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Abstract

Let A”(¢) be the pth Bergman space consisting of all holomorphic functions f on the unit ball B of C"
for which || fII},, = fg [f(@IPp(z) dA(z) < +oo, where ¢ is a given normal weight. Let T, be the extended
Cesaro operator with holomorphic symbol g. The essential norm of 7', as an operator from A”(¢p) to A?(¢p)
is denoted by ||Tlle,ar(¢)—a9(¢)- In this paper it is proved that, for p < g,

(1 _ |Z|2)k—(n+1) )l/k

1T lle.r(e) ooy = lim sup R (Z)|(
glle.AP(p)—A4(p) Izl—>lp 8 Q)

with 1/k = (1/p) — (1/g), where Rg(z) is the radial derivative of g; and for p > ¢,
ITlle.ar g1 a0(p) = lim f lg(2) — g(0)I°¢(z) dA(z)
g lz|>r

with 1/s = (1/q) — (1/p).
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1. Introduction

Let B be the unit ball of C"; if n = 1 then the unit disc is also denoted by D. Let dA be
the Lebesgue volume measure on B and let do- be the normalised surface measure on
0B. Write f3(-, -) for the Bergman distance on B. Given z € B and r > 0, the Bergman
ball with centre z and radius r is E(z, r) = {w € B : B(z, w) < r}. Let H(B) be the family
of all holomorphic functions on B. A positive continuous function ¢ on [0, 1) is called
normal if there are two constants b > a > —1 such that

@(r) @(r)
A=t G-

1 o0 (1.1)
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as r — 17. If ¢ is normal, then we extend it to B by ¢(z) = ¢(|z]). For 0 < p < oo, the
weighted Bergman space A”(¢) consists of all functions f € H(B) for which

/15 = fB [f@IPp(2) dA(z) < +o0.

For g € H(B), with symbol g, the extended Cesaro operator T, is defined on H(B) as

1
d
T,(f)(z) = fo f(tz)%g(tz)f, fe€H(B),z€B,

where Rg(z) = Yj_; 2j(0g/0z)) is the radial derivative of g, as in [Ru80].

Let X and Y be two Banach (or Fréchet) spaces, and let 7' be a linear operator from
X to Y with the operator norm ||7'||x—y. Let K be the set of all compact linear operators
from X to Y. The essential norm of 7', denoted by ||T||, x—y, is defined as

Tllex—y = inf ||T — Sy
1T |lex—v Q€K|| Ollx-y

The operator T, in one variable was studied in [ACOI, AS95, AS97]. In the
higher-dimensional case, it was first studied in [Hu03, Hu04], where the boundedness
and compactness on Bergman spaces (or mixed norm spaces) were completely
characterised. Recently, in [HT10], Schatten(—Herz) class extended Cesaro operators
on A%(p) were considered. The purpose of this note is to study the essential norm
for T, as an operator from A”(¢p) to A4(¢p) for all possible 0 < p, g < co. Some of our
results in the one-variable case with p < g were obtained in [Ra07].

In what follows, we use C to denote a positive constant whose value may change
from line to line but does not depend on the functions in H(B). The expression ‘A ~ B’
means there exists some C such that C~'A < B < CA.

2. Main theorem

Given g € H(B), write M (g,r) = supy,-, 1g(@)l. It is well known that M (g, r) is
increasing with r. In the proof of our main theorem, we need the following lemma,
which is of independent interest.

LemmA 2.1. Let  be a positive continuous function on the interval [0, 1) with 0 <
lim sup,_,; Y(r) < co. Then there is some constant C such that, for all g € H(B),
sup [g(2)ly(|z]) < C lim sup |g(2) ¥ (Jz]). (2.1

Z€B lz]—1

Proor. First we prove that there exist a constant C and a sequence {r;}, r; — 1 as
J — o0, such that

sup ¥(p) < Cy(r)). (2.2)

0<p<r;
In fact, if O <limsup,_,; ¥(r) < oo, then we can pick some sequence {r;} such that
rj— las j— ocoand y(r;) > % lim sup,_,; ¥(r). Hence

- 2 supy<,<1 Y(0)

< m'ﬁ(ﬁ) = Cy(r)). (2.3)

sup ¥(p) < sup1 ¥(p)

0<p<r; 0<p<
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If lim sup, _,; /(r) = oo, then we can take some r; — 1 so that

sup Y(p) = Y(r)). (2.4)

0<p<r;

Otherwise, we would have some ry such that, for all r € [rg, 1),

sup Y(p) > ().
0<p<r
Then sup,,., ¥(p) cannot be achieved at any point in [ry, r]. Hence lim sup,_,; ¢(r) <
SUPo<p<r, Y (p), a contradiction. From (2.3) and (2.4), (2.2) follows.
For g € H(B), we claim that there is some 1 = 1(g) € (0, 1) such that

Moo (g, W (r) <2 lim sup M (g, NY(r) (2.5)
r—1

for all n < r < 1. In fact, if lim,_,; My (g, r)¥(r) =0, then lim,_,; M (g, r) = 0 by the
hypothesis lim sup,_,; ¥(r) > 0. This means that g is identically zero. Hence (2.5) is
valid for all n € [0, 1). If lim,_,; M (g, W (r) > 0, the estimate (2.5) is valid for all i
sufficiently near 1 by the definition of lim sup.

