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SOME RESULTS ON HARMONIC ANALYSIS ON COMPACT

QUOTIENTS OF HEISENBERG GROUPS

HISASI MORIKAWA

Heisenberg group H2g+1(R) of dimension 2g + 1 is a real nilpotent

group defined on R x Rg x Rg by the law of composition

(x0, x, x) o (y0, y, y) = (x0 + yQ + χιy, x + y, x + y) ,

which is isomorphic to the unipotent matrix group

\y * ' * , Cg ,

U

(c0, c o c, 6 R,

H2g+ί(Z) means the discrete subgroup of integral elements, and U(H2g+ί(Z)\

H2g+i(R)) is the ZΛspace of the quotient space

H2g+ι{Z)\H2g+j(J?)

with respect to the invariant measure

dxodχdx = dx^dxx dxgdxι dx^.

The right action of H2g+1(R) induces a unitary representation p on

For each non-zero real number ^ H2g+1(R) also acts on the usual L2-

space L 2 ^ ) as follows

Uy*> y, y)/(f) = exp (2τr^Λ^I(y0 + ^tf))/(f + y),

(f(ξ) e L2(JP), (y0, y, y) e H2ί+ι(JR)),

Since Lebesgue measure is invariant with respect to translations, lλ is a
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46 HISASI MORIKAWA

unitary representation of H2g+1(R).

In the present article, for each theta function Q(τ\z) of level n, we
shall construct a transformation

φ,: L\Rs) > U(H2g+1(Z)\H2g+1(R))

such that

i) <ΦΛfd, Φ*(fd> = <fu Λ> (Λ,Λ € L\R*))
ϋ ) Φ* ° %n(yo, y, y) = ρ(yo> y, y) ° Φ* ((y<» y, y) e H2g+1(R))

φ$ is actually given by

yι exp (Trn/^lixr^ + 2x'x - 2x0))

\ dx /

Choosing the canonical basis of theta functions

we denote by ^[B) y the transformationby ^[B) y

associating with theta function #(n)|α'J1 \(τ\z) and denote

Then the decomposition of the unitary representation p is given by

©
(ίe,k)eZ?xZ8

The invariant subspaces // ( n ) F α ^l, /f(n) Γ^71! (α e Zg/nZg, n^ϊ) are in-

dependent of the choice of r, and tf^Γ^l = exp (2^α^)Λr(

In the next article, we shall be concerned with an application to
quantum mechanics.
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HEISENBERG GROUPS 47

Notations,

Z^Q = {non-negative integer},

^ίo = U = Ui, 'Jg)\Jt e Z^},

\j\ = j i + ••• + ./*,

J ± et = (j» 'Ji-i,Jt ± lJί+i,

n) \ n/ \ " w n

§1. Equivariant isomorphisms of L\Rg) into L\H2g+1(Z)\H2g+1(R))

1.1. First we choose a complex symmetric g X g matrix τ = τ' +

V —1 τ" with positive definite imaginary part τ", and fix τ once for all.

A system of complex coordinates is introduced,

(1.1) z = x + xτ , z = x + xt.

Real and complex coordinates are related as follows

(1-2) 4- = - ! - + * 3 = T 3 + - 9
9x d£ 92 dx dz dz

(1.3) τ-A-- J_=(r-ϊ>A=2V=ΐr" ^
5x 3JC 3^ dz

Let us recollect the definition of theta functions. An entire function

f(z) in z is called a theta function of level n with respect to τ, if it

satisfies

(1.4) f(z + b + bτ) = ex^i-πn^libτ'b + 2zιb))f(z)

((6, b) e Z* X Z*).

The space Θ(

o

n) of theta functions of level n is a vector space of

dimension ng with a basis consisting of theta series of level n

(1.5) . . [ ^ £ (

(α e Z*/nZ*).

A function (̂w, 2) in 2g complex variables (u, z) = (uly , ug9 zu , zg)

is called an auxiliary theta function of level n (with respect to τ), if it

satisfies,
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4 8 HISASI MORIKAWA

i) φ(u, z) is a polynomial in z whose coefficient are entire functions
in u.

ii) φ(u + 6, z + b + bτ) = exp ( - πnypΛ{bτιb + 2ztb))φ(u, z)

((&, 6) e Z* X Z*).

