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Abstract

We investigate the invariant subspace structure of subalgebras of groupoid C*-algebras that are determined
by automorphism groups implemented by cocycles on the groupoids. The invariant subspace structure is
intimately tied to the asymptotic behavior of the cocycle.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 46K50, 46140, 47D25; secondary
20L99.

1. Introduction

In this paper we continue our investigations in the theory of representations of triangu-
lar subalgebras of groupoid C*-algebras. This study follows the program founded by
Arveson in {2, 3] to analyze representations of non-selfadjoint operator algebras. The
idea is to try to associate with each (contractive) representation of an operator algebra
a C*-representation of its enveloping C*-algebra in such a way that properties of the
given representation can be inferred from the C*-representation. Explicitly, given a
contractive representation o of an operator algebra A on a Hilbert space H one would
like to produce another Hilbert space K, such that K © H, and a C*-representation
7 of C*(A), the enveloping C*-algebra of A, on K, such that

p(a) = Pym(a)ly, ace€A,
where Py is the (orthogonal) projection onto H. Such a representation of A is, thus, a
compression of a C*-representation (called a dilation of p) to a subspace H € K. In
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general, a contractive representation need not have a dilation. However, those that do
have been characterized by Arveson loc. cit. as the so-called completely contractive
representations. It can be shown that when the representation p has a dilation, the
Hilbert space H is a semi-invariant subspace for w(A). This means that H may
be written as H = H, & H;, where H, C H, and n(A)H; € H;. That is, H is
the orthogonal difference of two nested invariant subspaces for 7(A). The converse
also holds, that is, the compression of 7|A to a semi-invariant subspace defines
a completely contractive representation of A. Hence the completely contractive
representation theory of A can be studied by studying the C*-representations of the
C*-envelope C*(A) of A, and their invariant (and semi-invariant) subspaces. Thus
there appears to be an exact analogue of the program initiated by Sz.-Nagy for studying
a contraction operator in terms of its (minimal) unitary dilation.

For subalgebras A of groupoid C*-algebras of the kind we investigate, C*(A), is
the groupoid C*-algebra itself [17]. Moreover, our algebras A have the property that
every contractive representation is completely contractive. Thus the structure of the
contractive representations of A depends entirely on the invariant subspace structure
of the algebras 7 (A) obtained by letting 7 run through all the C*-representations of
C*(A). The representation theory of groupoid C*-algebras has been developed by
Renault in {26, 27]. Here we shall use Renault’s analysis to describe the lattice of
invariant subspaces for 7w (A), where 7 is a C*-representation of C*(A). We identify
a subspace with the orthogonal projection onto it and we write the lattice of all such
projections as latw(A). Very roughly, our algebras are represented as block upper
triangular matrix algebras and Renault’s theory aids us in analyzing how a projection
in lat ;r (A) decomposes.

In finite dimensions, the algebras we are studying are simply incidence algebras in
the sense of [S]. We are motivated by the fact that for such algebras, the description
of lat T (A) is very simple and classical. Suppose, indeed, that x is irreducible: then
7 is determined by a column, that is, the Hilbert space for 7 is the £2-space indexed
by a column. If H, is the subspace consisting of those functions supported on the
partial order indexing A, then H,, is what algebraists call an indecomposable projective
module over A. It is almost immediate, yet fundamental, that every indecomposable
projective module over A is of this form. Further, the dilation result is tantamount
to the assertion that every module admits a projective cover and this allows one to
analyze, or ‘resolve’, an arbitrary module in terms of projective modules. Thus, in a
sense, our goal is to see how far the structure of projective modules extends from the
finite to the infinite dimensional setting.

In more detail, our setting is this. Let B be a nuclear C*-algebra that has a diagonal
subalgebra D in the sense of Kumjian [10]; that is, we assume D is a masa in B with
certain properties that allow B to be represented (essentially) in terms of matrices
indexed by an equivalence relation (= a principal groupoid) on the maximal ideal
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space of D. From the spectral theorem for bimodules [12] we may assert that any
{norm closed) subalgebra A of B containing D must consist of all matrices supported
on a transitive, reflexive subrelation of the equivalence relation indexing B. The
algebras we consider here will also be assumed to satisfy: A N A* = D (that is, they
will be triangular) and A + A* is dense in B. This means that the subrelation induces
a total order on each equivalence class.

If B were the n x n matrices, then an A satisfying our hypotheses would be (unitarily
equivalent to) the full algebra of upper triangular matrices. More generally, this class
of non-selfadjoint algebras contains the strongly maximal triangular A F algebras that
have been studied extensively in recent years. (See [19, 21, 23, 22, 15, 8 and 24] to
name a few pertinent references.)

In this paper we shall assume that not only are our algebras triangular in the sense
just described, but also that they are analytic in the sense of [11] and [9] (see Section
2 for details and definitions). This hypothesis is satisfied for the upper triangular
n x n matrices, but not for all strongly maximal triangular A F algebras. Although
a bit restrictive, this hypothesis allows us to apply powerful techniques from ergodic
theory and it puts into evidence phenomena that need further investigation in the
future. Also, to simplify matters, we shall treat only C*-representations  that are
irreducible.

Given such an algebra A and an irreducible representation 7 of its enveloping
C*-algebra C*(A), we can associate with it a closed subset 15{;0 (c) of RU{oc}. Here u
is a measure associated with  and ¢ is a cocycle describing A. (This subset is always
a subgroup of R together, sometimes, with oo adjoined, and we shall therefore call
such a subset a subgroup of R U {oc}.) We shall first show (Theorem 3.2) that lat w (A)
is a nest (that is, it is totally ordered with respect to the usual order of projections)
and, in fact, if it is not trivial, then every non-trivial projection in lat 7 (A) ‘generates’
the lattice. Then we examine the order type of this nest. It turns out that it depends
on ﬁgo(c). If Rgo(c) = {0} then (Theorem 5.1) all the projections in latw(A) are
in w(D)". In the finite dimensional setting, this is always the case. Note, too, that
in general 7 can be disintegrated over the maximal ideal space X of D. Hence we
can identify the representation space with f ;B K (u)dp(u) for some measure u, that is
ergodic because 7 is irreducible, and Hilbert space fibers K (1), u € X. Therefore,
when R“ (c) = {0}, we have for p-ae. u, L) = {(F(u) : F € latw(A)} = {0, I}.
Again, a little thought shows that in the finite dimensional situation, this recaptures the
fact that the indecomposable projective modules over the algebra of upper triangular
n x n matrices are the ‘columns’.

If Rgo(c) = {0, oo} we find (Theorem 4.1) that lat w(A) = {0, I}; so that there
is no non-trivial invariant subspace for 7 (A). One can conclude from this that if p
is a representation of A with an irreducible C*-dilation 7 and if Rgo(c) = {0, o0},
then p = m, that is, p can be extended to a C*-representation of C*(A). Using
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this we describe all (contractive) representations of a Z-analytic subalgebra A, with
irreducible C*-dilation (Corollary 9.2).

The other two possibilities for Rgo(c) are R U {oo} and AZ U {oc} for some A € R.
In both cases we show (Corollary 6.6 and Theorem 7.1) that either latw (A) = {0, /}
or the order type of .Z (u) (the lattice in the fiber over u as above) is the order type of
R (c).

In Section 8 we present an example of an irreducible representation & of the CAR
algebra B and an analytic subalgebra A of B such that .¥°(u) has the order type of
Z U {£o0}.

Representations of triangular A F algebras were studied recently by Orr and Peters
[19]. Most of the algebras they treat are analytic (such as the standard embedding or
the refinement embedding algebras) and our analysis generalizes some of their results
(see, for example, the remark following our Theorem 9.1).

Without further mention, all our Hilbert spaces will be complex and separable. All
operators will be bounded and linear. All C*-algebras will be separable and ali locally
compact spaces will be Hausdorff and second countable. The measures will be Radon
measures and positive.

2. Preliminaries

Throughout the paper B will always denote a nuclear C*-algebra having a diagonal
D in the sense of Kumjian [10]. A normalizer of D is simply an element b € B such
that b*db and bdb* are in D whenever d € D. Such a normalizer is called free if
b? = 0. The set of normalizers and free normalizers of D will be denoted N (D) and
N¢(D), respectively. We say that D is a diagonal in B if D is a masa in B containing
an approximate identity for B, if B is not unital, such that there is a faithful expectation
P from B onto D whose kernel is spanned by the free normalizers of D.

The example to keep inmindis B = M, (C) and D = D, the algebra of all diagonal
matrices. P is the obvious map onto D and a normalizer is a matrix that can be written
as a product dc where d € D, and c is a permutation matrix.

In the general situation, the elements of B can be thought of as ‘generalized
matrices’ whose coordinates are in some equivalence relation. More precisely,
Kumjian’s representation theorem [10] asserts that there is a T-groupoid E over
an r-discrete, locally compact, principal groupoid G, whose unit space G® may be
identified with the maximal ideal space of D, such that B is isomorphic to C}, (G, E).
We shall now explain what all this means.

We assume the reader is familiar with the terminology, notation and basic facts from
[26]. We will use them freely, except that we will use ‘s’ for the ‘domain mapping’
on a groupoid that Renault denotes by ‘d’. We fix, once and for all, a locally compact
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r-discrete principal groupoid G. It is in fact an equivalence relation on G but its
topology is usually different from the relative topology inherited from G©@ x G©.
The equivalence classes of G are countable and we assume that the counting measures
on them give rise to a Haar system, denoted by {A* : u € G©}.

A T-groupoid E over G is a (locally compact groupoid) central extension of G
by the trivial circle bundle G x T (which has the obvious structure of a groupoid
with unit space G@). Thus we have an exact sequence of continuous groupoid
homomorphisms

G(O)—>G(°)XT—i>E—j>G

where j is onto. Through i we find it convenient to view E as a principal T-bundle
with bundle projection j. For¢t € T and y € E, we write ¢, for i((r(y),t))y. The
centrality assumption amounts to assuming that for all (y;, y») € E® andallt,, 1, € T,
we have (1)1, by2) € E@ and (t;y1)(12y2) = hita(172).

