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Abstract. Let f be a primitive Hilbert modular cusp form of arbitrary level and parallel
weight k, defined over a totally real number field F. We define a finite set of primes S
that depends on the weight and level of f, the field F, and the torsion in the boundary coho-
mology groups of the Borel-Serre compactification of the underlying Hilbert-Blumenthal vari-
ety. We show that, outside S, any prime that divides the algebraic part of the value at s = 1 of
the adjoint L-function of f'is a congruence prime for f. In special cases we identify the ‘bound-
ary primes’ in terms of expressions of the form Npg(e"~! — 1), where ¢ is a totally positive
unit of F.
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1. Introduction

The purpose of this paper is to establish a relationship between the primes of cong-
ruence of a Hilbert modular cusp form f, and the primes dividing the algebraic part
of the value of its adjoint L-function L(s, Ad(f)) at s = 1.

Such matters were first investigated by Doi and Hida [3], Hida [10, 11], and
Ribet [19], in the elliptic modular case. Let us state their results. Let fe
Sk(To(N), ) be a normalized newform that is a common eigenform of all the
Hecke operators. Let L(s, Ad(f)) denote the imprimitive adjoint L-function
attached to f, let I'(s, Ad(f)) denote the associated I'-factor, and let W(f) be
the complex constant that arises in the functional equation of the standard
L-function attached to f (see the text for exact definitions). Then, in [10], Hida
proved:

THEOREM 1. There is a large number field K, such that the following holds: For each
prime |p in K with p>k—2 and p /f6N, there exists periods Q(f,+) and
Q(f, =) € C* /O™, such that if
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W) Td, Ad(/)) L, Ad(/))
Q(f. HQS ) ’

then g is a congruence prime for f*

(D

Here ‘large’ means that K contains the number fields generated by the Fourier
coefficients of all the normalized cusp forms in Si(I'g(N), ) which are eigenforms
for all the Hecke operators T,, for ¢ J N. Also O, is a valuation ring of K, and it
is implicit in the statement of the Theorem that the quotient in (1) is an element
of Oy. Finally, we remind the reader that g is said to be a congruence
prime for /=Y a(m,f)q" if there exists another normalized cusp form g =
S L b(m, ) ¢" € Si(To(N), y), which is an eigenform for all the Hecke operators
T,, such that a(m, f) = b(m, f) mod g, for all m.

A converse to Theorem 1 was established by Hida [11] and Ribet [19]. They proved
the following theorem:

THEOREM 2. Let f be as in Theorem 1, and let o ’p be a prime of K, with
p>k—2andp ,f6N. If o is a congruence prime for f, then

W) Td, Ad(f)) LA, Ad(f))
Qf, HS ) '

Call a prime p|p of K ordinary for fif o Xa(p,f). In fact in [11] Hida established
Theorem 2 under the additional hypothesis that g is ordinary for f. This hypothesis
was later removed by Ribet in [19].

In this paper we generalize Theorem 1 to the Hilbert modular situation. Let F be a
totally real field, and let f be a Hilbert modular cusp form, defined over F, of parallel
weight. Assume that f'is a normalized newform and a common eigenform of all the
Hecke operators. We will define a finite set of primes S in a large number field K and
show that:

THEOREM 5.** For each prime o of K with ¢S, there are periods Q(f, %¢) €
C*/ O™, such that if

W) T, Ad(Y)) L1, Ad(f))
Q(f. O —0) ’

then g is a congruence prime for f.

Though this theorem is rather general, in any specific situation it would be useful
to have as much information about the set S as possible. To this end, we shall show
that the set S may be decomposed as follows:

*The statement here is slightly different from what is proved in [10]; it is the version exposed, for
instance, in Hida’s recent book [17]. Also, in [12], the theorem was extended to include all primes g | p with
p = 5 and g ordinary for f.

**The numbering used in the Introduction coincides with the numbering used in the main body of the
paper.
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S= Sweight U Slevel U Selliptic U SF U Sinvarianl U Sa~

The sets Syeight, Sievel and Seiiiptic are excluded from Theorem 5 purely for technical
reasons (explained in the text). When F = (), these sets consist of the primes
p<k—-2p ‘ N, and p =2, 3 in Theorem 1. Over more general totally real fields
F, we must also exclude the set Sy, consisting of the primes dividing the class number
and the discriminant of F. Additionally, the set Sipvariant Mmust be excluded when
[F: @] is even and the weight of fis (2,2, ..., 2).

But perhaps the most interesting set of primes in S that must be excluded are the
primes in 3. We will refer to these primes informally as the ‘boundary primes’. They
are, more precisely, the primes of torsion in the cohomology groups with integral
coefficients of the boundary of the Borel-Serre compactification of the underlying
Hilbert—Blumenthal variety. In general these primes are somewhat difficult to
describe explicitly, but in the case F= @ this is not so: they are the primes
p <k —2 and p dividing N (and so have already been accounted for by the primes
N Syeight and Sievel 1n this case).

The boundary primes arise as obstructions to a key result which we need in
order to establish Theorem 5. This result, Theorem 3 in Section 3.3, is a duality
theorem for the parabolic cohomology groups of the underlying Hilbert—
Blumenthal variety, with integral coefficients. With it in hand, the proof of
Theorem 5 follows quickly. In fact our proof essentially imitates the method of
proof of Theorem 1 outlined in [10]. We have also benefited from some ideas in
[23], where Urban established an analog of Theorem 1 for cusp forms over ima-
ginary quadratic fields.

The question remains as to how explicitly one can describe the set Sy of bound-
ary primes. As mentioned above, the case F=Q is easy, and, in any case, was
already treated by Hida in [10]. We are further able to treat some special cases
(see § 3.4). For instance, if [F: Q] = 2, F has strict class number 1, and if f has level
1, and parallel weight (2, 2), then we are able to explicitly determine the boundary
primes in terms of a generator of the totally positive unit group of F (see
Proposition 4). Moreover, when the weight is bigger than 2, we are able to draw
on a result of Hida (Theorem 3.12 in [15]) which allows us to describe explicitly
the ordinary boundary primes (see Corollary 1). As a result we can obtain the more
precise result:

COROLLARY 2. Let F be a real quadratic field of strict class number 1. Let €, denote
a generator of the group of totally positive units of F, and let Dg denote the dis-
criminant of F. Let f be a normalized newform, and a common eigenform of the Hecke
operators, of level 1 and weight (k, k). Then there exits a large number field K such that
the following holds:

If © | p is a prime of K such that p >k —2, p f30- Dp- Npj(ci™" — 1) and

& ¢ Sinvariant» lfk =2,
g is ordinary for f, if k > 2,
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then there exist periods Q(f, £€) € C* /O, such that if

I'(, Ad(f)) L(1, Ad(f))
QLU =)

then g is a congruence prime for f.

A similar explicit result for level 1, weight (2, 2, ..., 2) cusp forms over totally real
fields of strict class number 1 and odd degree is also derived:

COROLLARY 4. Let F be a totally real field of strict class number 1, odd degree d,
and discriminant Dg. Let ¢, ¢y, . . ., €41 be a basis of the group of totally positive units
of F, and let U denote the product of the primes which divide each Np,g(e; — 1), for
j=1,2,...d— 1. Let Ep denote the product of all the primes p such that the maximal
totally real subfield of the pth cyclotomic field is contained in F.

Let f be a normalized newform, and a common eigenform of the Hecke operators, of
level 1 and weight (2,2, ...,2). Then there exits a large number field K such that the
following holds:

If |p is a prime of K such that p /fEF- Dy - U, then there exist periods
Q(f, £e) € C* /O™ such that if

I'(1, Ad(f)) L(1, Ad(f))
QL OQf. =)

then g is a congruence prime for f.

In a sequel to this paper [8] we will investigate the analog of Theorem 2 in the Hil-
bert modular situation. That is, under certain conditions, we will establish that
almost all (ordinary) congruence primes are captured by the adjoint L-value. To
do this we use a freeness criterion invented by Taylor and Wiles (see Fujiwara [6]
and Diamond [2]) to show that under certain conditions suitable localizations of
the above-mentioned parabolic cohomology groups are free as Hecke modules.
The converse divisibility then follows quickly.

Finally I should mention that one motivation for generalizing Theorems 1 and 2 to
the Hilbert modular situation, is that such theorems would provide a possible approach
to tackling some conjectures of Doi, Hida and Ishii [4] on twisted elliptic modular
adjoint L-values and primes of congruence between base-change and non-base-change
Hilbert modular cusp forms (see [7] for more details in the real quadratic case).

2. Preliminaries

Useful general references for some of the material in this section are the papers
[13,16] and the book [24].

2.1. SOME NOTATION

Fix a totally real field F of degree d. Let O denote the ring of integers of F. Let I
denote the set of embeddings of F into R.
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Let G = RespgGL,. Then let Gy = G(Ay) denote the finite part of G(A), where
A = As x R denotes the ring of adeles over Q. Let Go, = G(R), and let G denote
the set of those elements in G, which have positive determinant at each place o € /.
Let G(Q), = G(Q) N Goog-

Let K, be an open, compact subgroup of G(Ay), let Ko =[] O2(R) denote the
standard maximal compact subgroup of G(R), and let Kyt = [[SO2(R) C Goot
denote the connected component of K. containing the identity element. Let
K =K/K.

Let Z denote the center of G, and let Z,, denote the center of G,.

2.2. HILBERT-BLUMENTHAL VARIETIES

We keep the notation of the previous section. Set
Y(K) = G@\GA)/K Koot Zos.

Then Y(K) is the set of complex points of a quasi-projective variety of dimension d
defined over Q, which, following standard usage, will be referred to as a Hilbert—
Blumenthal variety.
By the strong approximation theorem one may find #; € G(A) of the form
ti = (‘;’ (1)) with (a;),, = 1, where (4;),, is the infinite part of the idele a;, such that
h
G(A) =] [G(@ 1 Ky Gooy-
i=1
Note that when det(K;) = Or, with Op = [1, OF,. then h = |CI}| is just the strict
class number of F, where

Clf = F\Ay/ det(Kp)F%

is the strict class group of F.

Now set I'; = G(Q), N; Ky G, 17! Let Z = Gooy /Koot Zoo denote the d-fold
product of the Poincaré upper half plane H on which a discrete subgroup I' of
G(Q), acts in the usual way via fractional linear transformations. Let
z0 = (v/—1,~/—1,...,4/=1) denote the standard ‘base point’ in Z. Then the map
PlitlfGoo > 8oo(20), for y € G(Q), uy € Ky, and g € Goog, induces a decomposition

h
YK)=][T\Z (2)
i=1
of Y(K) into its connected components.

