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Abstract

Mirror symmetry for a semistable degeneration of a Calabi—Yau manifold was first investigated by Doran—Harder—
Thompson when the degenerate fiber is a union of two quasi-Fano manifolds. They proposed a topological construc-
tion of a mirror Calabi—Yau by gluing of two Landau—Ginzburg models that are mirror to those Fano manifolds.
We extend this construction to a general type semistable degeneration where the dual boundary complex of the
degenerate fiber is the standard N-simplex. Since each component in the degenerate fiber comes with the simple
normal crossing anticanonical divisor, one needs the notion of a hybrid Landau—Ginzburg model — a multipotential
analogue of classical Landau—Ginzburg models. We show that these hybrid Landau—Ginzburg models can be glued
to be a topological mirror candidate for the nearby Calabi—Yau, which also exhibits the structure of a Calabi—Yau
fibration over PN . Furthermore, it is predicted that the perverse Leray filtration associated to this fibration is mirror
to the monodromy weight filtration on the degeneration side [12]. We explain how this can be deduced from the
original mirror P=W conjecture [18].
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1. Introduction

Traditionally, mirror symmetry is a conjectural relationship between two compact Kéhler n-dimensional
Calabi—Yau manifolds X and X": The complex (algebraic) geometry of X (B-side) is equivalent to the
symplectic geometry of XV (A-side) and vice versa [1][19]. In [26], Strominger—Yau—Zaslow proposed a
geometric construction of such mirror pair as dual special Lagrangian torus fibrations. This idea extends
mirror symmetry beyond the Calabi—Yau case, particularly to the case of quasi-Fano manifolds [2]. We
say X is quasi-Fano if the anticanonical divisor is effective, base-point free and H'(X, Ox) = 0 for
i > 0. In this case, a mirror object is given by a Landau—Ginzburg (LG) model (Y, w,w : Y — C) where
(Y, w) is an n-dimensional Kéhler Calabi—Yau manifold and w : ¥ — C is a locally trivial symplectic
fibration near infinity. We refer readers to [2] for more details.

1.1. Generalization of Doran—Harder-Thompson construction

A relationship between two different kinds of mirror symmetries for Calabi—Yau manifolds and quasi-
Fano manifolds was first addressed by Doran—Harder—Thompson in the case of Tyurin degenerations
[11]. Recall that Tyurin degeneration is a semistable degeneration of a Calabi—Yau manifold X into a
union of two quasi-Fano varieties X; U X, over the smooth anticanonical hypersurface X, := X| N X>.
This degeneration restricts the behavior of the normal bundles of X, in X; and X, to be inverse to
each other. For i = 1, 2, suppose one has a mirror LG model (¥;, w;) for each pair (X;, X12) and generic
fibers of each w; are topologically the same. Note that the anticanonical divisor —K, is mirror to the
monodromy of a generic fiber wi‘1 (t) near the infinity. Then by the adjunction formula, the relation on
the normal bundles of X;, corresponds to the condition that the monodomies of Wl._l (t) are inverse to
each other. This allows one to topologically glue two LG models to obtain a mirror candidate of X which
is also equipped with the map to P'.! One natural question is how to generalize this construction when
X degenerates into a more general simple normal crossing variety.

Question 1.1. How do we extend the construction of Doran—Harder—-Thompson for a semistable degen-
eration of more general types?

The aim of this article is to answer this question for a certain case and study related topics. We use a
recently developed language of hybrid LG models [24]. This is a multipotential analogue of classical LG
model, whose idea goes back to [3, Section 5.3]. A triple (Y, w,h: Y — CN), called a hybrid LG model
of rank N if (Y, w) is a Kihler Calabi—Yau manifold of dimension n and & = (hy,...,hx) : ¥ — CV
is a Calabi—Yau fibration which is locally trivial around the infinity boundaries of the base (See
Definition 3.1). In fact, this turns out to be a suitable model to capture mirror symmetry of the
quasi-Fano pair (X,D = Uﬁ\ilDi) in the following way: For any I c {1,..., N}, the induced quasi-
Fano pair (D; := NjerD;,Ujgr D N Dy) is expected to be mirror to the induced hybrid LG model
(Y1 = Nierw; (1), ly,, by, + ¥r — CN-I1) where wi1(;) is a generic fiber of w;. We will review
the precise notion of the hybrid LG model and the associated mirror symmetry relations in Section 3.

Let’s consider a semistable degeneration of a Calabi—Yau manifold X into a simple normal crossing
variety X, = Ul].\:’ oXi whose dual boundary complex is the standard N-simplex. Suppose we have a
hybrid LG model (Y;, w;, h; : Y; — CN) mirror to each pair (X;, U =i Xi;j) with additional topological
conditions (Hypothesis 4.6). Similar to the Tyurin degeneration case, the semistability corresponds to

Here, we view P! as the topological gluing of the base disks of LG models.
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the condition on the monodromies associated to the hybrid LG models (See Ansatz 3.9). By shrinking
the base of £, to a polydisk Ay,, this condition allows to topologically glue the hybrid LG models and
produces a symplectic fibration 7 : ¥ — PN (Proposition 4.7) where the base A, is identified with the
locus {|z;| < |zil|j =0,...,N} C PV . We also take a general hyperplane H ¢ PV and its complement
PN \ H = CN. We write the induced fibration 7 : ¥ — CV for ¥ := x~1(PN \ H).

Theorem 1.2 (Theorem 4.9). Suppose that (X;, U,z X;;) is topological mirror to (Y;, h; : ¥; — CN)
for all i. Then

1. Y is topological mirror to X. In other words, e(Y) = (—=1)"e(X),
2. Y is topological mirror to X.. In other words, e(Y) = (—1)"e(X),

where e(—) is the Euler characteristic.

1.2. Mirror P=W conjecture

The topological mirror relation in Theorem 1.2 is the weakest form of the mirror symmetry one would
expect. We could ask further about other kinds of mirror symmetry relations for this construction. In
the semistable degeneration, there is a geometric autoequivalence on the cohomology of X induced by
the monodromy of X around the degenerate fiber X.. It gives rise to the monodromy weight filtration on
H*(X) that constitutes the limiting mixed Hodge structure. On the other hand, on the cohomology of
the degenerate fiber X,, there is Deligne’s canonical weight filtration that constitutes the mixed Hodge
structure. The natural question is what the corresponding filtrations on the mirror Y and ¥ are.

Question 1.3. What is the filtration on the cohomology of ¥ (resp. ¥) that is mirror to the monodromy
weight filtration (resp. Deligne’s canonical weight filtration)?

The answer is expected to be the perverse Leray filtration associated to 7 : ¥ — PV (resp. # : ¥ —
CN), as proposed by Doran-Thompson [ 12, Conjecture 4.3]. The following is a simplified version that
we discuss in this article.

Conjecture 1.4.

1. For X and Y, we have

dime Gr¥ Griyim HP*1* (X, C) = dime Gry /G

m Hn+p—q+l(Y’ C),

P
Tntp—q
where P, is the perverse Leray filtration associated to .
2. For X. and Y, we have

dime Grf) Gr)Y, . HP*9* (X, C) = dime Gr'y IGrl, ,_ HIP ™7 (7, 0),

where P, is the perverse Leray filtration associated to 7.

Remark 1.5. We should emphasize that we could not discuss complex geometric properties of the both
topological mirror candidates (Y, 7 : ¥ — PV) and (Y, 7 : ¥ — CV) as we do not know how to glue
complex structures. This means that the perverse Leray filtrations associated to 7 and 7 are not the usual
ones discussed in the literature [7]. Instead, we consider the potentially equivalent filtrations, called
general flag filtrations, whose description is purely topological. See Section 2.3 for more details.