Let C.(G, E) denote the space of continuous complex valued, compactly supported
functions f on E (that is, the closure of the support of the function is compact), such
that f(ty) = tf(y), t € T, y € E. These, of course, are just the continuous,
compactly supported cross sections of the line bundle determined by E. Then with
respect to pointwise addition, scalar multiplication, and inductive limit topology,
C.(G, FE) becomes a topological *-algebra under the operations:

(f % g)(B) = / F@g(@™ BN P (@)
and

B = f(B,

where @ = j(a). (This notation for j(a) will be used frequently.) Note that the
integrand is a T-invariant function of «t, so f * g makes sense.

A representation of C.(G, E) is simply a *-homomorphism 7 from C.(G, E) into
the algebra B(H) of all bounded operators on a Hilbert space H that is continuous with
respect to the inductive limit topology of C.(G, E) and the weak operator topology
on B(H). Renault [27] proves that the quantity

sup{llm(f)|l : = is a representation}

is finite for each f € C (G, E) and defines a C*-norm on C.(G, E). The completion
of C.(G, E) with respect to this norm is denoted C*(G, E). The quotient of C*(G, E)
by the common kernel of all the representations induced off the unit space is denoted
C’.,(G, E). We will not need these here because when C,,(G, E) is nuclear, which
is one of our hypotheses, C’,,(G, E) = C*(G, E) ([12]). Kumjian’s theorem then,

re
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under the assumption that B is nuclear, asserts that we may represent B as C*(G, E)
for a suitable T-groupoid E over an r-discrete principal groupoid G on the maximal
ideal space of D. Henceforth, we make no distinction between B and C*(G, E).

The bundle E is trivial over G, which is closed and open in G. Therefore, we
may view Co(G®) C C*(G, E) in the obvious way. This containment identifies D
with Co(G@). In this situation, a normalizer b has the property that j(supp(b)) is
an open G-set in G. That is, j(supp(b)) is an open subset T of G such that r and
s, when restricted to 7, are one-to-one. Thus we may view t as a partially defined
homeomorphism on G® mapping the open set r(t) onto the open set s(t). (Strictly
speaking, 7 is the graph of this homeomorphism, but we will not distinguish between
the two.) Hence, we have in this general situation an analogy with what happens for
M,(©): Every normalizer can be written as a diagonal element times a permutation
‘element’. The essential difference, really, is that the permutation ‘element’ is not
really in C*(G, E), but only in some sort of Borel completion of C*(G, E). It would
be in C*(G, E) if T were compact as well as open and if E were the trivial extension.
In this case, C*(G, E) = C*(G) and the permutation ‘element’ would be ., the
characteristic function of 7.

We turn now to the representations of the objects we have been discussing,
C*(G, E), G and E. The key philosophical point that needs to be made is that
while groups act on sets, groupoids act on fibered sets. So, while groups are often
represented by unitary operators on Hilbert space, groupoids have unitary represent-
ations on Hilbert bundles. There is nothing fundamentally mysterious here, although
the technicalities can be somewhat daunting. What we will be describing are infin-
ite dimensional analogues of the elementary fact that finite dimensional incidence
algebras have (block) matrix representations.

We begin with some measure theory. Given a measure i on G, we obtain a
measure v on G simply by integrating: v(F) = [ A*(F)du(u). The measure u is
called quasi-invariant if v and v~' are mutually absolutely continuous, where v’
is simply the image of v under the map y — y~'. If u is quasi-invariant and if
A is defined to be the Radon-Nikodym derivative, dv~!/dv, then there is a conull
Borel set F € G such that the restriction of A to G|r is a homomorphism from
G| r into the multiplicative positive reals. (The groupoid G| is called an inessential
contraction or reduction of G.) It is customary to call A the modular function of u.
This fundamental fact has a long history. The form in which we are stating it may be
attributed to Ramsay [25].

The groupoid E has the same unit space G as G, and a Haar system of its own,
denoted {o*},ccw, given by the formula o“(F) = [, [, 15(t - y) dtdA*(y), where dt
is Haar measure on T. It is easy to see that a measure u on G© is quasi-invariant
relative to E if and only if it is so relative to G. Moreover, the modular functions on
G and E, A and A respectively, are related by the formula Az(y) = Ag(y) forall
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¥ € E|r, where F is the p-conull set in G© used to produce Ag.

We adopt the notation of Ramsay in [25] and write G© % 5# for a Hilbert bundle
over G, This means that we are given a family of Hilbert spaces {J#(#)},cco
and G x # is defined to be {(u, &): £ € S (u)}, that is, G® * J# is the union
of the J#(u) made disjoint by identifying ¢ (u) with {#} x S#(u). The natural
projection from G© x 5 to G is denoted 5. It is assumed that there is an analytic
Borel structure on G x ¢ defined by 7 and a countable number of sections (see
[25] for details). The space of square integrable sections (with respect to some
measure u) is a Hilbert space denoted by L*(u, 5#) or fe) H(w)du(u). The set
End(G© % 5#) = {(u,S,v) | S : s#(v) — S () is linear and bounded} has
a natural Borel structure defined using the sections defining G * #. It contains
the subgroupoid Iso(G” * H) consisting of those (u, S, v) such that S is a Hilbert
space isomorphism. It is not hard to see that Iso(G® * 5#) is a Borel subset of
End(G© x 5#).

DEFINITION 2.1. A (unitary) representation of (G, E) is a triple (u, G© x 52, U)
where u is a quasi-invariant measure on G, G© % J# is a Hilbert bundle, and
U is a Borel homomorphism from E|r, for some inessential reduction of E, to
Iso(G© % 5#|r), where G© x 5| is the restriction of G© % J# to F, such that
Uey)=tU(y),teT,y € E.

A bit more explicitly, U (y) really is a triple (r (y), U~ (y), s(y)) where U (y) isa
Hilbert space isomorphism from J# (s(y)) onto S (r(y)). However, we will blur the
distinction between U (y) and U~ (y). It is important to note that for representations
(1, GO x 32, U) of (G, E), the support of GO *x 3 (= {u € GO | #(u) # {0}}))
is invariant for G|.

Two representations (u;, GO x 3%, U;), of (G, E), i = 1, 2, are equivalent in case
there is a reduction E|r of E, which is inessential for both 1, and u,, and a bundle
isomorphism

VGO x| > GO x M,

given by a Borel field {V (u)},r of Hilbert space isomorphisms, such that on F, u,
is equivalent to 1, and such that

Vir(y)Ui(y) = U2(y)V(s(¥))

for v-almost all y € E, where v is either the integral of {0"},cco with respect to w,
or with respect to w,.

A representation (i, GO * 5#, U) of (G, E) can be integrated to give a represent-
ation 7 of C.(G, E) defined by the formula

(T ()E)(u) =/f(}')Al/z()/)U(V)E(S(y))dk“()/),
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f € CAG,E), & € feB P (u)du(u). Here, A is the modular function of ¢ on E.
Note that the integrand is T-invariant and so the integral makes sense. Note, too, that
if a € N(Co(G?)) with j (supp(a)) = 1, then

(T(@&) ) = A (y)a(y)U (y)E(T ()

for any y € E such that j(y) = (u, t(u)). Henceforth, we shall view G explicitly as
a subset of G x G and we shall write elements of G both as ordered pairs and as
Tower case Greek letters, whichever is convenient. Renault’s disintegration theorem
[27] asserts, conversely, that every representation of C.(G, E) is the integrated form
of some (necessarily unique) representation of (G, E). Passing to completions, then,
the same bijective correspondence exists between C*-representations of C*(G, E) and
representations of (G, E). Furthermore, equivalent unitary representations of (G, E)
integrate to unitarily equivalent C*-representations of C*(G, E) and conversely, a
unitary equivalence between C*-representations of C*(G, E) is implemented by an
equivalence between their disintegrated forms.

DEFINITION 2.2. A subalgebra A € B = C*(G, E) is called triangular if it is norm
closed and A N A* = D. Itis said to be a strongly maximal triangular algebra if A is
triangular and A + A* is dense in B.

The assumption that B is nuclear implies that the spectral theorem for bimodules
is valid [12]. Thus, if A is a norm closed subalgebra of B that contains D, then
there is an open subset P € G such that G® € P, Po P C P (where Po P =
{af : (@,B) € GP N P x P}), and such that A is the closure in C*(G, E) of
{f € CAG,E) : supp(f) € j ' (P)} [12, Theorem 4.1]. We call this closure
A(P). The algebra A = A(P) is triangular if and only if P N P~! = G© (where
P! ={a!: @ € P}) and it is strongly maximal triangular if and only if, in addition,
we have P U P~! = G. In this case P totally orders every equivalence class. When
P is given, we write u < v if (u,v) € P.

A class of strongly maximal triangular algebras arises as follows. Letc : G — R
be a continuous homomorphism, that is, c(¢f) = c(«) + ¢(8) whenever (a, 8) €
G®. Such a c is called a cocycle on G and we write Z'(G, R) for the set of all
cocycles. If c71({0}) = G© the cocycle is called faithful. For a faithful cocycle write
P(c) ={@x € G| c(e) = 0}. Then P = P(c) is open and satisfies P o P C P,
PNP'1'=G%and PUP!' = G. Hence A = A(P(c)) is a strongly maximal
triangular algebra. Such an algebra is called an analytic subalgebra of B.

The reason for the terminology is the following. With any cocycle ¢ we can
associate a group of automorphisms « = {«, },cg of B by defining

a () =V fy), feC (G, E).
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Then the elements of A = A(P(c)) are precisely the elements of B with non-negative
Arveson spectrum. In other words, for a € B, a lies in A(P(c)) if and only if, for
every bounded linear functional f on B, the function t — f(«,(a)) can be extended
to a bounded analytic function in the open upper half plane.

We shall now cite some terminology and basic facts from the spectral theory of
automorphism groups. (For more details see [1, 11 and 18]). Given an automorphism
groupa = {a, : t € R}thatis strongly continuous (thatis,r — f (e, (a)) is continuous
for every a € B and f in the dual of B) and given a € B, we define sp,(a) = {s €
R: f(s) = 0 whenever f € L'(R) and a/(a) = 0}. Here a;(a) = ff(t)a,(a) dt
and f (s) = f e f(t)dt. For every subset £ C R the spectral subspace is B*(X) =
{a € B :sp,(a) C X} (where the closure is in the norm topology). If ¥ is closed in
R, B*(X) = {a € B : sp,(a) € X}. In general, if X, and X, are subsets of R, we
have

B*(Z)B*(X;) € B*(Z; + Xy).

