ON CONVERGENCE OF PROJECTIONS
IN LOCALLY CONVEX SPACES

J. E. S'meson1

(received August 10, 1965)

This note is concerned with the extension to locally convex
spaces of a theorem of J. Y. Barry [1]. The basic assumpticns
are as follows. E is a separated locally convex topological
vector space, henceforth assumed to be barreled. E' 1is its
strong dual. For any subset A of E, we denote by w(A) the
closure of A inthe o-(E, E')-topology. See [2] for further
information about locally convex spaces. By a projection we
shall mean a continuous linear mapping of E into itself which
is idempotent. A net { Pa: @ € T} of projections will be said to

be increasing if a > a' always implies P P =P P =P .
- a a a '

Q
The symbol V P is used to denote that projection, if it exists,
a a
with the properties 1i) ( VaPa) (E) =clm {PQ(E)} , the smallest:
closed linear subspace of E which contains U P (E), and
@ a

ii) (I- V.P }E)= N [(I- P ) (E)].
a a a a

Following Barry we now give the following definition.

Definition. Given an increasing net { P } of projections
—_— a
on E, we say that a point Yo of E is a weak x-cluster point

of {pa} if y e naw({Psx:ﬁZa}).

THEOREM. Let { Pa} be a bounded increasing net of

projections on E . Then there is a projection P on E such

This note is excerpted from the author's doctoral
dissertation, Yale University.
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that P=V P and Px=1lim P x forall x in E if and only if
a «a a

{P } hasa weak x-cluster point for every x in E .
a

Proof:

I) When P exists, it is apparent that Px =lim Pax is
Q

a weak x-cluster point of { Pa} for every x .

II) Conversely, letting Yo be a weak x-cluster point of

{P 1}, we first show that
a
(1) Px =Py for every a.

To this end, let a be fixed. Then for every x' in E' and
every € >0, Iet N=\I(yx, tPa{x',e)z

{ze E' : |<z - V. tPax' >| <e}. From the definition of
an x-cluster point, it follows that there must be some B> «
such that Pﬁxe N. Hence ¢ > 'PBX - y}; , tPax' >| =
[<Papr - Payx' x' > =< Pa(x - yx), x' >|. Since € and x'

are arbitrary, (1) follows.

Now since v ¢W ({ PBx : B >ea}) for every «, it

follows from a classic theorem of Banach, (see [3], p- 422,
Theorem V. 3.13 for a convenient formulation) that y is in
x

the closure, in the original topology on E , of the convex hull
of {PBX B> a} for every « . Thus for every neighborhood

S of zero in E there are finite sets of scalars

{bk,S tk=1,2,... ,nS} and of indices {ak,S tk=14,2,... ,ns}
such that
@) y - Tgxes,
1’ls
where Ts =z bk S P . It is easily verified that if
k=1 7 %5
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a>ak for each k:i,Z,...,nS, then

Now let W be any neighborhood of zero in E, and find
a neighborhood U of zeroin E suchthat U+ UQ W . Since

{P } isbounded and E is barreled, {P } is equicontinuous
@ a

and there is a neighborhood V of zero such that P (V}C U for
o =

every a . Let aozak, UNV forevery k:i,Z,...,nUﬂV,

Then, for all a> ao ,

(4) yX-TUane unv from (2) ,
- =0
{5) TUan PQTUan from (3) ,
- =P - ~d
(6) PaTUan Payx a[TU nvE yx] € U from (4), and

7) P -Px=0 from (1) .
o x a

From these statements it follows that Yo~ PxeU+UCW.
[°4

Hence lim P x=y . Let Px=Ilim P x. Since {P } is
@ a x a a a

equicontinuous, P isin E'. Also, from 1), P x= PY-{ =
lim Py =lim P x=Px. Hence P isa projection. Also,
a a'x a a
PP =P P=P forall a.
a a a

Finally, if xe¢ N N (I- Pa)(E) then (I - P )Jx=x forall a.
Q
Hence (I - Plx=x-Ilim P x=1lim (x- P x)=x. Therefore,
a a a a

ﬂa(I - PZ,)(E)E (I- P) (E). Atthe same time, for each a,

(I- Pa) (I-P)=1-P- Pa + PQP =1 - P. Consequently,

(I-P) (E)S(- Pa) (E) for every a sothat (I- P) (E)C

ﬂa (1 - Pa) (E) . Likewise, since Px=lim P x by definition,
a a

we have P(E)C clm {PQ(E)} , while from PPQ =P we get

- a

109

https://doi.org/10.4153/CMB-1966-015-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1966-015-2

P (E)C P(E) for every a, sothat P(E) =clm {Pa(E)}
=

Thus we are justified in using the notation P= V P
a a
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