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ABSTRACT
Given a word w(x1, ..., x,), i.e. an element in the free group on r elements, and an inte-
ger d > 1, we study the characteristic polynomial of the random matrix w(Xj, ..., X,),

where X; are Haar-random independent d x d unitary matrices. If ¢,,(X) denotes the
mth coefficient of the characteristic polynomial of X, our main theorem implies that
there is a positive constant e(w), depending only on w, such that

Elem(w(X, .., X)) < (d)l_s(w),

m

for every d and every 1<m <d. Our main computational tool is the Weingarten
calculus, which allows us to express integrals on unitary groups such as the expec-
tation above, as certain sums on symmetric groups. We exploit a hidden symmetry
to find cancellations in the sum expressing E(cp,(w)). These cancellations, coming
from averaging a Weingarten function over cosets, follow from Schur’s orthogonality

relations.
1. Introduction
Let w be a word on r letters, i.e. an element in the free group on the letters z1,..., z,.
Let X4,...,X, be random d X d unitary matrices, chosen independently at random accord-
ing to the Haar probability measure, and consider the random matrix w(Xjy,...,X,),

obtained by substituting X; for z; in w. For example, if w:x1x2x1_1x2_1, then w(Xy, Xo) =
X1 X0 X[ 1X2_ ! In this paper, we study the distribution of the characteristic polynomial of
w(Xl, ce ,XT>.

To set notation, given a d x d-matrix A and 1 <m <d, let ¢,,(A) be the coefficient of 4™ in
the characteristic polynomial det(t-Id — A) of A. Note that ¢,;,(A)=(—1)"tr( A" A), where
N*A: N"C?— A" C? is the mth exterior power of A. If A is unitary, all eigenvalues have
absolute value 1, so we get the trivial bound |¢,,, (4)] < ().

d
m
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N. AvnNI AND I. GLAZER

Our main theorem is as follows.

THEOREM 1.1. For every non-trivial word w € F,., there exists a constant e(w) > 0 such that

d 2(1—e(w))
m) ’

E(|em(w(Xy, ..., X)) < (

for every d and every 1 < m <d. In particular, we have
A\ W)
E(lem(w(Xy, ..., X0)]) < (m> )
Remark 1.2. We make the following remarks.
(1) In the proof of Theorem 1.1, we show that, if the length of w is £ and d > (25¢)7, then

one can take e(w) = =5 (25¢) 2*. We believe e(w)~! can be taken to be a polynomial in ,
for d>>, 1.

(2) On the other hand, it follows from [ET15, Theorem 5.2] that, for a fixed d, one has to
take €(w) S e=V?, for some arbitrarily long words, even for m = 1.

Theorem 1.1 relies on the following.

THEOREM 1.3. For every m,f € N, every d > m¥, and every word w € F,. of length ¢, one has
E(lem(w(X1, .., X)) < (220", (1.1)
In particular, if d > (220)'m, we have

E(lem(w(Xy, ..., X)) < <d>

m
In addition, we show that similar bounds hold for symmetric powers.
THEOREM 1.4. For every £ € N, every d > m¥, and every word w € F,. of length ¢, one has
E([tr(Sym™w (X1, ..., X,))[?) < (160)™.
In particular, if d > (16£)'m, we have

d+m-—1

E([tr(Sym™w (X1, ..., X,))[?) < ( m

) = dim Sym™C?,
and by the Cauchy—Schwarz inequality,
E(tr(Sym™w (X1, . . ., X,)))| < (dim Sym™C?)3.

Remark 1.5. Theorem 1.4 is an analogue of Theorem 1.3. It is also an analogue of Theorem 1.1
for m at most linear in d. In contrast to exterior powers, the methods of this paper are insufficient
for finding bounds similar to Theorem 1.1 for |E(tr(Sym™w(Xj, ..., X;)))|, in the regime where
m is superlinear in d.

1.1 Related work

Word maps on unitary groups and their eigenvalues have been studied extensively in the past
few decades.

The case w =z, namely, the study of a Haar-random unitary matrix X, also known as the
circular unitary ensemble (CUE), is an important object of study in random matrix theory (see,
e.g., [AGZ10, Mec19] and the references therein). The joint density of the eigenvalues of X is given
by the Weyl integration formula [Wey39]. Schur’s orthogonality relations immediately imply that
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E(|em(X)|?) =1 for all 1 <m <d. Various other properties of the characteristic polynomial of
a random unitary matrix X have been studied extensively (see, e.g., [KS00, HKO01, CFK'03,
BG06, DG06, BHNY08, ABB17, CMN18, PZ17)).

Diaconis and Shahshahani [DS94] have shown that, for a fixed m €N, the sequence
of random variables tr(X),tr(X?),...,tr(X™) converges in distribution, as d— oo, to a
sequence of independent complex normal random variables. For the proof, which relies on
the moment method, they computed the joint moments of those random variables and showed
that

m m
IE< [T trx?)e tr(Xj)bJ> =6ap [ [ 5% a5, (1.2)
j=1 j=1
for d > Z;”:l(aj +b;)j. The rate of convergence was later shown to be super-exponential by
Johansson [Joh97].

When w = 2¢, (1.2) gives a formula for the moments of traces, and one can use Newton’s
identities relating elementary symmetric polynomials and power sums, to deduce that

€+m—1>

m

Blon(X')1) = By w)?) =

for d > 2m/ (see Appendix A). In [Rai97, Rai03], Rains partially extended (1.2) for small d and
gave an explicit formula for the joint density of the eigenvalues of X* (see [Rai03, Theorem 1.3]).

We now move to general words w € F,.. The case m =1, namely, the asymptotics as
d — oo of the distribution of the random variable tr(w(Xj, ..., X)), was studied in the con-
text of Voiculescu’s free probability (see, e.g., [VDN92, MS17]). In particular, in [Voi9l,
Rad06, MSS07] it was shown that, for a fixed w € F,, the sequence of random variables
tr(w(Xy,..., X)), for d=1,2,..., converges in distribution, as d — oo, to a complex normal
random variable (with suitable normalization). As a direct consequence, for a fixed m €N,
the random variables ¢, (w(Xi,...,X,)) converge, as d— 0o, to a certain explicit polyno-
mial of Gaussian random variables. This is done in Appendix A, Corollary A.4, following
[DGO6].

In [MP19], Magee and Puder have shown that E(tr(w(Xy, ..., X,))) coincides with a rational
function of d, if d is sufficiently large, and bounded its degree in terms of the commutator length
of w. They also found a geometric interpretation for the coefficients of the expansion of that
rational function as a power series in d~!, see [MP19, Corollaries 1.8 and 1.11]. See [Bro24] for
additional work in this direction.

1.2 Ideas of proofs

With a few exceptions, the results stated in § 1.1 are asymptotic in d, but not uniform in both m
and d. We try to explain some of the challenges in proving results that are uniform in m, while
explaining the idea of the proof of Theorem 1.1.

Our main tool (which is also used in the papers [Rad06, MSS07, MP19] cited previously)
to study integrals on unitary groups is the Weingarten calculus [Wei78, Col03, CS06]. Roughly
speaking, the Weingarten calculus utilizes the Schur—Weyl duality to express integrals on unitary
groups as sums of so-called Weingarten functions over symmetric groups. In our case, in order
to prove Theorem 1.1, we need to estimate the integral

B(Jen(w)?) = |

Ua

m

tr(/\w(Xl,...,Xr)>

2
dXy,...,dX,. (1.3)
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Using Weingarten calculus (Theorem 2.12), we express (1.3) as a finite sum

Z F(ﬂ'la o 77727‘) H Wg((il) (7'('2-7'('7:_4_17,)7 (14)

(71-17"',7(2'7')61_[?;1 Sme; =1

where £1,...,0y. € N and F': H?;l Sme, = Z are related to combinatorial properties of w, and

each ng(j) :Sme, > R is a Weingarten function (see Definition 2.10). There are two main
difficulties when dealing with sums such as (1.4) in the region when m is unbounded.

(1) While the asymptotics of Weingarten functions Wg, : S,, — R are well understood when
d>m (see [Col03, Section 2.2] and [CM17, Theorem 1.1]), much less is known in the
regime where m is comparable with d.

(2) Even if we have a good understanding of a single Weingarten function, the number of
summands in (1.4) is large and it is not enough to bound each individual Weingarten
function.

Luckily, there are plenty of cancellations in the sum (1.4). To understand these cancel-
lations, we identify a symmetry of (1.4). More precisely, we find a group H acting on
Hf;l Sme, such that F is equivariant with respect to H, and such that the contribu-
tion of any H-orbit to the sum (1.4) is a product of terms, each of which has the
form

1

ml2t Z Sgn(hh,)ngli)(hlﬁihwii&-lr)’ (1.5)

h,h' €S
where sgn(z) is the sign of 2 and the sum is over the Young subgroup S% C S,,., see Corollary 5.3.

Weingarten functions are class functions, so they are linear combinations of irreducible
characters of S,,. Explicitly, we have (see [CS06, (13)])

@, 1 xa(1)?
Wg, (o) = CIAE E (1) xx(0), o€ Sme,, (1.6)
AFmbs 6N <d

where each X is a partition of m¥¢; with at most d parts and y) and p) are the corresponding
irreducible characters of S,,,, and Uy, respectively. The cancellations that we get in the sum
(1.5) come from averaging irreducible characters of S, over S%-cosets. Here S% is a large
subgroup of S,,s,, so these cancellations will be significant as well. For example, all terms in
(1.6) for which A has more than ¢; columns vanish. See Lemmas 2.7 and 2.8 for the precise
bounds.

After we bound the average contribution of each H-orbit in the sum (1.4) by a function
C(m,d,w), we bound (1.4) by |Z|-C(m,d,w) for some finite set Z. This becomes a counting
problem, which we solve in § 6, see Proposition 6.1.