In the previous article^ the author proved that the space Θ{n) of aux-
iliary theta functions of leva] n has a basis consisting of auxiliary theta.
series of level n,

(1.6) 9? [OIQ](T\U, Z) = (2πn^ΐu + j^j 9™ ψ£\ (φ)

A mixed theta function of level n (with respect to τ) mean a real
analytic function φ(x, x) in (JC, x) such that

i) φ(x, x) is a polynomial in x whose coefficients are entire function
in complex variables z = x + xτ,

ii) φ(x + 6, x + 6) - exp ( - πn<S^-ϊ(bτ*b + 2(x + xτyb))φ(x, x)
((6, b) e Z* x z^).

It will be shown soon that the space θ£k of mixed theta functions
of level n (with respect to τ) has a basis consisting of mixed theta series
of level n,

(1.7)

(α e Z^/nZ^, j e ^ | 0 , n > 1),

which are the specializations of auxiliary theta series with respect to
(u, z) >-> (x, x + xτ).

1.2. Let us introduced a family of real analytic functions

1) See [3].
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HEISENBERG GROUPS 49

= (2τrn/ rΐ)- | 'i exp(πwS^Λ(xτ'x + 2xιx - 2

= exp (-2πn y ^ Ί x0) Σ (x + ί + —)
eez* \ n I

•exp (πnj=l((x + £ + —) re (x + £ + -

(a e Zg\nZg, j e Zg, n

PROPOSITION 1.1.

(1.8) φf [α/n] (r|x0, x, x) = exp ( 2 ^ / ^ I ) a ( ^

f Γα/"l(r|x, x + xτ)

+ 2x
ι (x + I + —

, 0, ̂ -)) ,

(1.9) φf [ α / n ] (τ|(60, 6, b) o (*b, x, x)) = ̂ f ^ 1 ] <*l*o, A, «)

((60> b b) € H2g+1(Z), a e Z^/nZ^, j e Z|o , n ^ 1).

Proof. (1.8) is an immediate consequence of the definition of

φ(n) a/n (Γ |Xo> ^ x ) p o r e ^ h ^Q> ^ 5) ^n H2g+1(Z) we have

x,b

^ϊ(6 0 + x0 + S'x)) Σ f» + b + 4 + Si)1

^ Ϊ ((x + 6 + I + —)τ'(x + 6 + I + —

2(A

areP r o p o s i t i o n 1 .1 m e a n s t h a t φf] \ Q \ (τ\x09 x , x), φjn) Q 1 (τ\x0, x)

real analytic functions on the quotient space H2g+ί(Z)\H2g+ί(R).

1.3. Lie algebra ζ2^+i(^) of left invariant vector fields on H2g+ι(R)

has a basis
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D - - d D - d

fiΎ* fiY dxt

such that

[A, A] = [Do, A] = [A, A] = [A, A] = 0

ΓD D P ° ( l = ^ }

" * \0 (iφk).

THEOREM 1.1.

(1.10) Doφf [α/n] (τ\x0, x, x) =

(1.11) A ^ B > [a/

Q

n] (r]acb, Λ, x)

(1.12) o, x, x) = hΦf-

(1 ^ i £ g, a e

Proo/. From the definition of φf>

|x0, x, x),

| x,, ί, x)

pφ^p

 α/
P=I L 0

, j e Z | o , n ^ 1).

(r|x0, x, x) it follows

,, x,'x)

•exp (πnj^ϊ(xτιx + 2x'x - 2xo))Sf Γα/"l(r|ίc, x + xτ)

( -

•βxp + < + I

(x + ̂  + — Y

+ i + ί + • (« + I + i)))}

^ ΐ exp =ΊίCo) Σ fx + ^ + —n
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yι(x + & + —) + 2x

= exp (- 2πnJ=ΐxo)Σ \h U + * + —)'"*

(1.14) (AA - Σ *iAD,)*r [a/

Q

n] (*\*o,

ί(xy ( ) ( +
=lφfl.t [α/R] (τ|x0, x, x) ,

^ ϊ Σ φfl.,

COROLLARY 1.1.1.

