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Riemannian median and its estimation

Le Yang

ABSTRACT

In this paper, we define the geometric median for a probability measure on a Riemannian
manifold, give its characterization and a natural condition to ensure its uniqueness. In order
to compute the geometric median in practical cases, we also propose a subgradient algorithm
and prove its convergence as well as estimating the error of approximation and the rate of
convergence. The convergence property of this subgradient algorithm, which is a generalization
of the classical Weiszfeld algorithm in Euclidean spaces to the context of Riemannian manifolds,
also improves a recent result of P. T. Fletcher et al. [NeuroImage 45 (2009) S143-S152].

1. Introduction

The classical Fermat point of a triangle in the plane is the point minimizing the sum of distances
to the three vertices. This is a prototype of the more general Fermat—Weber problem concerning
the same question but for more than three points and in higher dimensions. The solution to
this problem is called the geometric median of these points and provides them with a notion
of centrality. For this reason, the geometric median is a natural estimator in statistics which
possesses another important property called robustness, that is, not sensitive to outliers. As a
consequence, the geometric median is a widely used robust estimator in both theoretical and
practical theory of robust statistics.

Naturally, one can also ask the question of how to find a point that minimizes the sum of
distances to a set of given points in a much more general space as long as it carries a distance.
This has been done in [30] where the existence of the geometric median of a probability measure
on a complete, separable and finitely compact metric space is proved. Recently, there has been
a growing interest in the methods that characterize statistical data lying on a Riemannian
manifold and their applications; see for example [6—9, 15, 16, 28|, where the centrality of
empirical data is modeled by the Riemannain barycenter which was first introduced by Karcher
in his paper [19] and then has been extensively studied and generalized by many other authors
during the past thirty years [3—5, 13, 21, 22, 29]. As is well known, the barycenter is not
a robust estimator and is sensitive to outliers: in order to overcome this drawback Fletcher
et al. [17] defined the weighted geometric median of a finite set of discrete sample points lying
on a Riemannian manifold and proved its existence, uniqueness and robustness. For other
statistically-based work related to medians, we refer to [32] and the references therein.

In many cases, especially in practice, one often needs to calculate or at least estimate the
value of the geometric median. The first algorithm to do this computation was proposed by
Weiszfeld in his paper [34], which is now known as the Weiszfeld algorithm. From then on, due
to the fundamental importance of the Fermat—Weber problem in location theory, this algorithm
has been studied, improved on and generalized by numerous authors; two examples of the huge
literature on this subject are [23, 27].

In the context of Riemannnian manifolds, Fletcher et al. [17] proposed a Riemannian
analogue of the Weiszfeld algorithm to compute the geometric median. They proved a
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convergence result under the condition that the manifold is non-negatively curved and
conjectured a similar convergence result in the negatively curved case.

The aim of this paper is to define the geometric median of a probability measure on a
complete Riemannian manifold and investigate the question of uniqueness as well as the
problem of approximation. As in [19, 24] we suppose that the support of the probability
measure is contained in a convex ball and give a characterization of the geometric median
which is proved in the case of Euclidean space in [23] for a finite discrete set of sample points.
Then we prove the uniqueness for geometric medians under a natural condition imposed on the
probability measure and show that this condition yields a strong convexity property, which is
useful in error estimates. By regarding the Weiszfeld algorithm as a subgradient procedure, we
introduce a subgradient algorithm to estimate geometric medians and prove that this algorithm
always converges without condition of the sign of curvatures by generalizing the fundamental
inequality in [14] where it was proved in positively curved manifolds. Finally, the results of
approximating errors and rate of convergence are also obtained.

Throughout this paper, M is a complete Riemannian manifold with Riemannian metric (-, -)
and Riemannian distance d. The gradient operator and the Hessian operator on M are denoted
by grad and Hess, respectively. Moreover, for every point p in M, let d, denote the distance
function to p defined by d,(z) =d(x,p), x € M.

We fix an open geodesic ball

B(a,p)={z €M :d(z,a) < p}

in M centered at a with a finite radius p. Let § and A denote, respectively, a lower and an
upper bound of sectional curvatures K in B(a, p). The injectivity radius of B(a, p) is denoted
by inj(B(a, p)). Furthermore, we assume that the radius of the ball verifies

p< min{ 4;3, inj(Béa’ P) }

where if A <0, then 7/(4V/A) is interpreted as +oo. Hence B(a,p) is convex (see [11,
Theorem 5.14]); that is, for every two points 2 and y in B(a, p), there is a unique shortest
geodesic from x to y in M, and this geodesic lies in B(a, p). Moreover, the geodesics in B(a, p)
vary continuously with its endpoints. As a consequence, the angle comparison theorem of
Alexandrov (see, for example, [1], [2, p. 3] and [10, Proposition I1.4.9]) can be applied in
B(a, p). Similarly, it is easy to check that the angle comparison theorem of Toponogov (see [11,
Theorem 2.2]) can also be applied in B(a, p). Thus we have to introduce some notation of model
spaces that provide us with geometric information.

(1.1)

NOTATION. Let  be a real number. The model space M2 is defined as follows:

(1) if k>0, then M2 is obtained from the sphere S? by multiplying the distance function
by 1/V/k;

(2) if k=0, then M2 is the Euclidean space E?;

(3) if K < 0, then M2 is obtained from the hyperbolic space H? by multiplying the distance
function by 1/y/—k.