The proof of Theorem 1.1 occupies §54, 5, 6 and 7. Since the combinatorics of general words
is a bit complicated, we prove a simplified version of Theorem 1.3 for the special case of the
Engel word [[z, y], y] in §3. The proof for this special case contains the main ideas of the paper,
while being easier to understand.

1.3 Further discussion and some open questions

The results of this paper fit in the larger framework of the study of word measures and their
Fourier coefficients.
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Let G be a compact group, and let ug be the Haar probability measure on G. To each
word w(z1,...,z,) € F, we associate the corresponding word map wg:G" — G, defined by
(91,---,9r) = w(g1,-..,gr). The pushforward measure (wg)«(p;) is called the word measure
Tw,c associated with w and G. Let Irr(G) be the set of irreducible characters of G. The Fourier
coefficient of 7, ¢ at p € Irr(G) is

Qw,G,p :—/T plw(zy, ..., ¢p)) e = /G p(Y)Tw.G- (1.7)

If w#1 and G is a compact semisimple Lie group, then by Borel’s theorem [Bor83], the map
wg : G" — G is a submersion outside a proper subvariety in G". It follows that 7, ¢ is absolutely
continuous with respect to ug and, therefore, 7, ¢ = fu,¢ - pa, where f,, ¢ € Ll(G) is the Radon—
Nikodym density. In this case, f, =) pelrn(G) Qw,Gop * P-

In [LST19, Theorem 4], Larsen, Shalev, and Tiep proved uniform L*°-mixing time for convo-
lutions of word measures on sufficiently large finite simple groups. From this, the following can
be deduced.

THEOREM 1.6. For every w € F,., there exists N(w) € N such that if G is a finite simple group
with at least N(w) elements, then

.| < (dim p)! =, (18)
for €(w) = C - £(w)~* and some absolute constant C'.

The proof of Theorem 1.6 is given at the end of §7.
We believe that a similar statement should be true for compact semisimple Lie groups.

CONJECTURE 1.7. For every 1#w € F,, there exists ¢(w) >0 such that, for every compact
connected semisimple Lie group G and every p € Irr(G),

’awﬂ,p’ < (dim P)l_G(w) .

It is natural to estimate e¢(w) in terms of the length ¢(w) of the word w. For simple groups of
bounded rank, item (2) of Remark 1.2 (i.e. [ET15, Theorem 5.2]) shows that there are arbitrarily
long words w for which e(w) cannot be larger than e~ VIw), However, we believe that better
Fourier decay can be achieved for the high-rank case.

Question 1.8. Can one take ¢(w) to be a polynomial in £(w), if tk(G) >y 17

Theorem 1.1 gives evidence to Conjecture 1.7 for G = SU,; and the collection of fundamental
representations { \" (Cd}fnzl. Indeed, for every p € Irr(Uy), since |p(AA)|=|p(A)| for A€ SUy
and A\ € Uy, and since py, is the pushforward of uy, X pugy, by the multiplication map (A, A) —

AA, we have
|aw 5040 SEx,,.xesua(p(w(X1, - X))
=B X0, 00 X0 esUaxUs (oW, - A w (X, X))
=En, %)\ X,)esUxU, ([P W(/\1X17-~ A X))
=Eu, (Ip(w(X1, ..., X)) (1.9)
Theorem 1.4 deals with another family of irreducible representations {Symm(Cd}Ld/ 2 J, giving

further evidence for Conjecture 1.7.

Verifying Conjecture 1.7 will imply that, for every word w, the random walks induced by
the collection of measures {7, ¢ }q, where G runs over all compact connected simple Lie groups,
admit a uniform L*>°-mixing time. Namely, using [GLM12, Theorem 1], it will show the existence
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of t(w) € N such that

wt(w)

‘ Tw,G
e

for every compact connected simple Lie group G. By the above discussion, ¢(w) grows at least

exponentially with y/¢(w) under no restriction on the rank. If the condition (1.10) is replaced

by the condition that 7':}15((;”) has bounded density, one might hope for polynomial bounds.

—1H <1/2, (1.10)

o0

Question 1.9. Let 1#w € F,. Can one find ¢(w) € N such that for every compact connected
semisimple Lie group G, T;t(é”) has bounded density with respect to pug? Can t(w) be chosen to

have polynomial dependence on ¢(w)?

Question 1.9 can be seen as an analytic specialization of a geometric phenomenon. Let ¢ :
X —Y be a polynomial map between smooth Q-varieties. We say that ¢ is (FRS) if it is flat
and its fibers all have rational singularities. In [AA16, Theorem 3.4], Aizenbud and the first
author showed that if ¢ is (FRS), then for every non-Archimedean local field F' and every
smooth, compactly supported measure p on X (F'), the pushforward ¢,p has bounded density.
This result was extended in [Reil8] to the Archimedean case, F'=R or C, and, moreover, if one
runs over a large enough family of local fields, the condition of (FRS) is, in fact, necessary as
well for the densities of pushforwards to be bounded (see [AA16, Theorem 3.4] and [GHS24,
Corollary 6.2]).

To rephrase Question 1.9 in geometric term, we further need the following notion from [GH19,

GH21].

DEFINITION 1.10 [GH19, Definition 1.1]. Let ¢: X — G and 9 :Y — G be morphisms from
algebraic varieties X, Y to an algebraic group G. We define their convolution by

pxtp: X XY =G, (2,y) = o) - (y).
We denote by ¢** : X¥ — G the k-fold convolution of ¢ with itself.

Based on the above discussion, a positive answer to the following question will answer
Question 1.9 positively.

Question 1.11 [GH24, Question 1.15]. Can we find «, C' > 0 such that, for every w € F, of length
£ and every simple algebraic group G, the word map wécga is (FRS)?

In [GH19, GH21], the second author and Hendel have shown that any dominant map ¢ : X —
G from a smooth variety to a connected algebraic group becomes (FRS) after sufficiently many
self-convolutions. Concrete bounds were given in [GHS24, Corollary 1.9]. Based on these results,
we prove Conjecture 1.7 and answer Question 1.9 for the bounded rank case (see Proposition 7.2).

To conclude the discussion, we remark that a positive answer for Question 1.11 will answer
Question 1.9 for compact semisimple p-adic groups as well. Significant progress was made in
this direction in the work [GH24], by the second author and Hendel, where singularities of word
maps on semisimple Lie algebras and algebraic groups were studied.

1.4 Conventions and notation
(1) We denote the set {1,..., N} by [N].

(2) For a finite set X, we denote the symmetric group on X by Sym(X) and the space of
functions f: X — C by C[X] .

(3) We write (—1)7 for the sign of a permutation o.
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(4) For a group G, a representation is a pair (7, V), with 7: G — GL(V) a homomorphism.
We denote the character of (m,V) by xr and denote its dual by (7", V).

2. Preliminaries

2.1 Some facts in representation theory

For a compact group G, we denote the set of irreducible complex characters of G by Irr(G) Given
a subgroup H < G and a character x € Irr(H), we denote the induction of x to G by Ind ax. We
normalize the Haar measure to be a probability measure and denote the expectation with respect
to the Haar measure by E. The standard inner product on functions on G is (f1, f2)a = Ef1 f2.

2.1.1 Representation theory of the symmetric group. Given m € N, a partition of m is a
non-increasing sequence A = (A, ..., A\;) of non-negative integers that sum to m. In this case,
we write A m. Two partitions are equivalent if they differ only by a string of zeros at the end.
A partition A= (A1, ..., ), with A\; > 0, is graphically encoded by a Young diagram, which is
a finite collection of boxes (or cells) arranged in k left-justified rows, where the jth row has A;
boxes. The length ¢(\) of a partition A+ m is the number of non-zero parts \; or, equivalently,
the number of rows in the corresponding Young diagram.

The irreducible representations of .S, are in bijection with partitions A m. We write x) €
Irr(.S,,) for the corresponding character. For each cell (7, j) in the Young diagram of A\, the hook
length hy(i,j) is the number of cells (a, b) in the Young diagram of A such that either a =4 and
b>j,or a>iand b=j. The hook-length formula states that

(1) = m!

[T jyen haGig)’ (2.1)

DEFINITION 2.1.

(1) Fix a Young diagram A and let n € N. An n-expansion of A is any Young diagram
obtained by adding n boxes to A in such a way that no two boxes are added in the same
column.

(2) Given a partition A= (A1,...,\;,)Fk and a partition p= (u1,. .., m,) I, a p-expansion
of X is defined to be a p,-expansion of a ji;,_j-expansion of a - - - of a pj-expansion of the
Young diagram of A. For a p-expansion of A, we label the boxes added in the y;,-expansion
by the number j and order the boxes lexicographically by their position, first from top to
bottom and then from right to left. We say that a p-expansion of A is strict if, for every
pe{l,...,lo — 1} and every box t, the number of boxes coming before ¢ that are labeled
p is greater than or equal to the number of boxes coming before ¢ that are labeled (p 4 1).

THEOREM 2.2 (Littlewood—Richardson rule [Mac95, 1.9]). Let A+ k and ptm. Then,

Sktm
IndSk;Sm XA ®Xﬂ» @ NA/WXV;
vEk+m

where Ny, is the number of strict y-expansions of A that are a Young diagram of the partition v.
We need the following consequence of Theorem 2.2.

