e'® € S.

(2) Lis (cgl, + sgl3)-CR isotropic for some constant e € S,

(3) L is locally of the form p,*(V) for some horizontal Jxg-complex submanifold
V? c Z and some v = (0, cg, 5g).

(4) L is locally of the form p;*(U) for some totally complex submanifold U? c Q (resp.
superminimal surface if n = 1) and some v = (0, cg, sg).

(5) Lislocally a py-horizontal lift of a Re(y)-calibrated 3-fold that is wxg-isotropic.

(6) LisRe(I})-calibrated.
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If, in addition, L is compact and p\(L) c Z is embedded, then the above conditions are
equivalent to:

(1) Lisa py-horizontallift of L(U) c Z for some totally complex submanifold U* ¢ Q*"
(resp. superminimal surface U* ¢ Q* if n = 1).

Proof Theorem 4.31 gives (1) < (2) <= (3) <= (5) <= (6). Now, as Theorem
6.1 proves (1) <= (2) <= (3) < (4) < (x), we deduce the result. Alternatively,
Theorem 5.10 gives (3) <= (4), and Theorem 5.16 gives (5) <= (*). [ |

A Appendix
A.1 Linear algebra of calibrations

Let (V, g) be an n-dimensional oriented real inner product space. Recall that a k-form
y on V is said to have comass one if y(P) <1 for any oriented orthonormal k-plane P
in V, with equality on at least one such P. Equivalently, by writing P = e; A -+ A gy,
this means that

y(ep,....ex) <1

whenever e, ..., e, are orthonormal in V, with equality on at least one such set.
Throughout this paper, a k-form with comass one will be called a semi-calibration.
Let y € A*(V*) be a semi-calibration. An oriented k-plane P is called y-calibrated if
y(P) =1

It is easy to see that y € A¥(V*) is a semi-calibration if and only if +y € A" %(V*)
is a semi-calibration, where = is the Hodge star operator induced by the inner product
and orientation on V. We collect here some results on semi-calibrations that we will
need.

Proposition A.1 Let y € A¥(V*), be a semi-calibration, and let L c V be an oriented
one-dimensional subspace with oriented orthonormal basis { e, }. Write V = L & L*, and

y=el na+p,

where & = 1,y € AN (LY)* and B=y — el Ao e AR(LY)*.

(1) Ifevery oriented line in V lies in a y-calibrated k-plane, then « is a semi-calibration.

(2) Suppose (a) holds. Then an oriented (k —1)-plane W in L* is a-calibrated if and
only if the oriented k-plane P = L & W is y-calibrated.

(3) Ifevery oriented line in V lies in a (*y)-calibrated (n — k)-plane, then f3 is a semi-
calibration.

Proof Let W be an oriented (k —1)-plane in L*, where W = e; A - - - A ¢y for some
oriented orthonormal bases e,, . .., e, of W. Then

(A) a(W)=a(e,...,ex) =y(en, ez,...,ex) =y(Ld W).

Since y(L ® W) <1, the comass of « is at most 1. By hypothesis, there exists a y-
calibrated k-plane P containing L. Let W be the unique oriented (k —1)-plane in L*
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that P=L & W. Then a(W) =y(L® W) = y(P) =1, so « is a semi-calibration. This
proves (a), and then (b) is immediate from (A.1). For (c), observe that

ey =s(e na+p)=rpia+ (el nxpip

If every oriented line L lies in a (*y)-calibrated (n — k)-plane, then (a) holds for *y,
50 Lo, (#y) = (1) %11 B is a semi-calibration on L*, but then so is . ]

Proposition A.2  Let y be a semi-calibration on V, and suppose we have an orthogonal
splitting V.= L @ L* for some oriented line L, with oriented orthonormal basis {e; }.
If 1,y = 0, then any y-calibrated k-plane lies in L*.