The diameter of M2 will be denoted by D,. More precisely,

D — w/\E if K> 0;
"] 400 if kK <0.

The distance between two points A and B in M2 will be written as d(4, B).
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Moreover, we write for t € R,

sin(v/kt)/\/k if K> 0;
Se(t)y=<t if k=0;

sinh(v/—rt)/v/—k if K <O0.

For the necessity of later comparison arguments, we recall some terminology about triangles
(see [10, p. 158 and Lemma 1.2.14]). A geodesic triangle AABC in M is a figure consisting of
three distinct points A, B, C of M called the vertices and a choice of three shortest geodesics
AB, BC, C A joining them called the sides. A comparison triangle in M? of AABC is a geodesic
triangle AABC in M? such that d(A, B) =d(A, B), d(B,C) =d(B,C), d(C, A) =d(C, A).
Note that if the perimeter of AABC is less than 2D,,, that is, if d(A, B) + d(B, C) + d(C, A) <
2D,., then its comparison triangle in M? exits and it is unique up to an isometry. Hence every
geodesic triangle in B(a, p) has its comparison triangles in M§ and M3, respectively. Note
that, by convexity of B(a, p), every geodesic triangle in B(a, p) is uniquely determined by its
three vertices.

The two estimations given in the lemma below are very useful to our further discussions;
they are direct corollaries to the classical Hessian comparison theorems (see, for example, [31,
Lemma IV.2.9] and [18, Theorem 4.6.1]).

LEMMA 1.1. Let p € B(a, p) and v:[0,b] — B(a, p) be a geodesic, then:

(i) Hess d,,(4(1), 7(t)) = D(p, A)l3p (1)

for every t € [0, b] such that ~(t) # p, where D(p, A) = Sx(2p)/Sa(2p) >0 and 4,°"(t)
is the normal component of #%(t) with respect to the geodesic from p to ~(t)
in B(a, p);

(i) Hess 3d5(1(t), 7(1)) < C(p, 8)|4/*
for every t € [0, b], where the constant C(p, d) > 1 is defined by

C(p, ) = 1 if § > 0;
P20 2pv/=5 coth(20v/=8) if 6 <0.

2. Definition of a Riemannian median
As in [19], we consider a probability measure p on M whose support is contained in the open
ball B(a, p) and define a function
£iBlap) — Ry, ar— | dGepuldp)
M

This function is 1-Lipschitz, hence continuous on the compact set B(a, p). Moreover, by the
first estimation in Lemma 1.1, it is also convex. The convexity of f yields that its local minima
coincide with its global ones, so that we do not need to distinguish the two. Now we give the
following definition.

DEFINITION 1. A minimum point of f is called a median of u. The set of all the medians
of 1 will be denoted by 91,,. The minimal value of f will be denoted by f..

It is easily seen that 901, is compact and convex. In order to give a characterization of 90,
we need the following proposition, which implies that f is not differentiable in general.
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PROPOSITION 2.1. Let 7:[0,b] — B(a, p) be a geodesic, then
d
Z/0@®) = (¥(to), H(v(t0))) + u{v(ta)}Al, to€0,0),

t=to+

= (§(to), H(y(to))) — u{v(to)}7l, to€(0,0],

t=to—

< Foe)

where for x € B(a, p),
—1
—exp, 'p
Ha=| == luap)
is a tangent vector at x satisfying |H (x)| < 1. Particularly, if p{x} =0, then grad f(z) = H(x).
Moreover, H is continuous on B(a, p)\supp(u).

Proof. We only prove the first identity since the proof of the second one is similar. Let
to € [0,b) and £ > 0 be sufficiently small, then

f(y(to +¢)) = f(v(t0)) d(v(to + ), p) — d(v(to), p)
— - =JM : - " (dp)

d(v(tg +¢),p) — d(v(to), p .
- Olto %), 2) = AOWLE) 4y 1 a1} 51
M\{~(to)} €
Letting ¢ — 0+ and using bounded convergence we obtain
d d
—fOr ()]~ =J —d(y(t),p p(dp) + pd~y(to) }y
OOy = | o) )+l
| Glto).erad o) hntdp) + k)
M\{y(to)}

= (¥(to), H(v(t0))) + {7 (to) }l- u

Now we give the characterization of 9,,, which is proved in [23], for a finite number of points
in an Euclidean space.

THEOREM 2.2. The set of all the medians of p is characterized by

M, ={z € Bla, p) : |H(x)| < p{x}}.

Proof. (C) Let x € M,,. If H(x) =0, then there is nothing to prove. So we assume that
H(x) #0. Consider the geodesic in B(a, p):

~(t) = exp,, <—t éﬁg >, tel0,0].

By Proposition 2.1 and the definition of 9, we obtain

(@) = pla} — 5 F6(0)

< pfat.
t=0+

(D) Let z € B(a, p) such that |H(x)| < p{x}. For every geodesic v: [0, 1] — B(a, p) with
7(0) =z and (1) =y, by the convexity of f, Proposition 2.1 and the Cauchy—Schwartz
inequality, we obtain

> [Y(=[H(z)| + p{z}) =0,
so that x € M. O

In order to describe the location of 90t,, we need the following geometric lemma which is
also useful in the next section.
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LEMMA 2.3. Let AABC be a geodesic triangle in B(a, p) such that /A > /2, then
4B <m/2 and LC < /2.