Let 9t C Of be an ideal. From Section 2.4 onwards we will restrict to the case
when Ky = Ko(9) is the level 9 compact-open subgroup of G(Ay):

Ko(N) = {(f Z) € GLy(Op) | ¢ = 0 (mod %@F)}.
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In this case we will write Y(Jt) instead of Y(K), and T';() instead of I';. We have:
(90

:{<j Z)GGLz(maeoF,be%ti,ce%*zt;l,deop, ad—bce%},

where 2; = ;O is the fractional ideal generated by a;, and Oy, is the ring of totally
positive units in F.

Note that without loss of generality we may make the following two assumptions
on the a; for i =1, ..., h. Firstly we may assume that (@;)y; = 1, where (a;)y; is the
Jt-part of the adéle a;, and secondly, that the fractional ideals 2; = ;O are all inte-
gral ideals. We keep these assumptions for the rest of the paper.

2.3. COMPACTIFICATIONS OF Y(K)

There are various compactifications of Y(K). One such, which we will not have occa-
sion to use in this paper, is the Bailey—Borel-Satake compactification. It is construc-
ted by adding finitely many points, called cusps, to Y(K). For instance, the number
of cusps required to compactify SLy(Op)\Z is equal to the class number of F (see
Proposition 1.1 of [24]).

Another compactification of Y(K) is the Borel-Serre compactification [1]. It will
play an important role in this paper, and, following [15] and [23], we describe it
briefly now.

Let X = ([REj_)’F x RF. Thus if (y, x) € X then x = (x,) and y = (y,) are indexed by
the embeddings ¢ of F into R. Let us set N(y) = HUE[F Vs. Consider for each 1 € R
with ¢ > 0, the set

X, ={(y,x) e X[ N(y) = 1}.

Note that for each ¢ > 0 one has X; = X, where the identification is induced by the
map (p, x) > (y/1"/4, x). Thus X = X; x R. We now add a copy of X; to X at t = oo
to get a space X*.

Let By, denote the standard Borel of upper triangular matrices in G(Q). We first
construct a space Z*, by adding a boundary to Z, whose connected components are
in bijection with the set G(Q)/Bs = P'(F) of Borel subgroups of G(Q). Indeed, if
B = 0By ! is a Borel subgroup of G(Q), where o« € G(Q), may be taken to be
totally positive, then the Iwasawa decomposition corresponding to B, of a~'g, with
g € Gooy, permits us to identify X with Z via the map 1,, where

X

1 (v, x)r—>oc<)6 1>KOO+ZOO. 3)

The compactification X* of X described above allows us to adjoin, via 1,, for each o
(and, hence, B) as above, a boundary, say 9z, to Z. We set 32" = [ [ 95.

If I' is an arithmetic subgroup of G(Q),, then one may check that I'" acts properly
discontinuously on Z*. Moreover, I'\ Z* is a compactification of I'\ Z, whose bound-
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ary, o(I'\Z"), is a finite union of spaces I'3\dp (Where I's = I' N B) indexed by the
I'-conjugacy classes of Borel subgroups, B, of G(Q). Now the Borel-Serre compac-
tification of Y(K) is Y(K)* := ]_[f?:1 I';\Z*. Note that for Ky sufficiently deep, this is a
smooth manifold, with smooth boundary:

h

YK = [ Jarnz").

i=1

2.4. HILBERT MODULAR FORMS

Let n=) . n,0€Z[If] with each n, >0. Let t=3 , o€ Z[lr] and let
k =n+2t. The data n and k will represent the weights of cusp forms described
below. For simplicity, we will assume in this paper that the weights are ‘parallel’,
namely that n, = n; (and so k, = k), for any o, 7 € Ir. Thus n and k will also some-
times be used to denote this common value.

Fix an ideal 9t of Op. We assume from now on that K, = K(Jt) (see § 2.2).

Let A = A ®q F denote the ring of adéles of F. Identify the center Z(A) of G(A)
with the idele group Aj. Similarly identify Z(Q) with F*. Let y: FF\A; — C be a
fixed Hecke character whose conductor divides 9t and whose infinity type is —n.

The character y, restricted to (5;, induces a finite order character yg of
(5; /(1 +§73@F). We also write yy, for the character of Ko(Jt) defined as follows:

for uy = ( ”1> e Ko, let

I () = yo(dy) = T a(dy).
!

A Hilbert modular cusp form of weight n, level 9, central character ¥, and holo-
morphy type J C I is a function f: G(A) — C satisfying the following properties:

o f(yg) =f(g) for all y € G(Q),
o f(zg) = x(2)f (g) for all z € Z(A),
o [lguruso) = xy(ur)f () exp2mi(}y_,c kol — > 45 ks0s)) where

_( cos(2nb,)  sin(2n0,)
Uoo = (— sin(2n0,) cos(2n0,) € Koo

and where uy € Ko(9),

o D,f=((n2/2)+ n,)f, where D, is the Casimir operator at ¢ € Ir,

e f has vanishing constant terms, that is, for each g e G(A), fU(@)\U(A)
f(ug) du =0, where U is the unipotent radical of B., the standard Borel
subgroup of upper triangular matrices in G.

Let us denote the space of such forms by Sk (I, 7).
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2.5. FOURIER EXPANSIONS

Recall that any f € Sk (9, x) has a Fourier expansion which we describe now. Define
W (Ri)“ — C by W(y) = [Iyes, eXp(—271y,), Where y = (Vs)ser,- Let | [ denote
the modulus character on Aj. Let 3 be an idele which generates the different of
F/Q. Let er: F\Ar — C denote the usual additive character of Ar. Then

(1) =1 2 cermnmermencn.

serx, [¢]=J

where we have written [€] for {o € Ir|&° > 0}. Here, the Fourier coefficients c(g, f)
only depend on the fractional ideal generated by the finite part g, of the idele g. Thus
if grOp =m, then we may write c(im, /) without ambiguity. Moreover, one may
check that ¢(m, /') vanishes outside the set of integral ideals.

There is a natural integral structure on the space of cusp forms coming from
Fourier expansion. For a subring 4 of C containing the values of the finite order
character yy,, let us denote by Sk (9, x, 4) the set of elements of S (I, y) whose
Fourier coefficients lie in A.

2.6. HECKE ALGEBRAS

Let, momentarily, K, be an arbitrary open compact subgroup of Gy = G(A,). Let
A C Gy be a semigroup, such that A D K. Let KAA/K, denote the space of double
cosets of Ky in A. Define the Hecke algebra (A, K,) = Z[KA\A/K/] to be the free
abelian group with basis the set of double cosets of K, in A. For a double coset
K/ gK,e KAA/K/, we denote the corresponding basis element by [KgK,]. The alge-
bra structure on A(A, Kr) is given by ‘convolution’:

M
[K/g1K /] - [K/gaKl = om[KgnKyl,

m=3

where

M
K2 KKy =] [ KygnKy,

m=3

and

e N

Um =

I<fglI<fm girlegile
Ky

form=3,..., M.
Now let

RM) = {(f Z) e My(Op) | dy € OF,. ¢y € NOpy, for all p | 93},
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and let Ag(N) = ROV N G(Ay). Let us describe the Hecke algebra i(Ag(It), Ko(I)).
For each ideal m C Op let Ty = ), [Ko(91)gKo(91)], where the sum is taken over all
distinct double cosets with g € Ag(9t) with det(g)Or = nt. Note that

T, = KO(‘JE)(ZZ(;” ?)KO(%)]
Also, for each p with p )(9? let

Sy = _KO(st)(”(;" wop)Ko(,‘JE)}.

The following Proposition is well known:

PROPOSITION 1. A(A¢(t), Ko(N)) is a commutative algebra with 1. It is gene-
rated over Z by the Hecke operators Ty as p varies through all prime ideals of Of, and

by Sy for p JN.

The Hecke algebra h(A(9t), Ko(9)) acts on the space Sk (I, x, 4) of cusp forms
over A. Let us recall this action. Extend the definition of the character yy from
Ko(N) to Ag(N): for ge Ag(N), set yy(g) =[I, nx(dy). Then, for f: G(A) —
C € Siy(, ) and [Ko(I)gKo(I)] € M(Ag(N), Ko(N)), define the linear operator
[Ko()gKo(I0)]: Sk, y, A) — Sk, 1, A) by

FIKo(I)gKo(I)](x) = Zm () (xg).

where we have decomposed Ko(9t)gKo(N) = [; 2iKo(N).

A cusp form f'€ Sk (0, %) is said to be primitive if it is a newform, it is normali-
zed (¢(Op,f)=1), and it is an eigenfunction of all the Hecke operators (i.e.
Twf = c(m,f)f, for all Ty,). Let B denote the set of normalized cusp forms that
are eigenforms for all the Hecke operators Ty, (thus B contains oldforms as well
as newforms).

There is also an action of the group of ‘complex conjugations’ C := Ky /Koot =
{£1}7 on > Sk, x). In fact, for any two subsets J and J' of I, there is a unique
element ¢(J, J') € C which maps S (9, y) to Sk.»(, 3) as an isomorphism of Hecke
modules.

Let 7 (0N, x, A) be the subalgebra of End 4(Sk (3, x, A)) generated by T, (for all p)
and S, (for p /f ). Note that this algebra is independent of J.

2.7. RELATION WITH CLASSICAL CUSP FORMS

Each f € Si.s(9t, y) may be realized as a tuple of functions (f;) on Z satisfying the
usual transformation property with respect to the congruence subgroups I';(9t)
above. To see this let f/: G(R) — C be defined via f/(g) = f(tigs), for 8o €

G(R) Since the map d+> dy =[], g d induces an isomorphism (Op/NOk)* >
Or /(1 + NOp), we may think of 79 as a character of (Op/9OF)*. Then we see that
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o SR =@ S forally = (") e T,
o f(z8) = 2@ (&) for all = € Zo..
o Si(gus) = [1(8) eXpQRI(Y e  kble — g ko) where
_{ cos(2nb,)  sin(2nb,)
too = (- sin(270,) cos(2n96)) € Koot

o D,f{ =((n2/2)+n,)f{, where D, is the Casimir operator at ¢ € IF,
e [/ satisfies a cuspidal condition.

Let us denote the space of cusp forms f/ satisfying the above conditions by
Sk (Ti(MN), x5)). Then (cf. [16], Equation 3.5) the map fr=(fHL, induces an
isomorphism

Sk,J(Fi(ER)’ X;El)’ (4)
1

h
=

@ Sk, ) —
4

. . ~ X .
where the left-hand sum runs over all central characters y whose restriction to O is
19> and whose infinity type is —n.