When B = C*(G, E), « is defined by a cocycle ¢, and a € B, then sp,(a) may be
alternately described using the following equation:

sp,(@) ={s € R: f(s) =0when f € L'(R) and Vy € E, fe““”a(y)f(t)dt =0}

={seR: f(s) = 0when f € L'(R) and Vy € E, a(y)f(c(y)) =0}
= c(j(supp(a))) (here supp(a) = {y € E : a(y) # 0}).

Hence the spectral subspace B*(X) is {a € B : c(j(supp(a))) € X}, and if ¥ is
closed, then B°(X) = {a € B : j(supp(a)) € ¢"!(X)}. In particular,

A(P(c)) = {a € B : j(supp(@)) € ¢"'([0, 00))} = B*([0, 00)).

We can also define the spectrum of the automorphism group o by

sp(e) = U{sp,(a) : a € B}.

This is a closed subset of R but in general it has no algebraic properties that are
useful to us. One can modify this set to get the Connes spectrum I"(a) of a, which
is a closed subgroup of R (see [20, 8.8.2] for the definition). For an automorphism
group ¢ given by a cocycle ¢ it turns out ([26, p. 112]) that I'(or) = R (c), where
Ro(c) = N{c(GN U x U)) : U € G is open}. In [29] it was shown that, when
G is minimal, R (c) (more precisely, Rw (¢), which is what one gets if the closure of
c(G N (U x U)) above is taken in R U {oc}) is an isometric isomorphism invariant
for the algebra A(P(c)). Here we shall need a ‘measure-theoretic’ version of R.(c).
Recall that a Borel measure u on G© is ergodic if, whenever we have a Borel subset
F € GO with u(r(s7'(F))AF) = 0 (that is, F is almost invariant) then F is either
null or conull.
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DEFINITION 2.3. (see [28, Definition 3.1]). Let u be a given ergodic measure on
GO, Letc : G — R be a Borel homomorphism (that is, a Borel cocycle).

(1) R%(c) is the set of all t € R with the property that for every € > 0 and every
Borel set B € G with u(B) > O we have v((B x B)Nc™'(t — €, 1 +€)) > 0.
(2) We say that oo € ﬁgo(c) if for every M > 0 and every Borel set B € G© with
w(B) > 0 we have v((B x B) N ¢ '[M, 00)) > 0.
(3) We write ﬁgo(c) for R% (c) if oo ¢ Ré‘o(c) and ﬁgo(c) = RY (c) U {oo} otherwise.
Some basic properties are given in the following proposition. The proofs can be
found in [28].

PROPOSITION 2.4. Let i be an ergodic Borel measure on G and let ¢ : G — R
be a Borel cocycle. Then

(1) RX(c) is a closed subgroup of R; that is, it is either {0} or R or AL for some
A eR.

2) Rgo(c) is either {0}, {0, oo}, R U {00} or AZ U {oo} for some 1 € R.

(3) Ifa < b < oo and [a, bl N R (c) = @, then every Borel subset of G with
positive measure has a subset F, with positive measure, satisfying (F x F) N
c'(la, b]) = 0.

(4) cis a Borel coboundary (that is, there is a Borel function g : G® — R such that
c(x,y) =g(y) —gx) forv-ae. (x,y) € G) if and only ifﬁgo(c) = {0}.

(5) If R%.(c) = AZ, then there is a coboundary a such that c(u,v) + a(u,v) € AZ
forall (u,v)inG.

3. The lattice of invariant projections of 7(A(P))

We now assume that B = C*(G, E) as above, A = A(P) is an analytic triangular
subalgebra of B associated with a faithful cocycle ¢ on G; that is, P = P(c) =
{(x,y) € G :c(x,y) = 0}. Also we fix an irreducible representation m of B. As we
saw above, there is a (unitary) representation (i, G x K, U) of (G, E) such that &
is its integrated form,; that is,

((f)E) () =/f(V)A”z(J/)U(V)E(S(V))dk"()'/), f e€CAG, E)

and the space on which 7 acts can be identified with f ®K (u)du(u). We write K =
J® K@du(u). Fora € C(G®) and £ € [° K @du(w), (1(@)§) () = a@)Ew).
Hence every projection Q in B(K) whose range is invariant for 7 (A) is decomposable
(since it commutes with (A) N7 (A)* = 7 (Co(G?))); that is, Q = feB Qu)du(u).
As was noted above, for every a € N(Co(G?)) with j(supp(a)) = t, a G-set, we
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have (7 (a)&)(u) = AY*(y)a(y)U(y)E(t(u)) forany y € E suchthaty = (u, t(u)).
Thus m(a)Q(K) € Q(K) if and only if U(y)Q(r @)U (y)* < Q(u) for v-a.e.
y = (u, T(w)).

LEMMA 3.1. With the assumptions above we have the following:
(1) wisergodic.
(2) Every projection Q € B(K) whose range is w(A)-invariant can be written as

Q = [® Qu)du, where U(y)Q)U(y)* < Q(u) for o-almost every y € E
with j(y) = (u,v) € P.

PROOF. (1) Suppose F € G is a Borel subset satisfying u(FAs(r~'(F))) = 0.
Write Q = feB Qu)du(u) € B(K) where Q(u) = xr(u)lgq). Then for o-ae.
y € Eand j(y) = (u, v) we have U(y)Q(W)U (y)* < Q(u) because this fails only
if v e Fand u ¢ F. Therefore, for every a € N(Co(G®)) that is supported on a
G-set, we have r(a) Q(K) C Q(K); hence Q(K) € n(BY = CI. Thus F is either
null or conull.

(2) This follows from the discussion preceding the lemma, since the supports of all
a € N(Co(G)) N A cover j~1(P) (see [12]).

Since u is ergodic it must be either concentrated on a single orbit [#] in G©
([u] = {v: (u,v) € G}) or u([u]) = O for all u € G©. In the latter case u is said to
be properly ergodic.

We recall that lat 7 (A) is the lattice of all projections Q € B(K) whose range is
left invariant by every w(f), f € A.

We shall use the notation [M], where M C K is a subset of the Hilbert space K, to
denote the (closed) linear space spanned by M. Also, when an automorphism group
o of our C*-algebra B is fixed, we write B(X) for the spectral subspace determined
by « and the set ¥ in place of B*(X).

The following is the main result of this section.

THEOREM 3.2. Let m be an irreducible representation of B = C*(G; E) and let

(u, GO x K, U) be the associated representation of E. Then

(1) latm(A(P)) is a nest (that is, it is totally ordered).

(2) If u is properly ergodic, then lat w (A(P)) is either {0, I} or a continuous nest.
Furthermore, latw(A(P)) = {Q, : t € R}y U {0, I} where Q, is the projection
onto [B[t, 00) Q(K)] and Q is any non-trivial projection in lat 1 (A(P)).

(3) If w is supported on an orbit, then 7 is equivalent to Ind €, for some u € G©.

PROOF. Let ¢ € Z'(G, R) be a cocycle satisfying P = {(x, y) € G : ¢(x, y) > 0}
and let @ = {e;} be the corresponding automorphism group; that is, o, (f)(y) =

https://doi.org/10.1017/51446788700000392 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000392

300 Paul S. Muhly and Baruch Solel [12]

e f(y), f € C*(G; E). Let & be an irreducible representation of C*(G; E) and
let P and Q be projections in lat 7 (A(P)). For such a projection P we write

E! =\ [x(B[t, 00)) P(K)],

t<A

where B = C*(G; E). When A, < A5, E} > E} and

El = \mBr, coNP(K) = \ Al (Blt, 00) P(K)] = \ E.

A<s A<s t<hA 1<s

Also n(B[t, ) E] (K) € E], (K), as B[t, 00)B[s, 00) C B[t + s, 00). Hence

A+t
n(Blt,00)) \/ EJ(K) < \/ E](K)

(and B[t,00) A EJ(K) € A\ EF(K)). Since this holds for all 7, we conclude that
V EF € n(B) = Cl, and therefore that \/ E/ = I, provided P # 0, while
/\ El = 0in any case. It follows that there is a spectral measure E”(-) defined on
the Borel sets of R such that EX[A, 00) = E’. If we write V,” = — [ e“d E* (s), we
have

n(e(a)) = Vi@V forae B,teR,

by Forelli’s Spectral-Commutation Principle (see Scholium 2.8 and Theorem 2.13 of

(11D).

The same argument applies to the projection @ € latw (A(P)) and so we may write
n(@(@) = Vern@V,2e = Vin@V/ .

This, of course, implies that V,” V,2 lies in w(B) = CI. Hence we may write
VP = A(2)V,2 where A is a character of R, that is, A(r) = ¢/ for some r € R. We
then find that

/ ePdEFP(s) = / e dEC(s) = ] edEC(s —r).

Thus Ef[s,00) = E9[s — r,00), for all s € R. This, however, implies that P
and Q are comparable. Suppose, indeed, that r > 0 and take 0 < € < r. Then
e —r < 0and Q(K) < E2,(K) = EF(K) € P(K), so that Q < P. Similarly,
ifr <0, Q > P. So we may assume that » = 0. Then E”(-) = E2(-). Write
E, = EP[t,00) and E, = \/,_, E"[5,00), and let F, = E, — E,. Forevery s > 0
we have [ (B[s, 00)E,(K)] C [n(B[s, o0o))m (B[t — 5/2,00))P(K)] C [n(B[t +
5/2,00))P(K)] € E,. Hence F,m(B[s,c0))F, = 0,Vs > 0. If f € C.(G; E)
then we may write f = f; + fo + f3, where f; € A(P) N C.(G; E) C B[s, )
(for some s > 0), f, € A(P)* NC.(G; E) C B[s,00)* and f3 € Co(G?). Hence

https://doi.org/10.1017/51446788700000392 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000392

[13] Representations of triangular subalgebras 301

Fr(f)F, € Fr(Co(G°))F,. Since n(C.(G; E)) is o-weakly dense in B(K) (as 7
is irreducible), we have

F,B(K)F, € F,n(Co(G™))'F,.

