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1. Introduction
Suppose X is a Banach space and J is the interval — oo</<oo. For

1 ^ p<oo, a function /eLfo c(./ ; X) is said to be Stepanov-bounded or Sp-
bounded on / if

II / IISP = sup I I | | / (s) | | pdsl1 / P<oo (1.1)= suPM ||/(s)||'<fc

(for the definitions of almost periodicity and Sp-almost periodicity, see Amerio-
Prouse (1, pp. 3 and 77).

Let S£{X, X) be the Banach space of all bounded linear operators on X into
itself, with the uniform operator topology.

Our theorem is as follows.

Theorem. Suppose f: J-* X is an S"-almost periodic continuous function
(1 ^ p<co), and B: J^>Z£(X, X) is almost periodic with respect to the norm of
S£(X, X). Then any Sp-almost periodic solution of the second-order operator
differential equation

u"(0 = B(0«(0+/(0 onJ (1.2)

is also almost periodic from J to X.

2. Proof of Theorem
By (1.2), we have the representation

]ds on J.
)o

Since B is almost periodic from / to SC(X, X), we have
Jo

sup || B(OD = * < « > . (2-D
teJ

Further, since u is Sp-almost periodic from / to X, it is 5p-bounded on / .
Now, given e>0, suppose that T is an e-almost period of B and also an
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e-5p-almost period of u (see Amerio-Prouse (1, pp. 10, 77 and 78)). Then we
have

\UPrrr+i "ii
|| B(S + T)U(S + T)-B(S)U(S) \\"ds

= LJ, S+T 5 ' j
rrr+i -|I/P

+ || B(s) ||p. || M(S+T)-U(S) IIpds\
U. J

^ e || u \\Sp + Ke on J, by (1.1) and (2.1).

Thus it follows that B(t)u{t) is 5p-almost periodic from J to X. Consequently,
B(j)u{t)+f(t) is 5p-almost periodic from / to X. Hence, by Amerio-Prouse
(1, Theorem 8, p. 79), u' is uniformly continuous on /.

Now consider a sequence {̂ B(0}n°= i of infinitely differentiable non-negative
functions on / such that

<An(0 = 0 for \t\^n~\ [" il>n(t)dt = l. (2.2)

The convolution between M and î n is defined by

= J u(t-s)Us)ds = J u(s)Uts)ds.

Since w' is uniformly continuous on / , given ?/>0, there exists <5>0 such
that

l l " ' ( ' i ) - " ' ( ' 2 ) l l ^ ' 7 for tltt2eJ with \h-t2\^S.

So we have, for \tt —12 | ^ ^

= J_ n - . " '' " h

f"" »ds = »/, by (2.2).

Therefore «'*•/'„ is uniformly continuous on J for « = 1, 2, ....
Since u is £p-almost periodic (and hence is S'-almost periodic) from / t o X,

we can show that u*ij/nis almost periodic from / to Xfor n = I, 2, ....
Moreover, we have

Consequently, by Amerio-Prouse (1, Theorem 6, p. 6), u' * \j/n is almost periodic
from/to Jiffor n = 1, 2, ....

Now we observe that, by the uniform continuity of u' on J, the sequence of
convolutions (u'*il/n)(t) converges to u'(t) uniformly on / . So «' is almost
periodic from / to X. Hence u is uniformly continuous on J (u' being bounded
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on J). Thus, by Amerio-Prouse (1, Theorem 7, p. 78), u is almost periodic from
J to X. This completes the proof of the theorem.
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