DUAL TRIGONOMETRICAL SERIES
by C. J. TRANTER

(Received 19th September, 1958)

1. Introduction. In a recent joint paper with J. C. Cooke {1], we have given a method
of determining the coefficients a, in the * dual " Fourier-Bessel series

® )
El o2a,J (aqr) = Flr) (0 <r<), |
n=

Z] @ () =0 (1 <r<a),

where -1 < p < 1, F(r) is specified and «,, is a positive root of J,(o,a) = 0. This method
reduced the problem to the solution of an infinite set. of algebraical equations and it was shown
that, under certain circumstances, numerical values for the coefficients could be obtained
fairly readily.

By modifying the analysis (originally due to Beltrami) which I used in discussing certain
dual integral equations [2], I have now found it possible to obtain closed expressions for the
coefficients a,, in equations (1) in the special casesv = +4,p = +1. In these cases the Bessel
functions are replaced by sines or cosines and it seems natural to describe the problem of this
note as one in “ dual ”’ trigonometrical series although W. M. Shepherd {3], in a discussion of a
similar but more restricted problem, describes it as one in trigonometrical series with mixed
conditions.

The solution given is formal only and, beyond some obviously necessary conditions
implied by the analysis, no attempt has been made to assign precise conditions under which
the solution obtained is valid.

2. Thecase v = 4, p = 1. On writingv = 4, p = 1, @ = #/e,r = zjc, a, = ntd, and
F(r) = (2]mx) ¢f (), equations (1) become

% nd,sinnz = fz) 0 <z <c),
n=1

o0
D dysinnz =0 (c<z<m),

n=1

and these are the basic dual trigonometrical series from which the coefficients 4, are to be
determined.

-]
If V(z) is the value of 3 A4, sin nz when 0 < z < ¢, the usual method of determining
n=1

the coefficients in a sine series gives

A, = gJ‘o V(@) SINBZAD. oevnveerireiiieiniiiiieeiiieiniennanns (3)
nJo

Guided by the analysis previously used to solve a pair of dual integral equations [2], we assume
D
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[
that 3 A4, sin nx is continuous at « = ¢ and write

ne=l
1
il x(8) ds 4
V(x) = sin 2xf5in e cosonjo (3% =SB Rwooseg oI I (4)
Substituting for V (z) from (4) in (3) and changing the order of integration, we obtain
21 2 sin" (s sin §e) sin na sin 1z
4,=2 f xo)ds f 0 e e (5)

If we write sin {x = a sin i¢, the integral in z in (5) becomes

sgin {2n sin—! (« sin {¢)} « sin® 3¢
0o {(&# = ) (I —oFsin? 1o)d

da

8 2
=4nsin3%cfo($2—fa2—)}ﬁ’(l +n,1 —n; $; asin?dc)da, ceeeeeninnnnnnnnn. (6)

and, using the value of the definite integral in (6) as given by Magnus and Oberhettinger

[4, p. 11], we can write equation (5) as
1
A, = 2nsind %cf FQ +n1-n; 2; s?sinfe)?x(s)ds. .oeevrrrnrenannnn. (7
0

The function x(s) has now to be chosen so that A, satisfies the first of equations (2).
Proceeding along the lines previously followed in solving dual integral equations [2], we
multiply the first of equations (1) by sin 4z and integrate with respect to  between 0 and =.
When the substitution sin $2 = p sin {c is made, this gives

2 i in—1 (p sin i i L
,ElnA” sin {(2n — ;Lsinll(p sin ge)} sin {(2n + ;LSF] (psin 26)}]___ o) (0<p<1),
...... (8)
where
2sin~ (o sin §c)
I(p) = fo flr)sindzde. .covvvrviiiiiiii (9)

Expressing the sines as hypergeometric functions and using the first of Gauss’s recursion
formulae [4, p. 9], we can write equation (8) in the form

2 . 34(p)
2 —meB2gin2le) = 2P
n§1n A F(1 +n,1 — n; 3; p?sin? gc) st ko O<p<l) ..., (10)
Substituting for 4, from (7) and interchanging the order of integration and summation, we
obtain
1 31(p)
2 —
fos x(8)2(s, p, €) ds = &5 st 3o 0<p<<l), ceeiiriiiiniiinnnnn, (11)
where
o
Zy(s, pyc) = L 0F(L4mn,1-m; 2; stsin?c) F(l4n,1~n; &; pPsin?ic). ...ooo...... (12)
n=1