We now realize the functions in Sy (T';(), X\J_(\l) as functions on Z. For

y = (a Z) € GLy(R) and t € C let j(y, 1) = ¢t + d denote the standard automorphy

factor. Now let & = (%t5),¢/, € Gooy and z = (z5),¢;, € Z, and set
Jia (0 2) = [ [ita 20) | [0 20"
geJ adJ

Finally define f;: Z — C by
fi(2) = fi(800) J./(8o0+ Z0)

where goo € Goor With det(go,) = 1 is chosen such that

80020 = Z. ®)
One may check that f; is well-defined, and that for all y = (” b{) e I;(N),
fi2) = ()~ e s (., 2)i2).

Moreover, the fact that fis an eigenfunction of the Casimir operators, along with
the fact that f transforms under K, in the manner prescribed above, ensures
that each f; is holomorphic at ¢ € J and anti-holomorphic at ¢ ¢ J (cf. [16],
page 460).

Finally, the Fourier expansion of finduces the usual Fourier expansion of classical
Hilbert modular cusp forms. Choosing the idele g = 1/./y (; :) in (5) above, one
may easily compute that each f; has Fourier expansion

i@ =laly Y daid, HW(Ero)er(Exoo),

seFx, [E]=J
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When J = I and @; = 1 this reduces to the usual Fourier expansion of holomorphic
Hilbert modular cusp forms:

fi)= ) «&.f) expQniTrpa(ls).

ced™, e0

3. A Duality Theorem

We now describe the relevant cohomology groups that will play a role in this paper,
and discuss duality theorems for these cohomology groups in the middle dimension.

3.1. COHOMOLOGY

Let K denote a fixed large number field which contains all the conjugates of

e the totally real field F,

e the number fields generated by the Fourier coefficients of cusp forms f' € B (see
§ 2.6), and,

e the number field generated by the values of the finite order character yy,.

Fix once and for all an embedding of K into C, via which C can be regarded as a
K-algebra. Let Ok denote the ring of integers of K, and let @K = ]_[p O, denote
the product of all the completions of O.

Let L(n, A) denote the module of all polynomials with coefficients in 4, in the vari-
ables {X,, Y, | for all ¢ € Ir}, which are homogeneous of degree n, in each pair
X5, Y.

Note that each o € Ir induces a map @F — @K. Now set Lin,Og) =
t;L(n, @K) N L(n, K), where t;L(n, @K) denotes all the polynomials of the form
P((X,, Y5)'(19)"), with P(X,, Y,) € L(n, @K), and 1 is the involution g + det(g)g~".
For an arbitrary Og-algebra A4, let Li(n, A) = Li(n, Ok) o, A.

For us, 4 will denote either Ok, O (a valuation ring of O at the prime p), O, (a
completion of Ok at the prime p), K, K, (a completion of K at the prime p), K,/O,
or C.

Let I';(9t) be one of the discrete subgroup of G(Q), as in Section 2.2. We make
Li(n, A) into a T';(<N)-module via an action on the factor L;(n, Ok) as follows. For

y = (2’ Z) eM) and P(X,,Y,) € Lin, Og)

set

(- P)(Xs, Yo) = xa(d) " P((Xy, Yo)' 7). (6)

We will write L;(n, y, A) for the module L;(n, A) to emphasize the I';()-action,
although note that the action depends only on yy. If ¢ € OF, then y(¢) = 1 implies
that yq(€)Ngo(e)™" = 1. This shows that T';(9) N F* acts trivially on Ly(n, %', 4)

https://doi.org/10.1023/A:1016562918902 Published online by Cambridge University Press


https://doi.org/10.1023/A:1016562918902

254 EKNATH GHATE

and so it is in fact a module for T;(9N) = (T;(I) N FONC(N). If one replaces yq(d) ™!
in (6) by ;{gp(a)*l, then one obtains another I';(9t) module which we shall denote by
Li(n, x7 ', A).

Assume momentarily that T;(0) is torsion-free. Give Li(n, y*!, A) the discrete
topology and let £;(n, ', A) denote the sheaf of continuous (therefore locally con-
stant) sections of the covering

TOO\(E x Li(n, 7', 4)) — TN\ Z.

In this paper we will consider the ordinary sheaf cohomology groups
HYT,(OO\Z, Li(n, ', A)), as well as the compactly supported sheaf cohomology
groups HY(T;(OO\Z, Li(n, !, A)). Denote the image of the compactly supported
cohomology in the ordinary cohomology under the natural map

HUTO\Z, Lin, 1!, 4) > HUAT(OO\Z, Liln, 7', 4),

by Hg(Fi(%)\Z, Li(n, y=', A)). This image will be referred to as the parabolic coho-
mology group, and it will play an important role.

All these cohomology groups may be defined, with some restrictions on the coef-
ficients, when I';(3) is not necessarily torsion free. We discuss this now. For each
i=1,...,h, choose a normal finite index subgroup I;C T(N), with T;=
(T; N PO\ torsion free. For each such I';, one has the cohomology groups
HYTAZ, Li(n, *', A)), for 2 =@, ¢, or p. as above. Now assume that

[T:(MN): T;] is invertible in A, (7

and set

HYT/(O\Z, Lin, 1, 4)) = HY(TAZ, Lin, 1, 4) (8)

for 7 =@, c, or p. It may be checked that, under (7), the definition (8) is independent
of the choice of T';.

Note that (7) always holds if 4 is a field. If 4 is not a field, then one may still pro-
ceed as follows. Let Scyciotomic be the finite set of primes of @ defined by

Scyclotomic = {Pi @(Mp)+ C F}, (9)
where @(,ul,)+ is the maximal totally real subfield of the p-th cyclotomic field Q(u,).
We have:

LEMMA 1. Let I € GLy(F) be an arithmetic subgroup.

(1) Say y e I' is a torsion element of prime order £. Then £ € Scyclotomic-
(2) For each £ € Scyciotomic, there is torsion free finite index normal subgroup T" C T’
such that [T : "] is prime to £.

Proof. Since an arbitrary arithmetic subgroup is conjugate, via an element of
GL,(F), to a subgroup of GL,(Op), we may assume that I' € GL,(Op). For a prime
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p of F, choose a uniformizer n generating O, = (n), the completion of O at p. Then
for each n > 1 one has:

1 - I'(@") - GL2(Op) - GL2(Op/7") — 1,

where I'(7") is the kernel of the reduction mod 7" map in the exact sequence above.
When n is sufficiently large, it is a fact that I'(z") is torsion free, and an easy com-
putation shows that

[GL2(Oy): T(@"] = ¢*" V(¢ — a)(g® — 1) =: f(9). say,

where ¢ = p/ is the order of the residue field Oy /n. In particular, for n sufficiently
large, I' = T NI (x") is a torsion free normal subgroup of I' of index dividing f(g).

Now suppose that y € I' has order £. Then for » sufficiently large the image of y
in T'/T” is still an element of order £, so that £ ] f(g). Thus

NF/Q(p) =g=+41 mod/¢, (10)
for all p with p )( £. Now consider the diagram:

F = Fu)" =  Fu)

| | |
Q = Qu)" = Q.

where F(u,)*t is the compositum of Fand Q(u,)". Condition (10) says that p splits in
the extension F(u,)"/F for all but finitely many p. This implies that F(u,)" = F, and
thus Q(u,)* C F, proving the first statement.

For the second, we reverse the above argument. If £ & Scyciotomic, then F(u,)"/Fisa
nontrivial extension of F, and so there are infinitely many primes p of F which do not
split completely in it. For each such p one has ¢ #% +1mod ¢. If in addition one takes
p /M, then, for n sufficiently large, the torsion free normal subgroup I of I con-
structed above has index [I" : I''] prime to £. |

Let us define
Seiiipic = {9 | P+ Qw,)" C F} (11)

to be the finite set of primes g of K lying above the primes in Scyclotomic- By Lemma 1
we may assume that (7) holds for 4 = Oy, Oy, K,,/O,, etc. whenever © & Sciiptic-
Thus the cohomology groups with these coefficients considered above are well
defined if we assume that p & Sqiiptic-
Let L(n, y*', A) be the sheaf on Y(N) which restricts to £;(n, y*', A) on the con-
nected component I';(IO\Z, for i =1,2,..., h. We now define
h
HI(Y(R), Ln, 1™, 4) = P HUTO\Z, Lin, 7', 4), (12)
i=1
for ? =0, c, or p. Note that, after the discussion above, this cohomology group is
defined with suitable restrictions on the coefficients A. In fact the sheaf
L(n, ', A) and the corresponding cohomology groups of Y()) can be defined
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directly, in which case the decomposition (12) is in fact a statement that can be
demonstrated (see § 6 of [13] for the details).

There is a natural action of the Hecke operator T3, on the cohomology groups on
the left-hand side of (12). For its definition, and its effect on the decomposition (12),
the reader may consult Section 4 of [16] or Section 7 of [13]. We also note that the
group of complex conjugations C and the strict class group C/} act on the cohomo-
logy as well (for the former action see [13] p. 3006, § 2; the latter action is induced by
the action of the center Z(A) = Ay).

3.2. COHOMOLOGY OF THE BOUNDARY

In Section 2.3 we described the Borel-Serre compactification Y(9t)* of Y(I). There
are natural inclusions

YOU) <> YO Lo a(Y(n)),

where 9(Y(91)*) is the boundary of Y(J¢t)*. Let 1, denote direct image, and j* denote
inverse image. Then, for the sheaf £(n, y*!, A) on Y(N) described in the previous sec-
tion, one obtains the boundary cohomology group:

HI@A(YR)*), j 1Lln, 7, A)). (13)

Let us describe the sheaf j*1,£, where £ = L(n, ', A), more concretely. It suffices
to describe the sheaf j*1,£; on d((IN)\Z*), where L£; = Li(n, y*', A). Assume tem-
porarily that T;(0N) is torsion free. Since I'(9N)\Z* has fundamental group T;(N),
a local system construction similar to the one described above yields a sheaf £}
on I';(JH\Z*. A comparison of stalks shows that this sheaf is nothing but 1,L;.
Now j induces an inclusion on each boundary component T';()z\dp < ;(J)\Z*,
which, by functoriality of 7, induces a map (the natural inclusion)

LNz — TM). (14)

Thus any local system on T';(Jt)\ Z* gives rise, via (14), to a local system on T';(9t) 5\ 9.
A comparison of stalks shows that the local system so obtained from the sheaf 1,.£;, is
the sheaf j*i,£;. When I';(t) is not torsion free, then the usual procedure of ‘taking
invariants’ described in the previous section, still allows one to define the boundary
cohomology group (13) with some restrictions on the coefficients. In particular these
groups are well defined when 4 = O,,, as long as o & Saiptic-

