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SIMPLE EIGENVALUES AND BIFURCATION FOR A
MULTIPARAMETER PROBLEM

by D. F. McGHEE and M. H. SALLAM
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1. Introduction

We are concerned with the problem of bifurcation of solutions of a non-linear
multiparameter problem at a simple eigenvalue of the linearised problem.

Let X and Y be real Banach spaces, and let A, B;, i=1,...,ne B(X,Y). Let 4":
R"x X—Y be a non-linear mapping. We consider the equation

M4, x): = L(A)x+ A (4, ) =0 (11)
where
Li):=A-3 AB, 1.2)
i=1

and A=(4y,4,,...,4,)€ R" is an n-tuple of spectral parameters.

Such non-linear multiparameters problems have been the subject of much recent work
(see e.g. [1, 2, 5]). The case n=1 is covered by the work of Crandall and Rabinowitz [3].
However, for n> 1, different definitions of the notion of a simple eigenvalue have been
given, and it is with this that we are mostly concerned.

In Section 2 we discuss different concepts of a simple eigenvalue of a multlparameter
operator (1.2) that have appeared in the literature. We propose a generalised definition
and give an illustrative example. Lemmas 2.5 and 2.6 are concerned with the nature of
the multiparameter simple eigenvalue and its associated eigenvector.

Section 3 considers the non-linear problem and the main result, Theorem 3.1, shows
the existence of non-trivial solutions of (1.1) bifurcating from simple eigenvalues of the
linearised operator (1.2) at points where the non-linear term satisfies some standard
conditions.

2. Definitions of a simple eigenvalue

Extensions to a multiparameter setting of the notion of a simple eigenvalue of a linear
operator have been made by various authors. Shearer [7] gives the following definition
of a simple eigenvalue of a two-parameter family of operators,

7 ={g(eB(X,Y)|A=(,,4,) € R?}

where ge C'(R?,B(X,Y)), r=1, the set of r times continuously (F rechet) differentiable
mappings of R? into B(X,Y).
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Definition 2.1. 1°=(19, 19)e R? is called a simple eigenvalue for # if
(i) (A% eB(X,Y) is Fredholm with index zero and

dim N(g(4%)) =codim R(g(i%)) = 1;
(ii) there exists (a,,a,) € R? such that
(2, D,,8(A%) + 2, D, (A%)xo ¢ R(g(4%)

where x,€ N(g(4°) and D, g denotes the Fréchet derivative of g with respect to 4,
i=1,2

For g(A):=A—-A,B,—A1,B,, A, B,, B,e B(X,Y) part (ii) of this definition reduces to
(i)’ there exists (a,,a,) € R? such that

a;Byxo+a,Byx0¢ R(A; — 1) B, —AIB,)

where x,e N(4, —A%B, — 13B,).

A natural extension of this definition to a linear n-parameter operator (1.2) is as
follows:

2°=(29,...,2%9 e R" is a simple eigenvalue of (1.2) if
(i) L(4°) is Fredholm with index zero and

dim N(L(4%) =codim R(I(4%) = 1;
(ii) there exists (o, a,,...,,) € R" such that
_Z,l ;B;xq ¢ R(L(A%)

where xo € N(L(A%)).
However, Hale [5] (see also [2]) gives the following definition of a simple eigenvalue
of (1.2):

Definition 2.2. 41°=(49,43,...,29) e R" is a simple eiganvalue of (1.2) if

(i) L(A%)eB(X,Y) is Fredholm with index 1—n,

and

dim N(L(A%) = 1, codim R(L(A%))=n;

(ii) if Yo:=Span {B;x,, i=1,...,n}, where xo€ N(L(1%), then Y =Y, @ R(L(49)).
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Remarks.

(1) If X=Y=R", then every linear operator L(4): R"—R" has index zero. Thus, in this
case, Hale’s concept of a simple eigenvalue requires that n=1. This is rather
restrictive for finite dimensional problems.

(2) The rationale of Hale’s definition is that simple eigenvalues are isolated points in
the parameter space, whereas Shearer’s definition gives rise to curves in the
parameter space.

(3) In the literature use has been made of both definitions. For example, Zachman [9]
implicitly uses Definition 2.1, while Turyn [8] uses Definition 2.2.

Here we propose the following:

Definition 2.3. 2°=(49,...,A9)eR" is a generalised simple eigenvalue (G-simple
eigenvalue) of (1.2) if

(i) dim N(L(A%)=1,0 < codim R(L(A%) =m <n;

(i) B;xo¢ R(L(A%), i=1,...,n, where xo€ N(L(4%) and

Y =span {B;x,, i=1,...,n} @& R(L(4°)).