The value of X (s, p, ¢) can be found as follows. Since [5, p. 140]
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2J (23 8in §c¢)

2 — 2 gin2 = :
”glnF(l +n,1—-n;2;ssin? i) J,,(2) dssindc @ e (13)
and [5, p. 401]
© 39in3 1c\#
f z—iJg,,(z)J%(zp sin ¥¢) dz = %(p S;:T 20) nF(1 +n,1 — n; %;p?sin? 3¢), ......... (14)
0

multiplication of (13) by z=#J1 (zp sin {c), integration with respect to z between 0 and co and
use of (12), (14) gives

3 2m t
N N .
Z(s, p, 0) = 168(p T %c) f 24J (s sin 4c¢) J%(zp sindc) dz. ...l (15)

Evaluating the infinite integral on the right of (15) (5, p. 401], we obtain

_J0 (p<y),
Zi(s,p, €) = 803 (0 - s)toosecidc (p>s).f T (16)
Substitution from equation (16) in equation (11) gives
»_$’x(s)
—2—— ds = cosec? §c ]
f o{p® — ¥ (p)-
This is Schlomilch’s integral equation and its solution [6, p. 229] is given by
¢« I'(p)
Te2 = 21 =\
28 x(s) = s cosec cf = o dp
Use of equation (9) enables this to be written
_4r pf{2 sin‘1 (psin 4c)}
x(8) = — 5] o @ )T = pEsin St dp, e (17)

and equations (17) and (7) provide a comp]ete solution of the problem.

3. Example 1. Ag an example take v = 4, p = 1, f(z) = sinz. Equation (17) gives

4 #2p2sin 3¢

(—sm)—idp = 23 S]n %C

x(s) =
and equation (7) leads to
1
4, = 4nsint %cf FQ +n,1-mn;2;ssin?c)sdds
0

=nsintdcF(1 +n; 1 — n; 3;sin? §c)
when the definite integral is evaluated [4, p. 11].
At the end of his paper, Shepherd [3] gives this example for the special case in which
= {m. For this value of c,
24, =in F(l+4+n,1-n; 3; 3)
=Fmn1l-n; 2; H)-F(+n, -n; 2; 3),

and each of the hypergeometric functions can be expressed in terms of gamma functions
through the formula [7, p. 104]
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') I'4) )
I'(la + $H)I'(3b ~ da + §)

It is then easy to verify that the value of 4, is in agreement with that given by Shepherd.

Fla,1 —a;b;}) =21

4, The casev = -1, p = 1. Herethe coefficients 4, have to be determined from the dual
cosine series

S (20 — 1)4, 08320 - 1)z = fla) (0 <z <c),
n=1

. (18)
"_2:‘,1 Aycosin -z =0 (c<z<m),
and the solution is very similar to that given in § 2. ¥ (z) is now the value of
;‘,IA,, cos$(2n - 1)z when 0 <z <e,
so that
4, = %f:V(x) cos3(2n — Dxdx. «voviiiiiiiii (19)

In place of (4), we now write

1
- x(s) ds
V(x)= f e cospe (FF Z SINT Rz GORSEERGJE 11T (20)

and, working as before, we find that equations (19) and (20) lead to
1
A, = 2sin %cf Fin,1 - n;1;stsin®4e)x(s) ds. wvvvnvinrnnniininninnns (21)
0

Integrating the first of equations (18) with respect to = between 0 and z, we obtain the
equation corresponding to equation (10), namely

> . I{p)
- —n:3 p28in? = 7 _
12‘1 2n — DA, F(n,1 — n; §; p?sin® §c) 5psin I O<p<]), covvinnnnn (22)
where now
2 sin—1 (p sin ¢)

1(p) = f 0 F@) AT evereresreeeeesresees s reesvsees (23)

Substitution for 4,, from (21) in (22) gives
f () Zols, pr s = —)_ 0 <p <) (24)