LEMMA 2.3. Let |l € Z>9 and identify Sl with its image in the standard embedding S, < Sy
Then, each x, € Irr(S,,;) appearing in Inds’"l( 1) (respectively, Indgl’"l (sgn)) corresponds to a
partition v ml with at most | rows (respecmve]y, [ columns).
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Proof. We prove the statement for the trivial representation 1 by induction on . The proof for
sgn is similar. The character 1 of S, corresponds to the partltlon A consisting of one row of
length m. By the induction hypothesis, we may assume that Ind ””( ) = €D 4-mj MuXp, With
my, > 0 only if p has at most j rows, for all j <I. Hence, we can erte

Indg (1) =TndGy s, (Mo = B malnddl s, (oD (22)
| )
pFm(l—1

By Theorem 2.2 and since a strict A-expansion of u increases the number of rows by at most
one, the lemma follows. O

2.1.2 Representation theory of the unitary group. The irreducible representations of Uy
can be identified with the irreducible rational representations of GL4(C). More precisely, the
restriction map p — p|y, induces a bijection Irr(GL4(C)) — Irr(Uy). Moreover, the set Irr(Uy) is
in bijection with the set A of dominant weights,

A={(A, .5 ) A > > Ag, N EZY

We denote the representation corresponding to A € A by (py, V). The irreducible representations

e N N,

are called the fundamental representations, and we have ™ C¢ ~ Vii,...1,0,...,0), With 1 appearing

m times. In particular, the standard representation C? is Vi1,0...,0- Note that /\d C? is the
determinant representation yqe;. We identify a weight A € A such that Ay >0 with a partition
()\1, cey )\d)

Remark 2.4 [FH91, 1.6, Exc. 6.4]. For each A= (Aq,...,Aq) Fm,
Xa(L) - i jyer(d+7—1)

m)!

pa(1) = , (2.3)

where (i, j) are the coordinates of the cells in the Young diagram with shape .

Given A, pu€ A, the irreducible subrepresentations of py®p, are determined by the
Littlewood—Richardson rule as follows.

THEOREM 2.5 (Littlewood-Richardson rule; see, e.g., [FH91, 1.6, Equation (6.7)]). Let \,u€ A
and suppose that A\g, g > 0. Let Ny, be the coefficients from Theorem 2.2. Then,

A& Pu = @ N)\;wpy-

v:ivg>0
Remark 2.6. For A €A, set Xi=A— (Mg, .-y Ag) and pr:=p — (pq, - - -, p1qg). Then pA:ngt-
5 and p,, = X4 - pii» and hence by Theorem 2.5, one has

A A
PA® pu=Xai " 03 @ p = Xai " €D Nz oo (2.4)
v
2.1.3 Aweraging characters over cosets.

LEMMA 2.7. Let G be a finite group, let (m, V') be an irreducible representation of G, let H < G
be a subgroup, and let A be any one-dimensional character of H. Then, for every g € G,

’H| > A (h)xx(gh)

heH

<AXr|H, N H-

688

https://doi.org/10.1112/S0010437X24007644 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007644

ON THE FOURIER COEFFICIENTS OF WORD MAPS ON UNITARY GROUPS

In particular, if (Xx|g, \)g =0, then Y, .y A (h)xx(gh) =

Proof. Write 7|y = @f\i 1 T with each (m;, V;) an irreducible representation of H. For each ¢ and
e H,

<E>\‘1(h)m )m (1) =Y A (hymi(hh) = AN (B m(h)

heH heH heH
_Z)\ (W'~ h)mi(h Z)\ h)m;(h'h)
heH heH
— m(h’)( > A‘l(h)m(h))
heH

By Schur’s lemma, Y,y A (h)m;(h) is a scalar matrix a - Iy;, for some a € C. Hence,

@ xm (1) =tr< > A—l(hm(h)) = A (B)xa (h) = { ‘OH X =2, (2.5)
h

helr otherwise.

Let L:={veV:m(h)v=A(h)-v, Yhe€ H} be the subspace of (H, \)-equivariant vectors in
V and let L+ be an H-invariant subspace of V with V=L @ L. By (2.5), the map A:=
Shen A H(h)w(h) € End(V) satisfies A|p» =0 and Al =|H|- 1. Take an orthonormal basis

v1,...,vn for V with L= (vy,...,va), L = (vpre1, ..., vn). Then,
N M
S A (h)xs gh‘ 5 (rta (35 27 e o | = 11|t i) < M1,
heH i=1 heH i=1
and the lemma follows. O

The following lemma gives a different estimate on the average of a character over a coset, and
this estimate is sharper when the double coset HgH is large. We will not need these alternative
estimates, but we thought it could be useful to state them.

LEMMA 2.8. Let G be a finite group, and let H < G be a subgroup. Then, for each x € Irr(QG)
and each g € G,

oLy - G2

|HgH|['/2x(1)1/2°

x(hg)‘ <
>

Proof. Let G be a finite group. For each x €Irr(G), we denote by (my,V,) the repre-
sentation corresponding to x. The non-commutative Fourier transform (see, e.g., [Appl4,
Section 2.3]) is the map JF : C[G] = €D, () End(Vy) defined by f i f:= (f(X))em(c), where

f(x) = (ﬁ) > gec f(g)my (1), We denote by ||f|l2:= ((ﬁ) > gec \f(g’)\Q)l/z. Similarly, for
a collection of endomorphisms (Ay)yenr(a) € Dyen(q) End(Vy), with Ay € End(Vy ), we define

1

A el i= ( ) ||AX||%{S)2,

x€lrr(G)

where ||Ay||us = tr(AX-A;"()l/2 is the Hilbert-Schmidt norm on End(Vjy). The Plancherel
theorem (see, e.g., [Appl4, Theorem 2.3.1(2)]), states that

1£1l2 = 1| Fll2. (2.6)
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Let Ypgm := (\HiéH\)ngH' For each x € Irr(G), one has

— 1 —
Vg (X Z Yugr(9)m (9 = >, mlgh).
|HgH||G| |
g 'eG g €HgH
The square of the L2—norm of Ypyn is given by
1 1 1
[rgrl3 == > WHgn(d)? =% > 5 = : (2.7)
@ Z a1 2 THeHP ~ [HgH|[G]

Let v1,..., vy be an orthonormal basis of VH :={veVy :m(h) -v=v, Yhe H} with respect

to some G-invariant inner product (, ) on Vi, with M = (x, 1)g. Let (VI )" be the orthogonal
complement to VXH in V,. In the proof of Lemma 2.7, in the case that A =1, we have seen that

0 if ve (VH)L
h)-v= x /7 2.8
2 mlh) v {|H|~v if vV, (28)

In particular, we have

(¥ mlg™v)

g'€eHgH
HgH _ HgH| _
= | it |< Z my(h'g 1h) .v,v> = | Vi << Z Wx(h’)> . (Z Ty (g 1h) .v>,v>
h' heH n'eH heH
|HgHy< o , 0 if ve (VH)L
= (g7 h) v, Y m (v ) = _ . t
|H|? g;, x h,;{ X [HgH|(my(g7Y) -v,0) ifve VI
Hence,
— 1 B 2
[Vrgm 3 = Z X<1)H|HHHG’ Z (g™ )
x€lrr(G) g g'€HgH HS
X
Z |2 Z | U17U]>|2' (29)
x€lrr(G 1,7=1
By (2.6), (2.7) is equal to (2.9), hence
1 2 M 2 M
‘IHI > xthg™) =D mlg ) v vl <MD (g7 v, v
heH i=1 i=1
M
_ M|G|
<M T (g7 v )2 < — s

where the first equality follows from (2.8), and the first inequality follows from Cauchy—Schwarz
inequality. O

2.2 Weingarten calculus

In §§2.1.1 and 2.1.2 we stated that each partition AFm with ¢(\) <d induces two different

representations, py € Irr(Uy) and x) € Irr(S,,). There is a deeper connection between p, and

X coming from the Schur-Weyl duality: the space (C%)®™ carries a natural action of Ug x S,

where A € Uy acts diagonally A- (v1 @ -+ Q@ Upy) = Avy @ - - - @ Avyy, and 0 € S, acts by o - (v1 ®
@ Up) = V(1) @+ + + @ Ug(m). The Schur-Weyl duality can be phrased as follows.
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THEOREM 2.9 (Schur-Weyl duality [Wey39]). The space (C)®™ is a multiplicity-free repre-
sentation of Ug x Sy,. The decomposition of (C?)®™ into irreducible components is given by

CcH*m= P  m@xn (2.10)
AFm,e(\)<d

There are two special functions on S, which come from (2.10). First, writing ¢(c) for the
number of disjoint cycles in o € S,,, the character of (C?)®™ as a representation of S, is the
function o +— d“(?).

Recall we have an isomorphism of algebras C[S,,| ~D,.,, End(VXA) where the multiplication
in C[S,,] is the convolution operation fi * fa(y) :=>,cg [f(x)g(z™'y). We denote by Cy[Sy,]
the subalgebra corresponding to € A, f(N)<d End(V,,).

DEFINITION 2.10 [CS06, Proposition 2.3]. Let d € N. The Weingarten function Wg,: Sy, — C
is the inverse of the function d(°) in the ring C4[S,,]. It has the following Fourier expansion:

2
Weslo)= Y 20 .11)

Arm,L0)<d pa(1)
Remark 2.11. Since in this paper we only consider Wg, (o) for d’' = d, we write Wg instead of
Wg,.

The Weingarten calculus, developed in [Wei78, Col03, CS06], utilizes the Schur—Weyl duality
to express integrals on unitary groups as finite sums of Weingarten functions on symmetric
groups. One formulation is the following theorem by Collins and Sniady.

THEOREM 2.12 [CS06, Corollary 2.4]. Let (i1,...,im), (J1,---,Jm), (,...,i,), and
(41, .-, 45,) be tuples of integers in [d]. Then,

Exev,(Xivg -+ iy - X g Xigr,)
-1
Z 611710(1) ' Zm 'L,,(m>5.717J7-(1) : 5jmaj;(m,)‘wgd(a- T)' (212)

o,TES,

We will use a coordinate-free version of Theorem 2.12 which we proceed to state.
DEFINITION 2.13. Let Q2 be a set.
(1) A symmetric partition ® of Q is a partition Q= |;_; A; U| |\_, B;, where |A;| =|B;].
(2) Given a symmetric partition ® = (A, ..., Ar, B1,..., By), let
Se ={X €Sym(Q):3(4;) =B;,X(B;) = Ai }.
(3) If £ € Sp, then $2(4;) = A; and we define Wg(X2) = [T, Wg(22]4,).
PROPOSITION 2.14. Let ® = (A, B) be a symmetric partition of Q and let F, H : Q — [d]. Then

EXEUd(HXFx)H HXIH@> (HXF i@ L Xawre) )

€A yeEB €A yeEB

= > Wz

YESe: H=FoX
Proof. Identify A={1,...,m} and B={-1,...,—m} and let i , j
ir=F(k), jr=H(k), i,=H(-k), j.=F(-k).