The motivational work for the appearance of the weight and perverse filtration in mirror symmetry,
which we shall call mirror P=W conjecture, is the proposal of Harder—Katzarkov—Przyjalkowski [ 18]
in the context of mirror symmetry of log Calabi—Yau varieties. For a given log-Calabi—Yau variety U
of dimension 7, one can consider the mixed Hodge structure on the cohomology H*(U) that consists of
Deligne’s canonical weight filtration W, and Hodge filtration F°. On the other hand, we have a canonical
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affinization map Aff : U — Spec H(U, Oy) and it provides the perverse Leray filtration P,. Since those
filtrations are compatible with each other, we can define the perverse-mixed Hodge polynomial of U by

PWy (u,t,w, p) = Z (dimc Grf’:GrW Grf (HS(U,C)utswPp".

s+b
a,b,r,s

Conjecture 1.6 (Mirror P=W conjecture)[ 18]. Assume that two n-dimensional log-Calabi—Yau varieties
U and U" are mirror to each other. Then we have the following polynomial identity:

PWy (u™'t72,1, p, w)u"t"* = PWyv (u, t, w, p). (1.1)

In case that U has compactification (X, D) where X is a smooth (quasi-)Fano and D is simple normal
crossing anticanonical divisor, the mirror P=W conjecture can be deduced from mirror symmetry for
the pair (X, D). Note that the choice of a pair (X, D) corresponds to the choice of a hybrid LG potential
h :Y — CN which plays a role of a proper affinization map. Then mirror symmetry expects that one
could match the (part of) E;-page of the spectral sequence for the weight filtration on H*(U) with the
E-page of the spectral sequence for G-flag filtration (=perverse Leray filtration) associated to /& on
H*(Y). Explicitly, this is an isomorphism of the E|-pages

( @ GrgWE—l,p+q+l,d1) ~ (GE—l,n+a+l’d]G) (12)
p—-q=a

where both are known to degenerate at the E,-page (see Section 2.1,2.3 for the notations). We say the
mirror pair (X, D)|(Y,w,h : Y — CN) satisfies the mirror P=W conjecture in a strong sense if the
relation (1.2) holds.

Theorem 1.7. Suppose that each mirror pair (X;, U4 Xij)|(Yi, wi, hi : Y; — CN) satisfies the mirror
P=W conjecture in a strong sense. Then

1. for X and Y as above, we have
@ Grb Grifim HP*a* (X)) = Grll H' ¥ (Y),
p—q=a
2. for X, and Y as above, we have
B GGy H T (Xe) = Griy HE (7).
p-q=a

The main idea is to apply the gluing property (Proposition 3.2) of each hybrid LG potential A; :
Y; — CN to describe the E|-pages of the spectral sequences for PT and P¥ in a way that they become
isomorphic to those for Wi, and W,, respectively. One of the key lemmas is the Poincaré duality
statement for hybrid LG models, which we will prove in Section 7.

Theorem 1.8 (Theorem 7.4)(Poincaré duality). Let (Y,h : Y — CN) be a rank N hybrid LG model.
Then for a > 0, there is an isomorphism of cohomology groups

Ha(Y’ Ysma C) = HZH—M(Y’ Ysma C)*,
where n = dimc Y.

1.3. The degeneration-fibration correspondence for Batyrev mirror pairs

One can see that the mirror construction discussed above proposes the conjectural mirror correspondence
between semistable degenerations and Calabi—Yau fibrations, which we shall call the degeneration-
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fibration correspondence. In Section 6, we provide further evidence for such mirror correspondence for
Batyrev mirror pairs [4].

We first consider a semistable degeneration of a smooth toric Fano variety XA which is induced by
a semistable partition I" of the polytope A (Definition 6.3). The degenerate fiber is the union of toric
varieties associated to the maximal subpolytopes {A ;|i = 0,...,N} in A for some N. This induces a
type (N+1) semistable degeneration of a general Calabi—Yau hypersuface X of X, whose degenerate fiber
Xe = Uf\i oXi is the simple normal crossing union of general hypersurfaces X; of Xy, , determined by
A ;). We will show that on the mirror side, the partition I" canonically induces a morphism r : ¥ — PN
from a mirror dual Calabi—Yau Y. It follows from the construction that the deepest intersection of the
components of the degenerate fiber is mirror to a generic fiber of 7. Moreover, as the base of 7 : ¥ — PV
comes with the toric chart, we obtain a natural candidate of a mirror hybrid LG model to (X;, U X;;).
In other words, for each i, we take A; := {|z;| < |z||j # i} ¢ PV and set¥; := n7'(A;) and h; := ntly,.

Conjecture 1.9. (Conjecture 6.10) For each i, the hybrid LG model (Y;, h; : Y; — A;) is mirror to the
pair (X;, U Xij).

Conjecture 1.9 can be considered as the reverse construction of the topological gluing of hybrid LG
models. We leave verifying this conjecture for future work.

2. Backgrounds

In this section, we set up the notations and review basic concepts about mixed Hodge structures and
perverse filtrations.

2.1. The weight filtration

We recall basic concepts about the mixed Hodge structures [10][9] following the exposition in [25]. Let
U be a smooth quasi-projective variety over C and (X, D) be a good compactification of U. Recall that
a pair (X, D) is called a good compactification of U if X is a smooth and compact variety and D is
a simple normal crossing divisor. Let j : U — X be a natural inclusion. Consider the logarithmic de
Rham complex

Q% (log D) C j.Q,.

Locally at p € D with an open neighborhood V C X with coordinates (zy,- - - , z,) in which D is given
by z1 -+ - zx =0, one can see

dz dz
Ql (log D), = Ox,pz—l ® - OX,,,Z—" ® Ox pdzis1 ® -~ ® Ox pdzy
1 k

Q% (log D), = /\ Q§( (log D),.
There are two filtrations on the logarithmic de Rham complex (Q5 (log D), d):
1. (Hodge filtration) A decreasing filtration F'* on Q% (log D) defined by

FPQ%(log D) := Q" (log D).
2. (Weight filtration) An increasing filtration W, on Q5 (log D) defined by

0 m<0
W€ (log D) = { Q} (log D) mzr
QUM AQY(logD) 0<m<r.
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Theorem 2.1 [25, Theorem 4.2].
1. The logarithmic de Rham complex Q5 (log D) is quasi-isomorphic to j.€y, :
H*(U;C) = HF (X, Q% (log D)).
2. The decreasing filtration F'* on Q% (log D) induces the filtration in cohomology
FPH*(U;C) = Im(HX (X, FPQ% (log D)) — H*(U;C))

which is called the Hodge filtration on H*(U). Similarly, the increasing filtration W, on Q% (log D)
induces the filtration in cohomology

W, H* (U;C) = Im(H* (X, W,,,_1 Q% (log D)) — H*(U;C))

which is called the weight filtration on H®(U).
3. The package (2% (log D), W,, F*) gives a C-mixed Hodge structure on H*(U;C).

Remark 2.2. In general, the weight filtration can be defined over the field of rational numbers Q so that
the Q-mixed Hodge structures are considered. However, as we will mainly focus on filtrations on the
cohomology group with complex coefficients, we will not explicitly denote the rational structures in the
notation.