OX 2($, o, IpsintIc P 3 ereeenreenreesesciacanss

with
Zy(8, py €) = % (2n - 1) F(n,1 —n;1;s2sin?4c) F(n, 1 - n:§; p?sin?dc). ...(25)
n=1

The value of Z,(s, p, ¢) can be found in a similar way to that of 2, (s, p, ¢) and is
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0 p < 8),
2y(s, p, €) = { (g — sk cosectde  (p > s) } ........................ (26)

From equations (24) and (26) it follows that

[l s = 3100

0(p® - 8%

¢ _I'(p)
-

Using the value of I (p) given in (23), we obtain

£{2sin"2 (psin 0}
o [E = p?) (1 - PPeint i) b dp, i (27)

and equations (27) and (21) give the complete solution in this case.

with solution

2 . ¢
x(s) = Zssin 4c

5. The case v = §,p = -1. Writingv = 4,p = ~1,a = nfc,r = z/c,a, = nid, and
F(r) = (2/mz)if (), equations (1) become
-]

> %sinnx =fl) O<z<e),

n=1
o
YA,sinnz =0 (c<ax<m), J
n=1

and these are the basic dual trigonometrical series from which the coefficients 4, are to be

determined.
o0
If o{z) is the value of X A4, sin nx when 0 < z < c, it follows that
ne=l
2 (e R
A, =- J o(2) SINNT AT, ovvvvvieniinniiii (29)
7)o

In line with the analysis used in discussing the analogous dual integral equations [2], we express
o{x) in the form*

olx) = £(1) sin 4z _ J‘l £'(s) sin da:ds (30)

(1 = sin? iz cosec? c)t singzcosecge (82 ~ 8in? dx cosec? fe)t” T

Substituting for ¢(z) from (30) in (29) and changing the order of integration, we obtain

T, ¢ ginnasin jx dx 2ein(ssindc)  gin nx sin jx dz
EA” B f(l)f (1 - sin? §x cosec? §c)t f &ls f (s? — sin? 42 cosec? §c)¥’ (31)

If we write sin 42 = « sin 3¢ and work as in equations (6) and (7), the integral in x on the
extreme right of (5) can be written

ms?8in® e F(1 + n, 1 — »; 2;828i0246). .eeverriiinniininiinnnnn, (32)

* This form is suggested by the relations obtained by combining equations (21) and (24) of reference [2).
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The first integral in  on the right of (31) can be found by setting s = 1in (32), so that equation

(31) gives
1
‘—%" cosec®dc = (1) F(l + n,1 - »; 2; sin?ic) - f SEEE)F(l +m, 1 —n;2;s¥sin®dc)ds
. 0
...... (33)
Integrating by parts and using the relation [4, p. 10]
d%{s?F(l +mn,1-n;2;ssin2dc)} =25 F(1 + n, 1 - n; 1; stsin®ic),
we can write equation (33) as
‘;1—; cosecd 4¢ =f SES)F(l + m, 1 —m; 1;s%sin®dc) ds
1 ;
[P, w1 @sint i) ds, e (34)

ol — s¥sin?ic
the last step resulting from the transformation formula for the hypergeometric function
4, p. 8].
The function £(s) has now to be chosen so that A, satisfies the first of equations (28).
Writing sin 4z = p sin 4¢ and expressing the sine as a hypergeometric function, we can write
this equation as

€O

A, F(1 +n,1 -n;8;psindc) =dlp) O<p<l), vrvrvieninnnnn (35)

n=1
where

f{2sin (psin 4c)}
2psindc (1 - p?sin? ic)t

dlp) = e eteeeterereeeseeeetereeaeanenas (36)

Substituting for 4,, from (34) and interchanging the order of integration and summation, we
obtain

Jl ——ﬂ——— Zo(s, p, €)ds = ;}g[)(p) cosecitc (0 <p<l), corrrrerrnnnnn. (37)

ol — s?sin?ic

where
Zy(s,p,c)= X nF(n, 1 -n;l;s?sin?dc) F(l + n, 1 — n; §; pPsindc). ...... (38)
n=1

The value of Z,(s, p, ¢) can be found in a similar way to that used previously [equations
(13)-(16)] : it is

NER p <),
P’ %p_l P - 82) *cosecz ch (p > S)‘ -----------------------------

Substitution for Zy(s, p, ¢) from (39) in (37) now gives

e s€(s)
fo T - s¥sin® 4c) (p? = Sz)ids = p $(p) cosec 4c.

