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1. Introduction. A semigroup endowed with a unary operation satisfying the

identities

x=xx"x, x7'=x"% (" H'=x

is a completely regular semigroup. In several recent papers devoted to the study of the
lattice £L(6R) of subvarieties of the variety ¥R of completely regular semigroups,
various results have been obtained which decompose special intervals in £(%%) into
either direct products or subdirect products. Petrich [14], Hall and Jones [6] and Rasin
[20] have shown that certain intervals of the form [J, % v ¥], where J is the trivial
variety and U,V € L(€R) are subdirect products of [7, U] and [T, ¥]. Pastijn and
Trotter [13] show that certain intervals of the form [% N ¥, U v ¥] are direct products of
the intervals (% N ¥, %] and [% N ¥, ¥]. The main objective of this paper is to develop
an appropriate lattice theoretic framework for these representations.

A key observation is the fact that £(€%) is modular. This was proved by Pastijn [11]
using Poldk’s Theorem [18]. Since the derivation of Poldk’s Theorem is quite ardous, we
provide an alternative proof of this fact which requires only fairly elementary techniques
together with just one of the concepts used in Poldk’s Theorem but nothing like its full
strength. In doing so we establish results of independent interest concerning commuting
fully invariant congruences on the free unary semigroup.

The necessary background is introduced in Section 2. In the main result of Section 3,
it is established that the interval of congruences between the smallest completely regular
congruence and the smallest semilattice congruence on the free unary semigroup is a
lattice of commuting congruences.

In Section 4, taking advantage of the fact that the mapping V= (¥ N, Vv &) is
an isomorphism of the lattice £(€2R) onto a subdirect product of the lattice £(¥) of
subvarieties of the variety & of semilattices and the interval [¥, €%], it is shown that
Z(6R) is modular.

Section 5 is devoted to the study of the mapping x— (a A x, b Ax) (x € L) where a
and b are fixed elements of a lattice L, and the conditions under which this mapping will
be a faithful representation of the ideal generated by a v b as a subdirect product of the
ideals generated by a and b, respectively. These results are then applied to obtain
descriptions of the lattices of subvarieties of orthodox cryptogroups and locally orthodox
cryptogroups from [14] and [6], [20], respectively.

The main result of Section 6 establishes that if x and t are disjoint congruences on a
lattice L and the elements a,b € L are such that a x a Ab t b,” then the mapping
x—(x Aa, x A b) is an isomorphism of [a A b, a v b] onto [a A b, a] X [a A b, b]. Various
equivalent conditions on a and b are considered. In particular, if k¥ and 7 are complete
congruences and a*, a* are the maximum elements of akx and at, respectively, then a* and
a” satisfy these conditions.
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In Section 7, the results of Section 6 are applied to £(6%R) by taking advantage of
the kernel and trace relations K, 7, T, and T,. In this way decompositions of the intervals
[7, 0€%], [RB, LOCY] and [Re¥, CLOEY] from [14], [6] and [21], respectively, are
provided with simpler and more systematic derivations.

AckNOWLEDGEMENT. The authors wish to acknowledge that the question of commut-
ing congruences on the free unary semigroup was not considered in the first verison of this
paper. However, this aspect was raised by F. Pastijn in conversation with the second
author at the International Conference on Algebra in Lisbon, June 1988. As a result,
Section 3 was revised, using the same techniques. The referee pointed out that a similar
analysis to that in Section 3 has been performed independently by F. Pastijn and an
analysis similar to that in Sections 5, 6 and 7 has been performed independently by
P. Trotter.

2. Preliminaries. We refer the reader to [8] for basic information, notation and
terminology for semigroups. For any semigroup S, let E(S) denote the set of idempotents
of S and let 6(S) denote the lattice of congruences on S. Throughout the following, let X
denote a fixed countably infinite set and U denote the free unary semigroup on X (for
details, see [3]). The variety 6% of completely regular semigroups is the subvariety of the
variety % of unary semigroups defined by the identities

T=x7%, x=(x)"")"L

x=xx"%  xx

We denote the usual antiisomorphism between the lattice of fully invariant

congruences on U and the lattice of unary varieties by m. Let { be the fully invariant

congruence on U corresponding to €% under z#. We identify the free completely regular
semigroup F = FER on X with U/{. The following varieties will be important.