7T e [d™ be
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Then, by Theorem 2.12,

EXeUd< 1 Xrw.me [ X7 s > =Exeuv, (Xil,jl o X g Xl "'Xz';n,j;n)

r€A yeB
= D it Gimitn Ot O, - WE(OTT).
0-77—65’7".
For 0,7 € Sp, let X5 7y € Sym(AUB) =Sym({—m,...,—1,1,...,m}) be the permutation
—7(x) ze{l,...,m},
2(0'77_) (:E) = -1
o (—x) xe{-1,...,—m}.

The map (0,7)~ X, is a bijection S2 >G5 and the condition §;

iin g i

5]-17]-;(1) - '5J'm7j;<m) =1 is equivalent to H = F oY, ;). Finally, the permutation (2(077))2 acts
on A as o~ 7, and the result follows. O

COROLLARY 2.15. Let ® = (A4,..., A, By, ..., B,) be asymmetric partition of Q and let F, H :
Q — [d]. Then

E(H ( [T Xr@me 11 (Xfl)Fw),H(y))) = > We(®d).

i=1 “z€A; yEB; Y€Se: H=FoX

3. The Engel word as a model case

‘Those who Tun to long words are mainly the unskillful and tasteless; they confuse
pomposity with dignity, flaccidity with ease, and bulk with force.” [Fow65, p. 342]

In this section we prove the following simplified version of Theorem 1.3 for the Engel word.
We chose the Engel word since it is short enough to make the proof easier to digest, while
at same time complicated enough so that the proof contains most of the key ideas in the
paper.

THEOREM 3.1. Let X,Y be independent random variables with respect to the normalized Haar
measure on Uy. For every d > 2m, one has

E(en([[X,Y],Y])) < 217,

Let w=[[z,y],y] =vyx lyzy~lz~ly~! be the Engel word. We would like to compute

E(tr A" w(X,Y)). Denote Z,, g :={a1 <--- <anm :a; € [d]}, and note that

(A w(x, 7)) = DIED DI CILC L ITNNET IS prutans (3.1)

a GIm,d TESm
We have
_1 1 _
w<X7 Y)aiaw(ﬂi) = E XaiaDq'YD'hCiXCi,AiYAiybiXbin Y X YB JQ (1)
bi,ci,di,A;,B;,Ci,D;€[d]
= E XaiaDi Xbiyoi XAuCi XBi:di YAi:bi YDmCz Yaw(i) ,B; Ydizci . (32)

bi,ci,di,A;,B;,Ci,D;€[d]

The group Sy, acts on [d]™ by o(7"); = 7071@) for any o € S,, and v’ € [d]™. Similarly, given

v, W e[d™ and 7€ Som, we denote by (v, W) the element in [d]*" given by (v, w); =
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%’ %£Z§<m,<2 , and denote by T(?,E?)iz (W,Q)Tq(i). In particular, writing X4 - :=
i—m fm<i<2m ,

IT%, X, for v, € [d™, we have

oA wx))=Y > ¥ UK 5Xp a X2 Xg 1)

@€y, Deldm TESm
X (YX,?YH,?Yw \(a )7—>Yg> 5}) (3.3)

We now rewrite the expected value of (3.3) using Weingarten calculus. For this, define

S(E),...,B) :—{(01,02,71,72)6537”: @’g)_al@’z)’ @’E)):ﬁ@’a)}
(@, d)=0s(A, D), (B,C)=mn(b,7)
and
Z::{(E)a"'7370170—277—177_2)61.m7dX[d]7mXng:(0’1,0’2,7’1,7’2)68(5},...,B)}. (3.4)

LEMMA 3.2. We have
E(tr N w(x, Y)) - 3y 3 (~1)"Weloy ') We(oy | (m x 1)) (3.5)

(E),...,D 7O'1,O'2,7'1,7'2)€Z 7T€S7 m

Proof. Using Weingarten calculus, i.e. Theorem 2.12, and (3.3),

E(tr N w(x,1))
-2 Z 2 - Y. @B @F) OB @) WEET ™)

E)EImd b .. ,D eld™ TESm 01,02,T1,T2ES2m,
~ 1
R By nr@)d) OF ) @0 Vel0y ) (3.6)

Applying the change of coordinate oq:= (7 x Id) 0 &9, and observing that &, '(7~'(a’), d ) =
%
oy 1@, d), (3.6) becomes

B wx )= Y Y () Waler 'n) Weley (< Idjm). O

—
(?7"'7D ,01,02,T1 77—2)62 7T€Sm

In order to bound (3.5), we consider a natural action of S’ on Z, and find a suitable
change of coordinates such that the average of the product of the Weingarten functions in
(3.5) over any S/ -orbit is equal to a product of averages of individual Weingarten func-
tions over cosets (see (3.8)). We then use Lemma 2.7 to estimate the contribution in (3.5)
of each S7-orbit. To conclude the estimates of (3.5), we will further provide estimates

for |Z].
%
We {ES‘C describe the actﬁn of S7 . The element (my, 7, ..., mp) € ST acts on (a’,...,D) by
(@, my(b), 7(C),...,mp(D)) and it acts on (a1, o2, 71, T2) by

o1 (ma xmp)ooro(Idxmt),
T (me X mg) om0 (mp! x wt),

oo (Id x mg) o o9 0 (1! x mp1),

1

TQ'—>(7TB><7T0)OTQO(7TI; ><7rc_1).
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This gives rise to an action of S7, on Z. The action on the input of the Weingarten functions
becomes

1

Wg((wBl X ﬂ'alﬂ'b)dl_l(ﬂ';llﬂ'c X 7r§17rd)7'1) and Wg(ﬂ'b—lﬂ'A X T, 7I‘D)02_1(7I‘7TB X 7r517rc)72),

(3.7)
where we used the conjugacy invariance of Wg to move permutations from right to left. Consider
the bijection 1 :S5 — S8 . defined by (x1,...,28)+ (21,2172, ..., 2172, ..., 2g). Under the

change of coordinates (0p,6.,04,0,0c,04,08,0) =y 7p, 7, Ta, T, 7C, Ta, TR, T 1), the
summation of (3.5) over an SZ,L—orbit splits into a product of two separate sums:

Z (=1)™"We((rp' x m5tm)or H(my tme x w5t ma) )
(7p,...,m)ESS,

X Wg(7rb_17rA x m, trp)oy (nrp % 7[';171'0)7'2)
— Z (=1)P W (05" x 0 a1 (04" x 051 )m)We (0, x 0. oy 1 (07 x 0,1)72)

(0p,...,.0)€S8,
= Y (-D)™EWg(moy'nin) Y (—1)"EWg(naoy i) (3.8)
n1,MmESE, n2,m5€S5%,

We can now use the Fourier expansion of Wg (2.11) and the estimates in §2.1.3 to bound the
contribution of an S! -orbit in Z to (3.5).

~ ~ =
PROPOSITION 3.3. Let v:=(a’,..., D
Then,

,01,02,T1,72) € Z and let Oy :=S! v be its S -orbit.

\(’i’ Z Z )" We(op T1)Wg(02 (m x Id)72)

1 d\?
<— . 3.9
@ 0. s ~ (2m)PPm!3 <2m> (39)

Proof. By the orbit-stabilizer theorem, the left-hand side of (3.9) is the same as summing over
all (7p,...,7m5) € ST and dividing by m!”. By (3.8), the left-hand side of (3.9) is equal to

1
ml7

S (-0 Wems; i) > (1) We(ipe, 'nh)|-

7]177716572)«0 7727775637271

Note that (Sam, Sm X Si) is a sgn-twisted Gelfand pair, that is, the representation Indgim sgn
is multiplicity-free. By Frobenius reciprocity, each irreducible subrepresentation (VA,;A) of
Indgé”‘sgn has a unique (S2,,sgn)-invariant unit vector, so { )sz = 1. By Lemma 2.7,
for each o € Som, we have

m!2 if my < Ind32m s n,
D (=1)"xa(ho) <mPP(xalsz , sgn) sz = { A st o8 (3.10)

hese 0 otherwise.

By Lemma 2.3 it follows that m) — IndS 2msgn if and only if the Young diagram of A+ 2m has
at most two columns. Combining with (3 10), we have

/

o (E0Mia(mer A= D (D™ Y (D" xa(may 'ni7)

M EST, mesy, mesz?,
1 g~ m!* if A\F2m, X has <2 columns,
<D CDMxalme mT)| < , (3.11)
; . 0 otherwise.
mess, 'meSsy,
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By (2.11), (3.11), (2.3), and by our assumption that d > 2m, we have

1M ~— ~ X)\(]-)Q ! ~_ ~
> (1) We(mnioy i) > 0 > (=)™ xa(moy i)
mmess, N A

= (2m!;1'2 > (17 mtt (1)

1
(2m)1?

' o -
AF2m, X has <2 columns pa(1) - (2m)! AF2m, A has <2 columns [Lijex(d+ij—1i)
" O
“eem)! do-- (d—2m+1) A em)ld- - (d—2m+1)

AF2m, A has <2 columns
m!? d\!
2m)'\2m/)

This concludes the proposition. ]

We now turn to the last ingredient in the proof of Theorem 3.1.