Proof. 'We prove this for the case when A > 0. The proof for the case when A < 0 is similar.
It suffices to show that /B < 7/2. Let d(B, C) = a1, d(C, A) = by and d(A, B) = ¢;. Consider a
comparison triangle AABC of AABC in M3. Since K <A in B(a, p), Alexandrov’s theorem
yields that ZA < ZA, /B < ZB. By the following identity in M3,

sin(vV/Aay) cos ZB = cos(VAby) sin(vVAey) — sin(VAby) cos(VAe) cos ZA,
we obtain /B < 7/2 and this completes the proof. ]

PROPOSITION 2.4. 9, is contained in the smallest closed convex subset of B(a, p)
containing the support of u.

Proof. Let V be this set. By Theorem 2.2 it suffices to show that if # € B(a, p)\V then
H(x)#0. In fact, let y be a point in V such that d(x,y) =inf{d(z,p):p €V}, then the
convexity of V yields Zzyp > 7/2 for every p € V. Hence by Lemma 2.3 we obtain Zpxy < m/2
and this gives that

(—exp, 'p, exp; ! y)
dwp) M)

= —d(z, y) J cos Zpxy p(dp) < 0.
v

(H ). ey ) = |

The proof is completed by observing that exp,*y # 0. |

3. Uniqueness of the Riemannian median

In the Euclidean case, it is well known that if the sample points are not colinear, then the
geometric median is unique. Hence we obtain a natural condition for y to ensure the uniqueness
for medians in the Riemannian case:

* The support of yi is not totally contained in any geodesic. This means that for every geodesic
7:[0,1] = Bla, p), we have (1[0, 1]) < 1.

Before giving the uniqueness theorem for medians, we introduce a procedure for extending
geodesics in B(a, p). Let v : [0, 1] — B(a, p) be a geodesic such that v(0) = z and v(1) = y. By
the completeness of M and the fact that the diameter of B(a, p) equals 2p < inj(B(a, p)), we can
extend v from its endpoint y, along the direction of 4(1), to the point § where the extended
geodesic first hits the boundary of B(a, p). Similarly, we can also apply this procedure in
the opposite direction: extend v from its starting point z, along the direction of —%(0), to
the point & where the extended geodesic firstly hits the boundary of B(a, p). Then we write
4:[0,1] — B(a, p), the geodesic such that 4(0) =% and 4(1) = §. Obviously, v[0, 1] C %[0, 1].
Furthermore, the strong convexity of B(a, p) (see [11, Theorem 5.14]) yields 4,°"(t) # 0 for
every p € B(a, p)\7[0, 1] and ¢ € [0, 1].

THEOREM 3.1. If condition % holds, then the median of u is unique.

Proof. 'We will prove this by showing that f is strictly convex, that is, for every geodesic
v:[0,1] — B(a, p), the function f o~ is strictly convex. By the first estimation in Lemma 1.1,
for every p € B(a, p)\4[0, 1] the function t — d(v(t), p) is strictly convex, and for p € [0, 1] it
is trivially convex. Since the condition * yields that u(B(a, p)\7[0, 1]) > 0, by integration we
obtain the strict convexity of f and the proof is completed. O
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REMARK 1. For the Riemannian barycenters of 4 in B(a, p) to be unique, Kendall showed
that (see [21, Theorem 7.3] and [22]) the assumption

p< min{ ﬁ, inj(a)} (3.1)

suffices (certainly, without condition *). Naturally, one may wonder that, under condition x,
whether the median of p remains unique if condition (1.1) is replaced by the weaker one (3.1).
Unfortunately, this is not true. A counterexample may be found in [20], which shows that if
three points on the upper hemisphere Si are symmetrically located in a circle which is parallel
and close to the equator, then there are at least three medians.

In the proof of Theorem 3.1, we have seen that f is strictly convex if condition * holds.
However, under the same condition, we can show that f is in fact strongly convex (see [33,
Definition 6.1.1]). That is, there exits a constant 7 > 0 such that for every geodesic v : [0, 1] —
B(a, p), the following inequalities hold:

FO@®) <A =F((0)) +tf(v(1) = TIH*(1 - t)t, te0,1]. (3.2)

This is equivalent to saying that for every geodesic v:[0,1] — B(a, p), the function ¢+
f(y(t)) — 7|7|*? is convex on [0,1]. To see this, we begin with an equivalent formulation
of condition *.

LEMMA 3.2.  Condition * holds if and only if there exist two constants £, >0 and n, > 0,
such that for every geodesic v : [0, 1] — B(a, p), we have

/’L(B(’% Eﬁ«)) < 1- 77;u
where for ¢ >0, B(v, e) = {x € B(a, p) : d(z, [0, 1]) < &}.