J—trivial semigroups,
%—groups,
R %G—right groups,
ReG—rectangular groups,
€S—completely simple semigroups,
F—semilattices,
FNB—left normal bands,
FLRPB—left regular bands,
%B—bands,
€9—cryptogroups (completely regular semigroups with % a congruence),
N€%—normal cryptogroups (completely regular semigroups with # a normal band
congruence),
0%—orthogroups (completely regular semigroups S for which E(S) is a
subsemigroup).

For any variety ¥, we shall write £(¥) for the lattice of subvarieties of 7.
In general, we will write {4 for the fully invariant congruence on U corresponding to
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the subvariety ¥ of €. Let

u’=uu', for any u e U,
c(u) = the set of variables from X appearing in u € U,
#(u) = the cardinality of c(u),
h(u) = the first element of X to appear in u when read from left to right,
t(u) = the last element of X to appear in u when read from left to right,
A={Ly |V e L(%R)},
€ = identity relation,
Z™ = the free semigroup on the (non-empty) set Z,
A\B = the set of elements in A but not in B,
@ = the empty set,
o = the relational product.
Let u € U and v be the largest initial segment of ¥ when viewed as an element in
(X U{()'D)* containing all but one of the elements of c(u). Then s(u) is the word
obtained from v by deleting all unmatched brackets (.
We will be concerned mainly with A and, for any p, o € A with p ¢ o will write

[p,0)={reA|pctco}
For any ¥ € £(€R) we define the Mal’cev product of #% and V" by
RGV = (S € €R | there exists a congruence p on S with ep € RY,

for all e € E(S), and S/pe V}.

LemMA 2.3. Let V € L(6R).
(i) RYGeV € L(6R).
(ii) S € RG-V if and only if there exists pe €(S) with pc R and S/pe V.

Proof. (i) See (Jones [10], Theorem 5.1).
(ii) This follows easily from the definition.

Two particular Mal’cev products are important for the discussion below. For any
property or class 2, we will say that S € €2 is locally % if eSe has the property % or is in

the class @ for all e € E(S). Then we define
RROG = RG> F—the variety of right regular orthogroups,
LRROG= RGe LN B—the variety of locally right regular orthogroups.

In the remainder of this section we develop tests for R-equivalence in U/p

(p € [C» C.V])
LemMaA 2.4 (i) Lo/ Carnogc R. (ii) Lonal/Eiamoss R.

Proof. These observations follow easily from the definitions of RR0Y and LRROY
as Mal’cev products and Lemma 2.3(ii).

CoOROLLARY. 2.5. Let p €[§, s] and u,v € U.
() If Lagosc p < Ey, then
up RvpSulsv&c(u)=cv).
(i) If ELamos S P S Cena, then
up Rvp S uloyag Rvleye e c(u) =c(v) and h(u) = h(v).
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Proof. (i) Let up R vp. Then clearly uly ® vfy. But R=¢€ in &¥. Hence u &y v.
Conversely, let u s v. Then (up){s/p (vp) so that, by Lemma 2.4(i), we have up & vp.
The second equivalence is well known.

Part (ii) follows similarly.

LemMA 2.6. (i) L(BR) is the disjoint union of the intervals [T, €Y, [¥, RROY),
[N B, LRROY) and [LRB, 6R].
(ii) (&, &) is the disjoint union of the intervals [Eamnoe Cv), [ELanoe Coxa] and

[C’ C.‘L’SREB]'

Proof. (i) This can be found in (Pastijn [11], Lemma 5).
(ii) This follows from (i) via the antiisomorphism .

For any p € [{, {«aa], let p° denote the relation defined on U by
up’vothere exist w,te U with wpt, u=s(w) and v=s().
We also adopt the convention that & p* .

LeEMMA 2.7. Let p € [E, {onm)-

(1) p’ is a fully invariant congruence.

(ii) The mapping p— p° is a complete endomorphism of [, yag).
(iii)) Let u, ve U. Then

up Rvp o c(u)=c(v) and s(u) p° s(v).

Proof. (i) See (Poldk [17], Theorem 3(4)).
(ii) See (Polak [18], Theorem 1.6(1)).
(iii) This is established in the proof of (Poldk [17], Theorem 3(1)).