All the cohomology groups considered so far are related via the boundary long
exact sequence:

HY(Y(R), £) N HY(Y(N), £) - HY(Y(O)"), L)
Il I I

7 1 , (1s)
GHITENE L) — GHITONE. L) — HIGTENE). L),
i=1 i=1 i=1

where we have written £ for L(n, y*', A), and L; for Li(n, y*', A), and where, for
simplicity, we have dropped 1, and j*1, from the notation.
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3.3. POINCARE DUALITY
Fix i € {1, ..., h}. Consider the pairing
(,): Lin, 1, A) ® Li(n, 1", A) — A4,
defined via
-1y Ug)(Vg),—
<® S ) XYL Q) Z<vg),X:’ii> a2 T Z%.
o / o i oelp | /

Here we assume that A4 is one of the Og-algebras mentioned above, with the restric-

. . . o . -1
tion that the primes p < n are invertible in it, so that the expression (’}) makes

sense. Thus, when 4 = O, Oy, or K,/ O,,, we assume that © & Syeign, Where
Sweight:{p|p:p<n:k_2}- (16)
If y= (a Z) e I'i(N), then ad=c¢ modI for some ¢ € O, . Since yy(c) =
c
Nra()" = 1, we see that yg(a) = m(d)_l. Using this one may check that the pairing

(,) is T';(Y)-equivariant, and that it is perfect. It induces the following pairings on
cohomology via cup product, which are again denoted by (,)

() HIYO), L(n, 1, 4) @ HII(Y(N), L(n, 17", 4)) —> A, (17)

() HI(Y(R), L(n, 1, A)) @ HX1(Y(N), L(n, 7", 4)) — A. (18)

In order to state the next Proposition, for an O,, module M of finite type, we let M’
denote the maximal torsion free quotient of M. Then we have,

PROPOSITION 2 (Poincaré duality). Say ¢ = d is the middle dimension. Then if
A =K, or C, the pairing (17) is perfect. That is, the morphisms induced by (17):
HYU(Y(R), L(n, 1, 4)) - Hom(HI(Y(R), L(n, 1", 4))),
H{(Y(N), L(n, 1", 4)) — Homy(HU(Y(N), L(n, 1, 1)),

are isomorphisms. A similar statement holds for the pairing (18).
When A = Oy, and © € Syeight Y Scliiptic, then the morphisms induced by (17) are iso-
morphisms modulo torsion. That is:

HY(YN), L(n, 3, A)) — Hom(HY(Y(N), L(n, 17", A)), A),

HYY(N), L(n, 17, A)) — Hom4(HYYN), L(n, 1, A)), A)

are isomorphisms. Again, an analogous statement holds for the pairing (18).
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Proof. If Y(N) /0 18 smooth, the statements follow from ordinary Poincaré dua-
lity. Even if Y(9t) is not smooth, we may still deduce the perfectness of the pairings,
with the usual restrictions on the coefficients (cf. [23], Remark after Theorem 1.6).
Indeed, if p & Sliiptic, by Lemma 1, we may choose torsion free finite index normal
subgroups T; of T;(9) with the property that [[;(0N): T;] is invertible in 4. Since the
perfectness of the pairings is true for the subgroups I';, the theorem follows for the
I';(N) as well by ‘taking invariants’. O

We now derive a duality statement for the parabolic cohomology groups with inte-
gral coefficients 4 = O,,. First note that the two diagrams

HI(YO), L(n. 7. 4) ® HIYO), L' 4) — A4

11 I l
HY YN, L(n, 7, A) ® HUYN), Ln, 11, 4) — A,

and
HUYN), L(n, 7, 4) ® HIYN). L, ™' 4) — 4

I b1 I
HI(Y), L, 7, 4) ® HUAYN), L(n, 17 A) — A,
commute. Consequently, we get a (well-defined) induced pairing which we again

denote by (, ):

(,): HIYOR), L(n, 1, 4) ® HUYN), L(n, 1", 4) > A. (19)

DEFINITION. Let Sy be the finite set of primes g of K for which the Oy-modules
HYOQT;(IO\Z), L)) have torsion, for i varying from 1 through h, and L;=
Li(n, yt', Oy). Also let

Sduality = Sweight U Settiptic U Ss. (20)

Note that Sguaiity 1S a finite set of primes of K.

THEOREM 3 (Poincaré duality for parabolic cohomology). If g is a prime of K such
that © &€ Squality, and A = O, is the p-adic completion of the ring of integers Ok of K,
then the pairing (19) above is perfect modulo torsion. That is, the induced morphisms

HIY(Y(N), L(n, 7. 4)) — Hom(HUY(N), L(n, 1", 4))', A), 1)
HI(Y(N), L(n, 7', A)) — Hom ((HI(Y(R), L(n, 1. A))', A), (22)

are isomorphisms.
Proof. Fix o ¢ Squality. First note that since o & Sliiptic U Sweight, the morphisms

(21) and (22) are well defined. We only prove (21) is an isomorphism, since the proof
for (22) is similar.
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First, one may easily check that the injectivity (modulo torsion) of the morphism
(21) follows from the injectivity (modulo torsion) of the maps in Proposition 2 (note
that we have assumed g ¢ Seiiiptic). So we must only show the surjectivity. To this
end, let o € Homop(Hg( YN, L(n, 171, Oy)), Op). Thanks to Proposition 2, on com-
posing o with the map

HI(Y(N), L(n, 17", Op)) = HAYN), L(n, 17", Op)).

we can find an element x € HY(Y(N), L(n, 1, O,)) such that (x, y) = (x 0 i)(y), for all
y e H(YN), L(n, 17", Oy)). Since after tensoring with K,, the morphism (21) is an
isomorphism, we may assume that

x® 1 e HI(Y(N), L(n. 1. Op)) ® K, = HIY(N), L(n, 7. K)).

Let Z denote taking the class of z € HY modulo Hg, over O, or K,. Then
I®l=xe1=0,

so that x is a torsion element in

HYYN), L(n, 1, Op))
HIAY(N), L(n, 7. Op))’

(23)

By the boundary exact sequence (15) we have

HIY(Y(R), £)

d QL
7Hg(Y(§TE), 0 c HY@(Y(9V)"), L),

with £ = L(n, x, Op). Thus since p ¢ Sp, (23) is a torsion-free Op-module. Thus
X =0. That is, x € HI(Y(N), L(n, . Op)), as desired. O

Remark 1. One expects that the only maximal ideals of the Hecke algebra that
occur in the support of the boundary cohomology group are all Eisenstein. Thus,
since for the purpose of investigating congruences it suffices to work locally, one
could possibly also work outside the set of primes of K which are Eisenstein. Such
matters are currently being investigated by M. Dimitrov in his thesis under the
supervision of Prof. J. Tilouine.

3.4. EXPLICIT COMPUTATION OF THE SET S,

It would be nice to be able to compute the set Sy explicitly. Here we give a general
method for doing this, and then work out some special cases. Recall that Sj is the set
of primes g for which the O ,-modules

HYAT O\ 2), L1)

have torsion, as i varies between 1 and A, and £; = Li(n, y*', O,). We only treat the
case Li(n, x, Op), since the discussion for Li(n, y~', O,) is similar.
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Recall that the sheaf £; on the boundary arise from a local system construction
(see § 3.2). Thus, if © & Seiiiptic, We have

HY(T(INZ), Lin, 1, Op)) = ®H (TN, Liln, 1, Op)),

where the sum runs over the set of representatives of the I'(Jt)-conjugacy classes of
Borel subgroups B, and the bar means image in PGL,(F). Thus, if we ignore the
primes in Seiipiic, Which we will eventually exclude anyway, S is exactly the set of
primes g for which the O ,-modules

HYT (M) g, Lin, 1. Oy))

have torsion, for some i and B (of course the B’s depend on ).

Let now I' = T;(N) for some i, and write L(n, y, A) for the corresponding T-
module L;(n, y, A). Let B be a Borel subgroup as above. We can make a reduction.
The exact sequence of T g modules

0— L(n, x, Op) = L(n, x, Kp) = L(n, , Ko /Op) — 0,

gives the following long exact sequence of group cohomology groups:
- — H" Ty, L(n, 1. Kp)) — H (Tp, L(n, 1. K/ Op))
— HYTp, L(n, 7, Op)) — H T, L(n, 1, K,,)) —> - --
From this it is easy to check that HYTg, L(n, x, 0O,)) is torsion-free if and only if
H (T3, L(n, 1, K,/0,)) is divisible. Thus it suffices to investigate the divisibility
of the cohomology groups H*!(T's, L(n, %, K,/ 0p)).
Let C(I') denotes the set of cusps of I'. Then
C(I) = T\GLa(F)/Bx = T\P'(F),

where By, the Borel of upper triangular matrices, is the stabilizer of the
cusp oo = [l : 0] € P'(F). Fix a set of representatives, gi, ..., g € GLy(F), of the
double coset space, where r=r(I") is the number of cusps of I'. Then
{ngoog‘,-‘1 |j =1,...,r}is a set of representatives of the I'-conjugacy classes of Borel
subgroups. Setting B = g;Bg;~', we have

Hd_l(TBﬂ L(nv X? KK)/OK))) = Hd_l((g,/_lrg[)gm’ L(n’ Xa KKD/O@))

This allows us to restrict our computations to the Borel at co.

Now write By, = TU, where T is the standard torus, and U is the unipotent radical
of By. Then, for an arbitrary arithmetic subgroup I € GLy(F),, we have the exact
sequence

l>T, >T,>T7—1,

where I'}, :=T"N T and I'}; := I N U. Projecting this to PGL,(F) and noting that
I, N F* = {1}, one obtains

1—>1"/U—>T/B—>T/T—>l, (24)
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where Ty = I,/T%, N F* and T, =TI’/ N F<. The Hochschild-Serre spectral
sequence for the T/B-module L(n, x, K,/ Op) is

By = HP(Ty, HU(Ty, L(n, 1, K/ Op)) = H' (T, L(n, 1. K/ O,)).

In PGL,(F) we have FT; 7" and ry, = 7% so that these groups have cohomo-
logical dimension d — 1 and d respectively. Consequently, it is easy to check that all
the differentials in the E;-plane are 0: that is the spectral sequence degenerates at E,.
Thus, to show that

H" (g ' TiO0g)) 5. Li(n, 1. Ko/ Op))
is divisible, it suffices to show that each term in its filtration
FpHd—l
Fr+iH!
is divisible.
Clearly, in general, this is a difficult task. However, some special cases can be dealt
with, which we discuss now.