Proof. We only have to show the necessity since the sufficiency is trivial. Assume that
this is not true, then for every ¢ >0 and 7> 0, there exists a geodesic v : [0, 1] — B(a, p)
such that u(B(y,€)) > 1 — 1. Then we obtain a sequence of geodesics (V,,)n>1 : [0, 1] — B(a, p)
verifying p(B(vn, 1/n)) >1—1/n. Since the sequence (7,(0),¥,(0)), is contained in the
compact set E = {(z,v) € TM : x € B(a, p), |v] < 2p}, there is a subsequence (v, (0), ¥, (0))x
and a point (z,v) € E, such that (v, (0), ¥, (0)) — (z,v). Let v be the geodesic starting
from z with velocity v, then by the classical theory of ordinary differential equations we
know that 7,, — v uniformly on [0, 1]. Particularly, ¥[0, 1] C B(a, p). Then for every j > 1,
B(yn,, 1/ng) C B(v,1/j) for sufficiently large k, hence p(B(v,1/7)) 21— 1/ni. By letting
k — oo and then letting j — oo, we obtain u(+[0, 1]) = 1. This contradicts condition . O

The lemma below gives a basic angle estimation, which is also useful in the next section. In
the following, we write

o =sup{d(p,a) : p € supp pu}.
Note that o < p, since the support of y is contained in the open ball B(a, p).

LEMMA 3.3. Let AABC be a geodesic triangle in B(a, p) such that A=a, B € B(a, o)
and C € B(a, p)\B(a, o), then
Sa(d(C, A) — o)

s /C > .
€08 0> 5 (d(C, A) t o)

Proof. We prove this lemma for the case when A > 0. The proof for the case when A <0
is similar. Let d(B,C)=a4, d(C, A) =b; and d(A, B) =c¢;. Consider a comparison triangle
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AABC of AABC in M3. Since K < A in B(a, p), Alexandrov’s theorem yields that ZC < ZC.
Hence, observing ¢; < o and b; — 0 < a1 < by + 0, we obtain
cos(vVAcy) — cos(vAay) cos(v/Aby)
sin(vAay ) sin(v/Aby)
cos(vAc) — cos(vVA(by — o)) cos(vAby)
sin(\/Z(bl +0)) sin(\/Zbl)
_sin(VA(by — o)) Sa(d(C, A) — o)
sin(VA(by + o)) Sad(C, A) + o) u

cos ZC > cos LC =

LEMMA 3.4. Let AABC be a geodesic triangle in B(a, p) such that ZA > /2. Consider
a geodesic triangle AA; B1Cy in Mg such that d(Aq, C1) =d(A, C), d(A1, B1) =d(A, B) and
LAy =/A. Then sin ZC > sin ZC4.

Proof. 'We prove this for the case when § > 0. The proof for the case when ¢ < 0 is similar.
First, observe that by Lemma 2.3 we have /B <7/2 and ZC <7/2. Let AA3B3C5 be a
comparison triangle of AABC in MZ. Since K >§ in B(a, p), Toponogov’s theorem yields
that LA; < LA = ZA; and £By < ZB. Assume that d(B, C) = ag, d(A,C) =be, d(A, B) = ¢
and d(By, Cy) = a;. Since /Ay < ZA;, we have az < a;. By the law of cosines in M52 we obtain

icoséC :icos(\/SCQ)—cos(\/gal) cos(v/6by)
day ' day sin(v/0by) sin(v/day)

V8(cos(V/dbz) — cos(v/dar) cos(Vées))
sin(v/6by) sin?(v/da;)

< V(cos(v/dba) — cos(vdas) cos(vcs))
g sin(v/0by) sin?(v/day )

:\6$“¢&”?M¢&”034&>0
sin(v/0bs) sin?(v/da,)
so that cos Z(C is non-decreasing with respect to a; when aq > as. Hence, cos ZC7 > cos ZC,
that is ZCy < ZC5. Then observing ZCs < ZC < /2, we obtain sin ZC' > sin ZC;. The proof
is complete. ]

The following lemma is important for giving a lower bound of the Hessian of the distance
function. Though the two estimations below are very simple, they are sufficient for our purposes.

LEMMA 3.5. Let AABC be a geodesic triangle in B(a, p).
(i) If LZA=m7/2, then
sin ZC > L1(p, 0)d(A, B),
where the constant
26 /m if § > 0;
Li(p,8) =4 1/4p it5=0;
v/ —d/sinh(4pv/—48) if § <O0.
(ii) If A€ dB(a, p), B € B(a, o) and ZA > 7/2, then

sin ZC > L(o, p, §, A)d(A, B),
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where the constant
Sa(p—o)
L(o,p,0,A)=L1(p, ) ——.
(0,p,6,A)=Li(p )SA(pHr)

Proof.  We prove this lemma for the case when § > 0. The proof for the case when § <0

is similar. Let AA;B;C; be as in Lemma 3.4, then sin ZC > sin ZC. Let d(B;, C1) = ay and
d(A, B) = ¢y, then the law of sines in M} yields

75111(\/501) sin ZA > 2vbe, sin ZA,
sin(v/day) ™

since sin 6 > 20/7 for ¢ € [0, 7/2]. Hence the first estimation holds if ZA = /2. To show the
second estimation, by the convexity of B(a, p) we obtain

sin ZCh =

VAL /CAa+ LaAB < g + ZaAB.

Since ZA > /2, by Lemma 3.3,

Salp—o)

sin ZA > cos ZaAB > .
Sa(p+o0)

The second estimation follows immediately and the proof is complete. O

We know that f is convex, thus along every geodesic it has a second derivative in the sense
of distribution; the following proposition gives its specific form as well as the Taylor formulae.