3. Commutativity in [{, w]. Recall that congruences A and p on an algebra are said
to commute if Aop = poA. In this section, we consider which congruences 4,p in [{, ]
commute. The main result is the following.

THEOREM 3.1. [{4y, w] and [C, Cy] are lattices of commuting congruences.

Proof. That [{4y, @] is a lattice of commuting congruences is a straightforward
consequence of the description in (Rasin [19]) of the lattice of fully invariant congruences
on the free completely simple semigroup FE€R/{¢y. So we consider the interval (£, {].

Let A,p€(&, 4] Then any Acp-related or poA-related elements must have the
same content. So, for n =1, let

K,={ueU: #(u)=n}.
We will prove, by induction on n that
Aoplx, = porix, (1)
First, let u, v, w € K, be such that
ulvpw. ()
Since 4,p c g, it follows that c(u) =c(w) = {x}, say, so that uf, v{, w{ € H,, and
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we have

(&) A/ (vE) p/ & (WE).

But H,, is a group and so the restrictions of A/ and p/{ to H,; commute. Hence there
exists an element v* € K, such that

W) p/E(v)EA/E (WE)

whence u p v* A wso that u pcA w. Thus Acp c poA on K, and the claim holds forn =1
by symmetry.

Now suppose that (1) holds for n and consider the restrictions of Aep and p°4A to
K. .. Letu, v, we K, ,, be such that (2) holds. Our first goal is to establish the following
claim:

there exists b € U with up & bp and bA & wa. 3
We consider five cases, all but one of which are straightforward.

Case 1. Camoec A< Ly. In this case c(u) = c(w) and, by Corollary 2.5(i), we have
up Rup and ul R wi.

Case 2. Lampec P c . In this case c(u) = c(w) and, by Corollary 2.5(i), we have
up Rwp and wi R wi.

Case 3. i qanoscAcCeng and p o Cevg. Then h(u)=h(v)=h(w) and c(u)=
c(w). Hence, by Corollary 2.5(ii), up & up and ud R wa.

Case 4. i amoes P < Ceva and Ac Conve. Then h(u)=h(v)=h(w) and c(u)=
c(v). Hence, by Corollary 2.5(ii), up ® wp and wA R wi.

Case 5. A,p c {oanm From (2), we have that

s(u) A’s(v) p*s(w).

From Lemma 2.7(ii), it follows that A°,p°€[{, £vas] and therefore that c(s(u))=
c(s(v)) = c(s(w)). But #(s(u)) = n so that by the induction hypothesis, we can assert that
there exists an element a € K,, with

s(u) p’a X’ s(w).

Let z e X be such that c(p)\c(s(p))={z}, for pe{u, v, w}, and let b=az. Then
a =s(b) and ¢(b) = c(u) = c(w). By Lemma 2.7(iii), up R bp and bA R wA.

By Lemma 2.6(ii), the above cases cover all possibilities and so we can conclude that
(3) holds for #(u)=n +1.

By duality, there exists an element d € U with c(d) = c(u) = c(w) and

upLdp and dA LwA. C))
Hence

wWpbu® by((3)

pb%u’d® by (4).
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Similarly, we have w°Ab°%°d°. Consequently, with e=u’, f=1° g=w’ and h=
(b°u°d®)°, we have e p h A g.

Therefore
u ¢ (ef)’ue p (hf)'uh A (hf)°uh, )
w & (gf)°'wg A (hf)°wh p (hf)°vh. (6)
Now the elements
p = (hf)°uht, q = (hf)°vh¢ and r= (hf)°whi{ )
all lie in the #-class H,, of FéR and, by (5) and (6),
pAlEqplCr.

Since congruences on a group commute, the restrictions of A/{ and p/¢ to H,, commute
so that there must be an element z € U, with s = z{ € H,, such that

pplEsA/Er. (8)
From (5), (6), (7) and (8), we have

up (hf)’uhpz and wa(hf)’whiz

so that u peAw. Thus Acpc peA on K, and, by symmetry, we must have Aep=poi
on K, ;. By induction, the proof of the theorem is now complete.

The following example illustrates that the result in Theorem 3.1 cannot be extended
to cover the whole interval [{, w].