Hence F, is an abelian projection in B(K) and therefore it is a projection of rank 1.
Since F, € n(Co(G®)), it corresponds to an atom of yt. As u is ergodic we conclude
that either u is supported on an orbit or E, = E,. However, observe that we always
have Ey < P < Egand E, < Q < E,. Hence, if u is properly ergodic, then P = Q.
On the other hand, if u is supported on an orbit, E, and E, differ by at most one
dimension. So again, in this case, either P < Qor @ < P.

We have just seen that lat w (A(P)) is always a nest and that if i is properly ergodic,
then the nest is continuous. Also we have seen that for every P € latw(A(P)),
lat(A(P)) = (EF : » € R} U {0, I} if p is properly ergodic, and latw(A(P)) =
{EF,EP : » € RYU{O, I} if p is supported on an orbit. In fact, if u is properly
ergodic and P € latw(A(P)), then E] (K) C [7(B[t,00))P(K)] € E}(K) for
every € > 0. From continuity we conclude that Ef = [ (B[t, 00)) P(K)]. Hence
latw(A(P)) = {[m(B[t,00))P(K)] : t € R} U {0, I} in this case, as stated. On
the other hand, if w is supported on the orbit [«], then K = Zwe["] K (w) and, by
ergodicity dim K (w) = 1. We can then identify K with €2([u]) and U (w,, w,) = 1.
It follows that the integrated representation = is equivalent to Ind €,,.

Theorem 3.2 tells us that lat w(A) consists of a nest of decomposable projections
that is continuous if the measure p is properly ergodic. To get further information
about lat 7 (A) and, in particular, to make use of tools from ergodic theory, we have to
‘getinside’ each projection Q € latw(A) and analyze the components Q(u). Scrutiny
of the proof of Theorem 3.2 leads to the following somewhat technical result that will
be useful to us in this analysis. Here again, we let & be an irreducible representation
of C*(G; E) and we assume that (u, G® * K, U) is the triple associated with it.
Fix some Q € latw(A(P)) and assume @ ¢ {0,7}. Then Q = f$ Ow)du(u),
Q(u) € B(K(u)). The fact that Q € latm(A(P)) is equivalent to the inequality:

U, w)Q(w)U (w, u) < Q(u) forv-ae.(u,w) in P,
(Here v is the measure obtained on G by integrating over ©.) We write Q, for the
projection onto [B[¢, 0c0) O(K)]. Then Q, = f‘B 0O, (u)d i (u) where

(D) Q) =V, ey U, w)Qw)U(w, u) p-ae. u. It follows that for v-a.e.
(u, w),

D) Qewwy) =Uu, w)Qw)U(w, u), and

3 Qi@ =V <oy U, 1)Q@U (v, u) = Uu, w) Q,(w)U (w, u).

We shall need the following proposition.
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PROPOSITION 3.3. Suppose w is properly ergodic, Q € latw(A(P)), Q ¢ {0, I}
and A C X (= G9) is a Borel subset with u(A) > 0. Define for u € X,

d(u) = sup{t : Q,(u) = Qu)}; b(A,u) =inf{c(u, w) :u < w € A);
t(A) = essinf{d(u) : u € A}.

Then Q,a)(u) = Quaytsan() p-a.e. u.
PROOF. Note that both d and b(A, -) are Borel functions. Consider [7(A(P))(x4)

Q(K)]. (Here m(x4) Q(K) is the space ff Qu)(Ku))du(u)). Itliesinlat  (A(P)),
and thus, there is some ¢ such that

[ (A(P)7(xa) Q(K)]} = [ (Blt, 00)) Q(K)].
Hence, for u-a.e. u,

Q) = \/ U, w)Qw)U(w,u).

us<weA

Foru € A we get

Q. (u) = Ou).
Thus t < d(u) fora.e. u € A. Hencet < t(A). Also,foru < w € A,
U, w)Qw)U(w, u) = U, w) Qiay(w)U(w, u) < Qua(u)

(as Q4 € latw(A(P)) and u < w). Therefore Q,(u) < Q4 (u) < O, (u) (the last
inequality follows from ¢ < ¢(A)). We conclude that

Q@) = \/ U, w)Qw)U(w, u).

u<weA

Now, foru < w € A, Q(w) = Q,,(w). Hence

Q@ = \/ U, w)Qw)Uw,u) = \/ Uu, w)Qinw)U(u, w)

u<weA u<weA
= \/ Q1 ty+ewwy() = Queayebian ().
u<weA

The last equality follows from the definition of b(A, u) and the continuity of {Q,}.
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4. R (c) = {0, o0}

We keep the assumptions and notation of Section 3. In particular, 7 is assumed
to be irreducible, so the measure p is ergodic. Our objective is to understand the
structure of lat m(A(P)) in terms of the ‘asymptotic distribution’ of the cocycle c.

THEOREM 4.1. If R% (¢) = {0, 00}, then lat w (A(P)) = {0, I}.

PROOEF. Since Rgo(c) = {0, oo}, 1 is not supported on an orbit, but is properly
ergodic. Assume latw(A(P)) # {0, I'} and choose Q € lat m(A(P))\{0, I}. For this
Q,letd(-), b(-, -) and ¢(-) be as defined in Proposition 3.3. Write a = ess inf,xd ().
We claim that ¢ = 0. Assume that this is not the case; that is, assume that a # 0. For
a given u assume that there is some w € X such that d(u) < c(u, w) < du) +a/2.
Ifu <v<wanddu) < c(u, v), then
a_d0)

27 2

Hence, Q(U) = Qc(v,w)(v) and Qc(u.v)(u) = Qc(u,w)(u)- ThllS Q(u) = Qd(u)(u) =
Vicoew Qetury@) = Qewuwy(u). But then c(u, w) < d(u). Since we assumed that
d (u_) < c(u, w), we arrive at a contradiction showing that no such w exists. But
then Q(u) = Quuy() = Quuy+e2(), contradicting the definition of d(u) and the
assumption @ > 0. This proves that a = 0, as claimed.

Our next goal is to produce a set B of positive measure such that the restriction of
cto G N (B x B) is bounded. To this end, we write, for every n > 1,

c(v,w)=c(u, w) —c(u,v) <dWu) +% —du) =

B,={ueX|dwu <1/n).

Since a = 0, u(B,) > 0 for every n > 1. Fix numbers § and L, with 0 < § < L.

Using part (3) of Proposition 2.4 and the fact that Rgo (c) = {0, oo}, we can find, for

every n > 1, asubset A, C B,, with

(1) u(A,) > 0;

(2) (A, xA)Nc'[8, L] =6

(3) If w(NB,) > 0 we require that A, = A, for all n, m and write A, for A,; that
is, A, C ﬂ:il B,. Using Proposition 3.3 we then have, for every n > 1,

Qi) = Quan+ba,u (1), ueXandt(A,) <1/n.

Write B, for NB, and consider first the case when B, has positive measure and then
the case when it has measure zero.

Case I : If u(By) > 0, then A, € B, for every n. Consequently, d(u) = 0 for
every u € B, and thus 1 (A,) = 0. Hence, for u € By,, Q(u) = Qpa..n(1). Since
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du) =0, b(Ax, u) = 0. If u,, u, are both in B, then there are w,, w, € A such
that 0 < c(u;, w;) < 6, i = 1, 2. But (wy, wy) € Axe X Awo, 80 €ither |c(w;, wy)| < &
or |c(w;, w,y)| > L. It follows that either |c(u,, u)| < 36 or |c(u), up)| > L — 26.
With § fixed and letting L — oo, we conclude that for every (u;, u3) € Bo X By,
|c(uy, uy)} < 38. Hence c|p_ x5, is bounded.

Case II : Suppose u(B,) = 0. Foru ¢ By, d(u) > 0. Suppose 1/n < d(u). Then
u ¢ B,. Also b(B,, u) > 0 because if it equals 0, then for 0 < € < d(u) — 1/n, we
have w € B, such that 0 < c(u, w) < € < d(u); hence Q(,..,(u) = Q(u). But also
Quw = Qu); hence Qe uwy(#) = Quw (). It follows that Q(w) = Quwy—ctu,w) (W)-
Hence d(u) — c(u, w) < d(w) < 1/n and

d(“)SC(u,w)+l<€+l<1+(d(u)—l)=d(u).
n n n n

This contradiction shows that b(B,, u) > 0 forn > 1/d(u). Now write M(u) =
[1/dw)} + 1, c(u) = Bumqy, and N(u) = max(M(u), [1/b(c(u), u)] + 1). Then
b(c(u),u) > 0 (as was shown above) and in fact 1/N(u) < b(c(u),u). Also
c(u) = By 2 Bnwy; hence b(c(u), u) < b(Bywy, u). Thus 1/N(u) < b(Byw), u).
Write N for N(u). Then, forn > N,

t(An) < -11—, < b(By,u) < b(B,,u) < b(A,, u) +1(A,)

and thus Q,,)(#) = Oua,.uy+r(a,(#). Using Proposition 3.3 we get Q;ay)+bay.u) (#)
> Qua,)(u), forae. u. Since t(A,) < 1/n — 0 (as n — o0), we have Q(u) <
Q1 (an)+b(an ().

But the reverse inequality is valid since ¢t (Ay) + b(A,, u) > 0. Hence Q(u) =
O an)+ban . (U). We thus find that t(Ay) 4 b(Ay, u) < d(u). Hence b(Ay,u) <
d(u), and so we can find some w € Ay with 0 < c(u, w) < d(u) + 8. Clearly this
can also be done for every n > N (u) in place of N (u) (and for every u ¢ B). Given
uy, Uy in X\ By, we write N = max(N (4,), N(u,)) and then we can find w,, w, in
Ay such that 0 < c(u;, w;) < d(u;) + 8. We now argue as in Case [ to get

lc(uy, uz)| < d(uy) + d(us) + 38.

If uy, u, are in B, then c|p,« 5, is bounded by 2 + 34.

We conclude that in both cases there is a set B of positive measure p such that ¢|g. 3
is bounded. It follows that c|z,p is a coboundary; hence there is a Borel function
g : B - R such that

c(x,y) =8() —gkx), (x,y)eGN(B x B).

But then we can find a Borel subset A € B with:
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(1) w(A) >0, u(B\A) > 0;
(2) ue A, u<veBimpliesv € A.