This is exactly Definition 2.2 if m=n. On the other hand, although we allow
codim R(I(4%)) =1 as in Definition 2.1, the direct sum in condition (ii) is stronger than
the condition required by Shearer. Further refinements in this area are presently being
pursued.

As a simple example of Definition 2.3 consider the following:

Example 24. Let X =R? Y=R3,

01 00 00 00
A={0 0, B,=|1 0| B,=|0 o B,=| 1 1
00 0 0 1 0 -1 0

For 4°=(0,0,0),
N(L(A%)=span {e,}, e,;:=(1,0)7;

R(I(4A%)=span {E,}, E,:=(1,0,0)".

Bie;=E;:=(0,1,0)"; B,e, =E;:=(0,0,1)7, Bye,=E,—E;. It is easily seen that 1°=
(0,0,0) is a G-simple eigenvalue of

ul)= A _)’lBl _1232_1333-
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However, we should note that for A=(4,,4,,4;)€R>

L(A)x=0, x#0
b’ 0
< | —(A1+A3)x;—A3x, | = [0, x=(x,,x,)#0
(—A2+43)x, 0

<$x2=0, A’l=—2'2=_1'3'

Thus we have an eigencurve though 4°=(0,0,0): the straight line 1, = —4,= — A5, and
each point on this line is a G-simple eigenvalue with the same eigenvector. In this sense
we have a G-simple eigencurve.

In general, if A°€ R" is a G-simple eigenvalue of (1.2), then the cosetI': =A%+ K, where
K is some well defined n—m dimensional subspace of R" will consist entirely of
eigenvalues with the same eigenvector: this follows from the implied linear dependence
of Bxo, i=1,...,n, where x,€ N(I{(A%). To see this, we re-order the parameters so that
{Bixo, i=1,...,m} forms a basis for Y,:=Span{Bx,, i=1,...,n}. Then X=X,® X,,
Xo:=N(L(4%) =span {xo}

Y=Y®Y,, Y;:=R(LEA%) 21
Now
Bon= Z al'jBixO fOl‘ some a,-_i, i= 1,...m, j=m+ 1,...n,
i=1
so that
AxO_ Z ).‘0 B,~x0=0
i=1
< Axg— Y HOBxo=0 t=(tnsy,...t;)ER"™ 2.2)
i=1
where
=20+ Y 1 @.3)
j=m+1
and

@;=(ayj, %2+ % 0,...,0,—1,0,...,0),

where —1 appears in the jth position. The equation (2.2) shows that x, is an
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eigenvector corresponding to the eigenvalue A(t) for all te R"™™. The set
:={it)|teR""™} (2.4)

is a coset as described above.

What is not claimed is that each point in I' is a G-simple eigenvalue since the
dimension of the null space and the co-dimension of the range may vary, and further
property (ii) in Definition 2.3 may not be satisfied. The next two lemmas consider the
nature of eigenvalues of (1.2) close to the G-simple eigenvalue 4°.

Lemma 2.5. Let i° be a G-simple eigenvalue of (1.2) with corresponding eigenvector
Xo. Given £>0, there exists >0 such that, if AeR" and x=x,+x,€ X, x, € X,(see (2.1))

satisfy
|A—2°|: = Max |4,— 49| <&
and
L(A)x=0
then
AR (2.5)
Proof.

L) (o +x1) =0 L(i)x, = 3. (= 2)Bixa +x)

Since L(A%) is a bijection of X, onto Y;:=R(L(4%), there exists ¢ >0 such that
L)% Zellx]| - x1€ Xy

Therefore

cllx,f|=

T (A= A9)Bi(xo+x,)
i=1

<Kj= 2ol + ) K= . 18]

=(c—K[2=2%|}x,|| < K[2 -2 |lxol]

K|A—2°|

=lbll=

[|xoll provided |2—4°| < %

Thus (2.5) hold for [A— 4% <§:=ce/K(1 +¢).
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We use the following notation introduced by Binding [1]:

for A=(i,4,,...,4,)€eR"
Ap:=(A1y-. s ) ER™, pp=(Aps1e-rA)ER™™,
so that
A= (A fy)-

Lemma 2.6. Let A° be a G-simple eigenvalue of (1.2), and let T be defined by (2.3)-
(2.4). Then there exists a neighbourhood U <R" of A° such that T nU consists entirely of
G-simple eigenvalues of (1.2) with dim N(L(A))=1, codim R(L(A))=mV¥Aiel' nU, and U
contains no other eigenvalues of (1.2).