ExampLE 3.2. The congruences {¢s and {eve do not commute. Let x, y, p, q be
distinct elements of X. Then

(Py)° Las (xqy)° Lona (xyq)°.
Now suppose that there is an element u € U such that
(xpy)° Lwar t Lz (xyq)".

Since {ovgc sy, we must have t(u)e {x, p,y}. But, for any elements a, b € U, if
a {4y b, then necessarily ¢(a) = t(b). Hence,

q=1((xyq)")=t(u) € {x, p, y}

which is a contradiction. Therefore {¢y° {oys # Cova® Cog
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4. Modularity of £(€%). In this section we shall show how the modularity of
Z(%R) is a simple consequence of the results of Section 3. We will require the following
two lemmas.

Lemma 4.1 (Birkhoff [1], page 86). Any lattice of commuting congruences on an
algebra is modular.

LemMA 4.2 (Hall and Jones [6], Proposition 3.5). The mapping
1 V=>UNLVYVE (VeL(6R))

is an isomorphism of £(6R) onto a subdirect product of L(¥) and [¥, €R).
This prepares the way for an alternative and simpler verification of the following
result of Pastijn’s [11].

THEOREM 4.3. L(6R) is modular.

Proof. By Lemma 4.1 and Theorem 3.1, it follows that the interval [, {y] is
modular. But 7 induces an antiisomorphism of the interval [{, {s] onto the interval
[¥, €2R] so that [#, 2] is also modular. On the other hand, () is just a two element
chain consisting of ¥ and 7. Hence Z(¥) is certainly modular. Consequently, by Lemma
4.2, L(6R) is a subdirect product of two modular lattices and as such is necessarily
modular.

Concerning Theorem 4.3, it is interesting to note similar results concerning other
classes of algebras. It is well known that the lattice of varieties of lattices is distributive
and that the lattice of varieties of groups is modular. On the other hand, the lattice of
varieties of inverse semigroups is not modular ([15], Corollary XII.3.7) while the lattice of
varieties of commutative semigroups satisfies no lattice identity ([2], Theorem 2). In the
domain of completely regular semigroups, the modularity of £(€%) was established in
(Rasin [19}], Corollary 6) and the modularity of £(%4%) in (Hall and Jones [6], Theorem
3.1).

In subsequent sections we shall be interested in decompositions of intervals in
ZL(€R). 1t is of some interest to note here that modularity implies, without further
assumptions, that certain intervals are isomorphic.

COROLLARY 4.4, Let U, V € L(€R). Then the mappings W—> W v U and W—
WOV are mutually inverse isomorphisms between the intervals [UNY, V] and
(%, %V Y]

Proof. Straightforward.

5. Subdirect product representations. One approach used in the study of L(€R)
has been to describe certain ideals of the form £(U v V), for suitable U, V" € L(€R), as
particular subdirect products of £(%) and Z(7). In this section we place this approach in
a lattice theoretic setting.

For any lattice L and any a € L, let

[@)={xeL|a=<x}, (@al={xeL|x=a}
and define the mappings

Uo:X—X Aa, VyiXx—xva (xelL).
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The element a is said to be neutral in L if the mapping
@..x—>(x Aa,xva) (xel)

is an isomorphism of L onto a subdirect product of (a] and [a).
In a modular lattice, the test for neutrality can be simplified.

LemMmA 5.1 ([5]). Let L be a modular lattice and a € L. Then the following statements
are equivalent:
(i) a is neutral;
(ii) w, is a homomorphism;
(iii) v, is @ homomorphism.

For any elements a, b in a lattice L, let
P,={(x,y)e(a]lX(b]|xAb=y aa).

Our first concern regarding P, , is to determine when it is a sublattice of (a] X (b].
The properties considered in the next observation will be helpful.

LemMa 5.2. Let L be a lattice and a,b € L. The restriction of u,,, to (b] is a
homomorphism if and only if the restriction of u, to (b] is a homomorphism.

Proof. Necessity. For any x, y € (b],
(xvy.=xvy)ra=@xvy)abaa)=(x vy,
= Xltans V Ylars = (X A@AD)V (y nanb)
=(xAa)v(yray=xu,vyu,

and, since g, clearly respects meets, the desired statement holds.
Sufficiency. For any x, y € (b],

(xVYap=@xVvy)rarb=(xvy)ra=(xvy)y,
=X, VY, =(x Aa) Vv (yna)
=(xAaAb)v(yranb)=(xpans) vV (YHans)

and, since y, ,, clearly respects meets, the statement holds.