DEFINITION 3.4. Let f:S5 — [d] be a function on a set S. We define the shape vy : [d] = N of f
as

vi= st vpa) = O @)D,

and denote vy!:= szl V-
PROPOSITION 3.5. Let Z be as in (3.4). Then,

4 3
|Z|§m!7<2m> <d> <d—|—m—1>‘
m ) \m m
%

Proof. We need to count all the possible tuples (E), ...,D,o1,09,71,72) in

Suppose we have
? pPp

7.8\
<. d

, d are considered

already fixed @ and the shapes vy, Ve and vy of b ,? and d , where b ,

as a functions [m] — [d]. Given these data, we have the following.
3 — —
(1) There are V?,me',yy, options for b, ¢, d with the above shapes.
(2) There are (2m)!? options for o9 and 7.

(3) There are at most (2::)2 options for choosing 7, !([m]) and o1([m]), as subsets of [2m].
Note that we count both valid and invalid options.

ter fixing the subsets T m|) and o1 (|m|), there are at most v—!v—! options for 7 an
4) After fixing the sub ! d h 2lv=! options f d
l/?! options for oy.

.. . 13 2y lygs v 2 4
Summarizing the above items, we get there are at most (— (2:;>)!u;?u;? Y )(Qn’?) :m!7(2$)
%
(?, ...,D,o1,09,7,72) € Z with the initial data ?, vy, Ve, V7. Note that there
. . —1\3 . . . .
are (;i) possible options for ?, and (d+$ 1) options for v Ve, Vg This gives the desired

upper bound. ]

options for

We can now finish the proof of Theorem 3.1.

Proof of Theorem 3.1. Note that for every k> 1 and n > k we have
n\ n—j n n¥ nkk
-] < = <—< | = 3.12
(8) =0 (=5)- () == () 612
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where the rightmost inequality follows from Stirling’s approximation. By Lemma 3.2 and by
Propositions 3.3 and 3.5,

}E(tr/\mw()(,y» 1Z| - ‘yzy 3 > (1) We(oy'm1) - We(oy ! (m x Id)72)

(@,....0 ,01,02,71,72)EZ €S

() ST o

By (3.13) and (3.12), by the inequality ( ™) <22™ and by our assumption that d > 2m,

9dm dm( dym dtm 3m 9Tmpdm  d dm
E tr/\mw(X,Y) < € (m) ( m ) < € (m) S211me4m§217m. 0
(L)t (L)t
2m

2m

Remark 3.6. The current proof of Proposition 3.5 depends on the special structure of the Engel
word. One can give a slightly more complicated argument, which can be easily generalized for
every word w (this is done in §6). Here are the main ideas of this alternative argument.

We encode the expression

X, DYD,CX;;YA7bXb,CYCj;XC;]§Y§; (3.14)
from (3.2), graphically, by the 4 x 4 matrix
cC D -
c b
i - - a4l (3.15)
B A

which is constructed as follows. The rows and columns are indexed by x,vy, ™!, y~'. We order
the rows by z <y <y~ ! < 27! and order the columns by x~! <y~! <y < x. To find the (z,y1)-
entry of this matrix (i.e. the (1, 2)-entry), we look for the subword XY ! in (3.14) and record
the letter of the common index, which is C. All other entries are determined in similar fashion.
Note that we do not have elements in the main diagonal since w is cyclically reduced.

We denote 1 =71, N2 =79, 13 = 02_1 and ny = 01_1 Note that 7; sends the ith row of (3.15) into
a permuted copy of its ith column. The alternative countlng argument in Proposmon 3.5 goes as
follows. We fix the upper triangular part, i.e. 8 D,ad b (instead of @, b,¢ d in the proof
above). We then choose 7, (with 2m! options), which gives us z, E) and, in partlcular reveals
the second row. Next, we choose all possible 72: (b, ) — (§> , C'), taking into consideration
the fact that 3 is already known. We then proceed to the next row and guess 73, taking into
consideration that we already know 3 . At this point, the vectors E>, ?, ..., C,D and the
permutations 71, 72, 73 are known, and the number of options for 74 is determined by the shapes
of E>, b . This argument will be generalized in §6 for arbitrary words, where, instead of a 4 x 4
matrix, we will have a 2r x 2r matrix and, each time we choose 7, ..., N, the k 4+ 1th row is
revealed, allowing us to proceed by induction.

4. Rewriting Theorem 1.3 using Weingarten calculus

In this section, we rewrite the expression E(|tr A" w(X1,. .., X,)|?) of Theorem 1.3 as a finite
sum of Weingarten functions.

Let ¢, m,d, w be as in Theorem 1.3. We may assume that w is cyclically reduced, i.e. it does
not contain a subword of the form :cj:z:j_l and the first and last letters of w are not inverse of

696

https://doi.org/10.1112/S0010437X24007644 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007644

ON THE FOURIER COEFFICIENTS OF WORD MAPS ON UNITARY GROUPS

each other. For u € [(], let

{a if the uth letter of w is z,
w(u) =

—a if the uth letter of w is z; L.
If we denote z_, =, !, then w=T], Toy(u)- We write w~! for the inverse word,

w_l = .%',w(g).%,w(gfl) MY A I (4.1)

We start by noting that

-tr(/\m w (X1, . .. ,XT)>>. (4.2)

(4.3)

Recall that Z,, g = {a1 <--- <am :a; € [d]}. We have

tr(/\mw(Xl, e ,Xr)>

b

= > Y 0 [[eX s X)aan
?eI,md TESm k=1
m V4
= > > ] > TT X)) fow e urn)
@ ELy,q TESm k=1 fr:[e+1]—[d] u=1

Fr(D)=ag, fr (b+1)=ar k)

= > > (- > Il  Xow)srwn.rem

@ELy 4 TESm file+1]x[m]—[d] (u,k)€[l] x[m]
f(lrk/):ak/af(‘e+17k/):a7r(k’)7VkJ

= Z (=" Z H (Xw(u)) fuk), f(u1,k)

€Sy Sl xml»ld]  (uk)e[l]x[m]
F+1,E)=f(1,7(K")), VK’

f(1,—) increasing

= Z (=17 Z H <Xw(U))F(u,k),F(Tn(u,k))= (4.4)
meSym({€}x[m]) FFlr[é})X.[mH[d] (u,k)€[€] x[m]
,— ) Increasing

where in the last equality we use the natural embedding Sym({¢} x [m]) — Sym([¢] x [m])
obtained by acting trivially on [¢ — 1] x [m]. Applying this to w™!, we get

tr /\m w(Xy,..., X;)

= Z (=17 Z H (wal(u))F/(u,k)f/(Tﬂ/(u,k))' (4.5)
7' €Sym({€} x[m]) Flgx[m]—=[d]  (u,k)€[€]x[m]
F’(1,—) increasing
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Set Q= [2] x [£] x [m], Qs ={s} x {u} x [m], and for v € Q, define
- w(u vy=(1,u, k),
I
Define T' € Sym(f2) by
T(s,u, k) := (s, T(u, k). (4.6)
By combining (4.4) and (4.5), we get

2
o N\ w(X, ..., X)

= > (=)™ > [T Xa0) pe).p@am)-

(m,m)ETT?, Sym(2s.e) F:Q—[d] vEQ
F(1,1,—) increasing
F(2,1,—) increasing

(4.7)
The map 7+ TwT ! is an isomorphism Sym(€ ) = Sym(s,1), for s € [2]. Hence,

2
’tr/\mw(Xl,...,Xr)

= > (- > I Xa0)re.pimro)

(m,m)ESym(21,1) X Sym(Q2,1) F:Q—[d] vEN
F(1,1,—) increasing
F(2,1,—) increasing

= > (1™ > I X&) re £ -6

(m,m")eSym(21,1) xSym(Qz,1) F:Q—[d] vEN
F(1,1,—) increasing
F(2,1,—) increasing

= Z (—1)™ Z H (X&) F(rrim), F(T(3))» (4.8)
(m,m")eSym(21,1) xSym(Qz,1) F:Q—[d] Sy

Fom(1,1,—) increasing
Fon’(2,1,—) increasing

-1

where, in the last equality, we replaced F by F o (7'7)
Let ® =(Ay,..., A, By,...,B,) be the partition given by

Ai={(s,u, k) |w(s,u, k) =1} B;={(s,u,k)|w(s,u,k)=—i}. (4.9)
For each (m,7") € Sym(€,1) x Sym(Qs 1), set

F:Q—[d],S€Ss
Zﬂ—’ﬂ—/ = {(F, E) ! For(1,1,—),Fon’(2,1,—) increasing} (410)
FoT=Fonn'oX
The sets Zy » are disjoint. We use the notation
Z:=\] Znw. (4.11)

mw,m’

Remark 4.1. Note that we have a map Z — Sym(€2;,1) X Sym(Q21) sending (F, ¥) to the unique
pair (7, 7) such that (F,X) € Z, 5 .

Rewriting (4.8) using Weingarten calculus (Corollary 2.15), we have the following result.
PROPOSITION 4.2. Let w € F,. be a cyclically reduced word. Then,

E( tr(/\m w(Xy, . .. ,XT))D = 3 (—)TEWg(E?). (4.12)

(FX)eZ
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5. Estimating the contribution of a single orbit in Z

In this section we introduce an action of H :=[], ,yemxjq Sym(€s,u) on Z, and estimate (4.12)
restricted to each H-orbit. The action can be described as follows.

For every (s, u) € [2] x [{], the group Sym({,,) acts on Z in the following way: if u# 1, the
action of 7, € Sym(§,,) is

ﬂ-Sau.(F7 E) (Foﬂ-suﬂﬂ—suoEOT 7T 1T) (51)
If s€[2] and 751 € Sym(€2 1), then
mo1 - (F,5)=(For, |, SoT 7 1T). (5.2)

The above group actions commute, which gives rise to an action of H. Note that (w1, m21) -
Zym = Zny smmaan- H u#1, then 7y, - (Zpw) =Zn .