(1.13) (A - £τiv D,)φ? [α/n](r|*b, x, x) = Λ^., [°^] (r|*o, x, x),

(1 ^ i £ g, a e Z8/nZg, j e Z | o . n ^ l ) .

These are direct ponsequences of (1.11), (1.12).
j

COROLLARY. 9f ΓO/ΛΊ (r|x, jc + xr) (a e Zg\nZg, j e Z | o , Λ ^ 1) are /m-

βarίy independent.

Proof. For each d e Z8\nZ8 we have
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+ i + —Y
n I

\ 71 / L 0 J

Hence by virtue of (1.10), (1.13), (1.14) and the above relation we conclude

the linearly independence of

= (2πnV^Ϊ)-]" exp (πn/^1 (xτ'x + 2xιx -

Denote

H(

τ

n) / = the completion of the vector space

spanned by φf [α^](Φo, x, x) (j € Z|o)

H(n) Γ«/^l = t h e complex conjugate of /y^Γα/nl .

THEOREM 1.2. //?> | Q 1» H*n) \ Q 1 α r β irreducible invariant subspace

of L2(H2g+1(Z)\H2g+ί(R)) with respect to the unitary representation p:

y,

p(yQ, 0, 0)0 = exp ( - 2πnV^Ϊ y0) φ (φe H™ [α/Λ]) ,

oO,O)? = exp

Proof. Theorem 1.1 states that the Lie algebra representation dp of

Ϊj2g(*) (preserves H^71], fl?'^"] and
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dp(D0)φ =-Λ-φ = 2πnS=l φ (φ e H^"]) ,

jχΦ=-2πnS=iφ (φ e i f ^ " ] ) .

Since φf [α^n] (τ | *„ x, x) = exp (2π^Λ aιx)φf [°] (* I <*o, A, *) ° (0, 0, a/n)), we

complete the proof of Theorem 1.2.

1.4. Let L\Rg, μ(

rV) be the L2-space of Rg with respect to the measure

πWidξ) = exp (-2πnξτ"ξ)dξ ,

where n ̂  1.

LEMMA 1.1. The transformation

(1.15) /(£) i > exp ( - π n / ^ ΐ fr f)/(f)

is are isomorphism of Hilbert space L\Rg, μP) onto U{Rg).

Proof. Since τ — τ = 2V — 1 τ", we have

f exp ( - W = Ί fr'f) exp
J R8

= ί exp(-2^nfr

Hence the transformations (1.15) is an isomorphism of L2(R, μ(fi) onto

Since the set of monomials {ξj\jeZ^0} is a basis of L2(Rg, μ{fi), the
set of functions {exp (πn*J — 1 ξτtξ)ξj \j e Z|o} is a basis of U(Rg).

LEMMA 1.2.

(1.16) ί ΦT\al?]b\*o, *> ̂ m ) Γ C /

Λ

m l ( Γ l χ o > *> x)dxodMx
J H2g + 1(Z)\H2g+i(R) L 0 J L (J J

i yj+k exp (_2πnyτ"ty)dy (n = m, a = Cmod n)

0 otherwise.

Proof. Let us first integrate on fibers

I *., A, x), ^ [ ^ ( r I Xo, x, X)

jH2g + i(Z)\Hg + 1(R) L 0 J L 0 J
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= Σ , ί , A , if , exp(- 2π^Λ(- n + m)x0)ej'ez* J Z8\RS J ZS\RS (J Z*\R

• dxjx + £ + ±)'(x +£'
\ n) \ m

Λ)

—) + m'^' + —

This means that

Λ ™ )\ = 0 (nφ m),

= 0 (a jt c mod τι)

ro,*,x), ^ n ) [^J(r |x 0 ,*,*))

= Σ f ί* + ί + —V+*exp -2τrn(x + ^ + — V^fx + 4 + — W
ezZgjz8\zs\ n/ \ n/ \ n)

— yj + k exp (— 2τrn>'r//ίy) dy .