Proof. Consider the mapping y: R" x R"" ™ x X, — Y defined by

Y( Ay By X 1) = L(A)(Xo + X ) (2.6)
where x, is the eigenvector of (1.2) corresponding to A°. i is continuous and
V(A3 #, 0)= L(A%)x0=0.

Taking the Fréchet derivative of (2.6) with respect to (4,,, x;) we obtain

[P A e O 1) = = 3. 2o + LU,

and it follows that
(D, x )W) (Ao i, 0) € BR™ X X |, Y)
is a linear homeomorphism. From the implicit function theorem (see e.g. [4]), there

exists a d-neighbourhood V;=R"™™ of uf and unique continuous functions A*: V;—R™
and z*:V;— X, such that

Ar(up) =14, z*(up)=0
and
Y(An(Hm); s Z* (1)) =0V € V;
ie.
LAY (#), o) (X0 +2*(U,) =0V, e V5. It follows from the above discussion that

{(A%(1n), )| € Vs} =T and that z%(u,) =0Vp, € V;.
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From stability theory for Fredholm operators (see [6]) it follows that for sufficiently
small |4 —4%|, dim N(L(4)) Sdim N(I(A%) =1, so that for sufficiently small &

NL(AA(), 1)) = sPan {xo +2*(s,)} =span {xo}. 27
Further by the stability of the index,
codim R(L(A}(Hm), #m)) = codim R(L(A%)) =mVp,, € V.

Now, define ¢(4): R"x X, —Y by
$(4)(a, x;) = _Z,l aiBixo + L(A)x,,

where a=(a,,...,a,)€R™.

By the definition of a G-simple eigenvalue, ¢(4%) is an isomorphism. Since ¢(-) is
continuous, it follows that, for |}.—}.°| sufficiently small, ¢(4) is also an isomorphism, so
that

Y = R(lz(;-)) +Span {B,-xo, i= 1, veey m}
for |/1—).°| sufficiently small. If, in addition (4%(g,,), #,,) €I, then codim R(L(A))=m and
Y =R(L(A)) ® span {B;xq,i=1,2,...,m}.

It follows from (2.7) that, for U={AeR"||A—4°| sufficiently small}, T AU consists
entirely of G-simple eigenvalues.

In addition, the uniqueness result of the implicit function theorem shows that there
exists ¢>0 such that, if

|;'m_j'g|<8’ ||x1”<8’ I”m_”g|<6
and
¢(1m9 ”m9 xl) = 0

then

;'m = A':l(”m)’ xl = Z*(”m)'

Finally, we must show that there is a neighbourhood of 1°=(42, u%) which contains
no eigenvectors which cannot be written in the form x,+x,, x; € X,.

Let x3=(xo/||xo|]), so that ||x§||=1. From Lemma 2.5, there exists A<min(g,8) such
that, if 4 is an eigenvalue of (1.2) with |[A—4°|<A and N(L(4))=span {ax]+x,},
aeR,x,eX,, then

||x: || <el|ax||=¢|a|=a+0.
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Therefore, xJ+(x,/a) € N(L(4)), |4, — 43| <é, ||x,/a||=¢, and |u,,—pd| <8, which together
Wlth lp(;'m’ Hm> xl/a) = 0 lmply

A=(Apm pm)eT.

3. Bifurcation at a G-simple eigenvalue

Our main result is that given some standard conditions on the non-linear term in
(1.1), a G-simple eigenvalue of (1.2) is a bifurcation point for the non-linear problem.

Theorem 3.1. Let A°cR" be a G-simple eigenvalue of (1.2) and let /" :R"xX—>Y
satisfy

Cl: #'eC'(R"x X,Y), the space of r-times continuously Fréchet differentiable mappings,
r22

C2: A (4,0)=0;
C3: DN ((Am 5),0)=0.

Then (4°,0)e R" x X is a bifurcation point for solutions of (1.1) and there exists a set of
solutions

{(A, X) = (A%, B), ), X211, p))|u€(—8,8) =R for some 6>0; |u—pd| <e for some &> 0}
where A*: Rx R""™—»R™ and x*:R x R""™—X are C"~ ! mappings.