LemMa 5.3. Let L be a lattice and a,b € L. Then P, , is a subdirect product of (a] and
(b] if and only if the restrictions of p, to (b] and of u, to (a] are both homomorphisms.

Proof. Let P=P,,.

Necessity. Let x,y e(b]. Then (aAx)Ab=aAx=xAa so that (aAx,x)eP.
Likewise (aAy,y)eP. But P is a sublattice of (a}Jx(b] whence
((aax)v(any),xvy)eP. Consequently, by the definition of P,

((@aanx)vi(@aay)ab=xvy)aa

which implies that
an(xvy)s(@aax)viany).

Since the reverse inequality is clearly valid, it follows that

an(xvy)=(aax)v(any)
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and, since u, clearly respects meets, we see that u, is a homomorphism on (b]. By
symmetry, the direct implication holds.

Sufficiency. Let (x, y), (u, v) € P. Clearly,

xy)A@v)y=xAu,yArv)eP

while
xvuyab=@xaAb)vuab)y=(yra)v(ura)=(yvuv)aa

so that (x, y) v (u, v)=(x vu,y vv) e Pand P is a sublattice of (a] X (b]. If x € (a], then

xAb=(xAb)aa and (x,x Ab)e P. Similarly, for any y € (b] we have (y Aa, y)eP.
Thus P is a subdirect product of (a] and (b].

The preceding lemma warns us that, in general, P, , need not be a sublattice despite
the simple formulation. This implies, in particular, that in the representation theorem to
follow, it is not sufficient to check that the mappings ¢ and y are mutually inverse order
isomorphisms.

TueorReM 5.4. Let L be a modular lattice and a,b € L be neutral in the sublattice
(a v b). Then P, is a subdirect product of (a] and (b] and the mappings
@p:z—>(zAa,zAb), Yi(x,y)—>xvy
are mutually inverse isomorphisms between (a v b] and P, ,.

Proof. By Lemma 5.3, P =P, , is a sublattice of (a] X (b]. Since a and b are neutral
in (a v b}, it is clear that ¢ is a homomorphism of (a v b] into P while y clearly maps P
into (a v b)]. Let z € (a v b]. Then

(@av@ab)ab=(anb)v(zab)=(avz)ab,
(@av(zab))vb=avb=(avb)vz=(avz)vb

so that, by the modularity of L, a v (z A b) =a v z. Hence
(Zara)v(ab)ra=(zAra)v(zaaanb)=znAra,
((zaa)v(zab))va=av(zAab)=avz=zva.

By modularity, it follows that zpy = (z A @) v (z A b) = z and @y is the identity mapping

on (a A b].

Now let (x, y) € P. Then
xvy)ra=(@xra)v(yra)=xv(xab)=ux.
Similarly, (x v y) A b=y whence

ype=(@xvy)ra,  xvy)ab)=(xy)
so that o is the identity mapping on P and therefore, since both @ and y are order
preserving, @ and vy are mutually inverse isomorphisms.

We now apply these lattice theoretical considerations to £(€%). We shall want to
refer to some additional varieties: '
0% §—orthocryptogroups (orthodox cryptic completely regular semigroups),
LO%%—locally orthocryptogroups (all Se€ €R such that eSe e 0€%, for all
e € E(S)), :
CLO%%4—{S € 6% the subsemigroup of S generated by E(S) lies in LO€%}.
These varieties appear in some interesting relationships.

https://doi.org/10.1017/50017089500009162 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500009162

146 MARIO PETRICH AND NORMAN R. REILLY
Lemma 5.5. () B v 9= 0%9. (i) B v 6L = LOGY. (iii) 09 v €Y = CLOYY.

Proof. (i) See (Petrich [14], Lemma 1).
(if) See (Hall and Jones [6], Corollary 5.4).
(iii) See (Hall and Jones [6], Theorem 5.3 and Reilly [20], Proposition 5.3).

LemMaA 5.6. (i) The varieties G and €% are neutral in L(€R).
(ii) The variety B is neutral in £(€%).

