ON QUASI-NORMABLE ECHELON SPACES

by M. VALDIVIA
(Received 27th June 1979, revised 16th January 1980)

In this paper we prove that if the strong dual of an echelon space fulfils the Mackey
convergence condition the echelon space is quasi-normable. Also we give a character-
isation of the quasi-normable echelon spaces and we deduce that every non-quasi-
normable echelon space is the strong dual of a non-complete (LB)-space.

The vector spaces used here are defined on the field K of real or complex numbers.
By the word ‘“‘space” we mean a “locally convex space”. Given a dual pair (E, F),
o(E,F), u(E, F) and B(E, F) are the weak, Mackey and strong topologies on E,
respectively. Given a space H, H' is its topological dual. If B is a bounded absolutely
convex subset of H, Hg is the normed space on the linear hull of B normed by the
Minkowski functional of B. A sequence (x,) in H converges to x in the sense of
Mackey if there is an absolutely convex and bounded subset of H, A, such that x and x,,
belong to Hy,, n=1,2,..., and (x,) converges to x in H,. H verifies the Mackey
convergence condition if every convergent sequence in H converges in the sense of
Mackey. H verifies the strict Mackey convergence condition if for every bounded set M
in H there exists a bounded absolutely convex set B in H such that M is bounded in
Hpg and the topology of Hy coincides with topology of H on M. If H is quasi-barrelled,
H is quasi-normable, (1, p. 106), if H'[B(H', H)] verifies the strict Mackey convergence
condition.

In the sequel A will denote an echelon space and A* its a-dual. Let us suppose that
the echelons which define A

) — (y(m) —
a®=(a{,af”,...,a",..), n=12,...,

are positive, form an increasing sequence of vectors and for each index p there is an
index q such that al #0, (see (3)). Let

B,={a=(aj, a,...,a,..):a|=al, p=1,2,..}.

We put A% for the linear hull of B, endowed with the closed unit ball B,. The norm
of AL is ""

o is the space of all sequences with only finitely many non-zero coordinates. By ¢
we represent the subspace of A*[B(A*, A)] of all the limits in the sense of Mackey of
sequences in .

If P is a subset of the set N of positive integers, let A*(P) be the subspace of
A*[B(A*, A)] of the vectors with vanishing coordinates corresponding to indices outside
P.
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Lemma. The space ¢V is complete if and only if there is for each peN an integer

q > p such that, if P is an arbitrary subset of N which verifies

a(p)
a®#0, neP, inf {a(“) neP}#O

then

a(p)
1nf{ ot neP}#O r=q+1,q+2,....

Proof. Suppose that there is a p eN such that, for each g > p, we can find an integer
r,r>gq, and a subset P of N, such that

a(p) a(l’)
a®+#0, neP, mf{ o neP}%O mf{ s neP} 0.
al

We can select in P a sequence n,<n,<...<n,<..., so that
a(p)
lim—= (q) =a,#0, 1)
"-
(r)
.. a
lim—%5=0. )
a"x
The vector

Y=(C1,C2 - 3Cns-.2)

of A* defined by ¢, =0, if n#n,, c,=a®,if n=n,s=1,2,..., lies in AZe.
Let ¢, be the closure of ¢ NALw in ALm with the topology induced by ALwm.
According to (1), v does not belong to ¢, and by (2), vy lies in ¢,. Therefore

@, N Aztw ?é @q N A:(p)

and, consequently,
((pn ﬂ A;("))cr’:=p

is an increasing non-stationary sequence of closed subspaces of AL«. Applying the
theorem of Baire to the Banach space AL it results that

- U{(Pn ﬂ/\:m: n= 1, 2, .o .}= (p“)nA:(n)

is a non-closed subspace of AZ« and therefore ¢V is not complete.

Suppose now that the conditions of the lemma are verified. If ¢¥ =A% then ¢® is
complete. If ¢ is different from A* we take a vector B=(b,, by,..., b,,...) in A*
which is not in ¢*. Let p eN be such that 8 € AXe. We obtain an integer q > p so that,
if P is an arbitrary subset of N which satisfies

a(p)
a®#0, neP, mf{ )neP}%O
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then

a(p)
mf{ @' neP}%O r=q+1,q+2,....