The key properties of these two filtrations are the degenerations of the associated spectral sequences.
More precisely, we have

Proposition 2.3 [25, Theorem 4.2, Proposition 4.3].
1. The spectral sequence for (H(X, Q% (log D)), F*) whose E1-page is given by
EVY =HP* (X, Grp Q% (log D))
degenerates at the E|-page. Thus, we have
GriyHP* (X, Q% (log D)) = HP* (X, Gri. Q% (log D)).
2. The spectral sequence for (H(X, Q5% (log D)), W) whose E\-page is given by
E;™M = HR (X, GrlY Q% (log D))

degenerates at the E,-page and the differential d; : El_m’k+m - El_m+1’k+m

with the filtration F,. In other words,

is strictly compatible

-m,k+m _ p-m,k+m _ w
E, =Eu =Gr i

HF (X, Q% (log D)).

For a given mixed Hodge structure V = (V¢, W,, F*) and m € Z, we define the m-th Tate twist of V
by setting V(m) := (Ve (m), W(m)., F(m)*®), where Ve (m) := (27i)™ Ve and

W(m) = Wigom F(m)P := F™P
for all k and p.
In order to compute the mixed Hodge structures, we introduce the geometric description of the

E|-page of the spectral sequence. Let D be a simple normal crossing divisor with N irreducible
components D1, ..., Dy.Foranyindexset I c {1,...,N}, we write D; = N;¢; D; for the intersection.
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We set D (k) to be the disjoint union of k-tuple intersections of the components of D and D (0) to be X.

Also, for I = (i1, ,i,y) and J = (i1, - - l} -+ ,Im), there are inclusion maps
L5 . D[ — Dj
U= L5 :D(@m) —> D(m-1)

[ |=m

which induce canonical Gysin morphisms on the level of cohomology. Therefore, we have
m .
ym = @D (D () (=m) — HS™2(D(m = 1)) (-m + 1), 2.1)
j=1

where (—); is the Gysin morphism. We call this sign convention the Mayer-Vietoris sign rule which
is unique up to +1. Under the residue map, this gives a geometric description of the differential
d : E l_m’k”” — E 1_’"” k+m of the E;-page of the spectral sequence for the weight filtration as follows:

Proposition 2.4 [25, Proposition 4.7]. The following diagram is commutative

El—m,k+m — s HYm(D(m);C)(-m)

ld‘ l_ 2.2)

El—m+1,k+m resm—$ Hk—m+2(D(m _ 1);C)(—m _ 1)’

where res,, is the residue map for all m > 0.

Note that all the morphisms in the diagram (2.2) are compatible with Hodge filtration F*. This
description provides several computational tools as well as functorial properties of the mixed Hodge
structures under geometric morphisms. For more details, we refer the reader to [25].

One can extend the above construction to the case when U is singular. This can be done by taking
a simplicial or cubical resolution of the singular variety U and associated good compactifications. We
will not review this construction but describe one particular case which we will deal with.

Example 2.5. Let D be a simple normal crossing variety. Consider the long exact sequences
. d . d ; d
0— P H (D)= P H (D) S PH (D) S - 2.3)
171=1 17]=2 I11=3
where d; is the alternating sum of the restriction map. Then we have

ker di

Gt H*/(D) = )
g D) Imd;

In fact, the sequence (2.3) is the E-page of the spectral sequence for the weight filtration W,. It is also
compatible with the Hodge filtrations on each term to yield the Hodge filtration on H*(D).

2.2. The monodromy weight filtration

Let X be a smooth complex manifold and A be the unit disk. We consider a holomorphicmap f : X — A
that is smooth over the punctured disk A* := A \ {0}. We also assume that E := f~1(0) is a simple
normal crossing divisor. Let E; be the components of E and write

Elszi» E(m) = ]_[ E;

iel |I|=m
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as before. We present the de Rham theoretic description of the monodromy weight filtration on a generic
fiber X; := f~1(1).
Define the relative de Rham complex on X with logarithmic poles along E:
Q% /5 (log E) := Q% (log E)/ f*(Q) (log 0)) A Q%' (log E).
By definition, this fits into the short exact sequence

0— f*(Q]A(logO)) A Q;(_l(logE) — Q5 (logE) — Q;(/A(logE) — 0.

By taking — ® Of on the above sequence, we will have

0 — @, (log E) ® O [-1] 225 03 (log E) © O — Q5 (log E) © O — 0.

The connecting homomorphism induces the residue at 0 of the logarithmic extension of the Gauss—
Manin connection:

reso(V) : ]HI"(E,Q;(/A (logE) ® O) — ]H[”(E,Q;(/A(logE) ® Of).

Note that the cohomology of the induced complex on E, €25, /A (log E) ® O becomes isomorphic to the

cohomology group H*(X,). Also, the morphism reso(V) recovers the monodromy action on H*(X,).
Define the increasing filtration W, on x5 (log E) ® O by

Wiy 5 (10g E) © O 1= Im( W Q5 (log E) — @, (log E) @ O )

and the decreasing filtration F* by the simple truncation. To describe the monodromy weight filtration,

we consider the resolution of €% /A (log E) ® OF as follows. Define a tri-filtered double complex

(A%, d",d" We, W(M)., F*)

on E by

p+g+l

APd = 2x (llogE) . d = (=) Adt]t: A9 — AP g7 = dyp s AP9 — AP-9F]
W,QL ™" (log E)
1 1
WA — Wr+p+lg§+q+ (logE) W(M), AP = W,+2p+19§+q+ (logE)
r - ’ r -
WPQ§+q+1(log E) W,,Q§+q+1(log E)

FrAPd FrQP+a+l(log E)

WPQ)‘”;qurl (logE)

We have the map

7 Q;Z(/A(logE) ® Op — A%
w (-D9(dt/t) Aw mod Wy

which defines a quasi-isomorphism of bifiltered complexes
i (@5 (10g E) ® O, W, F*) = (s(A™). W, F*),

where s(A®*) is the associated single complex. Consider the natural morphism v : AP>4 — AP*1.a-1
given by w — w (modW,,1). As it commutes with both differentials d’ and d”, it induces the
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endomorphism of the associated simple complex s(A®*®). Note that this sends W(M), to W(M),_»
and FP to FP~!,

Theorem 2.6 [25, Theorem 11.21]. The following diagram is commutative:

HY(E, Q4 , (log E) ® Op) —— HI(E, s(A**))

lresoV \L—V

HY(E, QS /A(logE)®(’)E) LN HY(E, s(A**)).

By taking the residue map, we have

1

Grl¥ M g4%) @ G, 51 Qx (log E)[1]

k>0,-r

@ Q; (r+2k+l)[ r — 2k].

k>0,-r

13

Therefore, the E;| page of the spectral sequence for the monodromy weight filtration W (M), is given by

4 EB HI?P2K(EQ2k - p+1),C)(p - k).
k>0,p

More explicitly, the E|-page is given by the following diagram:

dy dy

-1, 0, 2,
>E1 q >E1q )E q

2.9
El

P HIKHERKk+3)) P HITPR2HEQKk+2) P HITKEQRK+1) @ HI**2(E(2k))
k>0 k=0 k>0 k>1

HT4(E(3)) ——— HI?(E(2)) ——— HI(E(1))

@\@\@

HY(E(S) — H‘H(E(4)) ——— H1(EQ3)) ——— HI(E(2))

® ® T, @ T

HIY(E(5)) ——— HI7*(E(4)),
where the horizontal arrows are (the alternating sum of) the Gysin morphisms while the antidiagonal

arrows are (the alternating sum of) the pullback morphisms. If we write down two morpshisms by G
and d, respectively, the differential d; : Ef”q — E{’H’q is givenby d; = G + (=1)7d.