DEFINITION 5.1. For each u, v € [¢], we define *: Sym(€,,) x Sym(£s,) — Sym(€s ) by
Tou*Msp =T g T "Tg . (5.3)

Note that = is associative.

Let h:= H(s’u) Tsu € H and denote h:= H(&u#(l’l),(m) Tsu. Then h- X =hoXoT hIT.
Since Wg is invariant under conjugation in H,

We((h- (2))?) = Wg(¥j 050 ¥, 0 %),
where W), =T~'h~1Th € H. On each Qg .4, ¥y, has the following form.
LEMMA 5.2. We have
T_17r;21T ifu=1,
\Ilh|Q = 7r8_711t+1 * Mgy fu#l,l,

”5_11 * Ty ifu==.

COROLLARY 5.3. Let (F,S) be a representative of an H-orbit O f 5, with (75, 71'%) = (Id,1d).
Then,

L (cymem W)

\O(ﬁ,i) | (FX)€0 5 5,

1 T » -
R 11 > (=)™ We(hiS| g, hiS| a,)- (5.4)
T =1 b€, Sym(Qs.u)
he[Tae_; Sym(Qs,w)

Proof. For each h =], ) s,u € H, write v(h) := (—1)™"*. Consider the bijection ¢: H — H,
(11 (su) Tsu) = (s,u) Os,u, Where, for s =1,2,
(05,2, 0s0,051) = (Ts 2, Mg 2 ¥ Mg 3, ..., Mgk *Tgy, Mgk %Tgp*Ts1),
and observe that v(y(h)) = (—=1)" = (—l)T_lh_lT. Further note that
(o2 %« x 7Ts’u+1)_1 KTk *k Mgy =1 1 s,_7i+1T7
and hence W, ;) = H( s) Tﬁlﬂ';}iT. Changing variables using ¢, the left-hand side of (5.4) is

|Z Wg \IlhoEo\I/hoE !%Z Wg(HT T, 1TOEOHT 17T_1TOE>
heH heH (s,u) (s,u)
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muzez hW%(HWMOEOstuoE>

heH (s,u) (s,u)
1 . o o
:W Z(_l)hHWg< H 7Ts,u2|Bi H Ws,uE’Ai>a
" heH =1 (s,u):w=i (s,u):w=—1
where, in each line above, h = H(S’u) T O]

COROLLARY 5.4. Set ¢;:= %‘ for each i € [r]. Then the following holds:

E(for (N o X0) )D ZLHd (A= m€+1) (5:5)

Proof. By Proposition 4.2, Corollary 5.3, (2.11), Lemma 2.7, and by (2.3),

Bl A wixi X)) = X () WaE?)

(F ez

=Y o X U W)

(sz)‘ (F,E)Eo(ﬁi)

N

<Y awlll X C0MwenSlnngi

(FSez  i=L| hiell, Sym(@,.)
hells ., Sym(Q..)

1 " m!% X)\(l)Q
= AZ m!2¢ H (m;)!1? ZS <X)\,Sgn>Sfii pa(1)
(F.X)ez =1 )\Fm&:xxglndsgzi (sgn)
Z| 1 16 , SgN) o t; 1
-] |’€ - ! ) bon gy o) - (5.6)
M (mt;) [Tiwper(d+b—a)

: Sne.
A=mlixa glndsgé‘ (sgn)

Note that the irreducible characters y) in Ind St "' (sgn) correspond to Young diagrams A Fm/;
with at most ¢; columns. If the columns of A are of lengths j; > --- > jy,, then

I[ @+b—a)=d---(d—j1+1)-d---(d—jo+1)-...-d--(d—js, +1)
(a,b)eX
>d---(d—ml;+1). (5.7)

Combining (5.6) with (5.7) implies the corollary. O

6. Estimates on |Z]|

In this section we give upper bounds on |Z|, defined in (4.11). We first set some notation. For
each 0#£14,j € [—r 7], set

T(AZ) 1> 0,

Ri={yeQ:woT  (y)=i}= {T(B_-) P20
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Bj 7>0,

Cj:{ve@:@(v):—jk{fl; <0

Viji={yeQ:woT '(y) =i,w(y) = —j} = RiNCj.
Following Remark 3.6, it is helpful to picture a 2r x 2r matrix, whose (7, j)th entry is the set

Vij, with R_,., ..., R, correspond to rows, and C_,, ..., C, correspond to columns. Denote
Vi R, C.
&-,j = M and Kz = M = M (6.1)
m m
Observe that ¢; ={_;, ¢; ; = {; ; and note that ¢; = % if i > 0, so that (6.1) extends the definition

of £; in Corollary 5.4. For each 0+ j € [—r,r] set
+ . — +
cr=vy, cy=Jct.
i<j J
For each i € [r] and each X € Sg, denote 7; :=T o (X71)|p, and n_;:=T o (X7 !)|4,. Note that
7;(C;) = R; for all i. Define the following sets:
W= {(F:Q—[d,Y€8s): FoT=FoX}, (6.2)
and
W :={(F,X)eW':F(s,1,—) is one-to-one Vs € [2]}.

PROPOSITION 6.1. We have

T

\Z|:]W!§\W’!§<d;2n£>(m£)! 11 (Z(W

Ok=—r \ Li<k mbi)!

Proof. The map (F, %)~ (Fonmpn, X oT‘lﬂFﬂ},T) is a bijection between Z and W, giving
the first equality. Clearly, |[W| < |W'|.

In order to prove the last inequality, we use the map &, : W' — {f:C; — [d]}, sending
(F,X)e W' to F|c,. We estimate |W’'| by analyzing the fibers of ®,. Let fe ®, (W') and
suppose it has a shape vy (see Definition 3.4). We write v; 4 for the shapes of f]| o We reveal
(F, %) e @;l(f) row by row, starting with the —rth row R_, and making sure that, in each step,
FoT|p-1(ry) =F oS|p-1(r,), or, equivalently, F|g, = F on; |z,

(1) There are at most (mf_,)! options for n_,. Note that R_, C Cy and, hence, by (6.2), the
choice of 7_, determines F|c_,. At this point, F|g_, ., is determined as well.
ote that O =V _, _ri1. ere are at most:
2) Note that C*, ., =V_, _,41. Th
(a) (m?f*fll) options for the sets 17,T+1(Cfr+1) and n,r+1(C’,r+1\CLH);
(b) (m(l—ps1 =Ly —ry1))! options for 77—7’+1‘Cfr+1\0f,‘+1 :C\CF 4 —
77—T+1(C—T+1\Ci_r+1)§
(¢) (V—py1,.4)! options for n_,4q: CfrH — n_TH(CfTH).
ore generally, assume, by Induction, that we have fixe i )i<k, and, thus, we have
3) M 11 by inducti h h fixed (n d, th h
already determined F'|g, for i <k, F|c, for i <k, and F|c, . Then there are at most:

(a) (Z mli ) options for the sets ny(C;") and 7, (Cp\C});

i<k Mok
(b) (m(lx — 3=, Cik))! options for mylec,\ o+ 1O \C = mi(C\CY);
(¢) (Vk4)! options for my|q+ G = (CF).
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After choosing 7_,...,n,, we have determined F. Furthermore, since Y Lk=—r Vit =V, WE
have J[p 25— (vk+)! < vyl Hence,

U S (CWR ] GO n) (B

! (mﬁk)' < ! (mﬁk)'

= (Vi 4)! <vy! —_— (6.3)
0?}:[4 + (X icrmlip)! 07&[[_7“ (e mlig)!
Since |C4| =ml, we have
0)!
{f €@ (W'): fis of shape v  }| < (TIZ') , (6.4)
and there are at most (dj;mz) possible shapes v;. Combining (6.3) and (6.4) we conclude

W/ <Y {f €@ (W'): fis of shape vy} - [®7'(f)]

11 <2¢<kmei,k>!§( -, >< o VO s Sy

0#k=—r 0#k=—r

7. Proof of Theorems 1.1 and 1.3

In this section we use the results of §§4, 5 and 6 to prove Theorems 1.1 and 1.3. We end the
section with the proof of Theorem 1.6.

Proof of Theorem 1.3. Assume that d =am for a > ¢ > 2. By (3.12), we have
d am a™
= > 7.1
(mf) (mﬁ) AL (7.1)

ml ml ml
d+m/l < a+/t ot < O (2e) ‘ (72)
ml l me
We remind the reader the definition of ¢; and ¢; j in (6.1). Concretely, for each 01, j € [—r, 7],
¢; is the combined number of appearances of the letter x; (with the convention that z_; = xi_l)
in w and w™!, and {; j is the combined number of appearances of the string ‘xixj_l’ in w and in

w1t In particular, we have Y /_, ¢; =/, ¢;; =0 and ZO#G[_T’T] i , = £}, and, therefore,

Hd (d—mli+1)>d--(d—ml+1)

and = <2k,
( Zi<k mgi,k)!( Zi>k mgi,k)! Ei>k m&-’k

By Corollary 5.4, Proposition 6.1 and by (7.3), (7.1) and (7.2), we obtain
& 2]
E<tr</\ WX, X )‘ ) ml Hd (d— me 1)

§<d+me (ml)! 1 H (mty,)!

ml )‘ngld...(d—m&—l—l) mlf oim (Xickmbin)!
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< <d + mf) . ((mé)! [Toshe—r (Xinr mbig)! ﬁ (mdy)!

me (d—ml+1) mlt 'Oik:_r (D icr Ml k)1 ( D imp, mLik)!
d+mt d\7' (mo! ¢ Comt o2me ¢ ¢
< < o ) <m €> — [T 27 < (2e)™emt - 2°mF < (8et)™ < (22¢)
0#k=—r
Finally, note that if d > (22¢)“m, then (22¢)™ < ()™ < (). O

We now turn to the proof of Theorem 1.1. We first deal with the case when the rank is
bounded (and prove Conjecture 1.7 in this case) and then prove Theorem 1.1 in the unbounded
case.