PROPOSITION 3.6. Let v:[0,b] — B(a, p) be a geodesic. Then for ty € [0,b) and t € [tg, b],

P = F(t0)) + - f(a(s))

(t—to) + J (t — s)v(ds) (3.3)

s=to+ (to,t)

and for to € (0, b] and t € [0, to],

P = F(t0)) + - f(a(s))

@fmww‘ (s — tyw(ds),

s=to— (tatO)

with v being the second derivative of f o~ on (0,b) in the sense of distribution, which is a
bounded positive measure given by

V= (J Hess d, (¥, "Y)M(dp)) Ay + 2191 (o)l 0.b),
M\~[0,b]

where (o) and (po7)|,) denote the restrictions of Lebesgue measure and the measure
o~y on (0,b), respectively.

Proof. 'We shall only prove the first identity, since the proof of the second one is similar.
Observe that since 7 is a homeomorphism of (0, b) onto its image, i o v is a well-defined measure
on (0, b). By Taylor’s formula,

J d((t), p)p(dp)
M\~[0,b]

(drtt0). )+ o251

JM\Fy[O,b]
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-1
—OXPy(10)P

it i) + (300, [ S

- JM\'Y[OJ)] M(dp)>(t )

t
b e[ Hesd, () i()uldp).
to M\~[0,b]
It is easily seen that

dwm»mszw»—j

7[0,t0)

an»mem—j d(v(t0), p)yu(dp),

JM\’y[O,b] 7y(to,b]

and, by Proposition 2.1, that

1
. —eXp (to)p
A(t J —— 0 (dp >
< (fo) m\yio,5] d(v(to); p) (dp)
—1

= Gl o - (30 | )

= (¥(to), H(v(t0))) = [711(7[0, t0)) + [¥lpu(v(to, b])

- %fﬁ(s)) — 3] 1(¥[0, to]) + ¥l (v (to, b]).
s=to+
Since
F(v(®) =J d((t), p)p(dp) + J d(y(t), p)u(dp)
M\~[0,b] 4[0,6]
we obtain

t

FO0) = Fata) = 2106)| (=t~ | (t=s)ds | Hessdy(i(s).(s)u(dp)
§ s=to+ to M\~[0,b]

=—j d@%xmman—j d(~(to), paldp) — (110, to]) (£ — to)
~[0,t0) ~(to,b]

+¢mwammu—uo+jmﬂﬂwmpmwm

=<—Jm”dW%%mmwwﬁﬂMﬂQmmr%w+J[ dwwmmwm)

0,t0)

+ (— J d(y(to), p)u(dp) + [¥|p((to, b)) (t — to) + J d((t), p)u(dp)>
~(to,b] ¥

(t07b]

(-], ot mutan -] daw)awmn + |
¥[0,t0) 7[0,t0)

7[0,t0)

dwuxmuwm)

" (_ J"/(toﬂf) d(v(to), p)pu(dp) + J

~(to,t)

d(v(to), v(t))u(dp) + J [t,b]

d@%»wwmwm+j@ﬂ

d((t), p)u(dp)>

d@@»@uwm>

" (_ L[t,b} AOto), piudde) + L[

t.b]

=2 Ao pdn) =20 | (=)o) (ds).
¥(to,t) (to,t)
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Hence (3.3) holds. To show that v is the second derivative of f o~ on (0,b) in the sense of
distribution, let ¢ € C'°(0, b) and choose ty =0 in (3.3), then Fubini’s theorem and integration
by parts yield

# (1) dit+ < 3(5) 1 (1) dt

j fwwwwwﬁ:ﬂwmﬂ
(0,b)

(0,0) s=0+ J(O’b)

+ J(O,b) O (t) dt Lo,t)(t — s)v(ds)

= J v(ds) J (t —s)p"(t)dt = J p(s)v(ds).
(0,b) (s,b) (0,b)
The proof is complete. |

Now we are ready to show that condition * yields the strong convexity of f. Certainly, this
also gives a proof of the uniqueness of the median.

THEOREM 3.7. If condition x holds, then f is strongly convex. More precisely, (3.2) holds for
7= (1/2)e2n,D(p, A)L(a, p,, A)* > 0. Moreover, with this choice of T, for every x € B(a, p),

f@) = fu+rd*(z,m),

where m is the unique median of .

Proof. Let v:[0,1] — B(a, p) be a geodesic, then by the first estimation in Lemma 1.1 we
obtain that for every s € [0, 1],

Hess dy (G1(5) SNAdp) 2 | Dl A5 Pl

— Dl A |
B(a,a)\B(;y,s,‘,)

J'M\'y[o,l]

sin? Z(4(s), exp ;) p)u(dp).

Then for every p € B(a, 0)\B(%,¢,), let ¢ =q(p) be the metric projection of p onto 40, 1].
If ge#(0,1) and ~(s)#q, then the geodesic triangle Apgy(s) is a right triangle with
Zpgqy(s) = /2. Hence the first estimation in Lemma 3.5 yields that

sin Z(¥(s), exp;(ls) p) = Li(p, 8)d(p, ) = L1 (p, 5)‘5#'

If ge{%(0),9(1)} and ~(s) #¢, then Zpgvy(s) >m/2. Hence by the second estimation in
Lemma 3.5,

sin Z(¥(s), exp;(ls) p) = L(o, p,§, A)d(p, q) = L(o, p, §, A)e,,.
Since L(o, p, 8, A) < L1(p, 6), we always have
sin Z(¥(s), exp;(ls) p) = L(o, p, 5, A)e,.