Theorem 2.7 [25, Theorem 11.22]. The spectral sequence for the filtration W (M), degenerates at the
E»-page so that we have

» s W (M
EP? = ERY = Gry M HP*4(X).

We will also denote the monodromy weight filtration W(M)e by Wi e.
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2.3. The perverse filtration

We briefly review the notion of perverse filtration [6] and its geometric description [7].

Definition 2.8. Let Y be an algebraic variety or complex analytic space and D% (Y) be a derived category
of constructible sheaves on Y. An object K* € D%(Y) is called a perverse sheaf if it satisfies following
two dual conditions:

1. (Support Condition) dim supp(H(K*®)) < —i
2. (Cosupport Condition) dim supp(H!(DK*)) < i, where D : D%(Y) — D%(Y) is a dualizing functor.

Verdier’s dualizing functor on D2(Y) is defined as D = Homo, (-, p'(Cp)), where p : Y — pt
is a trivial map. We call p!(C,,,) a dualizing complex of Y, and denote it by wy. In particular, if ¥
is nonsingular of complex dimension n, wy = Cy[2n]. Note that the subcategory P(Y) of perverse
sheaves on Y is an abelian category. Also, the support and cosupport condition induces the so-called
perverse 7-structure (P D2 20(),? D% =%(Y)) on D2 (Y) whose heart is P(Y). Explicitly, it is given by

1. K* € pDIC”SO(Y) if and only if K satisfies the support condition. Also, pD?’S"(Y) = pD}C”SO(Y)[—n]
2. K* € pD?’ZO(Y) if and only if K satisfies the cosupport condition. Also, pD?’E"(Y) =
DY) [,

We denote Pr<, : D5(Y) — PDEEM (YY) (resp. Prsp D2(Y) — PDb-2"(y)) the natural trun-
cation functor. This induces perverse cohomology functors PH : D%(Y) — P(Y) defined by
PHK = Prog o Prsg o [k]. Applying the perverse truncation, one can define the perverse filtration
on the hypercohomology of a constructible sheaf IC* on Y as follows;

Definition 2.9. For K* € D%(Y), the perverse filtration P, on HX (Y, K*) is defined to be
PLHN(Y,K®) := Im(]HIk(Y,"TSbIC') s HK(Y, IC')).

Let f : X — Y be a morphism of smooth varieties. Then we can define the perverse (f-)Leray
filtration on the cohomology H*(X, C) by setting

P/ H*(X,C) == P/ H*(Y,R£.C)

Theorem 2.10 [25, Corollary 14.41]. If f is proper, then the spectral sequence for the perverse Leray
filtration degenerates at the E> page. In other words, we have

Grf B (X, C) = Ef " =B (v, "H'(R£.0)).

We will provide a geometric description of the perverse Leray filtration in case that the base space
is either affine or quasi-projective. For this, we introduce some notations used in the next subsection.
Let f : X — Y be a locally closed embedding. Then the restriction functor is given by (=)|x = Rfi f*
on D®(Y), which is exact. If f is closed, then we also have the right derived functor of sections with
support in X, denoted by RT'x (—) = Rf.f".

Next, we provide provide a geometric description of perverse filtrations. We follow the same con-
vention for the indices of filtrations used in [12]. Let’s consider the following commutative diagram of
varieties
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where

Y is a smooth complex projective variety of complex dimension 7.

B is a complex projective variety of complex dimension 7. We fix an embedding B < PV .

n Y — B is a proper morphism.

By is the affine subvariety of B and U := 7~ (By). We write gy for the restriction of 7 onto U.

O O O O

Recall that there is a smooth projective variety F (N, m) parametrizing m-flags § = {F_,, C --- C
F_i} on PN, where F_ p is a codimension p linear subspace. A linear m-flag & on PV is general if it
belongs to a suitable Zariski open subset of F (N, m). Similarly, we say a pair of linear m-flags (&1, &)
is general if it belongs to a suitable Zariski open subset of F(N,m) X F(N,m).

Fix a general pair of m-flags (H,, L.) on PV . Intersecting with B, it gives a pair of flags of subvarieties
(B.,C,) of B,

0=B_,1CB_,,C---CB_{ CBy=B,
0=C_,-ycC,c---cC_ycCcCyp=B8B,

where B, :== H,NBand C, := L, N B. We set Y, = 7~'(B,) and Z, = 77! (C,). By following [7, 12],
we define the following flag filtrations.

Definition 2.11.
1. The flag filtration G* (of the first kind) on the cohomology of U is a decreasing filtration defined by
G'H*(U,C) :=ker{H*(U,C) — H*(U,Clyny._,)}.

2. The flag filtration G* (of the second kind) on the compactly supported cohomology of U is a
decreasing filtration defined by

G'H*U,C) = Im{ngmU’C(U, C) — HY(U,C)}.
3. The ¢-flag filtration 6° on the cohomology of Y is a decreasing filtration defined by

sPH*(U,C) = Im{ D Hf (¥,Clyy,,) > H*(Y,0)}.

i+j=p

Note that both two G-filtraions can be defined on other cohomology theories as well. We describe
the E-page of the spectral sequence for each filtration.

1. The E/-page of the spectral sequence for the flag filtration G* (of the first kind) on H*(U) is given by
GEP = HP*'(UNY,,UNY,,C) = H*(U,C),

and the differential d; : E} — CEV *1:4 i5 the connecting homomorphism of the long exact
sequence of cohomology groups of the triple (Yp11,Y,,Y,_1). Furthermore, we have

CERY = G, HP* (U, C).

2. The E;-page of the spectral sequence for the flag filtration G* (of the second kind) on H} (U, C) is
given by
Gpp.q _ pgp+d *
EyT =Hy vz pnu.(U,©) = Hc(U,C),

and the differential &, : “EPY — CGE? *19 i5 the connecting homomorphism of the long exact
sequence of cohomology groups with supports (Z_,, Z_,_i, Z_,_,). Furthermore, we have
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GEP 4 — Gr HP“"I (U C)
3. The E-page of the spectral sequence for the d-flag filtration 6° on H*(Y) is given by

BT = P HL', | (Y.Cly—y,,) = H(Y,0).
i+j=p

More explicitly, the E-page is given by the following diagram.

E1—2,q di >E1—l,q d; >E;),q d; >Ell,q
2 1
H%O a 1(C|Y2 Yz) _> Hgo 7 1(C|Y1 Yz) _> ZO a 1(C|YO Y1
& T~ © \ & T~
-2 1
Hq ZZ(ClYg Y4) _> Hq Zz(C|Y2 Yz) _> Zz(C|Y1 Yz) _> Hq+l ZZ(C|YO Yl)

g? @\ \@

Zz 23(C|Y2 Y%) - H?j Zg(C|Y1 Yz)

(2.4)

o For fixed j, the antidiagonal sequence is the same with the E;-page of the spectral sequence for
the G-filtration of the first kind on H 2/_ (Y) with respects to the induced flag Z_; NY,. Let’s write
d; for the differential.

o For fixed i, the horizontal sequence is the same with the E|-page of the spectral sequence for the
G-filtration of the second kind on H*(Y;) with respects to the induced flag Z, NY;. Let’s write dj
for the differential.

o The differential d; : °EP* 5E1p+l’q is given by d| = d; + (=1)Pdy;.