So writing Y = {u € X : 3w € A such that w < u}, we have:

(i) Y isincreasing in X (thatis,ifu € Y and v > u thenv € Y);
(ii) Y is Borel; and
(iii) p(Y) > O0and u(X\Y) > 0(as B\A C X\Y).
But then it follows ([13, Lemma 3.8]) that ¢ is a Borel coboundary on all of X
contradicting the assumption that ﬁc‘,‘o (c) = {0, ox}.

5. R (c) = {0}

In this case, ¢ is a coboundary, so ¢ may be written as c(u, v) = g(v) — g(u) v a.e.
where g : X — R is a Borel function. It follows that there is a subset ¥ C X that is
decreasing; thatis,ifz < y € Y, thenz € Y and u(Y)u(X\Y) # 0. Let Q be w(xy).
Then Q € latw(A(P)) and Q ¢ {0, 1}. Given an a € C*(G, E) whose support is an
open G-set T C P, and f € Co(G?), we have,

@f)y)=a)fsy) = f@@ry)aly) = ((f cv)a)(y).
Hence also
w(a)m(xy) = w(xy o T)n(a) = a(X:-(v))7(a)
and
7(a)Q(K) € (X)) (K).
In fact [z (@)7 (a*)(K)] = [7 (X, (y)(K)] and

(X1 ) (K) = T (X1 1)) T o) (K) = [ (X)) (@) (@™) K]
= [r(@)n (xy)n(@*)K] C [7(a) Q(K)].

Hence [7(a) Q(K)] = 7 (x:-1r))(K). Since [7(B[t, 00))Q(K)] can be written as a
supremum of a countable family {[7(a,) Q(K)]} where each a, is supported on an
open G-set (and these supports have c¢~![¢, oo) as their union), we conclude that there
is a Borel set Z, C X with w(xz)(K) = [w(BIt, o)) @(K)]; that is, O, = 7 (xz,).
From Theorem 3.2 it now follows that lat w (A(P)) = {m(xz)}.cr and, in particular,
latm (A(P)) € m(Co(G™))”. We conclude:

THEOREM 5.1. If R% (¢) = {0} then lat w(A(P)) € w(Co(G®))".
REMARK. Note that if 4 is concentrated on an orbit [u], then ¢ is a coboundary and

) Rgo(c) = {0}. Hence, in this case, lat 7 (A(P)) C 7(Co(G?))".
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6. R-(c) =2Z

In order to discuss the case where R% (c) = AZ we shall have to ‘manipulate’
¢ in a measure theoretic way, sometimes replacing it with a Borel cocycle ¢, that
is cohomologous to ¢. The set P, := cl‘l([O, 00)), then, is a Borel partial order in
G that no longer need be open. This fact is a nuisance, but causes us no material
difficulty. The way to handle this additional complexity is suggested in [12] and
we digress momentarily to deal with it. Our representation 7w of C*(G, E) will be
fixed, as will the associated representation (i, G@ * K, U) of (G, E). We also let
v = f Adu(u) and v = f o“du(u), as is customary. Then (G, v) is an ergodic
measured equivalence relation in the sense of Feldman and Moore [6, 7]. We write M
for the algebra generated by the functions in L*> (V) that are supported on the inverse
images under j of non-singular Borel G-sets in the sense of Renault [26] and that
transform under the action of T in the same way that functions in C.(G, E) transform.
(The algebra operations are the same ones used to define C (G, E).) Thus M is a bit
larger than B.(G, E), the bounded Borel functions with compact support on E that
transform appropriately, if X fails to be compact, but it is not much larger. In any
event, it is evident from the fact that = can be expressed in integrated form that =
may be extended to M using Lebesgue’s dominated convergence theorem and the fact
that the image of M under 7 lies in the strong closure of 7 (C*(G, E)). It should be
emphasized that M is not a von Neumann algebra, in general; in particular it is not the
von Neumann algebra that Feldman and Moore associate to (G, v) (and a 2-cocycle
on G). While it is related to such a von Neumann algebra, we believe it will cause no
confusion to use this notation; in fact, we believe that it will be helpfully suggestive.

It may also be helpful to note that because our C*-algebra C*(G, E) is assumed
to be nuclear, the measured equivalence relation (G, v) is hyperfinite [12]. This
allows us to assert (after taking an inessential contraction, if necessary) that there is
a multiplicative cross section a : G —> E to the map j. Using a we obtain, by
composition, an isomorphism between M and the space of functions in L*°(v) that
are supported on non-singular Borel G-sets: For f € M, f oa is in the latter space,
and the map f —— f o a is an algebra isomorphism. As a result, we shall pass from
one algebra to the other with little more than a brief acknowledgment.

Givena Borel set Q € G of positive v measure, we let 7 (Q) be the set of functions
in M that are supported on j~' (Q). Itis then evident that the map Q > 7 (Q) is one-
to-one (modulo v-null sets). (It is perhaps worthwhile to insert here that this assertion
is not the spectral theorem for bimodules in its measure theoretic form [13]. Itis amuch
weaker statement. No topologies on or closures of the space 7 (Q) are mentioned,
and the range of the map is not claimed to be all the bi-modules over & := F(A).)
Note in particular that if P is a Borel subset of G containing A that is transitive,
meaning that P o P C P, then J (P) is an algebra containing &/, which in turn may
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be viewed as L*°(X, ). In fact, one only needs to assume that v(P\P o P) =0 and
v(P\A) = 0, by arguments similar to those in Theorem 3.2 of [13]. If, moreover,
PU P! = G, then J(P) + J(P)* = M because every non-singular Borel G-set
may be expressed as the union of such sets, one contained in P and the other contained
in P~'. Note, in particular, that if ¢ is a Borel cocycle and if P is ¢~'([0, 00)), then
T (P)+ J(P)* = M. The cocycle is faithful in the same sense used with continuous
cocycles if and only if 7 (P) N J(P)* = &/. The cocycle induces a one-parameter
automorphism group of M in the same way as a continuous cocycle induces one on
C.(G, E) and C*(G, E): Namely, o, (f)(y) = &P f(y), f € M. Observe that
when this automorphism group is spatially implemented in the representation space of
7 by a unitary group, say {U, },cr, then, writing B, for Ad(U,), sps (7 ( f)) is contained
in a set F if f is supported on ¢~} (F), for any f in M. Given a Borel cocycle ¢, and
t € R, we write M[z, o) or M¢[t, oo) for the space of those f € M that are supported
a.e. vonc '([z, 00)).
We require the following measure theoretic version of Theorem 3.2.

THEOREM 6.1. Let v be an irreducible representation of C*(G, E) and let (u, GO x
K, U) be the associated representation of (G, E). Further, let M be the algebra
associated with w and p above and extend w to M using the fact that i is the integrated
form of (u, G® x K, U). Let ¢ be a Borel cocycle on G, let P = ¢™'([0, o)), let
T (P) be the associated subalgebra of M. Then

(1) latm(Z(P)) is a nest.
(2) If u is properly ergodic and if lat w (T (P)) is not trivial, then it is a continuous
nest and, given a non-trivial Q € latx (T (P)), we have

lat7(J(P)) ={Q, :t € R}U{0, I}
where Q, is the projection onto [M*[t, 00) Q(K)].

PROOF. The proof is essentially the same as the proof of Theorem 3.2. The only
change is in the proof of the fact that for f € M, Fn(f)F, € Fn(«)'F,. For
this, note that, as was shown there, F,m(M[s,00))F, =0, Vs > 0. Letabein M
with support contained in j~!(z), where T C P is a non-singular Borel G-set. Soa
is an element of 7 (P). Let b, € L*(X, u) be the characteristic function of the set
{x € X :c(x, 7(x)) > s5}. Thenb,-aisin M[s, oo), where b, -a(y) := b;(r(y))a(y).
Therefore F,r(b, -a)F, =0, s > 0. But then n(b,)F;n(a)F, = Oforalls > 0. It
follows that 7 (b) F,m(a)F, = 0, where b is the characteristic function of r(r). But
b -a = a; hence F,m(a)F, = 0. By taking adjoints this holds also for every element
supported on j~'(t), for any non-singular Borel G-set t € P~'. It follows that
for every f € M, F,n(f)F, € Fn(&)F,. From irreducibility it now follows that
FB(K)F, C Fin()'F,.

https://doi.org/10.1017/51446788700000392 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700000392

308 Paul S. Muhly and Baruch Solel [20]

REMARK. We observe in passing that Theorem 6.1 may have all reference to the
topological structures on G and E removed. What is at issue really is the Borel
structure. In fact, it applies to the context where (G, v) is a measured equivalence
relation with countable equivalence classes in the sense of Feldman and Moore [6, 7]
determined by a quasi-invariant measure p (S0 v is obtained by integrating counting
measures against 4) and where M is the algebra generated by the functions in L*(v)
that are supported on non-singular Borel G-sets. If P is given by a Borel cocycle and
if r is an irreducible representation of M that may be expressed in terms of a Borel
representation (i, G® * K, U) of G, then the assertions (1) and (2) in Theorem 6.1
about lat 7 (7 (P)) remain valid. In our application of this generalization of Theorem
6.1 there is no need to mention E because, as we noted above, our (G, v) is hyperfinite,
so E is measure theoretically trivial.

‘We now turn our attention to the case where R% (¢) = AZ. To simplify the writing,
we may assume without loss of generality that A = 1. Using Proposition 2.4(5), there
is a Borel function g : X — R such that c(u, v) + g(v) — g(u) € Z forall (u,v) € G.
In fact we can assume 0 < g(x) < 1 (simply replace g(x) by g(x) — [g(x)]). Write

d(u,v) = c(u, v) + g(v) — gu).

Then d is a cocycle with values in Z. Write G, = d~!(0). Then G, is a Borel
subgroupoid of G containing A. The restriction c|g, is a coboundary (for (¢, v) € G,
c(u, v) = g(u) — g(v)).

LEMMA 6.2. If c(u, v) > 0, then d(u, v) > 0.

PROOF. Suppose ¢(u,v) > 0 and d(u, v) < 0; then d(u,v) < —1 and g(v) —
gw)=d,v)—c(u,v) < —1. But0 < g(u), g(v) < 1,and thus g(v) — g(u) < —1
is impossible.