Since BeAie and B¢ ¢, we can find a sequence of positive integers

n<n<...<n<...
so that
a®#0, s=1,2,...

and

. (15|
1nf{—a-':—:s=1,2,...}#0.

n,

There exists a positive real number b such that
|b, |=ba®, s=1,2,....
Then
a(p) |b I
mf{aq) s=1,2,. ] nf{b ' :s=1,2,. }#0,

n,

and therefore
a(p)
mf{a(,) s=1,2,. }%0, r=q+1,q+2,....

Using a diagonal process we can obtain a subsequence (m,) of (n,) so that
(2]

lim a(r) a,#0, r=q,q+1,... 3)
50 Airy :

b —
llmF C-';EO (4)

s=® Um,

Let A} be the subspace of A*[B(A*, A)] consisting of all the sequences with the nth
coordinate vanishing, for neN, n#¥m,, s=1,2,.... Let A} be the subspace of
A*[B(A*, A)] consisting of all the sequences with the m,th coordinate vanishing,
s=1,2,.... Then A*[B(A%, A)]= A BA3.

From (3) and (4) we obtain that A} is topologically isomorphic to [® and the
projection of 8 onto A along A is not in the closure of ¢ MAT in A. On the other
hand, since ¢ is a normal space it follows in a straightforward way that the projection
of the completion of ¢ onto A} along A% coincides with the closure of @ MA¥ in A}
and therefore 8 does not belong to the completion of ¢ and so ¢ is complete.

Theorem 1. If ¢V is complete, then A[u(A, A*)] is quasi-normable.
Proof. Given a bounded absolutely convex subset A of A*[B(A* A)], we can find a

positive integer p such that A is a bounded set in ALw. Let q be a positive integer,
q > p, which verifies the conditions of the lemma.
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Let us suppose that B(A*,A) and the topology of AZw do not coincide on A.
Therefore there is a positive number ¢ and a net in A

{x{"):jeJ, =z} (%)
which converges to the origin in A*[B(A*, A)] such that
lxMg>¢, jel.
If jeJ, we have that

lxl =sup {Z): ato 0}

Consequently, there exists a positive integer m; so that

a@+0 |—x—ﬂ>c (6)
mT T @

For a suitable positive real number b
|x(1)| < ba(p) j€ 7,

hence
) [6)]
b Dlm s [l
= a(q) = a(q) ’
m; m

and therefore
a(p)
mf{ @' ]GJ}#O
Then, by the lemma,
a(p)
mf{ (r) ]GJ}#O r=q,q+1,.... N

If M is the set {m;:je J}, the spacc A*[B(A*, A)] is the topological direct sum of A*(M)
and A*(N~M). Condition (7) shows that A*(M) is topologically isomorphic to a
Banach space. The projection of the net (5) on A*(M) along A*(N~ M) converges to
the origin in A*(M) and, therefore, given a positive number & <c, there exists a joeJ
such that, if j=j,,

Ix
sup { @ " lEM}< e<g,
a:
and this contradicts (6).

If ¢ is not complete it follows from the lemma that we can find a positive integer p
such that, for each q > p, q €N, there exists reN, r>q, and a subset H of N such that

a®#0, neH,

a(p)
inf { a"“ :neH}#O

n

a(p)
inf {a") n eH} 0.
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We put q=gq,, r=q,. We determine- an increasing sequence of natural numbers

n<np<...<n;<...

such that
®) )
a a
L T Ny
lim —24 = ¢, #0, hm —~a5=0.

i "u > "u

Let us suppose that, for s=1,2,..., m, sequences of positive integers n,; <ng, <
...<ngz<...and numbers q, g,.; in N have already been constructed such that

(p)

hm a“‘f’ =¢,#0, 8)
()
: a"rx —
}1m a‘,f:;*') =0(. 9)

Starting from g,,,,; we can find a positive integer q,,.»>>q,.+1 and a subset P of N such
that

By (9), we can assume that P has been chosen disjoint from
{ng;:s=1,2,...,m;i=12,.. .}
Now we select a sequence

R+l <Mma1)2 <o s < Ama)i <. ..

in P such that

a(p)

hm _m"?—%i Cm+1 # 0,
a"(m+l)i
a(p)

lm 2%es = 0.

Q'%m2

Nim+1n

Let A be the sectional subspace of A defined by the system of steps
B™=(0b{";i,j=1,2,..) m=12,...

i—>o0

where
)= 44 =
bW =al+’, m=2,3,...
T PR
b =a®.