_ gpd—1-p _ pp.d—1-p
= E; = Ed

341. F=Q

The case F = @ has already been dealt with by Hida in [10], but for the sake of com-
pleteness we review his computations here.

Note that @ has strict class number 1, so there is only one congruence subgroup,
I';(MN), to consider. Moreover we may choose ¢; = 1. Thus if we let N be the positive
integer which generates the ideal 9t C Z, we see that I'|(N) is just the usual congru-
ence subgroup

b
To(N) = {(2’ d) € SLy(Z) | ¢ = 0 mod N}.
Also, from (11), we have that Sgjipic = {§ ]p : p=2or 3}, and we ignore these
primes in our computations.

The following Proposition has been distilled from the discussion on page 232-233
of [10]:

PROPOSITION 3. If n =0, then Sy = @. For n > 0, let S| to be the set of primes g
lying above the set {p : p<n=k—2orp { N}. Then §; C S.

Proof. Note that we may choose the set of representatives, g1, ..., g,, of the cusps
of T'o(V) to lie in SLy(Z). Then, up to the center {1}, the group g,fll“o (Mg;in
B., — Z is generated by an element of the form r; = ((1) le_/)’ for some m; € Z.
Write L(n, O,,) for Li(n, x*', O,). Then we must investigate the torsion in
L(n, O)

S _ L0y
H (T'y(N)p, L(n, Op)) = (m; — DL(n, Op)’

(25)

for B = g_,«Boogj_l.
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When n = 0, the action is trivial, and this last module is just O,,, which is clearly
torsion-free.

When n > 0 then a direct computation shows that (25) has torsion only for those g
whose residue characteristic p satisfies p < n or p | my;. But, since the principal con-
gruence subgroup I'(N) is a normal subgroup of SL,(Z) and T'(N) C I'o(N) C
SL>(Z), one may easily check that each m; ‘ N. O

3.4.2. Real Quadratic Fields

Let F be a real quadratic field. So d = [F: Q] = 2. Let ¢y denote the fundamental unit
of F, and let ¢; denote a generator of the group of totally positive units O, . Thus,

(=19 %f Nrjale) =1,
& if Npjole) = —1.

By (11), we have Seiipiic = {0 |p . p=2,3o0r 5}, and we ignore such primes as
usual! (In fact when F # Q(+/5), one may take Selliptic = {§ | p: p=2or3}.

We first treat the case when the weight » = 0. Even in this case, we make the fol-
lowing restrictive assumption, which will at least allow us to compute.

ASSUMPTION 1 Assume that

e F has strict class number 4 =1, and,
o the level N = 1.

In view of this assumption, we must only consider the congruence subgroup
=T = (7 € GLy(Op) | det(y) € OF,). (26)

This I" has only one cusp, and we may choose the representative g; = 1. Now (work-
ing modulo the center; we will omit bars from the notation) we see that

0 x
rT::rmT:KS 1) |ee(’)F+}

1 b
rU;:rmU:{(O 1)|be(9p}.

We have:

and

PROPOSITION 4. Let F and T satisfy the hypothesis of Assumption 1 above. Let
n=20. Let S, be the set of primes of K lying above the set {p : p | Npjgler — 1)}. Then
Sy C Ss.

Proof. Fix p € S,. We show p & S,. That is, we show HZ(FBOC, L(n, O,)) is tor-
sion-free, when n = 0. Here, and for the rest of this subsection, we write L(n, A) for
Li(n, y*', A), noting that y5 = 1. By the general remarks at the beginning of
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Section 3.4, it suffices to show that the Oy,-modules E}° and E'' are divisible. Note
that since we are in the case n = 0, the I'-action is trivial. We have

Ey* =H (T, H(Ty, K,/ Oy))
= Homgz(Z, K,/ O,,)
= K/ Oy,
which is clearly divisible. Moreover
Ey' =H(Tr, H'(Ty, K/ Oy))
= Homy(I'y, Kp/(’)p)rr,
where y € I'r acts on f'e Homz(I'y, K,/ O,,) via

0N =72 =,r"g.

Recall that p is the the residue characteristic of g. We claim that, since
P )( Nrjo(er — 1), there are no invariant elements under this action. Indeed if f'is such
a homomorphism we have (identifying I'y with O in an obvious manner) that

S(eb) = f(D), 27)

for all e € Oy, and all b € Op. Fix an integral basis {wi, s} of OF, and write
qw; = Z/ ajw;. Then Equations (27) imply that (4 —Id)F =0, where 4 = (ay)
and F = (f(»), f(®,))". Thus det(4 — Id) = Np/q(€e; — 1) annihilates the /(). Since
f takes values in the gp-torsion module K,/O,, we see that f=0, since
p /*NF/@(Q —1). Thus E;’O =0 for such g.

In sum, when n = 0, and the residue characteristic p of g satisfies p )( Nraler — 1),
then H'(I's, L(n, K,,/O,)) = Ey° is divisible. O

Remark 2. When the strict class number of F is not 1, the other I';(t) in the
decomposition (2) must be treated. Moreover, even if the strict class number is 1, and
the level ¢ is not full, there may be more than one cusp. This must be taken into
account, further complicating the computation of the boundary cohomology groups.
However the essential idea is already to be found in the above computations.

We now consider the case n > 0, although again, for simplicity, we suppose that
Assumption 1 above holds.

Since the computations are still too difficult, we appeal to Hida’s general theory in
[15] via which one can extract some information for the ordinary primes. This theory
is fairly elaborate and we only make some brief remarks here, referring the reader to
Section 3 of [15] for further information.

Let F denote, momentarily, an arbitrary totally real field (of strict class number 1).
Fix a prime p of Q, and let £ = {p | p} denote the set of primes of F lying over p. Let
1= (Ip)pex € {0, oo}* and let r= (rp)pes € N>, where ry:= rankz,Opy. Set {ir} =

1pWithiy=00 Tp-
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Fix an embedding, j, of Q into @p. Since we have fixed an embedding of K into Q,
such an embedding singles out a prime g of K. Conversely, a choice of a prime g of
K yields an embedding of K into Qp (which may be extended to an embedding of Q
into @,).

Each ¢ € Iy determines a unique prime p of F which makes

F5 Q-5 aq,
a p-adically continuous embedding of F into @p. For each pe X, let I(p) =
{0 €lr | g Nao(F)=o0(p)} C Ir denote the set of all such p-adically continuous
embeddings of F into @p (with respect to ).

For each 1 as above, let I(1) = Uy with ,,—co (). Set n' = Zael(,) Neo — Zgg,(,) Ny0.
Let K,,/Op(n') denote the module K,,/O,,, on which ¢ € OF acts via: ¢ - a = " a.

Let I'" = SLy(Op), and let H? (3(T"\Z*), L(n, K,,/O,,)) denote the ordinary part of
the boundary cohomology group, as defined in [15]. We just recall here that the
ordinary part is the maximal Op,-submodule of the boundary cohomology group

on which the Hecke operator T}, acts as an automorphism. Then Hida proves (cf.
[15], Theorem 3.12):

THEOREM 4. Fix F and "' as above. Then

Hf)rd(B(F/\Z*), L(n, Ko/ Oy))

q
=@urop, @ Homy( A A0 K/Oum) |,
i=1

1 with {ir}=i peX with iy=o0

In the real quadratic situation, we obtain:

COROLLARY 1. Let F be a real quadratic field of strict class number 1, and let
I = SL,(OF). Suppose that n > 0. Let S:},ord denote the set of primes of torsion in the
ordinary part of the middle dimensional boundary cohomology group for I'. Let Sz be
the set of primes of K lying above the set

p:p|NeaEa"™ 1),

where the sign is Npg(€)". Then Sj .4 C Ss.

Proof. Let p } p be a prime of K and assume that o ¢ S3. We show that p ¢ S 4.
It is enough to show H? ,(3(I"\Z*), L(n, K,/ O,,)) is divisible when ¢ = d — 1 = 1. By
Theorem 4, if p is inert or ramifies in F, H 4 = 0 vacuously. This is because, in either
case, if p ‘ p, we have r, = 2, and so there is no sum over 1 to consider.

Now suppose that p = p b, splits in F. Say Ir = {51, 02}, and assume that j is cho-
sen so that I(p;) = {ox}, for k =1,2. Then, since i=1, and ry, =ry, =1, only
1 = (00, 0) and (0, co) contribute to the cohomology, in Theorem 4.

When 1 = (o0, 0), this contribution is
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H(OF, Homg, (OFy,, K,/ Op(n'))). (28)

Note that ¢ " = +¢""', where the sign is given by Ngq(¢)". Let us identify
Homgz,(Om,, K, /Op(n')) with K,/O,, via f f(1). Note, by page 287 of [15], the
action of ¢~! € O on Op, is just multiplication by ¢>. Thus, as an Ox-module,
Homgz, (Op,, K,/ Op(n')) is just K,/Oy(noy —noy +201) = K, /O((2n + 2)ay), up
to the above mentioned sign. Thus since p ¢ S; we see that (28) vanishes.

A similar computation for 1 = (0, co), shows that
H(O7%, Homgz,(Opy,, Ky,/Op(n'))) = 0.
Thus, H(l)rd(a(F’\Z*), L(n, K,/O,)) = 0 is indeed divisible. O

Remark 3. Note that the computations for n > 0 are slightly different since Hida’s
theory is for subgroups of SL,(F), whereas we should really be taking I as in (26). If,
in the case of n =0, we had taken I = SL,(Op) instead of I' = GL,(OF), in Pro-
position 4, then, since

| )

acts on I';; = Or by multiplication by ¢?, we would have gotten the obstruction
Npjo(e3 — 1) there. This matches well with Corollary 1 when n = 0. On the other
hand, since it is I' = GL,(OF),. that we really wish to work with, it is clear that
the (ordinary) torsion in the boundary for n > 0 will occur at primes g|p with
P | NejoEt —1) = Nga(df™ = 1).

ee(’);],

3.4.3. Totally Real Cubic Fields

Let now [F: Q] = 3. We only treat the case n = 0 here. As in the quadratic case, we
assume that 2 = 1 and 9 = Op (cf. Assumption 1). As before, this allows us to deal
with only the analog of the level one congruence subgroup (26), and with only the
standard Borel B.,. Note that now Iy = O;+—N>Zz and T'y = (’)F; 7. Let ¢
and ¢, denote a basis of the group of totally positive units.