Let ¥ and M be as in our discussion preceding Theorem 6.1. Write M“[n, 00) for
F(d'[n,o0)) and P, = d~![0, 00). Fix a Q € latw(A(P)) and assume that Q is
different from 0 and I. Let F, be the projection with range [ (M?[n, 00))Q(K)].
From Lemma 6.2 it follows that P C Py, and clearly, 7 (P,)M“[n, 00) C M%[n, 00).
Hence each F, € latz (7 (P)). In fact, we have,

CFRCQCRCEF S

Using Theorem 6.1(2) we can find {#,} € R, # =< f; such that F, = Q,. Write
L, = F, — F,,,. The algebra M; := Z(G,) is a x—subalgebra of M containing
A that may be viewed to be of the kind discussed in the remark following the proof

of Theorem 6.1. We define, for every n, a representation x, of M, on L,(K) by
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. (f)LE = n(f)L.E, f € M. Since G, od'[n,00) = d7'(0) od~'[n,00) C
dn, 00), t(M\)F,(K) C F,(K). Hence L,, F, € n(M,)'. Infact we claim L, isa
minimal projection in x (M,)’ because if L, = E, + E,, where each E; is a projection
inw(M,), then first of all, m (M“[1, co)) E; (K) C m(M?[1, 00)) F,(K) € F,.1(K) €
KO E,(K). Similarly, (7 (a)&,, &) = 0for§; € E;(K)anda € M9[1, o). Therefore,
(&, m(a*)&) = 0 and we conclude that (M9 (—o0, ~1DE,(K) € H © E»(K).
Finally, m(M¢(0))E,(K) = n(M\)E,(K) € E|(K) € K © E,(K). Since the
cocycle d takes its values in the integers, this shows that 7(M)E,(K) € K 6 E,(K).
Since 7 is an irreducible representation of M, this shows that one of E, and E, is
zero. We thus arrive at the following

COROLLARY 6.3. Each r, is an irreducible representation of M.

In fact, we may assert that the representation s, satisfies the conditions in the
remark amending Theorem 6.1. The representation V, of G; whose integral gives m,
is simply given by the formula V,(y) = [F,(r(y)) — Fani r WDV WIF(s()) —
Fosi(y))], ¥ € G,. Moreover, since c|g, is a Borel coboundary, we can modify
Theorem 5.1 to getlat 7, (7 (P NG,)) € m,(=)". The following lemma, then, allows
us to interpolate the F, with elements of latw, (Z (P N G,)).

LEMMA 6.4. {F € latn(9(P)) : F,;)y < F < F,} = {F,,+L : L €
latm,(Z (P N G)))}.

PROOE. If F,,y < F < F,,then F — F,,, € B(L,(K)). Forevery ¢ € L,(K) and
feT((PNGY),

T (IF = F)§ = n()(F - Fon)é
= (Fy — Fu)n(f)FE € L,F(K) = (F = F,,,1)(K).

Hence, F — F,,, € latm,(Z(P N Gy)). Conversely, if F — F,,, € latz,(Z (PN
G))) and if f € J(P), then n(f)F§ = n(f)(F — F.p0)§ + 7(f)Fni§. Since
Fop € latn(J(P)), n(f)Fp & € Foi(K) € F(K). It remains to show that
a(f)(F — F,;.1)§ € F(K). We can write f, for the restriction of f to G, and then
f — fo € M1, 00). Hence 7(f — fo)(F — Fup)§ = n(f — fo) Fa(F — Fri)€ €
Fo1(K) € F(K) as m(M?[1,00))F,(K) C F,.1(K) € F(K). Also n(fo)(F —
Foi)é = m(fo)(F — F 108 € (F — Fop)(K) (as F — Foyy € latm, (T (P NGY)).
This completes the proof.

COROLLARY 6.5. If R (c) = Z, then either

(a) latw(A(P)) C{F,;1 +n(xy)(F,—F,.\) :n€Z, Y C X Borel correction}, or
(b) latw(A(P)) ={0, I}
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REMARK. Note that if Q is a projection in latm (A(P)), different from 0 and /
and if the F, are as above, then we cannot have F; = 0 and F;, = I (implying that
each F, is 0 or I) because then, by the Corollary, lat w (A(P)) would be contained in
7(Co(G®))” and this would imply the existence of a Borel decreasing subset of G,
This, in turn, would imply that c is a Borel coboundary ([14, Lemma 3.8]).

If R% (c) = Z then u is properly ergodic and latw(A(P)) is either trivial or a
continuous nest by Theorem 3.2. The following corollary shows that in the latter
case, the nest is ‘uniformly distributed’ in a certain sense and has uniform infinite
multiplicity.

COROLLARY 6.6. If R (c) = Z, then,for p-a.e. u € X, {F(u) : F € latm(A(P))}
is either trivial or order isomorphic to Z U {£o00}.

PROOF. We can assume lat(A(P)) # {0, 7} and then latx((P)) C {F,.1 +
a(xy)(F, — F,y))ln€Z, Y C X Borel}. If F € latw((P)), then

F(u) = Fopi(u) + xy @) (F,(u) — Foi1(u))
— Fn+1(u) u ¢ Y
F,(u) uect.

Hence {F(u)|F € latm(A(P))} = {F,(u)}. It remains to show that, for m # n,
F,(u) # F,(u) for p-ae. u € X. Write Z, = {u € X|F,(u) = F,,,(u)} and assume
that for some m € Z, u(Z,) > 0. Foru € X, F,(u) = \/{Uu, w)Q(w)U (w, u)
| d(u,w) > n} as F,(K) = [m(M?%[n, 00))Q(K)]. Hence, for v-ae. (u,v) in
d-'({1}), F,4i(u) = F,(v) and, for (u, v) € (Z,, x Z,) Nd'({1}), we get

Fm(u) = Fm+l(u) = Fm(v) = Fm+l(v) = Fm+2(u)'

Hence, for a.e. u € r((Z, x Z,) Nd~'({1})) we have F,(u) = F,,,(u). But
1 € R*(d) and that implies that r((Z, x Z,) Nd~'({1})) = Z, (up to a set of u
measure zero). We conclude that for a.e. u € Z,,, F,,(u) = F,,(u). We can apply
this argument repeatedly to show that for every k € Z, F,(u) = F,(u) for a.e.
u € Z,. But this implies that fora.e. w € X andu € Z,,, U(u, w)Q(w)U (w, u) <
Fo(u) < Q(u). By irreducibility, Q(u) = I for a.e. u € Z,, and thus, fora.e. u € X;
contradicting the fact that Q was chosen to be non-trivial.

7. RE(c) =R

Our objective in this section is to prove a ‘continuous’ analogue of Corollary 6.6.
That is, we shall show in Theorem 7.1 that if R% (c) = R and if lat w(A(P)) is
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different from {0, 7}, then the nest, which then is lat 7 (A(P)) and is decomposable,
has the property that (almost) each component is continuous. This again means that
the nest is ‘uniformly distributed’ in a very strong sense and that it has infinite uniform
multiplicity.

We begin by noting that when R% (c) = R, given a < b and subsets Y and Z of
G of positive p-measure, then

v((Y x ZYNc Ya, b)) > 0.

To see this take € < (b — a)/2 and fix some ¢t € R such that v((Y x Z) Nc™'(t —
€, + €)) > 0 (by ergodicity this can be done). Since

Y xZ)NeHa, b)) D (Y xY)Nc(a—t+€,b—t—e))o((Y x Z)Nc ™ (t —¢, t+€))

we are done. This will be used in Lemma 7.3 and Lemma 7.5 below, which lie at the
heart of the proof of

THEOREM 7.1. Suppose R% (¢) = R andlat w (A(P)) # {0, I}, so that latw (A(P))
= {Q, : t € R} for some fixed Q inlat w(A(P)). Then for w-almost all u € G and

everyt #sinR, Q,(u) # Q,(u).

PROOF. The proof will use four lemmas. Throughout, a Q € latw (A(P)) different
from 0 and 7 will be fixed.

LEMMA 7.2. Write J(Q) = {(u,v) € P : Uu,v)Q(w)U(v,u) # Qu)}. Then
PoJ(Q)o P C J(Q) (up to a set of v-measure zero).

Thus J(Q) is a Borel ideal subset of P, meaning that in the notation of the previous
section, 7 (J(Q)) is a 2-sided ideal in F (P).

PROOF. For almost every (w,z) € P we have U(w,z)Q(2)U(z,w) < Q(w).
Hence the lemma is obvious.

LEMMA 7.3. For every ideal set J of positive measure there is a t with 0 < t such
that c='(t, 00) € J C ¢ '[t, 00) (up to a set of v measure zero).

PROOF. Write t = essinf c¢{;. Clearly J C ¢![t, 00). Suppose J 2 ¢~'(¢, 00).
Then there is a Borel G-set T < P of positive measure such that T C ¢~!(z, 00), and
v(J Nt) = 0. In fact, by making t smaller if necessary, we can find some ¢ < ¢, such
thatt C c7'(¢;,00)and v(J Nt) =0. Take t < t, < t;. Since t, > t = essinf ¢|,,
we can find a Borel G-set ; C J of positive measure such that for almost every
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(u,v) € 7y, t <c(u,v) < . Consider [r(r) x r(r;)] N G. Since R% (c) = R, we
have
v(e0, 6 =) N (r(z) x r(v))) > 0.

If (w, wy) € 70,5 — 1) N (r(z) x r(t)), then
c(wy, Ti(w2)) = c(wy, wy) +c(wy, i(wy)) <ty — L+t =ty
while c¢(w, t(wy)) > t;. Hence (7, (w,), t(w;)) € P and
(wy, T(wy)) = (wy, wy) o (wy, 7y, (w2)) o (t1(w2), T(wy)) € PoJ o P C J.
We then get v(z N J) > 0 - a contradiction.
LEMMA 7.4. Lett > Oand F C P satisfy Fo F € F and ¢'[0,t) C F. Then
V(P\F) =0.