LEMMA 1.3. The transformations of U(Rg,μ(fi) onto H(n)
 ΠQ ^ifen 6y

(1.17) f,« >φϊ>\al

Λ

n](τ\xoίc, x) (yeZIo)

is an isomorphism of Hilbert spaces.

This is an immediate consequence of Lemma 1.2.

We define unitary action of H2g+1(R) on L\R) by

(1.18) ln(x0, x, x)f(ξ) = exp ( - 2πn^ί^l(x(> + χ*ξ))f(ξ + x).

THEOREM 1.3. Let $ n )
 [°Q j be the transformation of L\Rg) onto

by

(1.19)
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Then φ(

τ

n) k1 is an isomorphism of Hilbert space U(Rg) to Hilbert space

JJinMnΛ s u c h t h a t

,sm

(1.20) p(y0, y, y) o φ™ [ α / n ] = φ™[α/n] o χn(y0, y, y)

((yo,y,y)eHΐg+1(R)),

(1.21) #"> [al

o

n] = exp (2*S=Ϊ a'£)p(θ, 0, iL)#"> [ jj ] .

Proo/. By virtue of Lemmas 1.2 and 1.3 φin) I Q Ί is an isomorphi

of Hilbert spaces. Let us prove the equivariance of φln) α /- n I . From the

action

ln{x0, x, x)(exv (πrhf^ϊξτ'ξW)

= exp {-2πn^Λ (x0 + x'ξ)) exp (wn/^Iίf + x)Λξ +

we have

n(x0, x, x) — l)(exp (n

— 1 exp i

^Λ ξ, exp (π-re/^I ξτ'ξ) ξ}

S^Ϊ ξ τcζ)ξ 0

= exp

f]= 2^/^=1 f] r i p exp (πnV=lξτtς)ξ>+tp + j t exp (

Hence by virtue of (1.10), (1.11), (1.12) we have

' exp ( π n /=l?r ( i ) ) (x 0 , x, x)

exp ( π n/^Ί fr f))(*,, x, x)
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= (dp(Dt) o #«

exp (πn/^ϊ ?r!f))(*0, x, x)

+εί exp (πn/=Λ f r<f))(x0, x, x)

l

Q

n](τ\ χt, x, x) = dp(Dt)φr[a^](τ\xt, x, x)

exp (πnV^Ϊζτ'ξ))(xo, A, *),

o, A, x)

o, A,x)

exp

£
•(ξί+sp exp (πn^Λ fr'?))(*0, x, x)

— hΦf-Λ a

("' (^I *o, x, x) -\

= dp(D^φfY^γτ\x0,x,x)

= dp (Di) o φ^ I ' I (fj exp (?

This means

r y r L o J L o

and thus

where

I «„, A, * )

o, A, x).

-? o)(αco, x, x) =

§ 2. Decomposition of unitary representation p

2.1. An irreducible unitary representation pλ of H2g+1(R) is charac-

terized by a real number λ such that

ft(JΌ, 0, 0)0 - exp ( - 2 ^ / ^

provided λ Φ 0. If ^ = 0, then it is characterized by a pair (£, k) e Rg X i?^

of vectors as follows
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p*,*(yo, λ y)Φ =

For each integer b0 and 0(xo, x, x) in L2(H2g+ί(Z)\H2g+1(R))

φ(x09 x, x) = 0((6O, 0, 0) o (χ0, x, x)) = 0((χo, χ? x) o (60, 0, 0))

= pλ(b0, 0, 0)φ(x0, χ9 x),

hence for every irreducible factor ρλ of p, λ must be an integer.

LEMMA 2.1. Let φ(x0, x, x) be a real analytic function on H2g+1(Z)\

H2g+1(R) such that

i) exp (2πnV — 1 xo)φ(xo, x, x) is independent on x0,

Xo, Z,x) = 0 (1 ^ ί < g).Σ

Then

ψ(x, x) = exp ( — πn*J^-\{xτιx + 2xtx — 2x))φ(x0, x, x)

is a theta function of level n in z — x + xτ with respect to τ.