As usual, we ignore the set of primes in Sejjipiic Which in this case turns out to be
{» |p cp=23, or7. (If F#Q,)", then we may take Selliptic = {8 ]p :
p =2 or 3}). We have

PROPOSITION 5. Let F be a totally real cubic field of class number 1, and let T be as
in (26). Let Sy be the set of primes of K lying above the set

{p: p|Nrale — 1) and p | Njg(ea — 1)}

Then, if n =0, Sy C Ss.
Proof. Fix O, with p |p such that p € S4. We show p € Sy. After the remarks at
the beginning of Section 3.4, it suffices to show that each of the three term E%¢
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(p+ ¢ =2) in the filtration of H*(I'g, L(n, K,/0,)), with n =0, is divisible. Note
that again we write L(n, A) for Li(n, y*, A), since yg = 1.
We have E3° = E20/image(dy' : EX"' — EF°). But

Ey" = Homz(A’Z%, K,/ Op) = K,/ O,
and a quotient of a divisible is divisible, so that E3° is divisible.

Secondly, E}' = Ey' = H'('7, M), for M = H'(I'y, K,,/Oy). Since Of, = (c1)x
(62), the inflation-restriction sequence yields:

0 — H'((e)), M'?) - H\(T';, M) - H'((&2), M) — 0. (29)

Now we have that p ,pr/@(e,- — 1), fori = 1 or 2. Suppose i =2. Then we have
M@ =0, just as in the real quadratic case. Thus, the first term of the exact sequence
(29) vanishes. Similarly, the last term of (29) vanishes since it is just (M/
(6, — M), and is thus contained in M/(e; — )M = 0, which vanishes in turn
since p )( Nrpjo(ez —1). A symmetric argument applies if i=1. Consequently,
Ey' =0.

Finally, E£’2 = ker (df’zz E§’2 — Ezzl) We claim

E)? = HYT'r, HX(Ty, K,/ O,)) = 0.
To see this, note that
H*(Ty, K,/ Op) = Homz(A*OF, K,/ Op).

If f'is a homomorphism in this latter space, invariant under some ¢ € 'y, then we
must have

(- f)anb)=f(ecanch)=f(anb). (30)

Now a familiar argument applies: let {w;, w,, w3} be an integral basis for Op, and
write €w; = ) _; a;o;. Then if B denotes the matrix of 2 x 2 cofactors (minors with
signs) of 4 = (aj;), the Equations (30) show that det(B — Id) annihilates each compo-
nent of the vector (f(wy A w3),f(w3 A @), f(w; A @>))'. But note that B= A"",
since det(A4) = 1. Consequently choosing ¢ to be ¢; or ¢, so that

p fdet(47" —1d) = — det(4 — Id) = —Ngqle — 1),
we see that f'= 0. Thus Eg’z =0, and so E3°’2 =0 as well. O

3.4.4. Totally Real Fields of Arbitrary Degree

The referee has suggested that, at least in the case n = 0, our computations of the
previous section should generalize. This is indeed the case and we present this now.

So let now [F: @] = d be arbitrary. We assume that » =0, and as in previous
cases, that 1 =1 and 9N = Of (cf. Assumption 1). Therefore, as before, I' is the
level one congruence subgroup (26), and we need only work with the standard Borel
B.. Note that now 'y = Op, S 74" and I'y=0fr = 7% Let €,...,€41 denote a
basis of the group of totally positive units of Op.
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PROPOSITION 6. Let F be a totally real field of class number 1, and let T be as in
(26). Let Ss be the set of primes of K lying above the set

d—1
({2 : p|Nrale— D).
i=1

Then, ifn=0, Sy C Ss.

Before we give the proof we start with a simple lemma:

LEMMA 2. Let G be a finitely generated group and M a G-module. Say there is a g in
the center of G, such that g — 1: M — M is an automorphism. Then H(G, M) = 0 for
all i = 0.

Proof. Note that g induces a map on cohomology g: H(G, M) — H/(G, M) which
is well known to be the identity map (cf. [20], Chapter VII, Proposition 3). Thus
g — 1 acts as 0 on cohomology. On the other hand, by our hypothesis on g, the map
g — | is an automorphism on cohomology as well. The Lemma follows. O

Proof of Proposition 6. Fix O, with p |p such that p ¢ Ss. We show p € Sy. As
before, after the remarks at the beginning of Section 3.4, it suffices to show that each
of the terms E}? (p+ ¢ =d— 1) in the filtration of H*"(T's, K,/O,) (recall n = 0
and yg = 1), is divisible. We will show that all steps in the filtration vanish, except
the top one, which is divisible.

To do this we show that the spectral sequence degenerates at the £, term. Indeed,
EbY = HP(T'7, M(q)), where

M(q):=H!(T'y, K,/ Op) = Homz(A1OF, K,/ O,,),

since the action of 'y on K,/ O,, is trivial. When ¢ > 0, the action of T'7 on M(g) is
non-trivial. By hypothesis, we can find ¢ = ¢;, for some i, such that p *Np/@(é —1).
Now € — 1 acts on M(g) as a matrix whose determinant is a power of Ngjo(e — 1).
This follows from a 19th century theorem attributed to J. J. Sylvester (see, for
instance, pages 87-89 of [22]) which says that the determinant of the matrix of
s x s minors of a matrix of size ¢ > s is just a power of the original determinant.
In particular, ¢ — | acts as an automorphism on M(g) for each ¢ > 0. By Lemma 2
we see that for ¢ > 0, 5 = 0 for all p > 0. Thus the spectral sequence degenerates
at the E, term, and an analysis of the filtration of Hd(fg, O,) now shows that
H (T, K, /Op) = ES10 = B0 = Homz(AT' 72971, K,/ Op) = K,/ O, s divisi-
ble, as desired. O

Remark 4. The set ﬂf’;ll {p:p ‘ Npja(e; — 1)} may depend on the choice of basis
€1, ..., €41 of Of, . However, the identity e’ — 1 = €(¢' — 1) + (¢ — 1) shows that the
set ﬂf’z_l] (bCcOfF:p | ¢; — 1} is independent of the basis. Thus it would probably be

better to take for Ss the set of primes of K lying over this latter set.
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Remark 5. As in the case when F'is a real quadratic field, we could possibly use
Theorem 4 to compute the torsion in the ordinary part of the boundary cohomology,
when the weight n > 0, for arbitrary d. We have, however, refrained from presenting
the details.

3.5. A MODIFIED PAIRING
We have investigated in some detail the perfectness of the pairing (19):
() HUYR), L(n, 1. A)) @ HUYN), L(n, 1", A)) — A,

for various coefficients 4. However, note that the sheaves L(n, y, A) and L(n, y~', A)
that occur in the modules on both sides are different. For this and other reasons we
now modify the cup product pairing (19) slightly.

Fix an idele ve Ay, such that vOp=2 and (v), =1, and define
T= (0 I)l € G(A). Then 7 induces an isomorphism

T Hy(Y(R), L(n, 7, 4)) = Hy(YR), L(n, 77", 4)) (1)
defined as follows. Let s; = (:) 0 ), for the strict class group representatives a;

-1
a;

(i=1,...,h) fixed in Section 2.2. Then

h

GA) =] | G(Q) s; Ko(I) Goor
=1

5
and, since T';(9) = G(Q) N 5;Ko(N)s;7 G, , the decomposition (2) remains unchan-
ged using the representatives s;.
Fix i. Since a;lv € Ay, wemay pickje {l,...,h},q; € F} and w; € O such that
0 _01 ), and u; = (2" ?) Then s;t = oyt;u; and
ai
o0 TN = T(N). These choices (for each i) induce the following commutative dia-

gram

-1, — —
a; v =qaw;. Let oc,»_(

YO —  [IT@NZ
i=1

J / \2

YO —  [[TONE
=1

where the first vertical map is g — g1, the second vertical map (on the ith connected

component) is z+> a; 'z, and the horizontal maps are, as usual, ysikgoo > oo(Z0),

respectively, y't;k'g. — g.(z0), where y, ' € G(Q), k, k' € Ko(), and guo, g5 € Goort-
Now consider the following diagram

(N x  Lin, g A) — Lin, x, A)

t ! v
LA x Ly A — Loy 4)
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where the upward pointing arrow is y > oo !, the downward pointing arrow is
Prs o~ 'P, and the horizontal arrows are the usual actions of T'(0N), respectively
I;(9) (see the discussion surrounding Equation (6)). In this diagram L, =
Li(n, y, A) is defined using s;. Since #; = a;s;, where q; is considered as a scalar matrix,
the modules L; obtained using ¢; or s; are isomorphic as I';(Jt)-modules, since they
differ by a factor of |a;|3. When 4 = O, or K,/O,, we may always assume that
the p-part of the idele a; is trivial ((a;), = 1) so that the two integral structures on
L;, arising from the two choices of representatives, are the same.

Now, if y € I';(9), then Ayt = @y, 5O that yy(d,,,-1) = xx(a,). This shows that
the above diagram is compatible (in the sense of [20], Chapter 7, § 5). Thus there
is an induced map on cohomology

Hd(ri(%)ﬂ Li(nv Xs A)) = Hd(r‘](gt)v L](n’ X_l s A))

Taking the direct sum over all i, and restricting to the parabolic part, gives us the
map t in (31). We note here that if the I';(Jt) are not torsion free, we still obtain
the map (31) when 4 = Oy, for p¢ Sciiipiic by the usual procedure of ‘taking invar-
iants’.

Define a new pairing

[.1: HAY(R), L(n, 7. A)) ® HIYR), L(n, 1. A) > 4, (32)

by setting [x, y] = (x, 7(y)). The advantage of doing this is two-fold: for one, we may
now choose x and y both in Hg( Y(ON), L(n, y, A)). Secondly, this new pairing satisfies
the following condition with respect to the Hecke operators Thy: [T X, y] = [x, Twy].
Also, note that since t preserves the rational (or integral) structure coming from the
coefficients, the paring [, ] is perfect, exactly when the original cup product pairing

(,)1s.

The matrix 7 also induces a map
T Sk 1) = Sk 0 h,
given by

f1(9) = 1~ (det g)/ (g0
When f'is primitive, one has

Sle =W, (33)

where f. € Si., (N, x7!) is the cusp form whose Fourier coefficients satisfy
c(m, fo) = c(m, f), and W(f) is a complex number, with |W(f)| = 1. Note that
W(f) =1 when fis of level I.

4. Periods of Cusp Forms

In this section, we define ‘integral’ periods attached to cusp forms f'€ Sk 1, (9, %).
These are defined by measuring the difference in the two different integral structures
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put on the cuspidal cohomology groups; one of which arises from the coefficients of
these cohomology groups, and the other, via the Eichler—Shimura—Harder isomor-
phism, from the integral structure defined by Fourier expansion of cusp forms.