Theorem 2. If ¢¥ is not complete, A*[B(A*, )] does not fulfil the Mackey con-
vergence condition.

https://doi.org/10.1017/50013091500004028 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500004028

78 M. VALDIVIA

Proof. Obviously, it is enough to show that A*[B(A*, A)] does not verify the
Mackey convergence condition. In A* we consider the sequence ((x{”))7-, defined in
the following way:

x{P =0, i=1,2,...; n=12,...
x{=0, i=1,2,...n; i=2,3,...

1
x§,-“)=—i-b§,~“, j=n+1,n+2,...; i=2,3,....

Let us see first that the sequence ((x{”))7-, converges to the origin in A*[B(A*, A)]. If
B is a bounded set in A[w (A, A*)] there exists a sequence (h,,) of positive numbers such
that, for each (i;) e B.

Y lu) by =h,, m=12,....

iL,i=1
Given a positive number g, we can find i,eN, i;=2, such that
h, e
<z
i 2

Then, for each (y;)€ B and ne N, it follows that

S ouppl=|Y T uspls Z Iu.,l—b‘,-"
ij=1 i'=2i=1 i=ig+1 j=
§]Z Z u;x +_ ux |+
i=2j=1 =2j=1
We can put (9) in the form
b(l)
lim—==0, i=2,3,...
j—o B

and, therefore, there exists j,€N such that

b(l) € ) ) ' .
(1)< hl I ZJos l=2,3,--.,lo.
U 0
Then, if n>j, it follows for (u;)€ B,
-] . lo o (“) 8
Y uxP|=| T X wx +§
ij=1 i=2j=1
iy o £ i, o b(l) e
=2 X sl |x‘")|+§§ 2wl =45
i=2 j=io* i=2j=jo+1 L

hence (‘(xﬁ")):’f=1 converges to the origin in A*[B(A*, A)].
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On the other hand, given the natural number m, by (8) it follows that

(n) 0]
 Xgmenj_ 1 bimeny; 1
lim = lim —=5— =

m cm+1#03 n=1,2,...
j—eoo bgml—l)) m + l j—roo b(m+l)j m + 1

so that ((x{))7-, does not converge to the origin in Aje.
From the former results we obtain the following theorem:

Theorem 3. In an echelon A, the following conditions are equivalent:
1. @ is complete.

2. A[p(A, A®)] is quasi-normable.

3. A*[B(A*, M)] verifies the Mackey convergence condition.

In (1) A. Grothendieck asks if there exists a space with a countable fundamental
system of bounded sets which verifies the Mackey convergence condition but not the
strict Mackey convergence condition. In (§) S. Warner gives an example answering this
question. In the following proposition we give a class of spaces with this property.

Proposition. If E is a Banach space such that E'[o(E’, E)] is not separable there is a
topology & on E, compatible with the dual pair (E, E'), such that E[€] is a (DF)-space
which verifies the Mackey convergence condition but not the strict Mackey convergence
condition.

Proof. Let € be the topology on E of the uniform convergence on every countable
bounded subset of E'[g(E’, E)]. Obviously € is compatible with the dual pair (E, E’). If
B is the closed unit ball of E, a fundamental system of bounded set of E[E] is given by

{nB:n=1,2,...}.

Every locally convex space E,gz coincides with Eg, n=1,2,... and, since
E'[o(E', E)] is not separable, & is different of the topology of E, hence & does not
coincide with the topology of E,z on B and, therefore, E[€] does not verify the strict
Mackey convergence condition.

Since E[&] is, obviously, a (DF)-space, € and B(E, E') (which coincides with the
topology of E), coincide on every countable subset of E[€], [3, p. 392] and therefore if
(x,) is a sequence in E[€&] which converges to x, it also converges to x in E = Eg.

Question. Is it true that every separable Fréchet space, such that its strong dual
verifies the Mackey convergence condition, is quasi-normable? .

Theorem 4. If A[u(A, AX)] is not quasi-normable, it is the strong dual of a (LB)-
space which is not complete.

Proof. The space A[(A, AX)] is the strong dual of the subspace ¢ of A*[B(A%, A)]

" (2), hence A[(A, A%)] is the strong dual of V. On the other hand, ¢ is a (LB)-space,
(4), and, by Theorem 1, ¢® is not complete.
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Corollary. IfA[n(A, A¥)] is not distinguished, it is the strong dual of a non-complete
(LB)-space.

Proof. It is straightforward considering Theorem 4 and the fact that every quasi-
normable Fréchet space is distinguished. (3, p. 399).
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