Moreover, we have

°EL? = GrhHP* (Y, C).

Theorem 2.12 [7, Theorem 4.1.3 and 4.2.1]. There are identification of the perverse and flag filtrations:

1. PI”UH"(U) = G*LH*(U), where [ starts from k up to k + m.
2. Pl”UHf(U) = G HK(U), where 1 starts from k —m to k.
3. Pl”Hk (Y) = 6*LH*(U), where where [ starts from k — m up to k + m.

Corollary 2.13. The spectral sequences for all the flag filtrations in Definition 2.11 degenerate at the
Es-page.

Proof. Theorem 2.12 implies that there are natural isomorphisms between two spectral sequences that
induces the identity on the abutment. Since the morphisms 7 and 7y are proper, Theorem 2.10 implies
that the spectral sequence for the associated perverse filtration degenerates at the Ej-page. Note that
the E>-term of the Grothendieck spectral sequence used in Theorem 2.10 is the same with E;-term
of the perverse filtration. Also, the spectral sequence for the shifted flag filtrations G¥~* and §%~* is
the shifted spectral sequence for G* and °, respectively. In other words, E f 1 for the shifted filtration

is the same with Egp *4-7P for the original filtration (see [9] [7, Section 3.7].) Therefore, we have the
E>-degeneration results for the flag filtrations G* and 6°. O
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3. Extended Fano/LG correspondence
3.1. Hybrid LG models

We start to recall the notion of hybrid LG models introduced in [24]. Let’s first introduce some
notations. Let h = (hy,...,hy) : Y - CN bea N-tuple of (holomorphic) functions and (zy,...,znx)
be the coordinates of the base CV. For each nonempty subset I = {iy,...,i;} ¢ {l,..., N}, we write
hy = (hiy,....,hy) 1 Y — ¢! and the coordinate (ziy» - - .»z;) for the base cHl, which implicitly
determines the natural inclusion C!/ c CV.

Definition 3.1 [24, Definition 3.1, 59]. A hybrid LG model of rank N is a triple (Y,w,h =
(hi,ha, ..., hy) : Y — CV) where

1. (Y, w) is n-dimensional complex Kihler Calabi—Yau manifold with a Kihler form w € Q2(Y);
2. h:Y — CN is a proper (surjective) holomorphic map such that
(a) (Local trivialization) There exists a constant R > 0 such that for any nonempty subset I C
{1,...,N}, the induced map h; : ¥ — CHlis a locally trivial symplectic fibration over the
region By := {|z;| > R|i € I} with smooth fibers. Furthermore, over B; we have v(h;) = 0 for
any horizontal vector field v € Ty associated to iy and jelr
(a) (Compatibility) For I c J, such local trivializations are compatible under the natural inclusions
By xCN-VIc By xCN-IIl c CV.
We call 4 : Y — CV a hybrid LG potential.

When N = 1, this definition recovers the usual notion of LG models (Y,w,h : Y — C), where h
becomes a locally trivial symplectic fibration with smooth fibers near infinity. One can see that the second
condition in Definition 3.1 controls the geometry of the local fibration % near the infinity boundary of
the base. For each nonempty subset I C {1, ..., N}, let’s write Y; for a generic fiber of iy : Y — cl!
and hy, : Y7 — CN-I1 for the restriction of # into ¥;. Then the induced triple (Y7, wly,, hy,) can be
regraded as a hybrid LG model of rank N — |I|. From this point of view, the condition (2) — (a) in
Definition 3.1 is rephrased as the condition that #; : ¥ — C/! is a local trivialization of the induced
hybrid LG models of rank N — |1].

Associated to the hybrid LG model (Y,w,h : Y — cN ), we define the ordinary LG model to be a
triple (Y, w,w := Zoh : Y — C), where £ : CV — C is the summation map. The following proposition
justifies this terminology.

Proposition 3.2 [24, Proposition 3.2](Gluing property). Let (Y,w,h : Y — CN) be a hybrid LG
model and H be a generic hyperplane in the base CN, which is not parallel to any coordinate lines.
There exists an open cover {Ul-}f\i | of H such that for any nonempty subset I C {1, ..., N}, the induced
map Kl (Ur) — Uy is isotopic to the induced hybrid LG potential hy, : Y; — CN-Ulwhich is linear
along the base.

Proof. We present the proof for the reader’s convenience. Take a hyperplane H = {a 7 +---+anzn =
M3}, where a; # 0 for all i. By changing the coordinate z; — z;/a;, we reduce to the case where a; = 1
for all i. We also further reduce to the case when M is real due to the rotational symmetry. By generality,
we take M > NR. First, note that H N (NN {|z;/| < R}) = 0. Let R; = {Re(z;) > R} and the simply
connected region

Ui :={Re(z;)) > R}NH={Re(z1+--+Zi+---+z2,) <M—-R}NH

for each i. Since U; C {|z;| > R}, one can project U; to the locus {z; = 2R} inside the region {|z;| < R}.
The image of the projection is V; := {z; = 2R, Re(z1 + -+ Z; + - - - + 2y ) < M — R} which contains
Mj#illz;] < R}. Therefore, this projection identifies 4 : Y (U;) - U; with h - h™Y(V;) = V; due to
the local triviality of the hybrid LG model. Moreover, the latter map is completed to hy, : ¥; — CN~!
by the inductive argument. In general, for each I, Uy = N;¢;U; is nonempty and simply connected. Since
U; c {|zi| > R,i € I}, one can apply the same argument to get the conclusion. O
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Definition 3.3. Let (Y,w,h:Y — CV) be a hybrid LG model. We define the induced triple (Y, w,w :
Y — C) to be the ordinary LG model associated to the hybrid LG model (Y, w, #) and denote a generic
fiber of w by Yy,,.

Remark 3.4. In general, Proposition 3.2 is expected to hold in the symplectic category (see [24, Section
5] for more details). In this article, we mainly focus on the topological properties of hybrid LG models.

On the cohomology level, Proposition 3.2 implies that the cohomology group of 77! (H) is (non-
canonically) isomorphic to that of the normal crossing union of ¥;’s. We will use this fact to study the
perverse Leray filtration associated to i : ¥ — CV on H*(Y).

Consider a general flag of hyperplanes in CV,

55:0=H_N_1 CH. nyC---CH_ CH()ZCN

which is transversal to the discriminant locus of 4 in the sense of [7, Definition 5.2.4] and each H_;
is not parallel to any coordinate lines. We write Y, for h~'(H_;) so that we have a general flag of
subvarieties

0cYymn C---CYoy CY

which will be used to compute the flag filtration G* (equivalently, the perverse Leray filtration P”) on
H*(Y) (see Section 2.3). In other words, the E-page of the spectral sequence is given by the sequence

_ d _ d d _ d
HN (Y n) — H N (Y v, Vo)) = -+ = H Y0, Yone) — HAY, Y,0).
3.1

We use the same notation in the proof of Proposition 3.2. Take open (simply connected) regions
{R; c CN|i =1,...,N} which induce an open covering of H_{, {U; := R; " H_{|i = 1,..., N} that
yields the gluing property. Let V; = {z; = const} be the region that U; projects to. Due to the genericity
of the flag, we may assume that H_, N U; C U; projects to a hyperplane that is contained in U;,;R; N'V;
for all i. As both H_; and H_; are not parallel to any coordinate lines, this can be done by scaling
M sufficiently large to place H_, far enough from each coordinate line. It ensures that Y, N h! (U))
is isotopic to Y; s for each i. Inductively, for each k, we could assume that the collection of regions
{R; c CN|i =1,...,N} yields the gluing property for H_ in V; := N;¢;V; for any |I| = k — 1. Then
the gluing property implies the following:

Y7 smt-inn |7l < k

Y., w Nh (U =
sm(&) (Ur) {Yz 1l > k.