This is Schlémileh’s integral equation and, using the form of solution given by Copson [8], we

https://doi.org/10.1017/52040618500033876 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500033876

DUAL TRIGONOMETRICAL SERIES 55
have

s(s) 2 d * p* dlp)
T stsinige = 0%CH %f TP

By equation (36), this can be written

1 - s?sin?4c pf{2 8in! (p sin 4c)}
£(s) = “resmilc d8f0{82—p - széc)}*dp, .................. (40)

and the complete solution is given by equations (40) and (34).

6. Thecasev = -4, p = — 1. Here the coefficients 4, have to be determined from
the dual cosine series
py An cosi(Zn - )z = fl) O<z <),
n=12n -1
e (41)
Y A,co88n - Dz =0 (c<z<m), J
n=1
and the solution again proceeds in a similar way. o(z) is now the value of
Y d,co84(2rn — 1)z when 0 <z <c,
n=1
so that
9 fe
A, = ;Joo(x) cos (21 — 1)ZdZ. cieviriiniiiiiiiiin, (42)

In place of (30), we now write

ola) = £(1) - f ! Elod . (43)

(1 — sin? 3z cosec? 4c)t sinjzcoscege (82 — sin? dx cosec? L)Y’

and, working as before, we find that equations (42) and (43) lead to
14, cosecdc = £(1) F(n, 1 — n; 1; sin%4c) — flf’(s) F(n,1 -n;1;s%sin4c)ds. ......... (44)
0

To enable the solution in this case to be reduced to that of Schlémilch’s integral equation,
a slightly different procedure is now adopted. The first of equations (41)-is differentiated with
respect to « before making the substitution sin 4z = p sin 4¢. This leads to

psin fc % 2n - 1) A, F(n, 1 - n;3; p?sin?dc) = - 2f'{2sin~! (psinc)} (0<p<1). (45)

Substitution for 4, from (44) in (45) gives

€ 20 p0) - [ €00 Zolopy s = - LEERIN 0, g
where
Zy(s, py ) = % (2n-1)F(n, 1 -n;1;s?sin?§c) F(n, 1 —n; §; p?sinic). ...... 47
n=1
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On using the value of Z, (s, p, ¢) given by equation (26), equation (46) can be written

[ s = opzsinct psin o),

Again using the form of solution of Schlémilch’s integral equation given by Copson (8], we
obtain

£(s) = % dsJ Pf{2sm‘1 PSl*nl’c)}dP,

and hence

o = LI I o,

where C is a constant. This constant can be determined by substituting from (48) in (44) and
then choosing C so that the first of equations (41) is satisfied. Once C has been found in this
manner, equations (48) and (44) give the solution to this case.

7. Example 2. As a second example take v = —4, p = -1, f(z) = constant = f(0).
In this case, f’ () = 0 and equation (48) gives £(s) = C. Equation (44) gives
a=2CsincF(n,1-n; 1; sin?ic)
= 2C sin {c¢ P,_, (cos ¢),

when use is made of the expression for the Legendre polynomial as a hypergeometric function.
The first of equations (41) then yields, with z = 0,

2C'sin¥c 2 —‘lm

n=1
The sum of the series in equation (50) can be found as follows. Since

> P,_i(cosc)h?2 = (1 — 2htcosc + hd)-#
n=1

it follows that

3, Poailc0se) f 1 e (51)

W2 2 -1 o(l - 2h%cosc + M

By writing y = 2h/(1 + &%), the integral on the right of equation (51) is easily transformed into
the integral

1 %

2Jo{(1 - 9*) (1 - y2cos?dc)}t
and this is $K (cos $¢) in the usual notation of elliptic integrals. Equations (50), (51) now pro-
vide the value of the constant C' and equation (49) gives

P,_,(cosc)
T o L L — (52)

4, =2

I am indebted to Professor J. C. Cooke for some very helpful conversations.
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