4.1. EICHLER-SHIMURA-HARDER ISOMORPHISM

The following isomorphism, due to Harder [9], and worked out explicitly by Hida in
[16] (see also Theorem 1.1 in [15]) is a generalization of the classical Eichler—-Shimura
isomorphism relating the space of cusp forms to cuspidal cohomology groups:

S 2 @y Sk TN, 13) = HE o (T Z, Li(n, 1, T)),

cusp
where the sum is over all holomorphy types J. Here we recall that the sheaf
Li(n, x, C) depends only on yy,, the restriction of y to OF. Taking the direct sum over
all 7, and using (4), we obtain the isomorphism
d=®d;: ®, @y Sk (N, 1) — HL (YN), L(n, 1, C)).

cusp

Note that there are natural actions of C/f, the strict class group of F, the Hecke
operators Ty, and the group C = K,/K of complex conjugations, on both sides.
All these actions commute, and the isomorphism ¢ is equivariant with respect to
these actions.

When n > 0, or d is odd and n = 0, the cuspidal cohomology groups appearing
above are equal to the parabolic cohomology groups, and from now onwards they
are identified. But when dis even and n = 0, there are ‘invariant cohomology classes’,
denoted by Inv, which are parabolic but not cuspidal: in this case Hffusp is the ortho-

gonal compliment of Inv in Hg. Thus in this case we will have to modify our argu-
ment slightly (see Remark 6 below).

4.2. PERIODS ATTACHED TO f

4.2.1. Eichler—Shimura Periods

Fix a primitive holomorphic cusp form f € Sy ;.(9, ) (that is J = Ir). Let
C = {e: Koo/Koor — {£11.

Let us write [ f], respectively [¢], respectively [x], for an eigenspace with respect to the
Hecke algebra homomorphism corresponding to f, respectively, the character ¢ € &,
respectively the character y thought of as a character of C/f. Then if J, denotes d
followed by projection to the ¢ eigenspace, we have the following isomorphism
induced by ¢

8c: Sk (N, 1= HAY(N), L(n, 7. O)Lf: €. 1].

It is well known (see [16]) that if 4 is a p.i.d., then the maximal torsion-free quotient
of the A-module
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H(YOR), L(n, 7. ). €. 7]

is free of rank 1 over 4. We let 5(f, ¢, A) denote a generator. Recall that K is a large
Galois extension of @ that contains all the conjugates of F as well as all the Hecke
fields. Let now 4 = Oy, be a valuation ring of K at the prime g. Then we define the
periods

Q(f, €, O(p)) (S CX/O(@)X
by
0i(f) = Qf. €, Oy n( /. €, Of)). (34)

These periods were originally defined by Eichler (in the case F = Q) and Shimura,
and they govern the behaviour of the standard L-function attached to f within the
critical strip. They will also play a role in describing the value of the adjoint L-func-
tion attached to f which we will describe in Section 5 below.

4.2.2. Hida Periods

We now define another period that was used by Hida in [10] in the case when F = Q.
However we will not use this period in this paper, and we only mention it for
completeness sake. In any case, we show that it is related in a simple manner to
the Eichler—Shimura periods defined in Section 4.2.1.

We have, in the notation of Section 4.2.1, the embeddings O, — K — C, which
induce maps

H(YOR), L(n, 7, O)Lfs 2] = Hy(Y(R), L(n, 1, OIS, 71,

whose image we call Ly (O,)). Now the latter space is 2¢-dimensional over C, and has
as basis the set {6(f)) ] J C Iy}, where f; € S (9, x) is the cusp form defined by
c(p,J)-f=f;, where c(If,J) € C (cf. § 2.6). On the other hand, Ls(Oyy)) is a free
O(-module of the same rank, say spanned by the basis {1,(f. O,) |j=1....,29).
Let U(f, O(,)) be the change of basis matrix defined via

=1,...,

and let

Q(f, Op) = det(U(f, O))) € C*/O,)",

denote its determinant. The period Q(f, O)) is sometimes referred to as the Hida
period. The following Lemma relates it to the Eichler—Shimura periods:

LEMMA 3. Say P 75 2. Then Q(f, O(p)) = ngé Q(f, €, O(@)), in CX/O(@X.
Proof. Up to a power of 2, which can be ignored since we are working in

C* /O™ and the residue characteristic p of O, is not equal to 2, we may replace
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the basis (17;(f, O)))j1,. 20 by ((f, €, Op))) ¢ In the definition of Q(f, O;)). The
lemma then follows casily. O

5. Adjoint L-Functions at s = 1

In this section we introduce the imprimitive adjoint L-function attached to a primi-
tive holomorphic cusp form '€ Sk .(9, ). Then we quote a well known formula of
Shimura relating the value of this L-function at s = 1 to the Petersson inner product
of f with itself.

5.1. ADJOINT L-FUNCTIONS

We define the imprimitive adjoint L-function L(s, Ad(f)) via its Euler product, fol-
lowing Section 7 of [18]. We note, however, that there are more conceptual descrip-
tions of the adjoint L-function as

e the motivic L-function L(s, Ad(p,)) attached to the adjoint representation of
Gal(Q/F) on traceless two by two matrices, arising from the two dimensional
representation p; of Gal(@/ F) associated to f by Shimura, Ohta, Wiles, Carayol,
Taylor and Blasius—Rogawski, or,

e the Langlands L-function L(s, w, r) where n = ®m is the cuspidal automorphic
representation of G(A) corresponding to f, and r: GL,(C) — SL3(C) is the
adjoint representation of the corresponding L-group, GL,(C).

First, fix a prime p of F, such that p fN. Define a, and f, by

1= (0. )X = x(DNpa@)X* = (1 — 2, X)(1 — B, X).
For such p )(5)? let

Lot A0 = (1= 5N )1 = vy (1= 2 v
b »

Now suppose that p | 9, and that the corresponding local component 7, of the auto-
morphic representation n corresponding to f'is either a minimal principal series, or a
minimal special representation. Here minimal means that the conductor of 7y is
minimal among all twists m, ® &,, where &;: Fy — C™ is a quasi-character. Then
for such p | let

|1 =N®™ if my is principal series and minimal,
Lp(s, Ad(f)) = { 1 — N(p)~™*" if m, is special and minimal.

For all other p ] N, set Ly(s, Ad(f)) = 1. Now let
L(s, Ad(f) = [ ] Lo(s. Ad(/) ™
p

denote the imprimitive adjoint L-function attached to f.
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This is the definition of the imprimitive adjoint L-function given in Equation (7.1)
of [18], after correcting for the following typographical errors. In [18], page 241, line
14 there should be an extra Euler factor of (1 — X), and here £,(X) should be defined
not just for m, spherical, but for all minimal principal series representations my. In
particular, if m, is a nonspherical minimal principal series representation, then
B, =0, and we recover the Euler factor defined above. Line 15 of the same page
should define £,(X) only for minimal special representations m,.

We also define the associated I'-factor by

[(s, Ad(f)) = Te(s + k — DTr(s + 17,
where I'c(s) = (2n)*T'(s) and T'r(s) = n~*/?T'(s/2) denote the usual real and complex

I'-factors.

5.2. RESIDUE FORMULA

Let /< denotes the cusp form whose Fourier coefficients satisfy c(11, /<) = c(in1, f). It
is well known that L(s, f, /¢), the Rankin—Selberg L-function of fand f*, has a simple
pole at s = k. Following Rankin, its residue was first computed by Shimura in [21] by
analyzing the integral expression for L(s,f,/f¢). Since this residue is essentially
L(1, Ad(f)), one obtains (see Theorem 7.1 of [18]):

2a

(1, Ad(f) L, Ad(f)) = Nra(heDE .
F

(35)
where /i is the class number of F, Dy is the discriminant of F, a, b are specifiable
integers, and (f,f) is the Petersson inner-product of f with itself. For the defini-
tion of (f,f) the reader is referred to Equation (7.1) of [14]. We note that the
Petersson inner-product that actually occurs in the residue formula (35) above
is (f*, f"), where f* is the “unitarization of f” defined just below (7.2b) in [14]; this
is not serious since the two inner products differ by a known power of the discri-
minant (see [14], (7.2c)). Thus, any ambiguity has been accounted for by introdu-
cing the integer b.

6. Main Theorem

Let f'€ Sk.(M, x) be a primitive holomorphic cusp form, with Fourier coefficients
c(m, f). Let g be a prime of K. We say that g is a congruence prime for fif there exists
another normalized cusp form g € S (1, x), that is an eigenform, having Fourier
coefficients ¢(m, g), such that

c(m, f) =c(, g) (mod p),

for all ideals m C OF.
Let Sr={p|p:p|Dr-hrh let Sea={p|p:p|Nra®)}) and when
d=1[F:Q]is even and n = 0, let Sjyyariant be defined as in Remark 6 below. Set

S= Sduality U Slevel U SF U Sinvariant- (36)
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Note that S is finite set of primes of K. We have:

THEOREM 5 (Congruence number formula). Say that g is a prime of K and that
&S, and say e € C. If

W) I, Ad(f)L(1, Ad(f))
Q(f. €. Op)Qf. —€. Op))
then g is a congruence prime for f.
Proof. For a Dedekind domain O, whose quotient field M contains K, let L(Oy,)
denote the image of the parabolic cohomology group

HI(Y(N), L(n, 2. On))]

in the vector space

V(M):= Hg(Y(R), L(n, 7z, M))[]- (37

For us M will be either K, with Oy = Ok or a valuation ring O(,); or M will be a
completion K, of K, with Oy = O,

Note that L(Oy,) is a lattice in V(M), and we let d(L(O,)) denote its discriminant
with respect to the nondegenerate modified cup product pairing [ ,] on V(M) (cf.
Equation (32)). Recall that

(38)

o | d(L(Ow) > o € Supp (L*(OM)),

L(Oy)

where L*(O,,) denotes the lattice which is dual to L(O,,) with respect to the pairing

[.]
Note that V(M) decomposes as

V(M) = V(M)[f]® W(M),

where

VIM)LfT=Hy(Y(R), L(n, 2, M))LS. 7]

is the eigenspace of the action of Hecke algebra corresponding to f (and y), and
W(M) is the orthogonal compliment of V(M)[f] with respect to the pairing [, ].
Now define

Li(On):= LOO) N VIM)[f],  Lw(On):= L(Op) N W(M);
My (Ouy):=my(L(On),  Mu(On):= mw(L(On)),

where nys: V' — V[f] and np: V — W are the two projection maps. Note that
Ly C My, respectively Ly C My, are lattices in V[f], respectively, lattices in W.
Moreover, one has the following isomorphisms of (finite) O,-modules:

Mf Ty L Ty MW

“— — — . 39
Ly Li® Lw Ly ©9)
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Let us compute the discriminant d(L;(O)). Following the notation of
Section 4.2.1, we have (cf. proof of Lemma 3)

d(L; (O ) = det([ni( /- O (/- O]

= det([n(/. &. O (/- €. O)). (40)

where we really take the principal ideal generated by the determinants. For ¢ € If, let
¢e =c(Ip,Ip\ o) eC. Leta, b e Hg(Y(W), L(n, x, C)). Then, we have
[¢s - a, b] = —[a, ¢ - b]. (41)

Let —¢ € C be the character of C defined by (—¢)(¢y) = —(e(cy)) for all ¢, € C. It fol-
lows immediately from (41) that

[n(f. €, O)). n(f. €, O)) = 0 (42)
unless ¢ = —¢. Since the residue of characteristic of g is odd we may write
Li(O)) = @Le&/ﬂ Ly (Og)), where

Ly (Op) = Ly (O)) N (VO[] ® V(O =€

By (42) we see that L;(Oy,)) pairs trivially with Lz (Oy)) unless ¢ = ¢. Moreover,
the determinant in (40) breaks into block diagonal form: there are 2%~! two-by-
two blocks of the form

( 0 [(f. €, O, n(f, —¢, O(p))])
[(1(f; =€, O)), n(f; €, O] 0 ’

having determinant (see Equation (34))

B [6:(/), 0_ ()] _
(Q(f: &, O)QUS, —¢, O))?