Now, for any g € H(B), fix some r; satisfying (2.2) such that r; € [n(g), 1). Then,

by (2.5),
sup Meo(g, Y(r) < sup Meo(g, NY(r) + sup Mew(g, N(r)
0<r<1 0<r<r; risr<l
< Mu(g, ;) sup y(r) + 2 lim sup M (g, r)y(r)
O<r<r; r—1
< CMoo(g, r))y(rj) + 2 lim sup Mo (g, ry(r)
r—l1
< Clim sup Mo (g, ry(r),
r—1
where the constant C is independent of g € H(B). The estimate (2.1) follows. O

Lemma 2.2. Suppose that g € H(B). Then, for 0 < p < g < oo,

s})\ (1 _ |Z|2)k—(n+1) 1/k
1Tl = sup R (@l ———— |
gllAP(p)—A4(g) zeg 8 )

with 1/k=(1/p) —(1/q),; and, for 0 < g < p < oo,

||Tg||A/’(<p)—>Aq((p) = ”g - g(O)”s,np

with 1/s = (1/q) — (1/p).

See [Hu04, Theorem 5]. Things to pay attention to are that, as pointed out in [Hu04,
Remark 2], normality here is the same as that defined by conditions (P;) and (P;)
in [AS97, Hu04] in the sense that they induce the same pth Bergman space with
equivalent norms. Also, we have ¢* =~ ¢, where ¢*(r) = (1/(1 —r)) fe (en/z ©(t) dt, as
in [HuO4].
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TueoreM 2.3. Let g € H(B). Then, for 0 < p < g < oo,

s})\ (1 _ |Z|2)k—(n+1) 1/k
T o lleArcoysocey ~ lim sup | <z>|(—) 2.6)
glle,AP(p)—A(p) Z_)IP g o)
with 1/k = (1/p) — (1/q); and, for p> g,
Tl = lim [ 1g(2) = O ¢(2) dAG) 2.7)
= |zl>r

with 1/5=(1/g) - (1/p).
Proor. We suppose first that 0 < p < g < co. Given { € B, let the function f; be
O ar )1/,,’
()1 =z, Oy
where 5 > b is fixed with b as in (1.1). As indicated in [Hu04, proof of Theorem 2],
1
(P = |gPyrhHlp:

Further, it is easy to check that f;(z) goes to 0 uniformly on any compact subset of B
as |{| — 1. Hence, for each Q € K,

|(1\1_>H}.o 19/¢llg = 0.

Il <C and  fx(O) =

Let ; € B be such that
(1- |§j|2)k—(n+1) 1/k (1 = [z[2)f =+ D\ 1k
@(£)) ) 9(2) ) .
Notice that R(T,f) = fRg. Then, for Q € K, by [Hu04, Theorem 1],

ITs = Ollarp)-au) = Climsup [Ty — Q) f,llg.

J—

> C{1im sup 17, f e = lim 107 )

Jj—oo

= tim sup [ R g2

-1

lim mg(m(
J—oo

= C lim sup ||Tgf§j||Qs90

j—oo

~ Clim sup | R (T, fr)@(1 = |2l

j—oo

1/q
= C lim sup(fB Ife,(2)Reg(2)(1 - lZP)e(z) dA(Z))

Jj—o0
1/q
> Clim SUP( f [ @Re@(1 = ) e(2) dA(z))
j=eo \JE@
> € lim sup(lf; () Re@NI(L 1PV )
Jj—ooo
((1 ~ |{,~|2)"‘<"“))1/"

= C lim sup |Rg({))| o(Z;)

j—oo
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By the definition of essential norm and the estimate above, we know that

((1 _ |Z|2)k—(n+1) )l/k

2.8
(z) (28)

ITglle.ar@)—a9() = € lim sup |Rg(2)|

lz2l=1

We now prove the reverse inequality. This will be split into two cases. First, let

1 — [zP)k=(+ D\ 1/k
Tim sup(L) Y 2.9)
r—1 QO(Z)
We may suppose that g € H(B) satisfies
1 — [22)k—(+ D\ 1k
lim sup mgm(L) < oo,
lel—1 @(z)
By (1.1), there is some positive constant « such that
sup [Rg@)I(1 = [z*)* < co.
ZEB
Hence [Zh05, Theorem 2.7] tells us that
Rg(w)
%z:caf—l—WQ"dAw, 2.10
8@ =co | Gy (= WP dAw) (2.10)
with ¢, a fixed constant depending on »n and a. For 0 < p < 1, define G, by
Gp(2) = ca fB WX,O(W)(I — Wl))" dA(w), (2.11)

where
1 if|w| <p,

o) = {0 if p<w<1.