Proof It is trivial that dim(PnL*') > k — 1. Therefore, we can find an oriented

orthonormal basis vy, w,,...,wix of P such that v; = cos(8)e; +sin(6)w; and
Wi, ..., Wi € L* orthonormal. Then since ¢,y = 0, we have

1=y(vi, Wy, ..., wg) =sin(0) y(wy, wy, ..., wi) < sin(6).
Thus, sin(6) =1, and v; = w; € P. [}

Proposition A.3 Let (W, g) be a finite-dimensional real inner product space, and
suppose we have an orthogonal splitting W = H & V, so that the inner product is given
by g = gu + gv. Define a new inner product § on V by g = t*gy + gv. Let y be a semi-
calibration on V such that y € A" (H*) ® A*"™(V*). Then t™y is a semi-calibration
on (W, g).

Proof Let éy,...,é; be orthonormal for §. We can decompose é; = h; +v; where
hje Handv;e V,so
6if = g(ei’ej) = tzg(hia h]) +g(V,',Vj).
Thus, if we define e = thj + vj, then ey, ..., e are orthonormal for g. Using the fact
that y € A™(H*) ® AF="(V*), we have
(t"y)(ér, ..., k) =t"y(hi+ vy, .. By +vi)

is a sum of terms, each of which has exactly m of the h;’s and k — m of the v;’s in the
argument of t™'y. By multilinearity, we can bring one factor of ¢ in to each of the h;
arguments, to get

y(thy+vy, ..., thy +vi) =y(ep, ..., ex) <L

Thus, t™y has comass at most one with respect to . But now it is clear that if
P=¢e A - neg is y-calibrated with respect to g, then P=¢é; A --- A ¢y is t™y-
calibrated with respect to §, where é; = t'h; +v; if e; = hj + v;. [ ]

Proposition A.4 Let (V,g) and (W, h) be finite-dimensional real inner product
spaces, and let p: V. — W be a Riemannian submersion. That is, p is a linear surjection
that maps (Ker p)* c V isometrically onto W. If & € AX(W*) is a semi-calibration on
(W, h), then p*« is a semi-calibration on (V, g).

Proof Letv;,..., v be orthonormal vectors in V. We can orthogonally decompose
vj = uj+w; where u; € Ker p and w; € (Ker p)*. Using that « is a semi-calibration,

https://doi.org/10.4153/50008414X24000282 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000282

1216 B. Aslan, S. Karigiannis, and J. Madnick
p: ((Ker p)*, g) = (W, h) is an isometry, and Hadamard’s inequality, we have

(p*a)(vi,...,vk) = (p ) (uy + wi, ..., ug + wi) = a(p(wi),..., p(wy))
<[p(wi) A A p(wi)l < [p(wi)l---p(wi)l = Iwal - - [wie| < 1.

Thus, the comass of p*« is at most one. Let L ¢ W be an oriented k-plane calibrated by

a, with oriented orthonormal basis e, . . ., ex. For1 < j < k, let w; be the unique vector
in (Ker p)* such that p(w;) = e;. Then it is clear that wy A --- A wy c V is calibrated
by p*a. ]

Proposition A.5 Let (V,g,w,I) be a Hermitian vector space of real dimension 2n,
where 1 is the complex structure and w = g(I-,+) is the associated real (1,1)-form. Let
y € AK(V*) be of type (k,0) + (0, k), where k < n. If P c V is an oriented k-plane on
which y attains its maximum, then P is w-isotropic. That is, w|p = 0.

Proof LetP c V bean oriented k-plane, and write k = 2m + 1if kis odd, and k = 2m
if k is even. By [19, Lemma 7.18], which actually works for any k, there exists an
orthonormal basis (e;, Iey, ..., e,, Ie,) of V and constants 6;,...,0,, € [0,27) such
that

P =¢; A (sin(0;)Ie; + cos(01)ez) A -+ A (sin(0;)Iezm-1 + cos(O0m)eam) A €2mi1
(fork =2m +1),

P =e; A (sin(61)Ie; + cos(01)ex) A -+ A (sin(0,, ) Tezm—1 + cos(0 ) e2m)
(for k = 2m).