Proof. For each (60, b, b) in H2g+(Z) we have

exp ( - W ^ Ί ( ( x + bY{x + b) + 2(x + b)\x + b) - 2b0 - 2x - 2bιx))

φ((b0,b,b)o(χQ,χ,χ))

= exp (-πnV^ΐibr'b + 2(x + xτy

•exp {—πn^/ — \{xτtx + 2xιx — 2xo))^(xO) x, x).

Hence we have the difference relation:

ψ(x + 6, x + 6) = exp (-^V^l ί f t r^ + 2(x + xτyb)ψ(x, x).

From the relation

ri._i. = (r-f)A,
θx ax dz

in order to prove (dldZi)ψ(x, x) = 0 (1 <£ i ^ g"), it is sufficient to show

(4 -
dx

3Xi / \p=i dx0

Wx, x)

= (έ dxΏ

(exp (—πnyί^Λix^x + 2x*x — 2xo)))^(xo, x, x)
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+ exp (-πrnf^ϊixτ'x + 2xιx - 2xo))(^ τίpDp - Dλφ(x09 x, x)

= 0.

Hence ψ(x, x) is an entire function in z = x + xτ satisfying the difference

equation for theta function of level n, and thus ψ(x, x) must be a theta

function of level n.

THEOREM 2.1. Let H{n)
 Q be the completion of the vector space

spanned by ί#n)[°^nl(r|*b, &, x)\j e Z8Δ and H^j^λ be the complex conju-

gate of H^Y^λ. Then ff(n)[α^Λl and » ( n )[α^Λl are irreducible invariant

subspaces of U(H2g+ι(Z)\H2g+1(R)) such that

(2.1) p(y0, 0, 0)φ(x0, x, x) = exp (-2πnΛ/~^Λyo)φ(xo, x, x)

p(yQ, 0, 0)00*0, x, x) = exp {-2πn^f^lyQ)φ{xQ, x, x)

and the decomposition of p is given by

(2.2) U(H2g+ι(Z)\H2g+1(R))

e
aeZZ/nZZ

( 0 C exp (2π/^Ί (kx + ttx))) .

The invariant subspaces

"v = exp (—e χ p ( 2 wαjc)»[

are independent of the choice of r.

Proof. Since the space A of real an analytic functions on H2g+1(Z)\

H2g+ι(R) is dense in L2(H2g+1(Z)\H2g+1(Ry) and A is invariant for Do, Du Dt

(1 ^ i ^ ^) , i.e. for the action of H2g+1(R), it is sufficient to decompose A

Let W be an irreducible invariant subspace of A such that ^(^o, 0, 0)φ(x0, x, x)

— exp (—2πn*J — lyo)φ(xo, x, x) (y0 e R,φe W). If n = 0, then there exists

(£, k) e Zg X Z^ such that

- Cexp {2π^Λ{ktx + Vx)) .

https://doi.org/10.1017/S0027763000021486 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000021486


HEISENBEKG GROUPS 59

If n is negative, we replace W by W. So we may assume that n is a

positive integer. Let v be a ή2^+1(i?)-module isomorphism of H(n) r2//1 Π A

onto W, i.e., a linear isomorphism satisfying

Dι\ ol» = yo Z/Λ. D* OU = yo ZX . IJ A oy =: yo 2). (\ ^ ί ^ £? ) .
U 1/7 0 O7 I % \ ΞΞZZ " ' CD /

Since H(n) al!τ Π A contains the element φ(

o

n) satisfying

( g Λ. \ Γ/"# I ΨΊ~Ϊ

T) V"1 η- T} lrΛ'nΊ ' l / r l v v r Ί — Π (Λ <Γ 7* <Γ cΛ
J~/ί Z_J Lip1-Jp Iψo I Λ \\L \ **Ό> Λ > Λ / — ^ V-1- = ^ = o /

rf = l / L 0 J

There exists an element 0o(*o> ̂ > χ) i n W such that

( D , - Σ ίί A ) Λ ( * O , *, Λ) = 0 (l^i^g).