Thus by Lemma 3.2 we obtain

JM\ o Hess dy(7(s), 7(s))u(dp) = €;muD(p, A)L(o, p, 8, A)?|5]* = 27|32,
1Y,
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Then for every t € [0, 1) by Proposition 3.6,

FOO) = FOE) + SF66)|  a=0+] Q-

(t,1)

(1 —t)+27|1|2J (1—s)ds
(t,1)

s=t+

> f60) + - F6(5)

s=t+

= FOO) 46D =)+ 7P -0 (3.4)
s=t+

Similarly, for every ¢ € (0, 1],

(—t) 4 7|5|*2. (3.5)

It follows by (3.4), (3.5) and Proposition 2.1 that for ;very te(0,1),
FOr(®) < A=) f((0) +tf(v(1)) = T]H*(1 — 1)t
- (mrow)| - o] Ja-ne

< (=) f(1(0) +tf(v(1)) = T1H*(1 — 1)t

The strong convexity of f is proved. To show the last inequality, let v : [0, 1] — B(a, p) be the
geodesic such that v(0) =m and (1) = z. Then (3.4) yields

FG0) > F(0) + S F ()

+ 7312 = f(m) + 714 = fo +7d? (2, m).
s=0+

F(a) > Fm) + 5 ((5))

The proof is complete. ]

4. A subgradient algorithm

To begin with, we recall the definition of the subgradient of a convex function on a Riemannian
manifold. For our purpose, it suffices to consider this notion in a convex subset of the
manifold.

DEFINITION 2. Let U be a convex subset of M and let h be a convex function defined
on U. For every x € U, a vector v € T,, M is called a subgradient of h at z if for every geodesic
v :[0,b] — U with v(0) =z, we have

h(y(8)) = h(z) + ((0), v)t, ¢ €0, 0]

Our idea to approximate the median of p by a subgradient method, stems from the following
simple observation.

LEMMA 4.1. For every z € B(a, p), H(z) is a subgradient of f at x.
Proof. Let 7:[0,b] — B(a, p) be a geodesic such that «(0) =z, then by Proposition 2.1,

together with the convexity of f, we get for every ¢ € [0, b] that

s=0+
(@) + ((7(0), H(z)) + p{x} 7]t
() + (¥(0), H(z))t. O

FO0) > FGO) + 7o)
1(0), H(x)

f
f

WV
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We proceed to give some notation which is necessary for introducing the subgradient
algorithm.

NotaTiON. If x € B(a, p) and H(z) # 0, then we write
H{(x)
vz (t) = exp (—t ), t>0.
AH@I)
ry =sup{t € [0, 2p] : v, (t) € B(a, p)}.

Note that for z € B(a, p) such that H(z) # 0, by the convexity of B(a, p) and the fact that
2p < inj(B(a, p)), we have v,[0, r.] C B(a, p).

The following simple lemma shows that every r, is strictly positive. More importantly, it
ensures theoretically the possibility of the choice of stepsizes in the convergence theorem of the

subgradient algorithm.

LEMMA 4.2. The following estimation holds:

inf{r, : x € B(a, p), H(z) # 0} > 0.

Proof. Since the support of p is contained in B(a,p), for every =€ dB(a,p), H(z)
is transverse to 9B(a,p) and hence r, >0 for every x € B(a,p) such that H(x)#0.
Moreover, there exists € > 0 such that supp(u) C B(a, p — ). Then for x € B(a, p — ¢) such
that H(x)#0 we have r, > p —d(z,a) >e. On the other hand, since H is continuous on
B(a, p)\B(a, p — €), r, vary continuously with = on this compact set. Thus there exists a point
xo € B(a, p)\B(a, p—€) such that inf{r, :z € B(a, p)\B(a,p—¢)} =ry,. Hence we obtain
inf{r, : x € B(a, p), H(x) # 0} > min{e, 5, } > 0. O

Now we introduce the subgradient algorithm to approximate the medians of the probability
measure .

ALGORITHM 1. Subgradient algorithm for Riemannian medians:

Step 1:

Choose a starting point xg € B(a, p) and let k = 0.

Step 2:

If H(zy) =0, then 3 € M, and stop. If not, then go to Step 3.
Step 3:

Choose a stepsize ti, € (0, 7, ] and let £x11 = 74, (tr), then come back to Step 2 with k =k + 1.

REMARK 2. It should be noted that, in the above algorithm, we have already restricted
every stepsize ¢y, to be in the interval (0, r, |. From now on, we shall always make this restriction
implicitly to ensure that the sequence (x)x will never get out of the ball B(a, p).

Now we turn to the convergence proof of the above algorithm under some further conditions
on the stepsizes. In Euclidean spaces, it is well known that the following type of inequalities
are of fundamental importance to conclude the convergence of subgradient algorithms (see, for
example, [12, 26]):

2ty

lzks1 — ylI? < llox — yl1? + ots + 5m(f(y) — f(zx)).