¢s. Then

d(Ls(O))) =

Now let Foo =]

oelr
[0:(/), 6(f)-]
=27 (Foe(8(/)), ®(3(/))
=21 W) (FaolS(f)), 6(/2)) by (33)
=21 W) (f.)),
which, by (35), is just
=27 W(f) Neya(Q) he D T(1, Ad(/)) L(1, Ad(/)).

But, since o € SpU Sievel, and the residue characteristic of g is odd, we may ignore
the factor 29-Npq(N) hr Db. Therefore,

WL Ad(HLL, Ad(f)>2.

ALsdO)) = ( (/.. 0p) Q. Op)
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Thus, putting things together, we obtain:

2
WD AL Ad()
Oy | 4
WO I;L( Q€. 0 Af. —. O ) )
Note that
9 | Ly (OR) = 9| AL (O) < 9| dL(O). (44)

So we may, and now do, work over the completion K.

LEMMA 4. Assume © ¢ S. Then L;?(OK,) = M (O,).

Proof. Since p & Squaiity, We see by Theorem 3, that the lattice L which is the
image of Hg( Y(N), L(n, 1, Op)) in Hg( Y(N), L(n, . Ky)) is self-dual under the pair-
ing [,]. For g € CI}, we have [ga, b] = [a, gb], for all a,b € Hg(Y(S'E), L(n, y, Kp)).
This shows that, for the character y of C/} that we have fixed, [,] induces a pairing
on the y eigenspace of the cohomology. Moreover, g ¢ Sr implies that g )( hp, so
that L(O,,), which is the intersection of the lattice L with the y eigenspace of the
cohomology, is still self dual. It is now a simple exercise in linear algebra to check
that the Lemma follows (cf. [10], Equation 4.6). O

By (38), and Lemma 4, we have

LxO,)
L;(O,)

Mf (Osa)
Ly(Oy)

o | dL(Op) < p € Supp(

= pc Supp(

My (Ok)
< p € Supp| —-—1. 45
2 pp(Lf(OK) (45)
Thus, by (43) and (45), we conclude that for each ¢ € @,

WNTA, Ad(/) LA, Ad(f)
Qf, €, O)) S, =€, Og)

Mf«oK))_ 6

= pc Supp(Lf(OK)

Now let k = Ok/g be the residue field attached to g. Let Ay, respectively Ay,
denote the images of the Hecke algebra acting on the subspaces V[f], respecti-
vely W. By (46) we have that M (Ok)/L;(Ok))®k #0. Now hs acts on
(M;(Og)/Ls(Ok)) @ k via the character

hr— k
Ty>c(m, f)  (mod p).

By (39) we have
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M;(Ok) _
L (Ok) Ly (Ok)

so that there exists a corresponding homomorphism

®k7

hW —k
Ty—c(m, f) (mod g).

By enlarging K (and thus Ok) if necessary we may assume that this homomorphism
lifts to a character sy — Og. This shows that there exists a normalized eigenform
g # f, such that c¢(m, f) = c¢(m, g) (mod g), for all m, as desired. OJ

Remark 6. As mentioned earlier, the parabolic and cuspidal cohomology groups
coincide, except when the degree d of F/(D is even, and the weight n = (. In this case
we need to modify the argument above slightly. Recall that in this case:

HI(Y(N), £(0, 7. C)) = HE,(,(Y(RN), £(0. 1, C)) & Inv(O),

cusp

where Inv(C) denote the invariant forms. Note further that Inv(C) is the orthogonal
compliment to HY _(Y(N), £(0, y, ©)) under the pairing [, ]. Now there is a natural

cusp

K-structure on ngsp coming from the Drinfeld-Manin Theorem (see, for instance,

[5], § 7.6), and this is induced by the natural K-structure on Hg Write Inv(K) for
the orthogonal compliment of HY _ (Y(N), £(0, y, K)) in Hg( Y(N), L(0, x, K)) under

cusp

[,]. Then we see that Inv(K) ® C = Inv(C). Now define

HE (YR, £(0, 1, Oy

cusp

= Hyp (YOR), £(0, 2, K) N Hp(Y(R), L(O0, 7, Oi)).

cusp

It is easy to check that the self duality of HY _(¥Y(0), £(0, ¥, O)) under [, ] follows

cusp

from the self duality of Hg(Y(%), L(0, z, O)) under [,], at the cost of throwing
away finitely many additional primes, which we denote by Siyyariant- Outside the set
Sinvariant, the proof of Theorem 5 goes through as before.

6.1. SOME EXPLICIT COROLLARIES

We now utilize the computations made in Section 3.4 of S, to make Theorem 5 more
explicit. Recall that we may write (cf. (20) and (36)):

S= Sweighl U Slevel U Selliplic U SF U Sinvarianl U Sd

6.1.1. F=0Q

Write N for the positive integer that generates the ideal 9t C Z. Then we have
Sweignt ={@ |p: p<k=2}, Sieva ={p| N},
Setiipic = {9 | 6},  and Sy = Syeight U Sevel

by Proposition 3 in Section 3.4.1. Also Sr = Sipvariant = 9-
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Thus we see that Theorem 5 just reduces to Theorem 1 of the Introduction (proved
by Hida in [10]).

6.1.2. Real Quadratic Fields

Now suppose that Fis a real quadratic field of strict class number 1, and assume that
the level 9t = 1 (cf. Assumption 1). In particular since the level is 1, W(f) = 1. Under
these assumptions we have Syeigne = {9 |p: p<k—2} and Seupic = { | 30},
but now Sp={p ] Dy} and Sipeve = @. Moreover, when k=2, Sy is given by
Proposition 4.

When k > 2, Corollary 1 in Section 3.4.2 (see also Remark 3) tells us what the tor-
sion in the ordinary part of the boundary cohomology can be. Note that the proof of
Theorem 5 adapts to the ordinary part of the cohomology. Indeed, since the bound-
ary exact sequence (15) remains valid for the ordinary part of the cohomology, one
gets an analog of the duality theorem (Theorem 3) for the ordinary part of parabolic
cohomology. Thus, if in the proof of Theorem 5, one replaces the vector space (37)
by its ordinary part, one obtains an analog of Theorem 5 for primitive forms f that
are ordinary at g, namely forms for which /fa(p,f).

Consequently, we obtain:

COROLLARY 2. Let F be a real quadratic field of strict class number 1. Let ¢; denote
a generator of the group of totally positive units of F. Let f be a primitive form of level 1
and weight (k, k). Let o | p be a prime of K such that p >k —2, p *30- Dr- Npg

(=1 — 1) and
® ¢ Sinvariant, lfk =2,
g is ordinary for f, if k> 2.

Then, if

‘ I'(1, Ad(/f)) L(1, Ad(/))
QLU =)

g is a congruence prime for f.

Remark 7. Though the restriction g ¢ Sipvariant When k = 2 is somewhat unplea-
sant, we remark that this assumption can be avoided in the case when the level is
divisible by pOF, by restricting (as described in weight k > 2 above) to the ordinary
part of the cohomology. Indeed, since the invariant forms are invariant under the
action of SLy(Fxo) (cf. [15], (1.19)), the Hecke operator T, acts on the invariant forms
by degree, which is a nontrivial power of p. Consequently, the ordinary idempotent
kills the invariant forms.
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6.1.3. Totally Real Cubic Fields

Let F be a totally real cubic field. We keep Assumption 1 of the real quadratic case,
but restrict to the weight (2, 2, 2) situation. All the bad sets of primes are the same as
in the real quadratic situation except that now Seiipiic = {§ | 42}, Sinvariant = 9, and
Sy is described by Proposition 5 in Section 3.4.3. We obtain:

COROLLARY 3. Let F be a totally real cubic field of strict class number 1 and let €
and €, denote generators of the group of totally positive units of F. Let Ur be the
product of all the primes that divide both Npjg(c; — 1) and Npyg(ex —1). Let f be a
normalized newform, that is a common eigenform of the Hecke operators of level 1 and
weight (2, 2,2). Say & |p be a prime of K such that p /f42 - Dp - Up. Then, if

I'(, Ad(f)) L(1. Ad(f))
QL=

§ is a congruence prime for f.

6.1.4. Totally Real Fields of Arbitrary Degree

Finally, let us consider more generally, the case when F'is a totally real field of odd
degree d. We make this parity assumption since, when d is odd, Sipvariant = . All the
other assumptions are as in the cubic case. In particular we assume that the weight is
(2,2,...,2). All the bad sets of primes are the same as in the cubic situation except
for Seiiptic and Sy (the latter is described by Proposition 6 in § 3.4.4). We obtain:

COROLLARY 4. Let F be a totally real field of strict class number 1, odd degree d,
and discriminant Dp. Let €1, €2, . . ., €41 be a basis of the group of totally positive units
of F, and let Uy denote the product of the primes which divide each Nr,g(¢; — 1), for
j=1,...,d—1. Let Ep denote the product of all the primes p such that the maximal
totally real subfield of the pth cyclotomic field is contained in F.

Let f be a normalized newform, and a common eigenform of the Hecke operators, of
level 1 and weight (2,2, ...,2). Then there exits a large number field K such that the
following is true: for each prime g |p of K with p /*EF -Dp- Up, if

I'(1, Ad(f)) L(1, Ad(f))
Qf. O, —0)

then g is a congruence prime for f.
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