Proof. It is proved in (Jones [9], Theorems 3.1 and 3.3) that ug and uge are
homomorphisms on L(€R) and it follows easily from (Hall and Jones [6], Proposition
3.4) that the restriction to £(€%) of ug is also a homomorphism. The claims then follow
from Theorem 4.3 and Lemma 5.1.

CoroLLARY 5.7. (i) (Petrich [14], Theorem) The mappings
V—=(VNB,VNG, (U, W)UV W

are mutually inverse isomorphisms between L(06%9) and L(RB) X L(9).
(i) (Hall and Jones [6], Corollary 5.5, Rasin [20], Proposition 1) The mappings

V>V NB,VNECY), (U W)>UVW

are mutually inverse.isomorphisms between L(LO€%) and Pg ¢y

Proof. (i) By Lemma 5.6 and Theorem 5.4, the mappings in (i) are mutually inverse
isomorphisms between £(%B v 9) and Pg 4 But, by Lemma 5.5, B v §= 0%% and, since
BN G=J, we have Py o= L(B) X L(9).

(ii) By Lemma- 5.6 and Theorem 5.4, the mappings in (ii) are mutually inverse
isomorphisms between £(B v 6€¥) and Pg ¢y In addition, by Lemma 5.5, Bv €¥ =
LO%%.

A further result of the genre being considered in this section appears in ([21],
Theorem 4.9) where it is shown that Z(09v €¥) is isomorphic to Pgygs A
consequence of this result is that 0% is neutral in L(09%v €¥). However, no direct
simple verification of the neutrality of 0% in £(09v €%) is available so that the
approach given here does not lead, as yet, to any economy of effort in the derivation of
the result.

6. Representing intervals in lattices. In this section we will study certain cir-
cumstances under which an interval of the form [a Ab,a v b] in a lattice may be
isomorphic to the product [a A b, a] X [a A b, b] with a view to applying this to the lattice
L(€R). The relationships explored in the first lemma are central to these deliberations.

For any complete congruence A on a complete lattice L and any a € L, the class aA is
an interval. We define a; and a* by aA = [a;, a*].

Lemma 6.1. Let x and t be congruences on a lattice L and a,b € L. The following
statements are equivalent.

(i) akanbrth. (ii) atavbkb.
Suppose further that L is a complete lattice and that x and t are complete congruences.
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Then (i) and (ii) are equivalent to each of the following statements.
(iii) a, <b=a". (iv) a. <b, b, =<a.
(v) asb*, b=a" (vi) b,=a=b*~
Proof. If (i) holds, then
a=av(anb)tavh, b=(anb)vbkavd

which gives (ii). The argument to show that (ii) implies (i) is similar. Now let L be a
complete lattice and x and T be complete congruences.
If (ii) holds, then
’ a.<(avb).,=b.=b<avb=(avb)'=a"
which yields (iii). If (iii) holds, then b, < (a%), = a, =a and (iv) holds. If (iv) holds, then
a=a*=(a)“<b* and b=b"=(b,)*<a"

so that (v) holds. If (v) holds, then b, = (a%), = a, =< a whence (vi) holds. Finally assume
that (vi) holds. Then

a.=(b",.=b.=b.
But we also have a, =a. Hence a, <a A b <a which implies that a k a A b. From b, <a
we deduce that b, =a A b=b so that b Ta A b and (i) follows.

If L, a, b, x and 7 satisfy (i) and (ii) in Lemma 6.1, then we will say that a and b are
KT1-neighbours.

Congruences x and t on a lattice L are said to be disjoint if k NT=€.

It is important to note that the property of being neighbours is invariant under
dualization. For any lattice L, its dual L* is the lattice obtained from L by interchanging
the operations v and A.

CoroLLARY 6.2. Let k,t be (disjoint) congruences on a lattice L. Then k,t are
(disjoint) congruences on L*. If a,belL are kt-neighbours in L, then they are
tk-neighbours in L*.

LemMA 6.3. Let k and t be disjoint complete congruences on a complete lattice L and

let ae L. Then . .
a=a.va,=a“na"

Proof. Since k and t are congruences, we have
a. va,kava,=a and a.,va,Ta.va=a
so that a, va, (kN 7) a. But x and 7 are disjoint. Therefore a =a, v a,. The second
equality follows by duality.