PROOF. We may assume that F is the minimal set satisfying these conditions; that
is, we may assume that

F ={(w,,w,) € P: thereare xi,...,x, € G? such that
(i, X1), (Kn, w2), (Xi, Xiy1) € ¢7'(0,2)  foralli =1,...,n—1}.
Suppose that (w,;, w;) € F and that x,,..., x, are as above; suppose, too, that

(w,u) € P and (v, w;) € P. Then if (u,v) € P, we can find a k < j such
that x, < u < x4q and x; < v < xj4, implying that (u,v) € F. It follows
that P o F¢ o P C F€; that is, F¢ is an ideal set (here F¢ = P\F). Hence, if
v(P\F) > 0, then thereisa b > O such that c~!(b, 00) € P\F C ¢ ![b, 00). In fact,
P\F C ¢7'[t, 00); so v(c™'(b, 1)) = 0. But since R¥ (c) = R, this can happen only
if b > ¢; that is, only if b > ¢t > 0. Now choose a Borel G-set 1, € P with positive
measure such that 7; € ¢ '[2b/3, b). Alsonote that v(c~'[2b/3, b)N(s(1;) x X)) > 0
and we can find a Borel G- set 1, € ¢7![2b/3, b) N (s(t;) x X) having a positive
measure. But then the G-set 1) o 1, has a positive measure and is contained in
c7'[4b/3,2b) C ¢ !(b,00) € P\F. Butt; C ¢ '[2b/3,b) C c7'[0,b) C F, s0
1,017, € F o F € F. This contradicts the assumption that v(P\F) > 0.

LEMMA 7.5. Let J(Q) be as in Lemma 7.2. Then v(P\(J(Q) U A)) =0.

PROOFE. J(Q) is an ideal set and, applying Lemma 7.3, we may find a t > 0 such
that ¢™1(¢,00) € J(Q) € ¢ ![t,00). (Note that v(J(Q)) > O because Q is not
reducing.) Hence F = P\J(Q) contains ¢~'[0, t) and clearly F o F C F. Therefore
t =0 by Lemma 7.4 and thus J(Q) = P\A, up to a set of measure zero.
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COMPLETION OF THE PROOF OF THEOREM 7.1 We conclude from the definition of
J(Q) and Lemma 7.5 that for v-a.e. (4, v) € P\A,

ey U, )Q)U(v,u) < Qu).

Hence, we can find a p-null set N C X such that for every u ¢ N and every
v > u, (1) holds. Now, for every pair of rational numbers ¢ < p we write ¥ =
r(c (g, p) N (X x (X\N)). If u(X\Y) > 0, then v([(X\Y) x X]1Nc7'(q,p)) >0
(as R% (c) = R). But then we can find a Borel G-set 7 of positive measure contained
in [(X\Y) x X]1Nc~!(q, p). Forevery u € r(r) we have u ¢ Y but (u, t(u)) €
c~Y(q, p). From the definition of Y, it follows that (u, T(u)) ¢ X x (X\N) (otherwise
(u, T(u)) € (g, p)N(X x (X\N)) and u € Y). Hence (1) € N. Since this holds
for every u € r(t), we have s(r) € N. But this is impossible since N is null and
v(t) > 0. This shows that (X\Y) = 0. We now write No = N U (U, ., (X\Y,.,))
where Y, , is the Y associated with g, p as above. Then u(Ny) = 0. For every
pair of real numbers, ¢, s, with ¢ < s, we can find rational numbers ¢ < p such
that t < g < p < 5. Hence, for every u ¢ N, and every pair ¢, s, with ¢ < s,
uer(c(t,s) N(X x (X\N))).

Now, fix u ¢ Npand 0 < t < 5. Letq € Rsatisfy t < ¢ < s. Then
uer(c'(t,g) N (X x (X\N))). Hence we can find w, such thatt < c(u, w;) < g
and w, ¢ N. Similarly we can find w, such that ¢ < c(u, w;) < s and w, ¢ N.
Using (1) and the fact that 4 and w, are not in N, we get

Uu, wy) Q(w)U (wy, u) < U, wo)U (wo, wy) @Q(wi)U(wy, w)U (wy, u)
=U, w)Qw)U(w, u) < 0®) .

Now, for every w with c(u, w) > s we have w, < w, and thus,

Q/(u) = \/ Uu, v) QU (v, u) = U(u, w) Q(w)U(wy, u)

c(u,v)>t
2 Uu, w) Q(wy)U (wy, u) > Uu, wo)U(wz, w) Q(w)U (w, wy)U (wy, u)
= U, w)Qw)U (w, u)

since Q,(u) = \/C(u'wm Uu, w)Qw)U(w, u), Q;(u) < Q,(u). This completes the
proof of the theorem.

8. An example

We shall construct an example where 7 is an irreducible representation of the C*-
algebra and lat m(A(P)) # {0, /}. This requires R% (c) # {0, oo}. In the case where
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R* # (¢) = {0} this can easily be done, since then c is a coboundary Proposition 2.4(4).
For an explicit example, take 7 = Inde,. In the following example we shall find
that R% (¢) = Z. Using Corollary 6.6, then, we see that the multiplicity of the nest
lat w (A(P)) is infinite.

The C*-algebra is the CAR algebra. So let X be {0, 1} and G € X x X be
defined as follows: (x, y) € G, where x = (x;)2,, (¥);<,, if there is some N such
that x; = y;, foreveryi > N. Then B = C*(G) can be identified with the closure
of o, My, where My is a subalgebra of B isomorphic to the 2* x 2% matrices.
We write {ef;’ : 1 < i, j < 2%} for the matrix units of My. In fact ¢} is the
characteristic function of r(k) which, in turn, is composed of all pairs (x, y) € G, such
that x,, = y,, form > k and i = 1+ Zk_ox,,,2 while j = 1+ Y% _ y.2". We
have G =, ;, 7 and GO = |, 7. for every k.

We shall now define representations m; of M. The representation space for each
is H=L*X, u, 2(2)) = fq9 H(u)du(u), where H(u) = €(Z) and u = [Joog e
wi({0}) = e ({1} = 1\2. (Note that u is quasi-invariant. Indeed, w is invariant.)

We let

) Uj"f(fm(x)) X € ’(T(”)
(mie;; ) fHx) = {0 X ¢ r(r,(j”),

where U € B(£*(Z)) is the shift (Ua); = a;;,. Now let

VUFE?x) xe€r(z?)
(ra(e)) ) (x) = { 0 . . wfﬁ;

and (m2(e)) )(x) = f(x) X.(x), where V € B(£*(2)) is defined by the diag-
onal matrix, whose jj element is e*™* where « is a fixed irrational number.

. 2 . 2
Noting that eflg = ¢\ + ey} and, in fact, e?; = el'lel) and e = eel),
we deﬁne M) = me)mi(el)) and my(ed)) = my(el)m (el). Finally, let

m(ey) = nz(e‘”)m(e‘”) (el = m(e‘”)*m(e‘”) 12(e) = mo(e)ma(el)
and n(efi)) =m(e (2))* if i > j. This defines a representation 7, of M, that extends
7. (Note that M, € M,.)

For 7y we define (i3 (e(3)) Hx) = X,;j>(x) f(x), and

UfEx) xer@ )

3)
(3¢ )x) = {0 e ¢ rie ),

Using similar arguments as above, we see that this defines r; on Mj, extending 7.
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We continue inductively and get {;} by defining

VUF 5 (x) x er(ny”)

0 otherwise; and

(Tam (€)Y F)(x) =

Uf (™ "(x)) x er(ziy "(x)
0 otherwise,

(Tom—1 (€7 F)(x) =

where m =1, 2,3, ... . We also write

f&P@) xer@P ()

0 otherwise,

() fHix) =

and, for an operator W € B(£2(Z)) we write (W f)(x) = Wf(x), f € L*(X, £X(Z)).
Then, it is clear that for every i, j, k there is a unitary u(") € B(£*(Z)) such that

(k)) _ ~(k) (k))

(e S ple

For example, ul )=U, ugzi = VU and, in fact,

I k=0
=30 k=2m—-1,m=>1

VU k=2m, m=>1

In general, we have u(k) u(f) = uff) and uj(kj) tom = u;", +2 where [ = [(j +1)/2] (because

7, extends m._;).

LEMMA 8.1. For k odd and 0 < m < 282 — 1, each u$),,, 3,4n is a scalar multiple
of V, that is,
Q)
Upiam3+am € CV.

PROOF. We fix odd k and use induction on m. For m = 0 we have

(k) (k) (k) (k) (k—=1)
Upy = Uty 3 = (uy)"uy, " =U"VU.

But U*VU = A"V where A = ¢¥'®; hence the claim holds for m = 0. Now we
have

u(k) (k) u( ) u(k)
2440m+1).3+40m+1) — Hotam 244m%2+am 3+amU3ram 7+4m

(k=2) (k) k=2)
- u2+m I+mu2+4m 3+4mu1+m 24+m*
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But, by induction, ugf:‘,m_3 +am € CV and, by construction, ugf[,,?l - (u(,"__,,i)2 )

andu.?,, . is aproduct of powers of U, V, U* and V*. Since U*VU,UVU*, V*VV
and VV V* are all in CV, we are done.

LEMMA 8.2. Fork oddand 0 <m < 2!' — 1, u{,, .., € CU.

PROOF. We fix k and use induction on m. For m = 0 we have, u(l"; = U by
definition. For the induction step, we write

u® =% u® ut®
1420m+1),24+2(m+1) = %342m,1+2m“ 142m,24+2m ¥ 242m .4+2m

k=D (0 &k—1
= Ui tmatm) Uit2m 242mU1sm 24m € CU

. . -1 .
because ui’fﬁzm_z +2m € CU (induction) and u(ll:-m,)Z +m 1S aproduct of powersof U, U*, V,

V*. However, UUU*, U*UU,V*UV = V*UVU*U = AV*VU =AU and VU V*
are all in CU.

LEMMA 8.3. In the weak operator topology,

2%-1_4 1
k
Z P(€\ 2m2sam) = 51

g k—>00 2
PROOE. Write W, = S; + T;, where
2k—|_1 Zk—l_z
k k
Sk = Z P(e§+)2m,2+2m)’ I, = Z p(eg22m.3-+-2m) + p(e;‘?l)'

m=0 =0

3

Then W, is a unitary operator corresponding to a translation by 1/2* (mod 1) when
we think of x € X as a number in [0, 1] (given by Y .., x,,/2™*"). It is clear, then,
that W, — [ in the strong operator topology. It is easy to check that for every
k, W:SW, =T,.