Since y is of type (k,0) + (0, k), we have 1., (11,,y) = 0. Therefore, we have
y(P) =cos(61) - cos(0m) y(er, ..., ex).

Since y attains its maximum at P, it follows that 6; = 0, = --- = 8,,, = 0. Therefore,
P=e; A -+ Aeg. Inparticular, if v € P, then Iv € P*. Hence, P is w-isotropic. [

Theorem A.6 Let (V,g,w;,ws,ws, I}, 15,15) be a quaternionic-Hermitian vector
space of real dimension 4n, where w, = g(I,-,-) is the associated real 2-form of
Ip-type (1,1). Let 0 = w; + iws. It is easy to check that o is of I-type (2,0). Let @5 =
Re(%ak) € A2K(V*). Then @, has comass one.

Proof We prove this by induction on k, for any n. The case k = 1is clear, because then
0, = w;. Note also that if @,; = Re( ki!ak) has comass one, then so does Re(e™** ki!ak)
for any e’? € S, since this just corresponds to rotating the complex structures I, I3 by
0, and thus again corresponds to a quaternionic-Hermitian structure. Thus, we can
assume that k > 2 and that both Re( ﬁak_l) and Im( (kil)! o*71) have comass one
for any quaternionic dimension 7.

Let P be an oriented 2k-plane on which ®, attains its maximum. Since ©,y, is of
I-type (2k, 0) + (0, 2k), we can apply Proposition A.5 to deduce that P is I;-isotropic.
In particular, P does not contain any I;-complex lines. Let e; be a unit vector in P.
Complete e; to a quaternionic orthonormal basis

{er, ey, ey, Izey, ..., en, Liey, ey, Izen ),
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so that

n
w; = Z(ej ALej+ Lej A Lzej),
j=1
and similarly for w,, w3 by cyclically permuting 1, 2, 3 above. In particular, we have
(AZ) le,0 = 1261 + iI3€1.
Write P = ¢; A Q for an oriented (2k — 1)-plane, so

(A3) ©2k(P) = Oz (e1 A Q) = (16,021)(Q)-
Moreover, we have
Q c (span(ej, Ie)))* =W e V,
where
W =span(l,e;, Ise;) isan I;-complex line,
and

V =span(e;, [1ez, ey, Izes, ..., ey, 1€y, Lrey, e, }

is a quaternionic-Hermitian subspace of real dimension 4(#n —1). In particular, our

induction hypothesis tells us that both Re((kil)lok’l) and Im((kil)lok’l) have

comass one on V.
We observe from Q + V. c¢c W @ V that

dim(Qn V) = dim Q + dim V - dim(Q + V)
>(2k-1)+(4n-4) - (4n-2) =2k -3,

SO we can write Q =uy Auz Avy A --+ Avy for an oriented orthonormal basis
{uz, u3,v4,...,var} of Q, where vy, ..., vy € V. We also have

uy = cos(¢)wy + sin(¢p)vy, uz = cos(y)ws + sin(y)vs,

for some unit vectors w,, w3 € W and v,,v; € V. Abbreviating R=v4 A -+ A vy,
cos(¢) = cg and similarly, we have

Q=uy Aus AR = (cowa +sgv2) A (cyws +54v3) AR

= CoCyWa AW3 AR+ Cypsywa AV3 AR+ sgcyva AWs AR+ 5sgsyva Av3 AR.
From (A.3) and the above, we get

(A4)
Ok (P) = (te,a)(cpcywa Aws AR+ cosywa Avs AR+ sgcyva Aws AR+ sgsyv2 Avs AR).
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Since 1,0, is of I;-type (2k —1,0) + (0, 2k — 1), the first term in (A.4) must vanish
because it contains the I;-complex line w, A w3. Moreover, from (A.2), we have

Le,@2k = 1o, Re (%o‘k) = Re((telo) A C i 1)!0k1)

=ILe; ARe ;ok"l —Le; Alm ;ak_l
- (k-1)! 3 (k-1)! '

Using the orthogonality of W and V and the above, the fourth term in (A.4) must also
vanish, and we are left with

1 _
®2k(P) = C¢Sv,g(12€1,W2)Re((k_1)!0-k 1) (V3 A R)
1
+s¢cy g(Ize1, w3) Im (1)'0"_1) (vaAR).