DEFINITION 7.1. Given w; € F,., and wy € F,.,,, we denote by w; * wy € F}, 4, their concatena-
tion. For example, if w = [z, y], then w *w = [z, y] - [z, w].

We remind the reader that for a compact group G, and a word w € F;., we denote by 7, ¢ :=
(wa)«(pgz) the word measure associated to w and G, and the Fourier coefficient of 7, ¢ at p e
Irr(G) 18 aw,ap = [or p(w(z1, ... 20) ) gy = [ P(Y)Tw,c- If G is a compact connected semisimple
Lie group, by [Bor83], the map wg : G" — G is a submersion outside a proper subvariety in G”.
It follows that in this case, or e.g. when G is a finite group, 7, ¢ is absolutely continuous with
respect to pig, and we can write Ty g = fu.g - HG, With fu.q € L(G). Since 7, ¢ is conjugate
invariant, f,, g is a class function, and it can be written as a linear combination of characters
fﬂhG = ZpEIrr(G) Qw,G,p " -

By Definition 7.1, we see that Ty, «w,,G = Tw,,G * Tw,,¢ for every w; € F,, and wy € F.,. Since

p1* po = i"l(f)? p1 for every p1, p2 € Irt(G), we have

awl 7G7p ) aw2,va
p(1)

PROPOSITION 7.2. For every 1#w € F, and d € N, there exists €(d, w) > 0 such that:

Ay xwo,Gyp = /G p(g)Twl*wz,G(Q) = /G P(Q)Twl,G * Twz,G(g) = (7.4)

(1) for every compact connected semisimple Lie group G of rank d and every p € Irr(G), we
have [auw,.p| < p(1)'~);

(2) in particular, for every 1 <m <d,

S (o w550 ) = (A w50 )< (1

Proof. We first prove item (1). Fix w € F, and a compact connected semisimple Lie group G. Let
Tw,G = fuw,citc be the word measure. By (7.4), and since a,,-1,q,, = Gu,G,p for each p € Irr(G), we
have

|aw Gp|
Qxw=1,G,p = P(1> . (75)

Replacing w by w* w™", we may assume that all Fourier coefficients a,, g, , are in R>g.

It follows from [GHS24, Theorem 1.1] that f, ¢ € L't (G) for some € =€ (G, w) > 0. By
Young’s convolution inequality, it follows that f!, € L®(G) for all t > to(G,w) = [%}
(see, e.g., [GHS24, Section 1.1, end of p.3]). In particular, by (7.4), we deduce that

Fae (1) = Z p(1)* ay o, < oo.
pelrr(G)

1
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Since aw,qg,p >0, we deduce that a,.qg,, < p(l)lfm for all but finitely many p € Irr(G). To
deal with the remaining finitely many (non-trivial) representations of G, we simply use the
bound a,q,, < p(1), which follows e.g. by the It6-Kawada equidistribution theorem [KI40] (see
also [Appl4, Theorem 4.6.3]), since Supp(7y,c) generates G. Since there are only finitely many
compact semisimple connected Lie groups of rank d, this implies item (1).

Note that the character p(jm) ®pE’1m) of the representation A" C%® ( A" C%)" of SUy is
given by |tr( /\m(A))\2 Since p(ym) ® p(vlm) is a sum of irreducible characters, by applying the
I[to—Kawada equidistribution theorem to each irreducible character, for each 1 <m <d, we have

Esu. ([ir (A" @1 X)) =Esv(pm © iy (w(X1, -, X))

d 2
<pamy @ plmy (1) = < > :

m

Since there are only finitely many such m’s, this implies item (2). OJ
Theorem 1.1 now follows from Proposition 7.2 and the following theorem.

THEOREM 7.3. For every £ € N, there exist €¢(¢), C(¢) >0 such that, for every d> C({), every
1 <m <d, and every word w € F, of length ¢, one has

(A w0 < (2]

In order to prove Theorem 7.3, we need the following technical lemma.

LEMMA 7.4. Let H(z) = —xlog(z) — (1 — x) log(1 — z) be the binary entropy function. Then:
(1) for every d€N and every 0 <z <1 such that du €N, we have (2¢7(®)/,/8dx(1 — 1)) <

(&) < @@ )\ /rds(1 - 2)) < 200

(2) let 0<3 <42, then for every b€ (6, 3], a€[0,b], and d > (1/6*) such that bd,ad,d are

1
R

integers, one has
Proof. Ttem (1) follows, e.g., from [CT06, Lemma 17.5.1]. The Taylor series of H(z) around

1/2 is
1 & (1—2z)%
H@) =1-575 ; (n(Qn —)1) ' (7.6)

Since H'(z) =log(*=%), H(x) is monotone increasing in (0, 1/2) and, therefore,

0 _ 2n o 2n
H(B) ~ H(b—a) > H(b) ~ H(b—8) = - (Z(l 2b 4 28)" — (1 — 2b) )

- 2In2 — n(2n —1)
1 2 2 1 2 2
> 21n2((1 2b + 29) (1 —2b)%) 21n2(46 +40(1—2b)) >26
Since d > 6% > 16, we have logd(d) < id < 2. Combining with item (1), we have

( d d> < 21 =) <\ /Rdb(1 — b)2d(H (b=a)=H (b)) (l:fi) < 9~—2d6*+log(d) (é)

(b—a)
.(d 2 (d dN“EE (a7
< 2—d6 — 2—dH(b) H(b) < < . ]
< (bd) ( " i) = \pa = \bd
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Proof of Theorem 7.3. Since A"V ~ ( A" V)" @ Xdet, we may assume that 2m < d. Let §(¢) :=
(25¢)~, let C(¢)=6(¢)"7, and suppose that d > C(¢). By Theorem 1.3, we may assume that
d < 8(0)~'m, and, in particular, m > §(£)~%. As in the proof of Proposition 7.2, by replacing w
by w*w™!, we may assume that aw,U,,p € R>p for all p € Irr(Ug). By Theorem 2.5, we have for

d.
all e < 3

d—c <
ANveNvi=(AveN V) =Dh,,
=0
where A\(;)=(1,...,1,0,...,0,—1,...,~1), with —1 and 1 appearing j times. Moreover, V),
is the largest irreducible subrepresentation of A°V ® A’ V", and we have py (1) > (cJ%l) (Lci)2 >
(‘Z)3/2. By Theorem 1.3, and since all a,, v, , are non-negative, if ¢ < [§(¢)d] < (22¢)~‘d, then

d
,0,\( ) © ) < Z E( /’/\< ) © E(p/\c VRN VY © w) = IE(|(l)/\c Vv o w)]2) < <c> < P (1)2/3-

Applying the last inequality for w*?, recalling that ay- u,,= Z”;J for all p € Irr(Uy), we get

o [5(0)d] [5(0)d]
E(‘“(/\ w(Xy,. .., )’ ) jz:: E(pa, o w*) < ]Z::o pa, (1)
<3 312 <2. (7.7)

I
—

J
Note that, for each §(¢)d <m < 4, A" V is a subrepresentation of /\[‘S @y A" —10@dl g0

/\mV® </\m V)V<—>(/\[W) d] Ve (/\fé( )d] V)V) ® (/\m—fé(f) 1 Ve </\m—f6(€)d1 V) )

Finally, by the positivity of the Fourier coefficients of w, by (7.7), by Lemma 7.4 (note that
m > [6(¢)d]) and by (3.12) (note that 6(£)?m > 1),

E< m«(/\m w (X1, ... ,XT)>‘2)
< E()u (/\WW wO (X1, ... ,XT))’2 tr (/\m%“)dw w (X7, ... ,XT))’2>

E( tr (/\fé(E)d] w*Q(Xl, e ,Xﬂ)’z) . <m B ﬁs(ﬂ)d-‘ )2

2(m _ fst ) = Z(vfw)?_w : (gj_m |
(L

IN

IN

By (3.12), m+1 <22V <

1 d\2 20 7) q\2-26(0)°
1) > —— > > . .
(= )

Consequently, we get

m 2
(E(prcny © 1)) = E(pay 0 0o,y (0F SE (o (A w0 (X1, X)) pacy (UF

d 20" 3 RIGE
(1) M S, 0

m

for each m < %. Hence,
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3

(0):= 6(72) , and using m + 1< (% )26“) , we get

and, thus, E(py,,, ow) < px,, (1) T

(‘tr( w(X1, ..., )‘ ) Z]E (o2, 0w) < (m + 1)(:1)2_45(@ . (i)ﬂl_em). -

We end the section with a proof of Theorem 1.6.