For a non-negatively curved Riemannian manifold, Ferreira and Oliveira obtained a
generalization of the above inequality in [14] by using Toponogov’s comparison theorem. But,
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their method is not applicable in our case since B(a, p) is not assumed to be non-negatively
curved. However, we can still obtain a similar result using a different method.

LEMMA 4.3. Let (v1)x be the sequence generated by Algorithm 1. If H(xy) # 0, then for
every point y € B(a, p),

P (@i, y) < P (o y) + Clo, OB + w%n(ﬂy) ~ fan)).
Particularly,
@ (h1, M) < A (wx, M) + Clp, ) + 24(fo — F(a). (4.1)

Proof. By Taylor’s formula and the second estimation in Lemma 1.1, there exists £ € (0, tx)
such that

1 1
3@ (@1, 9) = 8 (i (tr), )
1 d2 {1

= 3P0 0. + 5 [5POn00)] +555]5

2 2
a1 g £on 0] 8

t=¢
1

. 1 1 1 . .
= 5P 0) + (00, grad ) Y+ 5 Hoss S8 (30, (0.2 (O

C(ﬂ) 6) t2
k.

1 (H(x1), exp,ly)
< -d? LI AN

By Lemma 4.1, H(xy) is a subgradient of f at point z; and hence
(H (wr), expg, y) < fly) — flan).

Consequently,

3ok 0) < 3 onsn) + s (1) - p) + S

and the first inequality holds. The second one follows from f, < f(zy) and |H(zy)| < 1. O

As in the Euclidean case, once the fundamental inequality is established, the convergence of
the subgradient algorithm is soon achieved and the proof is elementary. Since the fundamental
inequality (4.1) in Lemma 4.3 is very similar to the Euclidean case, the proof of the following
convergence theorem is also very similar to that in the Euclidean case, hence we omit it and
refer to [12, 14, 26].

THEOREM 4.4. If the stepsizes (tx)y verify

oo
1' = =
Jim t, =0 and Ztk 400,
k=0
then the sequence (xy)y generated by Algorithm 1 satisfies

klim d(xy, M,) =0 and klim f(xr) = fs

Moreover, if the stepsizes (i) also verify

o0
>t < +oo,
k=0

then there exists some m € M, such that x; — m.
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Now we consider the problem of the choice of stepsizes. By Lemma 4.2 we can choose (t)x
that verifies the conditions of the preceding theorem and hence yields the desired convergence of
our algorithm. For example, we may take t;, = r,, /(k + 1) for every k > 0. But the drawback is
that we do not know much about r,, . However, with further analysis we can obtain an explicit
lower bound for it.

LEMMA 4.5. For every x € B(a, p)\B(a, o),
s 2d(z, a)Sa(d(z, a) — o)
T C(p? 5)SA(d(x7 a) + 0) .

Proof.  Since z € B(a, p)\B(a, o), we have H (r) # 0 and hence r,, is well defined. Moreover,
the diameter of B(a,p) is 2p <inj(B(a, p)), thus the definition of 7, yields that ~,(r,) €
0B(a, p). By Taylor’s formula and the second estimation in Lemma 1.1, there exists £ € (0, ;)

such that
[ _1 2
5[) - 2d (’71(Tm)va)
d1 1d%[1
_ 12 alg La” |l 2
= —d*(x,a) + g7 [Qd (%(t),a)]t_orx—k 5 72 [2(1 (’yw(t),a)L_grw
Lo . 15 1 Lo, . 2
= S a) + (a(0), grad Sd2(w) )r + 5 Hess Sd2(3a(6), 10(6)r2
15 (H(z), exp, ! a) C(p,0) o
< —

The Gauss lemma yields that (exp, ! p, exp, ! a) > 0 for p € supp j, hence

(exp, ! p, exp, t a)
d(z, p)

Combine this with d(z, a) < p, C(p, d) >0 and r, > 0, we obtain that

1 {‘ HE)ow; ) | \/ (Hiw) v Lo | o, )52 - (e, a>>}

(). exp, " a) =~ | u(dp) <0.

"2 00, 0) H ()] ()2
1 [ (H@)exps'a) | |[(H(), expy a)
Z T, 5){ H(z)] H(z)| }
-2 (H(x),exp,'a) -2

= x), ex _la
ST H@| Ol ey A expea)

2 {exp; ! p, exp, ! a)
= J n(dp)
Supp p

C(p,0) d(z, p)
~ 2d(z,a)
=00 Lupp } cos Zpxap(dp).

Now it suffices to use Lemma 3.3 to obtain that for every p € supp(u),

Sa(d(z,a) — o)

Z > .
COS £pTra SA (d(x, a) T U) 0

We are ready to give the desired lower bound.
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LEMMA 4.6. For every x € B(a, p) such that H(z) # 0 we have
p—o
Ty 2> )
Clp,6)F(p, A) +1
where the constant F(p, A) > 1 is given by

1 if A >0;
F(p,A) =
(P &) {cosh(2p\/—A) if A <O.