Since || S; < 1 for all £ we can find a subsequence S,, — § in the weak operator
topology. Butthen 7, = W S, W, — S in the weak operator topology (as W;, — 1
strongly). We have-S + § = lim, Sy, + 7;, = lim W,, = I; hence S = I/2. Since this
is the case for every weakly converging subsequence, S, — [/2 in the weak operator
topology.

LEMMA 8.4. In the weak operator topology,

2k2

1
Z p(e;?4m,3+4m) - Zl-

m=0
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The proof of this lemma is very similar to the proof of Lemma 8.3 and is omitted.

LEMMA 8.5. U,V e (U m((Mzk)) )

k=1

PROOF. Write % = (| J;=, m(M»))". Foreachk oddand 0 < m < 2¢2 — 1,
U 3ham 1S in CV (Lemma8.1); hence V p(e,,. 3,4,) is amultiple of (€5, 3,4m)-

Thus V p(e2 vam3+4m) € % for every such k, m. Since

2t-2

~ 1~
> Volelmaiam) > 7V
m=0

in the weak operator topology (Lemma 8.4), V € %. The proof that U € % is similar
(using Lemma 8.2 and Lemma 8.3) and is omitted.

Having defined the sequence {m,} of representations of M, with the property
that m;,, extends m;, we geta representation w of B = C*(G) and from Lemma
8.5 we conclude that U, V € m(B)". Since U and V generate B(£*(2)) as a von
Neumann algebra, it is clear that for every T € B({*(2)), T e n(B)’. But B(H) =
B(f,?a H (u)du(u)) is generated, as a von Neumann algebra, by L*(X, u) and {T :
T € B(HW)) = B({*(2))}. Thus n(B)" = B(H). We conclude

COROLLARY 8.6. m is an irreducible representation.

We now turn to the partial order P. The partial order we define here is the same as
in [29, Example 7.5]. We define a cocycle ¢ : G — R as follows:

cx,y) =Y cilxi, y)

where ¢; is acocycle on {0, 1}? defined by ¢; (0, 1) = 1427 (and ¢; (0, 0) = ¢;(1, 1) =
0,c(1,0) = —¢;(0,1)). Welet P = {(x,y) € G : c(x,y) > 0}. It is not hard to
check that the partial order defined by P is the following Let (x, y) be in G; that is,
; = y; foralli > some N. Then x < y if either Z, -0 (y, x;) > O (that is, y has
more I’s in the positions from 0 to N — 1 than x has) or leol (yi —x;) =0and x is
smaller than y with respect to the lexicographic order.
Now write F for the projection in B(£%(Z)) with range £2(Z_) where Z_ = {k €
Z:k<0). ThenUFU* < Fand VFV* = |

LEMMA 8.7. F € latw (A(P)).
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PROOE. Suppose first that (x,y) € G and x; = y; for all i, except that x;, =

0, w =1 WrittL={i:x;, =1, i <k}andorder L asm, < m < --- <
m,(< k). We define xV, x®, ... x® in X by: x? is x except that x;’ =
for i = my,...,m,. Similarly we define yV, ..., y?. We get (x,x") € rl(f;‘),
(x®,x®) e L, () xP) € Tl(,';") and (x®, y») € ), (y, y) €
rz(frl"), N GACNRY
€ 12(_"1"). But (x,y) € 1',.(",‘»11 for some /i and what we have seen here is that for
this i,

Ti(,,;)ﬂ = Tx(,';') © 1'1(,';2) 00 Tl(,';p) °© Tl(,kz) © Tz(.”llp) oo

(m)

Since u,’, is either U or VU, we see that for such i, ul

iiv1 = W, U for some diagonal

matrix W ;.
Now assume that (x, y) € G satisfies ZN_I(yi —x;) > 0and x; = y; fori > N.
Then (x, y) € r,f’}” and we can find z@ = x, ¥, 2@ ... z9 = y such that for

each i, z¥ and z¢*? differ only in one coordinate (so that, as we have seen above,
(z?, zU*D) belongs to a G-set T whose corresponding u is a diagonal multiple of U
or of U*) and in most i’s, z¢*" > z¥_ This shows that uff" is a diagonal multiple of
a non-negative power of U. Hence, if we write P, = {(x, y) : Z¥"'(y; —x;) > O and
x; = y; fori > N}, then F e lat w(a(P,)). Since P; 2 P, we are done.

In [29, Example 7.5] it was shown that R, (c) = Z. We shall now show that, in
fact, R% (c¢) = Z (with p as above).

PROPOSITION 8.8. In the example, RY. (¢) = Z.

PROOF. Firstly, as just noted, R(c) = Z by [29, Example 7.5], where, we recall,
R (c) is defined to be the set of all a € R such that for every € > 0 and every
non-empty open set U € GO, (U x U)yNc'(a —€,a +€) # @. It follows that
R, (c) 2 R“(c) (as w(U) > O for every non-empty open set U € G©). Hence
R% (c) € Z. To show that R/, (c) = Z, then, it suffices to show that 1 € R (¢).

Recall [29, Example 7.5] that c(x, y) = £(1 + 27")(y, — x,) where x = (x,),
y = (y,). Write d(x,y) = Z(y, — x,). Then d is a cocycle (but d'(0) # G?)
and ¢ — d is a coboundary. Hence [28, Lemma 3.2] R% (¢) = R%(c) = R% (d) and
it is left to show that 1 € R% (d). For this we have to show that, for every Borel set
Y € GO with u(Y) > 0, v((Y x Y) Nnd~!(1)) > 0. It is enough in fact to assume
that Y is a G; set; thatis, Y = [, U, where U, € U,_; € G© is open. Let V be an
open set that is the support of some diagonal matrix unit; that is, there is some m > 1
and v € []7_,{0, 1}, v = (v, suchthat V = {u € G° : u, = v, Vk < m). For
u € V there is some w € V such that d(u, w) = 1, except when u, = 1 for every
k > m (which is just one point). Since u is not concentrated on an orbit, for p-a.e.
u € Vthereis w € V such that d(u, w) = 1. Thus v(d~'(1) N (V x V)) > u(V).
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Since every open set U C G° can be written as a disjoint unit of such V's, we have
v(d ' (1) N (U x U)) > n(U) for every open subset U € G©. For a G set Y as
above,

v(d ' ()N x¥)) =v@ ' (D)NOLWU, x Up) = v, @™ ()N (U, x Uy,)))
= limv(d™' (1) N (U, x U,)) = limsup u(U,) = pu(¥) > 0.

This completes the proof.

9. Z-analytic algebras

Let A = A(P) be an analytic subalgebra of C*(G, E) associated with a faithful
Z-valued cocycle c. Then A is said to be Z-analytic. For such algebras we have the
following.

THEOREM 9.1. Let A = A(P) be a Z-analytic subalgebra of B = C*(G, E). Then,
for every irreducible representation w of B either latw(A(P)) = {0, I} (in which
case ( is properly ergodic) or lat w(A(P)) is a totally atomic nest whose atoms are
ordered as one of the orbits and are of rank 1 (in which case p is concentrated on an
orbit).

PROOF. First note that for a Z-valued faithful cocycle c, ﬁm (¢) € {0, o0}. Indeed,
assume m € Rw(c) is a positive integer and find (u, v) € G such that c(u, v) = m.
Since ¢! ({m}) is a (closed and) open set, we find an open G set, T, containing (u, v)
such that ¢c|]t = m. Since u # v we can take t such that r(z) N s(r) = #. Since
m € Iéoo(c), there is a pair (x, y) in r(7) x r(t) such that c(x, y) = m. But then
cx,y)=c(x,t(x))and y # t(x) (as y €' r(r), t(x) € s(r)). This is impossible,
since ¢ is faithful.

For every cocycle and every Borel measure i we have Rgo(c) C Ry (c); hence
here Rgo(c) C {0, oo} and there are two possibilities: either Rgo(c) = {0} or Rgo(c) =
{0, oc}. In the latter case we know (Theorem 4.1) that lat w (A(P)) = {0, I}. So we
now assume ﬁgo(c) = {0}. Then c is a coboundary. In fact, it is a coboundary as a
Z-valued cocycle and thus, there is a Borel functiong : X — Z such that for v-a.e.
(u,v) € G, c(u,v) = g(v) — g(u) [28, Theorem 3.9(4)]. Since {g~'({m})}. is a
countable partition of G, there are some m € Z with u(g~'({m})) > 0. Write F for
g7 '({m}). Thenon G N (F x F), ¢ =0, v-a.e., but c is faithful and u is ergodic so
this can happen only if F is a singleton. Hence u has an atom and, by ergodicity, u is
concentrated on an equivalence class, say [#], and u({v}) > Oforevery v € [u] since
is quasi-invariant. Hence = is a representation on [, co Kw)dp(w) = Z‘B K(w)

welu]
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and the irreducibility of & implies that dim K(w) = 1 for every w = [u]. The
projections in lat w(A(P)) are precisely the projections onto subspaces of the form
Zfe v K(w) where M C [u] is a decreasing set. This completes the proof.

REMARK. Theorem 9.1 generalizes both Theorem I11.2.1 and Proposition I11.3.2 of
[19]. Note that, in addition to the fact that we do not assume here that the groupoid is
AF, we also do not assume that 7 is masa preserving (as in [19, Proposition I11.3.2])
and we do not restrict ourselves to the standard embedding algebra (as in [19, Theorem
II1.2.1]).

From Theorem 9.1 we conclude:

COROLLARY 9.2. Let A be a Z-analytic subalgebra of B = C*(G, E) and let p
be a representation of A with an irreducible C*-dilation . Then, either p is the
compression of Ind €, to a subinterval of the equivalence class (u)] of some u € G©
or p is the restriction of w to A.

If G is the transformation group groupoid determined by an action of Z on a locally
compact space X and if ¢ is the position cocycle of this action, so that c¢(x, n) = n,
then the Z-analytic subalgebra A of B = C*(G) = C*(X, Z) determined by c is
nothing but the analytic crossed product determined by the action of Z. Our analysis,
then, recaptures, extends, and explains the results in {1] and [4]. In these papers,
ergodicity is used to show that certain special representations of A lead to transitive
algebras. Our results show that for every irreducible representation & of B where the
associated measure is not concentrated on an orbit, the algebra 7w (A) is transitive.
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