Proof. The results follow by an application of the Liapunov-Schmidt method (see
[2]). Let Q4 and Q, be the projections of Y onto ¥, and Y, respectively (see (2.1)). Then

M(4,%)=0 (3.1)
«Q,M(4x)=0 and Q,M(4,x)=0, (3.2)

the so-called auxiliary equation and bifurcation equation respectively.
The auxiliary equation takes the form

0,1 L(A)x; + Q1 N (A Bm)> X0 +X,) =0 (33

where x=x¢+x,, x;€ X; i=0, 1.
Consider the mapping ¥: R" x R"""x X, x X, — Y, defined by

lp(j'm’ B> X0, xl) = QlL(l)xl + Ql'M((}'m7 l‘m)s Xo +xl)- (34)

Using C, and C; we obtain
W(lg., ”gv 0,0)= 0,

Dx,'ﬁ(lg., “gv 0’ 0) = QlL(lo)
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Since Q,L(A% is a linear homeomorphism of X, onto Y;, it follows from the implicit
function theorem that there exists a neighbourhood UcR™x R" ™ x X, of (4%,uZ,0),
and a unique mapping z* e C'(U, X ,) such that

Z*(45, 15, 0)=0
and
Y( Ay By X 05 Z* (A B> X)) =0
ie.
Q4 LIA)Z*(Apy s X0) + Q1A (Ams Bin)s X0 + Z*(Ay Homs X)) =O. (3.5)

Since, from C2, the point (4,,4,,0,0) satisfies (3.3) and, by the implicit function
theorem, z* is unique, it follows that

2%(Apmy Py 0) =0 V (4, i, 0) € U. (3.6)
Differentiation of (3.5) with respect to x, and using C3 and (3.6) gives

QlL(i'm’ I‘gl)onZ*(lm’ ”l(r)l’ 0) = O

Since for |4, — 49| sufficiently small Q,L(4,, u3) is a homeomorphism of X, onto Y; we
can conclude that

D z*(Am #3,0)=0 for |4,,— A/ sufficiently small.

This may require the neighbourhood U to be restricted.
Differentiating (3.6) repeatedly with respect to u,, gives

D} z*(Ap iy 0)=0, 15ks=r. (3.7

Therefore z* e C'(U, X ,) satisfies

(1) 2%(km 0y 0) =0,
(D) Dy 2*(Am 15, 0)=0,
(3) D} z*(Am up,0)=0, 1=k<r,

and so by Taylor’s theorem

2*(As s X0) = O][ o[l + |1m — 2]) a5 ||l |tm—sn| 0.
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The bifurcation equation becomes

QOM)')(XO + Z*(lm’ Bm> xO)) + QO‘/V(()'M, ”m)’ Xo + Z*(lm’ Hm, xo)) = 0

(i—A)Bxo— i (A= A7) Bixo + Qo LUA)Z* (A, Homs Xo)

1 i=m+1

M3

<~ —
i

+ Qo N ((Ams Bm), X0+ 2*(Ams By X0)) =0. (3.8

Let xo=uxy, ||x§||=1, ue R. Using the basis vectors Bix, i=1,...,m, the bifurcation
function

F=(F,,F,,...,F,):R"xR""™x R—>R"

is defined by

1

Fl(lms HBms u)Bix8: ==u Z (A'l— A’?)le8 + Z Gi()'ms Bms u) Bix8
i=1

1 i=1

n

= —u Y A= AOBxS—u S (A= B+ QoLiA)Z* s i x3)
i=1 i

i=m+1
+ QO‘/V((}'m’ ”m)’ uxg + Z*(lrm o uxg))‘
It follows that

F(lm’ Bms u) = - u(lm_ j'?n) + G(lm’ Hpms u)

where
G=(G,,G,,...,G,):R" xR ™x R>R",
G(4,, 1,,0)=0,
D,G(4p, #5,0)=0,
and

D5, Gl pis 0)=0, 1<k<r.
Thus we can write

G(}'m’ Hms u) = uc(lm: | - u)
where Ge C""'(R™ x R* ™ x R, R™), and the bifurcation equation reduces to

H(j'ma Hms u): = - ("m - j'gl) + G("m? Humy u) =0 (39)
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where
G("m’ ”'m 0) 0 and Dl G(lm, ,‘m’ 0) 0
Therefore

H(lm’ ”m’ 0) 0 and DJ. H("ma "m’ 0) -

where 1d,, denotes the identity mapping on R™, and so by the implicit function theorem,
there exist a neighbourhood

VeR" ™x R of (u,0) and a unique function A*eC "~ (V,R™) such that
A pms W) = 20+ O, |t — i)
and
H(Am (s W), Py 0) =0V (i u) € V.

Thus (1.1) has a non-trivial solution ((4%, u,.), x*) € R" x X given by

}':l(”m9 u) = ;'21 By = ”gl|)

x*= ux + Z*(l (“ma u)a Hms uxO)
= ux§ + O u(|u| +#m— #3])

for (p,,, u) € V such that (AX(g,, u), #,,uxS)eU.

Acknowledgement. We are indebted to the referee for the suggestion of a significant
improvement to Lemma 2.6.
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