It is trivial to verify that G,(z) is holomorphic on the closed unit ball B, and also
G,(0) = 0 since ;Rg(0) = 0. Set g,(2) = fol(Gp(tz)/ 1) dt; then g, is also holomorphic on
B, and

Rgp(2) = Gy(2). (2.12)

Hence, using (2.9),
% (1 _ |Z|2)k—(n+l) 1/k 0
lim (—) =0.
Jim IRg,(2)l 20)

Theorem 6 in [HuO04] tells us that 7 is compact from A”(¢) to A?(¢). Therefore, by
Lemma 2.2 and (2.10), (2.11), (2.12),

||Tg||e,A1’(<p)—>A‘7(¢) < ”Tg - Tgp”

< Csup |Rg(z) — Rg,(2)l

Z€B

(1 _ |Z|2)k—(n+1) 1/k
( ®(2) )
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= w e _ Rgw) o ‘
=€ SZIEJII;( (2) ) LIZp (1-<z, w>)n+1+a(1 Iw[")* dA(w)

(1 _ |W|2)k7(n+l) 1/k (1 _ |Z|2)k7(n+l) 1/k
<C R R D
i he ol ) ) i‘ig( e )

»(z) Uk (1 = wP)®
8 fz;((l - lez)k*("“)) 11 = (z, whr+l+e dA(w).

Using the approach in [HuO3, proof of Lemma 2],
(1- |t|2)a L+((n+1)/k)

f — tlzh*e
Therefore, by [Ru80, Proposition 1.4.10],

9(2) )”k
(1 _ |Z|2)k—(n+1) .

(o()"/* di < C(
T glle.ar(p)—a9(p)

1 - 2\k—(n+1)\ 1/k
<€ sup [Rgom)( LI
[wl=p p(w)

(1 _ |Z|2 k—(n+1) \1/k 1 1= |[|2 a—1+((n+1)/k)
xsup( SB[ [ G (60 dor@)
0 0B

B ¢(z) 1 - Kz, O+
(1 _ |W|2)k7(n+l) 1/k
<C R -
<C | g o )

(p(en'/* dt

xsup((l _|Z|2)k (n+1) l/kf (1 |t|2)“ 1+((n+1)/k)
z€B SO(Z) t|z|)l+‘7

_ k—(n+1)\1/k
<C sup I‘Rg(w)l(%) .

wlzp o(w)
This implies that
) (1 _ |Z|2)k—(n+l) 1/k
||Tg||e,AF(¢)—>Aq(¢) < C lim sup I‘Rg(z)l(—) . (2.13)
-1 ®(2)
For the case s ) 1k
1 _ —(n
lim sup(L) #0,
r—1 QD(Z)
by Lemmas 2.1 and 2.2 we have
”Tg”e,Al’(t,o)HA‘/(Ap) < HTg”
1 — 2yt D\ 1/k
=~ sup M(Rg, r)(( ") )
0<r<«l <P(r)
(1 _ r2)k—(n+1) 1/k
r—1

The estimates (2.6) come from (2.8) and (2.13), (2.14).
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We now suppose that 0 < g < p < oco. Let s >0 be such that 1/s=(1/g) — (1/p). If
llg — g(0)llsp < o0, by [HuO4, Theorem 6] T, is itself compact from A”(¢) to A%(yp).
Notice that [|g — g(0)|;, < oo implies that

lim 8(z) — g(0)°(2) dA(z) = 0.

= |z|>r

Hence
I Tegllearp)as) = 0 = lim lg(z) — g(0)*p(z) dA(2). (2.15)

|z|>r

On the other hand, if ||g — g(0)||;, = oo, then, for each r € [0, 1),

[ | lg(2) — (0)*¢(2) dA(z) = 0.

Theorem 5 in [HuO4] tells us that T, is not bounded from A”(¢) to A%(p). Hence, for
each compact operator Q, ||T; — Ollar(p)—as() = 0. Therefore,

1T glle.ar(p)—a9(p) = 00 = lim lg(z) — g(0)*p(z) dA(2). (2.16)
g |z|>r
The estimate (2.7) follows from (2.15) and (2.16). The proof is complete. O

RemMark 2.4. The case in which

lim sup
r—1

(1 _ |Z|2)k—(n+l) 1/k
( ©(2) ) #0

may happen for a suitable pair p, g with p < g even for the simplest weight ¢ = 1.
To see this, for each p € (0, n + 1) and ¢ sufficiently large, since 1/k=(1/p) — (1/9),
observe that k — (n + 1) < 0; then

((1 _ |Z|2)k—(n+1)

1/k
) — hm((l _ |Z|2)k—(n+1))1/k = oo,
(p(z) r—1

lim sup

r—1
RemMark 2.5. Of course, in our Theorem 2.3, when p = ¢ the expression
((1 _ |Z|2)k—(n+1) )l/k
¢(2)

should be read as 1 — |z]>.
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