CoRroLLARY 6.4. Let k and t be disjoint complete congruences on a complete lattice L
and let a € L. Then a*, a” are kt-neighbours and a,, a, are tk-neighbours.

a*va’'
a’t at
a
a, Ay
a, Aa,
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Proof. By Lemma 6.3, we have

a*Ana*=axa* and a*Aa*=arta’

from which we deduce the first claim. The second claim follows similarly using Lemmas
6.3 and 6.1(ii).

LEMMA 6.5. Let k,T be disjoint congruences on a lattice L and a,be L, be
kt-neighbours. Then the mappings

@g:z—(zna,zAb), Y:(x,y)—=xvy
are mutually inverse mappings between (a v b] and P, ,.

Proof. Clearly @ maps (a v b] into P, , and ¥ maps P, , into (a v b]. Since a and b
are kt-neighbours we have

akanb and atavbkb.
For (x, y) e P, ,, we get
xvy)na=@xv(yanb))razxv(ynanb))a(@avhb)
=xv(xAbab)=x,
xvy)ra=((xaa)vy)naxk((xranb)vy)aa
=((yranra)vy)ra=ynra=xAab
kxA(avb)=x.
Thus (x vy) Aa(k N T) x so that (x Ay) Aa=x. Similarly (x v y) A b=y whence p@ is
the identity mapping on P, ;.
For z € (a v b], we have
(zra)v(zab)t(za(avb))v(zaanb)
=zv(zAaanb)=z,
(zAra)v(zab)k(zaranb)v(za(avb))
=(zAanb)vz=z
Therefore (z Aa) v (z Ab) (kN T) z so that (z Aa) v (z Ab)=2z and @y is the identity
on (a v b].

We are now ready for the main theorem of this section. One of the striking features
of this result is the fact that neither modularity nor neutrality appear in the hypotheses.

THEOREM 6.6. Let k,t be disjoint congruences on a lattice L and a,beL be
kt-neighbours. Then the mappings
p:z—>(zna,zAb), Y:(x,y)oxvy
are mutually inverse isomorphisms between [a Ab, a v bl and [a A b, a] X [a A b, b].
Proof. Clearly g maps A=[aAb,avb]into B=[aAb,a]X[anAb,b]and y maps
B into A. Since (x,y) € B implies that x Ab=a Ab=y aa, it follows that Bc P, ,.
Hence, by Lemma 6.5, @ and 1 are mutually inverse bijections. To complete the proof, it

suffices to show that ¢ is a homomorphism since y, as the inverse mapping, will then
automatically be a homomorphism. To show that ¢ is a homomorphism it suffices, by
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symmetry, to show that y, is a homomorphism on A. So let x, y € A. Then
xara)v(yra)xk(xa(anb))v(ya(anb))
=anb
=(xvy)a(aab)
k(xvy)Aaa, )
and
xnrna)yv(yara)t(xa(avb))v(ya(avb)
=xvy
=(xvy)a(avb)
T(xvy)ra (10)
Since Kk N t = €, we conclude from (9) and (10) that
xAaa)v(yaa)=(xvy)aa.

Thus u, respects joins. Clearly u, respects meets so that y, is a homomorphism on A, as
required.

7. Local decompositions of £(6%). For any equivalence relation 6 on a com-
pletely regular semigroup S, let 6° denote the largest congruence on S contained in 8. For
any congruence p on S, we define the kernel, trace, left race and right trace of p to be

kerp={aeS|apa®, trp=p|gs
trp=tr(pv ¥’ rrp=tr(pv R)°,
respectively. Define the relations K, 7, T, and T, on %(S) as follows: for 4, p € €(S),
AKp & ker A=kerp, ATp S tri=trp,
AT,p & ltrA=Itrp, AT, p © rtr A=rtr p.

In what follows, let T denote the lattice of fully invariant congruences on F, the free
completely regular semigroup on X. Clearly T'={§+/{ | ¥ € L(€R)} and we will write

Py =yl

LeMMA 7.1. (i) The relations K, T, T, and T, are complete congruences on T.

(i) KNT=e.

(i) TNT,=T.

Proof. (i) The claim regarding K was established in (Pastijn [11], Theorem 11), that
for T, and T, was established in (Pastijn and Petrich [12], Corollary 4.9) and that for T
follows from the preceding observations and part (iii).