Proof of Theorem 1.6. Let w € F,. Denote @ :=w *w~!. Recall that Te,¢ = fo,qgia and note
that for every ¢t € N,
fora=Faa

Applying [LST19, Theorem 4], there are C’, M (w) € N such that, for N(w) := C"¢(w)* and for
every finite simple group G of size > M (w), one has

N(w)
a G, * N

S amie|=| T asap)] =l o) - =100 -1 <1,
1#£p€lrr(G) p(l 1#£p€lrr(G)
where the first equality follows from (7.4). Since ag g, = % >0, we deduce that for each
1# pelrr(G)

P12 = (12N L O

from which the theorem follows for € = b~ = ~—. O

N(w) = Cl(w)*

8. Fourier coefficients of symmetric powers

In this section, we prove Theorem 1.4. Denote J,,q={c1 <---<cpmici€[d]}. We first claim
that, for each A € End(C?) and m > 1,

tr(Sym™A ml Z Z Agrana ** Admanin -

n TES,

Indeed, for each = Tm.d, let vz be the shape of ¢ (see Definition 3.4) and set

Vg =y [ ———— E e ®e .
C m| V—>‘ C7r(1) Cr(m)
TESm

Then {vg }ecys, , is an orthonormal basis for Sym™(C%). Given A € End(C?), we have

tr(Sym™A) = > (A-vp,vp)

T ETma
1
= Z m Z <A€Cﬂ,(l> X ® Aecﬂ,(m), ecw,(l) X ® ecﬂ,(m)>
T ETm.a ¢ mm'ESm

1
- Z vl Z (Aec, @@ Aec,s ey @ @ ey

CE€Tma © WESm

1
- Z V_>' Z ACICW(l) ' cMcW(m) Z Z Aa’la""(l) s Aamaw(m)7

?ejm’d ¢ rESm m! @ e[d}rn TES
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where the last equality follows since > o Acic.) * Acyenpn 1 invariant under permuting
c1,...,Cn, and since there are ij', vectors @ € [d]™ of a shape vz. In particular, for any word
w’
tr(Sym™w(Xq, . .., Z Z (X1, Xo)avanay = WX oo Xi)amanim -
mt |m TESm
(8.1)
PROPOSITION 8.1. Let w € F,. be a cyclically reduced word. With ®,T', ), (), as in § 4, we have
1 —
2 2
B(u(Sym™w(Xe,. . X)) =5 Y Wa(?), (8.2)
(7T,7T',F,E)€Z

where

. F:Q—s[d],S€Ss
Z = (7T, m, F, E) D’ €Sym(Q4,1) X Sym(Q2,1)
FoT'=Fonn’'oX
Proof. Similarly to (4.4), we have

tr(Sym™w(X1q, ..., X Z Z Z H (Xw(u))f(u,k),f(u+1,k)

m! @E[d]™ TESm Fi[e4+1]x [m]—[d] (u,k)€[€]x [m]
f(LE)=ak, f(£+1,k)=ar k)

= Z Z H (Xw(“))F(u,k),F(Tw(u,k))’

me€Sym({£}x[m]) F:[l]x [m]|—[d] (u,k)E[f]x[m]
Consequently, as in (4.8), we have
m 1
E(jtr(Sym™w(X1, ..., X0)*) = —5 ) > 1 &Xa0)pemm rre):
T (m,m)€Sym(Qy,1) XSym(Qs,1) F:Q—[d] vEQ
The proposition now follows from Corollary 2.15. O

We next define an action of H := [ ,)ep)xjq Sym(2s,u) on Z in the same way as in § 5. For
(s,u) € 2] x ([[]\{1}) and 74, € Sym(£4,),

T - (M, 7', F, %) i= (1,7, Fom, s ms 0 X oT n; 1T)

s,
and if (71, 72,1) € Sym(2y,1) x Sym(Q21),
(1,1, m2,1) - (m, ', F %)= (miam, 71'27171", Fo 711_&71'2_&, Yo Tﬁlﬂ'l_&’ﬂ'z_jT).

Proof of Theorem 1.4. The proof is similar to the proof of Theorem 1.3. The only difference is
that now, summing over the H-orbit kills all representations that do not appear in Indi}g“ (1),
rather than the representations not in Indgg‘i (sgn). By Lemma 2.3, the irreducible subrepre-
sentations x of Indigfi (1) correspond to partitions A = (A1, ..., \s,) with at most ¢; rows, and,
therefore, [, jyer(d+b—a)>(d— ¢)™ . As in Corollary 5.3 and (5.6), the average of Wg(X2)
over an H-orbit H - (7, 7/, F, X)) is bounded by

1 T o e
2l I1 > Wg(hiX|p,hiX|a,)

i=1 | hi€[]5_, Sym(Q...)
Wells_, Sym(Q. )
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r '61 1 3 1 i
SLH m: Z X)\( )<X)\ >Sfu < 1 1

(mt;)! s Mwner(d+b—a) = mlf(d—ome
AFmZi:XAQIndSZZ'i (1) '

m

Denote Zmr/ ={(F,%): (m, 7', F,X) € Z} Since ZId,Id = W', Proposition 6.1 implies that

_ - d+ml ! (mly)!
Zl =m!?|Zig1a| = m??W'| < m!2( )(me)! —_ (8.4)
2= Al = m Mt omi
As in the proof of Theorem 1.3, if d > m/, then
m 1 — ~ 1 1
E(‘tr(sym w(Xla"'aXT))yz):W Z Wg(EQ) < |Z|m!@+2 (d—ﬁ)mf
(W,ﬂ/,F,E)EZ
_(dtml - (d+1) H (mty,)!
=@ L (Tl
. ¢
< 4m€ ml meg 4m€ m€22m€ (1 mﬁ. 0
<A™y OA‘:[T <m€k/2 4 (16¢)

Appendix A. Fourier coefficients of the power word and a
Diaconis—Shahshahani-type result

In this appendix, we formulate two results. The first is a computation of the Fourier coefficients
of the power word w = 2! for representations py € Irr(Uy), where A (see Remark 2.6) has at
most % boxes. The second is a Diaconis—Shahshahani-type result for the mth coefficient of
the characteristic polynomial of a word w in random unitary matrices. Both statements are
consequences of known results.

PROPOSITION A.1. Let w = 2! be the lth power word. Then, for every m € N and every d > 2mi:
(1) we have
1 g
E(\PAOW\Q)ZE > 1D (0)P,
oES,
for all A\ m; in particular, E(|py o w|?) <I™;

(2) we have

m 2 l+m—1

Bl w)) =y = (1),
(N o)) =By = (1

Proof. For every matrix A € Uy and every ptm, set

m
trj(A) = [ ] tr(a?)®, (A1)
j=1
where p= (1% ---m®") is the partition m=(14---+1)+---+ (m+---+m). The functions
—_—— —_——
a; times a,, times

tr, correspond to the power-sum symmetric functions p,. Given AFm, the character py(A) is
a Schur polynomial in the eigenvalues of A, and, hence, it can be expressed in terms of tr,(A)
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via the following formula (see, e.g., [Mac95, 1.7, p. 114])

)= H] 1a U% -t (A), (A.2)

pukEm

where x(p) is the value of the character x) € Irr(S,,) on the elements with cycle type p. In
addition, by (1.2), for every pair of partitions u= (1% ---m%») and p’ = (1% - - - m®») of m, we
have

E(tr, (X))t (X)) = <Htr (Xt g (X7 ) = Oy H Gl % a;l. (A.3)
7=1

Combining (A.2) and (A.3), and using the fact that the number of permutatlons o€ Sp, of cycle

type p= (1% ---m%m) is = ,] —, we obtain

Jj= 1

E \tr Xl |X>\

E(loa (X)) =" Ixa I2“— Z
H'_m HJ 10/ lja] u}_m H a]‘jaJ
10| Z 19| (A.4)
'Z g e @)l ‘

m ukEm HJ 14 ja m! TESH

The second claim of item (1) follows from Schur orthogonality and the inequality () <™.
For item (2), note that tr(A™ w) = p(1m) o w and tr(Sym™w) = p(;,1) 0 w. The corresponding
characters of S, are the sign and the trivial characters. Thus, (A.4) becomes

B(Je (A w)) =Esmmipy =) = 5 R e= (071,

where [7'] is the number of permutations of m elements with exactly k disjoint cycles, also
known as the unsigned Stirling number of the first kind. The last equality follows, for example,
from [GKP94, Equation (6.11)]. This concludes item (2). O

We next prove a Diaconis—Shahshahani-type result. We first recall the following proposition,
which is a consequence of [MSS07, Theorem 2] and [Rad06, Theorem 4.1] (see also [MP19,
Corollary 1.13]).

PROPOSITION A.2. Let w € F,, and let ju= (1% ---m9m), ' = (1% - .. mP») be partitions of m.
Let p(w) € N be such that w = uP") with u € F, a non-power. Then,

m m

: -1 i ALY -\ | — (4 j

Jim By, (tr, (w)tr, (w™)) = lim Ey, ( rlltr(wj)“ tr(w™7) ) =S Haj!(]p(w))a . (A5)
j: =

Since the joint moments of tr(w!), ..., tr(w™) converge, as d — oo, to the joint moments of

independent complex normal random variables, an application of the moment method (as was
done in [DS94] for w =z, and later in [Rad06, MSS07] for a general word) implies the following.

COROLLARY A.3 (see [Rad06, Theorem 4.1] and [MSSO? Theorem 2 . The random variables
tr(wl), ..., tr(w™) converge in distribution to \/p(w)Zi,...,/mp(w)Zmy, as d— oo, where

Z1, ..., Zm are independent complex normal variables.

n [DGO6], Diaconis and Gamburd combined Corollary A.3 for w=zx (namely [DS94]),
together with Newton’s identities relating elementary and power-sum symmetric functions to
give a formula for the limit behavior of the random variables tr A" X with X is a random
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unitary matrix in Ug. Repeating the argument for a general word w yields the following
description of dlim try, A" w.
— 00

COROLLARY A.4 (cf. [DGO6, Proposition 4]). Let w € F,. be a word and let m € N. Then the
sequence of random variables try, \'* w converges in distribution, as d — oo, to the polynomial
in the normal variables Z1, ..., Z,, given by

Vp(w)Zy 1 0 . 0

. V2p(w)Zy p(w)Z; 2 0
poor det : : : . :
(m = Dp(w)Zm—1 /(M = 2)p(w)Zm—2 /(M =3)p(w)Zm—3 ... ( —1)

vVmp(w)Zy, (m—Dp(w)Zm-1 V(m—=2)p(w)Zm—2 ... /p(w)Z
Ezample A.5. Let m =3. Then for every Borel set A CC,
3
lim ]P’(trUd N\ w(Xi, ... X)) eA) =P(f(Z1, Za, Z3) € A),
d—00
where Z1, Zy, Z3 are independent and identically distributed normal variables, and

3/2 1/2
p(w)** 5 p(w) 217+ p(w)

Z ——Z3.
1 \/Q \/g 3

f(Zy1, 2y, Z3) =
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