From ^0(^0 ) *, x) = p(x0, 0, O)0o(O, x, x) = exp (—2πn/^lx0)φ0(0, x, x) we see

that 0o(#o> ̂ > ̂ ) satisfies the conditions in Lemma 2.1, and thus

φo(xo, x, x) = exp (πrnf^Λ(xτιx + 2xιx - 2x0)) Σ «b$(n)\bl?\(τ\x + xτ)

with constants ab. Hence

φo(xo, x, x) e © H
0

On the other hand W is spanned by Djφ0(j e Z | o ) , and tί

0

From the relation

= exp (&V=l(<ί χ + i-α'σ ̂ f [°/n](r | x0, ί, x)

(a e Zg/nZg, j e Z | o )

we observe that an element ^ in

0 //wΓ&MΊ belongs to Hw\a^n

beZ8/nZ& L U J L U

if and only if
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( d \ ( / 1 \\

xo,x + —, x ) = exp \2π</ — l[άtx + —a1 a) )φ(x0, x, x)
n I \ \ n ft

(ά e Z8\nZ8).

On the other hand 06ez«7wz*H{n)\ Q are independent on the choice of

r, hence each H(n) αAn is independent on the choice of τ. From (1.18)

we have

0 J LO

COROLLARY 2.2.1. For a non-zero integer n, pn means the irreducible

unitary representation such that

Pn(yo> 0, 0)φ = exp (-2πn*f~ΞΛyQ)φ (y0 e R),

then the multiplicity mp:pn of ρn in p is given by

(2.3) m,s,n = |n | * .

Proof. The space of theta functions of level n is a vector space of

dimension ng, hence by virtue of Theorem 2.1 we have (2.3).

2.2, Using Hermitian polynomials we shall first construct an orthogo-

nal basis of L2(H2g+1(Z)\H2g+ί(R)) associating with τ, and define a natural

unitary representation of Sp2g(R) on L2(H2g+1(Z)\H2g+ί(R)).

Hermitian polynomials Hn(v) in one variable v axe defined by the

generating function

(2.4) exp ( - (s2 - 2sv)) =

which satisfy the orthogonal relation:

(2.5) Γ Hn(v)Hm(v)e-v2dv = I " %

J — 1 0 (nφm).
For j = (ju - - , jg) e Z | o and x — (xu , xg) we denote

(2.6) Hj(x) = HM Hjg(xg)

then Hermitian polynomials in many variables satisfy the orthogonal

relation
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U = k)

U Φ k).

Since τ" = (1/2V — l)(τ — f) is positive definite, we can define the unique

square root V τ" The composite functions

jeZ|0)

satisfy the orthogonal relation:

(2.8) f ifχίCv/2lr?7)iίί(Λ:v/2ί?7)

o

THEOREM 2.2. Putting

(2.9) #

n

• exp (πnV^Λ((x + £ + —)^(ac + t + ) + 2x'(x + £ +

(α e Z^/nZ^, j e Z | o > » ^ 1),

we obtain an orthonormal basis

{Hrflo

n](τ\xo,x,X)\jeZίo} of &»[*!»].

Proof. From the orthogonal relation for Hj{x^2πτ") and Lemma 1.2

it follows the orthogonal relation

\Xto A, x)Hl\aln](τ\x0, £, x)dxodxdx
L 0 J

f Hfλ

1 0" = A)
.0 (jΦk).

COROLLARY 2.2.1. L%H2g1.ι(Z)\H2g+1(R)) has an orthonormal basis

(2.12) \Hf [al

Q

n](τ\ *o, *, x), Hf [α/"](τ|x0, x, x),

exp (2πvCΓΐ (^'ί + k'x)) \ a e ZgjnZg,

yeZ|o, n ^ 1, (^ A) eZ*xZ*)},
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such that

(2.13) #<»>[α^n](τ I x0, x, x) = exp (2τrV^lά)Hf [ °Q ] ( τ | x0> *, x) o (θ, 0, ^ ) ) .
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