Lemma 3.5. For any a > 0,k > 1, the relative cohomology H* (Y, ), Y1) is isomorphic to
EB“ |=k Ha(Yh YI,sm)~

Proof. Take the (simply connected) open region {R; ¢ CN|i = 1,...,N} and the induced cover
{U; = R; N H_;} as above. When k = 1, the Mayer—Vietoris argument with respect to the open
cover {h~!(U;)} and the gluing property implies that H%(Y,,,,1), Yy) = EB{L H(Y;,Y; ¢0)) where
H (Y, Y, o)) = H(Y;, Y gm). In general, we apply the Mayer—Vietoris sequence to the cohomology
group H*(Y,,,, ), Y, e+1) with the induced open cover by R;’s. The E-page of the spectral sequence
is given by

d; d; d;
@Ha(yl,sm(k’l)’yl,sm(k)) ... @ Ha(Yl,sm(”’YI,sm(z))_) @Ha(YI’YI,AYm(I))_)()'
17]=1 [T|=k-1 [T1=k

By induction, each direct summand is the direct sum of H*(Y;, Y s,) for some J with |J| = k. Then the
differential d; becomes the alternating sum of the identity morphisms, where the signs are determined
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by the Mayer—Vietoris sign rule (2.1). Then it follows from a simple combinatorial fact that this sequence
is exact except at the first term, and H (Y, ), Yy,,ken)) = ker(dy) = EBII|=/< H (Y1, Y1 sm)- O

For any I c J with |J| = |I| + 1, we write p{ for the composition of morphisms
p{ : H.(YJv Yl,sm) — H.(YI,xm’ YI,Sm(Z)) - H.+1(YleI,sm)s

where the first one is given by Lemma 3.5 and the second one is the connecting homomorphism of the
long exact sequence of cohomology groups of the triple (Y7, Y7 sm, Y} ). Since we choose an open
cover globally, Lemma 3.5 allows one to rewrite the E;-page of the spectral sequence (3.1) as follows:
a-N di a-N+1 d ) a-1 i a
H (Ysm(N)) — @ H (YI’YI,sm) —> s H (YI, Yl,sm) — H (Y5 Ysm)’
[I|=N-1 17l=1

where the differential ¢ is the signed sum of the induced morphisms p;’s that follows the Mayer—
Vietoris sign rule (2.1).

For later use, we introduce the Poincaré dual of p{ . For a given hybrid LG model (Y,h : Y — CV)
of rank N, we will show that there is a canonical isomorphism

PD : H(Y, Yo, C) = H> (Y, Y, C)* (3.2)

for all @ > 0 (Theorem 7.4). We define the morphism (p7)" : H* (Y7, Y1 sm) — H* ' (Y;, Y sm) to be
the composition (p7)" = PD; o (p])* o PD;', where PD; (resp. PD ) is the same one in (3.2) for
the induced hybrid LG model (Y7, hy,) (tesp. (Y7, hy,)).

3.2. Extended Fano/LG correspondence

Let X be a smooth (quasi-)Fano manifold and D be an effective simple normal crossing anticanonical
divisor with N components D, D», ..., Dy. For any index set I = {iy,i2, - ,im} C {1,2,---,N},
we define

D;:=D;Nn---ND D(I):==ZjuD;NDj.

Im>

For example, if I = {1}, then Dy = Dy and D({1}) = (D U---U Dy) N D;. We also assume that
all pairs (D, D(I)) are (quasi-)Fano. We also write the normal crossing union of /-th intersections by
D{l} = 2| Dy forall 1 > 0.

Definition 3.6. A hybrid LG model (Y, w, h : ¥ — CN) is mirror to (X, D) if it satisfies the following
mirror relations:

1. the associated ordinary LG model (Y, w,w : Y — C) is mirror to (X, D);
2. fori=1,2,...,N,ahybrid LG model (Y;, wly,, hy, : ¥; — CN=!) is mirror to (D;, D({i})).

Such a mirror pair is called a (quasi-)Fano mirror pair, and we write it by (X, D)|(Y, w, h).

To elaborate the precise sense of the mirror relations, we introduce some notations. Let 0O be a cubical
category whose objects are finite subsets of N and morphisms Hom (I, J) consists of a single element
if I ¢ J and else is empty. Given a category C, we define a cubical object to be a contravariant functor
F : 0 — C, which is also called a cubical diagram of categories. For a cubical object F and I C N, we
write

Fy := F(I)
d]JIZF(I—>J)IXJ—>X1, I1cClJ.
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We also define a morphism of cubical objects in an obvious way and mainly consider the category of
finite-dimensional vector spaces over C, denoted by Vectc.

First, on the B-side, consider the natural inclusions L{ : Dy <— Dy for I c J. We consider a cubical
object 9 ,(X, D) in Vectc defined as

$9.(X. D) = 5 HP(D))

p—-q=a

99X, D)y =4, €D HP4(Dy) —» P HP(D)),

r-q=a pP-q=a

where ()’s are the Gysin morphisms. We also take the Poincaré dual of $$,(X, D), denoted by
99 (X, D) where

$95(X,D) = P HP(D))
p—q=a
995X, D)y = () P HP1(D) > P HU(D).

p-gq=a pP—-q=a

On the A-side, let (Y, w,h:Y — CN)bea hybrid LG model of rank N and n = dimc¢ Y. We consider
a cubical object 99, (Y, h) € Vectc

99, (Y. h)r = H VY, Y] gm)
99, (Y, Wy =p]  H VY, Y 5m) — H™ (Y, Y on)

for n < a < n. We also take the Poincaré dual 9, (Y, k), where

SO, ) = H™ (Y}, Yy gm)
$9C(Y, by = (p])Y - H™ MY ¥y ) — H™ VYY) m).

Conjecture 3.7. Let (X, D)|(Y,w, h : Y — CN) be a (quasi-)Fano mirror pair. For —n < a < n, there
exists isomorphisms of the cubical objects in Vectc:

99.(X.D) =99,(Y,h),  99.(X.D) = $H;(Y, h).

Remark 3.8. Conjecture 3.7 is motivated from the relative version of homological mirror symmetry
conjecture for (quasi-)Fano mirror pairs [24, Section 4.3]. In particular, this is expected to follow from
applying Hochschild homology to the categorical statement. Additionally, it is expected that one of the
above isomorphisms follows from the other via Poincaré duality.

3.3. Line bundles/Monodromy correspondence

Let (X, D) be a (quasi-)Fano pair, where D is smooth and (Y, w,w : ¥ — C) be its mirror LG model.
In this case, there is a mirror correspondence between the anticanonical line bundle —Kx and the
monodromy 7 of a generic fiber w™! () around infinity. Such correspondence can be made precise on
the categorical level via the homological mirror symmetry conjecture. On the B-side, tensoring with
—Kx provides autoequivalences on the derived category of coherent sheaves on X, D?Coh(X), as well
as on D?Coh(D) by restriction. On the A-side, the monodromy operator T induces autoequivalences
on the relevant Fukaya categories associated with Yy, andw : ¥ — C.