(k-
Applying the induction hypothesis and Cauchy-Schwarz, we deduce that
Ok (P) < cgsy +sgcy =sin(¢p +y) <1,

$0 @, has comass at most one. But letting v3 A - -+ A v,y be a calibrated (2k —2)-

plane for Re( (k_ll)! o*1) and choosing

u, =Ie e W, so thatcos(¢) = 1,sin(¢) = 0,and g(Lre;, w2) =1,
us=v3 eV, so thatcos(y) = 0,sin(y) =1,
gives @, (P) = 1. Thus, the comass of @, is exactly one. -

Remark A.7 'The case k = 2 of Theorem A.6 is proved in [9, Theorem 2.38], where
they also prove that a ®4-calibrated 4-plane is contained in a quaternionic 2-plane
in V. It is likely that this fact remains true for general k. That is, a @, -calibrated 2k-
plane in V is contained in a quaternionic k-plane. However, we do not have need for
this fact.

A.2 Riemannian cones and homogeneous forms

Let (M, gur) be a Riemannian manifold. Let C = C(M) = (0, 00) x M,and let r denote
the standard coordinate on (0, o). The cone metric gc on C induced by gy is defined
to be

(A.5) gc = dr2+r2gM.

The codimension one submanifold {1} x M = M is called the link of the cone. We have
a projection map 7: C -~ M given by 7(r, x) = x. Given differential forms on the link
M, we can regard them as forms on the cone C by pulling back by 7: C - M. We omit
the explicit pullback notation.

Definition A.8 Consider the vector field

A.6 R=r—
(A.6) rar
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on the cone C. The flow F; of Ris given by (r, p) ~ (e’r, p). For this reason, R is called
the dilation vector field on the cone.

It follows that Zrgc = 2gc. We say that g¢ is homogeneous of degree 2 under
dilations.

Definition A.9 Lety € QF(C). We say that y is conical if y is homogeneous of degree k,
or equivalently if £y = ky.

Proposition A.10  Let y € Q(C) be a closed form which is homogeneous of degree k.
Then, in fact,

k T’k

_ k-1 LA TR
y=drn(r a0)+kd(x0—d<ka0),

where ag = (1ry)|y € QF1(M).
Proof Write y = dr A a + f8 for some (k —1)-form « and k-form 8 on C such that
laa=1ta B = 0. Thatis, & and 8 have no dr factor, so they can be considered as forms

on M depending on a parameter 7, pulled back to C by 7.
From y = dr A a + f3, and denoting by d the exterior derivative on M, we have

0=dy=—drada+drap +dp,
and thus
(A7) B '=da and dp-=o.

But from Zry = ky, since dy = 0, we have ky = d(iry). Hence, since gy = ra, we
obtain

k(drna+p) =ky=d(ra) =drrna+rdrand +rda.
Comparing the two sides above gives

(A.8) ka=a+ra’ and kp=rda.

k=10 where ag is independent

The first equation in (A.8) gives ra’ = (k= 1)a,soa = r
of r. Then the second equation gives kf§ = rd(r*'ay) = r*day, so p = %cioco. Note
that the two equations in (A.7) are now automatically satisfied. Since igy = ra = koo,
we therefore conclude that

k k
_ k-1 oA _ r
y=drn(r a0)+—k doco—d(—k ao),

where ap = (r*a)|m = (1rY)|u- "
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