For (ii), see (Feigenbaum [4], Theorem 4.1).

For (iii), see (Pastijn and Petrich [12], Corollary 4.8).

THeEOREM 7.2. (Pastijn and Trotter [13], Theorems 5.1 and 5.2) Let p €T.
(i) The mappings
6—(6Np*,6Nnp"), (§,n)—Evy

are mutually inverse isomorphisms between [p, p* v p"] and [p, p*] X [p, p"].
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(i1) The mappings
9_)(9Vp[(, eva): (5: n)—)fjﬂr[
are mutually inverse isomorphisms between [px N pr, p] and [pk, p] X [T, P]-

Proof. (i) From Lemma 7.1, we know that K and T are disjoint complete
congruences on I'. It follows from Corollary 6.4 that p* and p” are KT-neighbours and
the claim follows by Theorem 6.6.

(ii) This follows from (i) by duality.

THEOREM 7.3. Let p € T'. Then the mappings
6_)(6VPT11 9Vp7-,), (E: 77)"*5”77

are mutually inverse isomorphisms between [pr,Npr, plNpK and
(o7, P10 pK) X ([o1,, P] N PK).

Proof. By Lemma 7.1(ii) and (iii), the restrictions of T; and 7, to pK are disjoint
complete congruences and so an argument similar to that for Theorem 7.2(ii) will
establish the claim.

We now wish to provide some specific illustrations of the preceding discussions but in
terms of varieties rather than fully invariant congruences.

By means of the standard antiisomorphism between I' and £(€2), the congruences
K and T on T determine disjoint complete congruences, which we will also denote by K
and T, on L(€R) as follows:

UKV Spy Kpy (U, Ve L(ER)),
UTVSpaTpy (U Ve L(ER)).

For any p €T, let [p] denote the subvariety of €% defined by p = py,;. Then, for any
V € L(€R) and writing p = py,, we have

V¥ =[px] and ¥ =[pX].

LemMa 7.4. (i) T* =B, 9G*=Re¥"=0%.
() TT=9, RBT = ReG" = 6.

Proof. (i) See (Poldk [17], Theorem 2).
(ii) See (Petrich and Reilly [16], Section 9).

THeOREM 7.5. (i) (Petrich [14], Theorem) The mappings
V>V NB, VN, (U, W)> UV W

are mutually inverse isomorphisms between £(0€%9) and £(B) x L(9).
(ii) (Hall and Jones [6], Corollary 5.5 and Rasin [20], Proposition 1) The mappings

Y (Y NB,VYNECS), (U W)—>UVW

are mutually inverse isomorphisms between [RB, 0€Y] and [RB, B] X [RB, €F).
(iii) (Reilly [21], Theorem 4.9) The mappings

V>TNoY,VYNEF) (U W)->UVW
are mutually inverse isomorphisms between [Re%, CLOGY) and [Re¥$, 09] x [Re%, €Y.
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Proof. (i) This same result was obtained in Corollary 5.7(i) using the subdirect
product representation technique of Theorem 5.4. We provide an alternative proof here
based on Theorem 6.6 which will serve as a model for the proofs of parts (ii) and (iii).
Since BN 9= J while 7%= 3B and 77 = ¢, by Lemma 7.4, it follows that % and ¥ are
KT-neighbours. By Lemma 5.5(1), B v ¥= 0€%. The result then follows from Theorem
6.6.

The proofs of (ii) and (iii) follow the same pattern using the appropriate parts of
Lemmas 7.4 and 5.5.

Clearly, if U, V' € L(€R) are both neutral in L(U v V'), then U and ¥ are neutral
in [UNY, Uv V). When UN ¥V =T, these two concepts coincide and it is natural to
wonder if they coincide throughout L(€R). To see that this is not the case, let U, ¥,
W e £(%) be such that UN (V' v W)#(UNV) v (UN W) (since L(%) is not distribu-
tive, there must exist such varieties; see [7]). Then we have

UKU=%NUTY

so that U and ¥ are KT-neighbours. However, by the choice of U, we know that ug, is
not a homomorphism on £(%) so that % is not neutral in £(%). Thus Theorem 6.6 is
applicable (in a trivial sort of a way) but Theorem 5.4 is not.
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