On the other hand, when D has more than one component, one can ask a more refined version of the
above correspondence. On the B-side, we have N line bundles Ox (D;) fori = 1,..., N, whose sum
is the anticanonical line bundle —Kx. Each line bundle induces an autoequivalence on D?Coh(X) by
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taking the tensor product with itself. On the A-side, there are N monodromy operators, each of which
is induced by taking a loop 7; near infinity on the base of 4 : ¥ — CN,

Tio=(thy o ti, eV Ot ty) (0 <0 <27) (3.3)

for a generic (¢y,...,tN) € CN andi = 1,...,N. We denote such operators by ¢r,. Note that the
monodromy operator¢y; induces not only the automorphism of a generic fiber ¥; = hl.‘l (7) but also
the automorphism of the induced fibration Aly, : ¥; — CN~! for any i, j. This will play a key role
in Section 4. Moreover, note that the composition of T;’s is the loop T near infinity on the base of
w : ¥ — C. Each monodromy operator is expected to induce an autoequivalence, denoted by ¢7; as
well, on the relevant Fukaya category of (Y,w,h:Y — cN ).

Ansatz 3.9. There are correspondences between the line bundle Ox (D;) and the monodromy ¢r, for
alli=1,...,N.

The main source of Ansatz 3.9 can be found in [15][16] where the mirror symmetry of smooth toric
Fanos has been discussed. See also [24, Section 4.3] for more details.

4. Mirror construction for a smoothing of a semistable degeneration
4.1. Semistable degeneration

Let X be a complex connected analytic space and A be the unit disk. A degeneration is a proper flat
surjective map 7 : ¥ — A such that ¥ — 77! (0) is smooth and the fiber ¥, is a compact Kihler manifold
for every ¢ # 0. The fiber at the zero ¥( := 771 (0) is called the degenerate fiber. Given the degeneration
m: X — A and for t # 0, we say that X; degenerates to X or equivalently Xy is smoothable to X;.
In particular, if the total space X is smooth and the degenerate fiber Xy is a simple normal crossing
divisor of X, then the degeneration 7 : X — A is called semistable. We define a type of the semistable
degeneration to be the dimension of the dual complex of the degenerate fiber.

Due to Friedman [13], the semistability condition on the degeneration 7 : X — A controls the
behavior of the degenerate fiber in a way that the normal bundle of singular locus of X in X is trivial.
This property is called d-semistabilty.

Definition 4.1 [13, Definition 1.13]. Let X = U,-Ai o Xi be a normal crossing variety of pure dimension
n whose irreducible component is smooth. We define X to be d-semistable if

N
@ Ix./Ix,Ip = Op, .1
=0

where D is the singular locus of X and I (resp. Ix,) is the ideal sheaf of I, (resp. Ix,).

From now on, we specialize to the case where the degenerate fiber of the semistable degeneration of
type (N + 1) consists of N + 1 irreducible components. In this case, we have an equivalent description
of d-semistability, which will be used in the mirror construction. Let’s write X, = Ui’;’ o Xi for the
degenerate fiber Xo. For any i, j € {0, ..., N}, we write X;; for the intersection of X; and X as a divisor
of X;. Since the degeneration 7 : X — A is semistable, we have X.|x, = Xo|x, = X;|x, =0fors # 0. It
implies that in Pic(X;;) = Pic(X;;), we have the following relation

0=0Xo+- -+ Xn)Ix; Ix;;
= 0(Xi)lx; ® O O(X))lxy-

J#i
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The right-hand side, denoted by N(X;;), is called the normal class of X;;. A collection of all the normal
classes is a ('} )-tuple

Nx, := (N(X;))) € @Pic(Xij).

i<j
The triviality of the collection of normal classes of X, implies (4.1). In our case, this is indeed equivalent.

Proposition 4.2. Suppose that the normal crossing variety X, = Uf.\i o Xi introduced above is smoothable
with a semistable degeneration of type (N + 1). Then the d-semistablity is equivalent to the triviality of
the collection of normal classes of X..

Proof. The same argument for the type III case [23, Proposition 4.1] applies to this case. O

In general, the d-semistability condition is not sufficient to imply the smoothability with a smooth
total space. In case that X, is Calabi—Yau, which is of our main interest, this direction has been studied
by Kawamata—Namikawa [22].

Theorem 4.3 [22, Theorem 4.2]. Let X, = |JX; be a compact Kihler normal crossing variety of
dimension n such that

1. X, is d-semistable;
2. its dualizing sheaf wx, is trivial;
3. H"%(X.,0x.) = 0 and H" ' (X;, Ox,) = 0 for all i.

Then X is smoothable to a Calabi—Yau n-fold X with a smooth total space.
The following definition is motivated by the type III case [23, Definition 2.1].

Definition 4.4. Let X be a Calabi—Yau projective normal crossing variety. X is called d-semistable of
type (N + 1) if there exists a type (N + 1) semistable degeneration ¢ : ¥ — A whose degenerate fiber
Xyis X.

Example 4.5. Let Q5 ¢ P* be a smooth quintic 3-fold. In the anticanonical linear system, it degenerates
to a normal crossing union of two smooth hyperplanes H; and H, and a smooth cubic 3-fold Q3. For
simplicity, we denote it by Z. := Z; U Z, U Z3, where Z| = Hy, Z, = H, and Z3 = Q3. Note that
the total space of such degeneration is singular so that one needs to modify X, to obtain a semistable
degeneration. First, consider the intersection between a generic quintic 3-fold and Z... It becomes a union
of three curves Cy, C> and C3, where C; lies in Z;; and C; N Z3 are all the same for {7, j, k} = {1,2,3}.
For {i, j} = {1,2}, we take a blow up of Z; along C3, denoted by 7; : Blc, Z; — Z;. Let E; be an
exceptional divisor and write (—)” for the proper transformation of the subvariety (—). While the proper
transform Zi’3 is isomorphic to Z;3, Zi’j is the blow up of Z;; along C3 N Z;;. By construction Cé is
disjoint from Z{, . The last step is to blow up Blc, Z; along Cj. If we write the resulting normal crossing
variety as X, = X1 U X, U X3, we have

(X1, X12 U X13) = (Bl Ble, Z1, Z{, U Z13),
(X2, X21 U Xa3) = (Blc, 22, Z{, U Z13), 4.2)
(X3, X31 U X32) = (Z3,Z12 U Z13).

In [12], the authors present a mirror construction for this example by considering this degeneration as
an iterative Tyurin degeneration.

4.2. Mirror construction

Let X, = Uf\i o Xi be a d-semistable Calabi—Yau n-fold of type (N + 1) and X be a smoothing of
X.. For each i, the irreducible component X; is quasi-Fano with the canonically chosen anticanonical
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divisor |, X;j. Suppose that the mirror hybrid LG model of the pair (X;, U;+ X;;) is given by

Yi,wi, hi = (hjo, ..., hypy oo iy) 1 Y — AN). Here, we shrink the base of the hybrid LG potential

to a sufficiently large polydisks AN . We propose a topological construction of a mirror Calabi—Yau

manifold of X as a gluing of the hybrid LG models (Y;, w;, h;).