Proof.  'We prove this for the case when A > 0. The proof for the cases when A < 0 is similar.
For every x € B(a, p)\B(a, o), by Lemma 4.5 we have

s 2d(z, a) sin(vVA(d(z, a) — o))
“7 Clp,d) sin(vVA(d(z, a) + o))

Note that 0 < VA(d(z,a) £ o) < 2pvV/A < /2 and that (sin u/sin v) > (u/v) for 0 <u < v <
/2, then we obtain

s 2d(x,a) d(xz,a) — o < 2d(x,a)d(x,a) —0o d(z,a)—o
7 C(p,d) d(z,a) +0 = Clp,d) 2d(z,a)  C(p,9)
On the other hand, we always have r, > p — d(z, a) and hence
d(z,a) — 0}
re > maxs p—d(z,a), ————— 7.
' % () Clp,9)

Observe that
min{max{p —d(z, a),

then we obtain

d(z,a) — o

p,0) +1’

Ty 2 _P—9
7 Cp,6)+ 17
Moreover, for every = € B(a, o) such that H(z) # 0,
>p— _P—T
Ty 2P 0>C(p75)—|—1'
The proof is complete. ]

Thanks to the above estimation, we get a practically useful version of Theorem 4.4.
THEOREM 4.7. Let (ax)r be a sequence in (0, 1] such that

lim ar =0 and ar = +o00.
k—o0 k;(]
Then we can choose
(p—o)ak
C(p,0)F(p,A)+1

in Algorithm 1 and, with this choice of stepsizes, the generated sequence (xy) satisfies

lim d(xy, M,) =0 and klim flar) = fe

k—oo

ty =

Moreover, if (ay)x also verifies that

oo
Z ai < 400,
k=0

then there exists some m € M, such that x; — m.
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Proof. This is a simple corollary to Lemma 4.6 and Theorem 4.4. |

Now we turn to the questions of error estimates and the rate of convergence of the subgradient
algorithm under condition .

PROPOSITION 4.8. Let condition * hold and let the stepsizes (i) satisty

(oo}
klingo t, =0 and Z tr = +o00.
k=0
Then there exists N € N, such that for every k > N,

d* (g, m) < by,
where m is the unique median of 1 and the sequence (by)r>n is defined by

by =(p+0)? and bry = (1—27t)bx + Clp, 6)t2, k>N,

which converges to 0 when k — oo. More explicitly, for every k > N,
k k
b1 = (p+0)? || (1 =2rt) + C(p, 9) < Z 1H1_27—t +ti>~
=N j=N+1 i=j

Proof. Since t; — 0, there exists N € N such that for every k > N we have 27t; < 1. By
Theorem 3.7,

fxp) = fo = 7d?*(zk, m).
Combining this and Lemma 4.3 we obtain
d2($k+1, m) < (1 — 27’tk)d2($k, m) + C(p, 5)ti

By Proposition 2.4, d?(zy,m)<(p+0)?=by. Then by induction it is easily seen that
d*(zr, m) < by for every k > N. To prove by — 0, we first show

likm infb,=0
If this is not true, then there exist N7 > IV and n > 0 such that for every k > N; we have by, > 7
and C(p, 0)ty < 0. Thus

b1 =br + tx(C(p, 0)tr — 27bg) < by — Tt.
By summing the above inequalities we obtain
™ Yt <bny — b1 < by,
i=Ny

which contradicts Y- tx = 400 and the assertion is proved.
For every k > N, we consider the following two cases: if by, > C(p, §)tx/(27), then

bra1 < br — 27t (C(p, 8)tr/(27)) + Cl(p, 6)t3 = by;
and if by, < C(p, §)tx/(27), then
bt < (1= 271,)Cp, 8)11/(27) + Clp, )83 = Clp, )i ) (27).
Hence we always have
bi+1 < max{bg, C(p, d)tr/(27)},
which yields by induction that for every n > k,

bpt1 < max{by, (C(p,0)/(27)) max{tr, tgt1,-- -5 tnt}-
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Then by taking the superior limit on the left-hand side and then the inferior limit on the
right-hand side we conclude that by — 0.
Finally, the explicit expressions of (by)x are obtained by induction. |

We proceed to show that if (¢x)x is chosen to be the harmonic series, then the rate of
convergence of our algorithm is sublinear. To do this, we use the following lemma in [25].

LEMMA 4.9. Let (ug)r>0 be a sequence of non-negative real numbers such that

<(1--2 +S
Uk+1 X I€+1 Uk (k+1)27

where o and ( are positive constants. Then

(164»12)&(’11/0-1-2&(1(2;0[)) if0<a<1’.
! (a—1)ug —¢ .
(a—=1)(k+2) (CJr (bt 2y > ifa>1.

PROPOSITION 4.10. Let condition * hold and we choose t;, = r/(k + 1) for every k > 0 with
some constant r > 0, then

7(k+12)a <(p+a)2+ 2% C(lp,_dzl(Q—a)) fo<a<l;
d*(zpy1,m) < ﬂg(iJf’lé)(l—i—ln(kz-l-l)) ifa=1;
1 2 (a—1)(p+0)*—rC(p,d)\ .
(a—]—)(k_’_2)<’r O(p, 5)"‘ (k—|—2)a71 ) 1f0¢>1,

where m is the unique median of p and o = 27r.

Proof. As in the proof of Proposition 4.8, we have for every k > 0,

27T r2C(p, 9)
d? <(1- d? —
(annsm) < (1 257 ) lanm) + GO
Then it suffices to use Lemma 4.9 with a = 277 and ¢ = r2C(p, §) by observing that d(z¢, m) <
p+o. ]
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