To perform the gluing, we require more topological conditions on the hybrid LG models. In X, two
divisors X;; C X; and X;; C X; are topologically identified for i # j. This should be reflected on the
mirror side by requiring that two induced hybrid LG models (Y;; := hi‘jl(tj), hily,; = Yij — AN
and (Y;; == hj‘.l.l(ti), hjly, : Yji = AN are topologically the same for #;,1; € AA. Furthermore, one
can enhance the topological identification by taking into account complex structures and symplectic
structures. For instance, once the preferred choice of the topological identification X;; = X;; has been
made, the complex isomorphism between X;; and X; is given by an element f;; € Aut(X;;) which is
homotopic to the identity. Also, these identifications should be compatible to endow X. with a well-
defined complex structure: Fori # j # k, the composition of the restrictions fii|x,,; © fik|x;.; © fijlxi;i €
Aut(X;x) is homotopic to the identity. A mirror counterpart should be the identification given by
an element of symplectomorphisms g;; € Symp(Y;;, w;ly,,, hily,;) which preserves the hybrid LG
potentials. For i # j # k, the composition of the restrictions gxil(vi;;.ne) © &jk|(vjiihy) © &ijl(¥ijuni) €
Symp(Yijk, wily,;» hily;;,) is required to be homotopic to the identity.

Hypothesis 4.6.

1. Fori # j, two induced hybrid LG models (Y;; := hi_jl(tj),hilnj 2 Y — ANY and (Y =
h;l.l(ti),hjhzj,. Yy - AN~ are topologically the same for any ti,tj € OA. In particular, if
symplectic structures are taken into account, this identification is given by a symplectomorphism
gij € Symp(Yij, wily;;» hily;;), which is homotopic to the identity.

2. Fori # j # k, the composition of the induced symplectomorphism giil(v,;;.n;) © 8jkl(Y;ui.hy) ©
8ijliji.h) € Symp(Yijk, wily;» hily,;,) is homotopic to the identity.

Since there is already a global complex structure on X, without loss of generality, we may assume
that all such gluing automorphisms are indeed the identity. This follows from perturbing the complex
and symplectic structures in the beginning.

In fact, the identification on the bases A"V along the boundary components is modelled on the normal
crossing union. For example, we can consider the base of the i-th hybrid LG model, denoted by A}IZ ,

sits in CV*! ag
AN = {lzil < lzi=nlj #i
h,-_{|ZJ|— 2 = til|j #1i}

for some #; with |¢;] = 1. Thus, we get a normal crossing union of (¥;, w;) equipped with the induced
map to a normal crossing union of the base A;X of each potential /;. Moreover, topologically, we can
further glue these bases A ,]Z along the boundary components until the monodromies associated to A;
come into this procedure. Then the resulting base space becomes topologically the same with CV, hence
we obtain a topological fibration 7 : ¥ — C. We will give more precise description of # : ¥ — CN
after Proposition 4.7.

From now on, we assume that the collection of the hybrid LG models (Y;, w;, h; : ¥; — AN) satisfies
Hypothesis 4.6. Then we can interpret the vanishing of the normal classes of X, as the relation of the
monodromies associated to the hybrid LG models based on Ansatz 3.9. Recall that d-semistability is
equivalent to the triviality of normal class in Pic(X;;)

0=0(Xo+" -+ Xn)Ix|x,;
= 0(Xi)lx,; ® O O(X)))lx, (4.3)

J#

for any i # j. For each hybrid LG model (Y;, w;, h; : ¥ — AN ), we write monodromies induced by the
loop along the j-th coordinate and the diagonal by ¢7;; and ¢r;, respectively. Then the mirror counterpart
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of the relation (4.3) corresponds to
¢1;; © ¢1; = 1d € Symp(Yij, wily,;, hily;,)- (4.4)

In other words, we have the following correspondence of monodromies
Y; Y;
lhi \th

AN AN

(tio,...,tl-f,...,eﬁgt[j,...t[}\]) — e“m"(tjo,...,tjj,...,th).

Proposition 4.7. Suppose that the hybrid LG models {(Y;, w;, h; : Y;i — AN)|i =0, ..., N} introduced
above satisfy Hypothesis 4.6 and the relation (4.4). Then they can be glued to yield a symplectic fibration
n:Y — PV,

Proof. Let [zo : -+ : zn] be homogeneous coordinates on PV . Consider the closed subsets A; ¢ PN
A; = {lel < |z forj # i}

fori =0,...,N. First, note that Uf\ioAi =PV . Since A; ¢ U; = {z; # 0}, we have A; = AV and any
k-th intersection of A;’s is homeomorphic to (S')* x AN~k Due to Hypothesis 4.6, we can identify the
base of h; : ¥ — AN with A; for all i’s. If we take the coordinates (tio, -+ ,t;7, -+, tin) of A;, where
tik = %, then A; becomes the closed unit disk. Then the chart map between A; and A is exactly the

same as the relation (4.4) because this is given by multiplying tl.’j‘. O

We keep the notation used in the proof of Proposition 4.7. Consider the moment map y : PV — RV
which is given by

w: PV S RY

2ol lznal
N SN :
Zi:O |z Zi:() |zi

[zo:- - 1zn] =

Note that the image Im(u) € R is the standard N-simplex A. Also, a fiber over a k-dimensional face
o is (S")K. We consider the dual spine TTV in A, defined as the subcomplex of the first barycentric
subdivision of A spanned by the 0-skeleton of the first barycentric subdivision minus the 0-skeleton of
A. Decomposing A along IV, we have N + 1 cubes O, . . ., Oy, each of which is pulled a product of
disks DV in PV . These are exactly the polydisks Ao, ..., Ay we have introduced. We illustrate the case
of P? in Figure 1: the dual spine I1? is the union of dotted segments that decomposes A into three cubes
Op, 01 and Op. Also, observe that each k-th intersection of these cubes pulls backs to (S 1)N —k x Dk,
which is the same as the k-th intersection of A;’s.

Now, we can see how # : ¥ — CN sits in the fibration 7 : ¥ — PN more rigorously. Take an
open cover {V/|i = 0,..., N} of the N-simplex A such that for each subset / C {0,...,N}, V] only
contains Oy among O, ’s for |J| = |I|. Here, we follow our convention to denote the intersections. Let
Vi denote the preimage of V/ under u. Suppose we remove the image of a generic PN-1 ¢ PN near
the dual spine IT"V. The overlap V;; is now diffeomorphic to AY 1'% (S x [0, 1] = {pt}) hence not
contracts to AN~! x S!. However, if one instead removes a small closed neighborhood N (PN~!) of
PN-!in PN and shrink V;’s if necessary, then V;; becomes diffeomorphic to AN~! (See Figure 2 for
N = 2). Since V; contracts to the base of the hybrid LG model (Y;, w;, h;), the induced symplectic
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Figure 1. Description of the dual spine T17.

Viz Via

Vi Lo \%3 Vi @ V2

Figure 2. Description of the intersection of Vi and Vs in P2,

fibration 7 : 7L (PN \ Ne (PV 1)) — PV \ No(PV1)) = CN can be seen as 7 : ¥ — CN. In other
words, Proposition 4.7 is equivalent to saying that 7 : ¥ — CV is compactifiable (to 7 : ¥ — PV) if
the condition (4.4) holds.

Remark 4.8. In general, there is a significant difference between gluing polydisks and the standard
open charts of PV . This is because the former procedure encodes information about singularities of
each hybrid LG model while the latter is too rigid to do so.

Theorem 4.9. Let X, = Ul.l\zlo X; be a d-semistable Calabi—Yau n-fold of type (N + 1) and X be its
smoothing. Suppose that we have hybrid LG models (Y;, w;, h; : Y; = AN ) mirror to (X;, U2 Xi;) that
satisfies Hypothesis 4.6 and the relation (4.4). Let Y and Y be glued symplectic manifolds constructed
above. Then

1. Yis topological mirror to X. In other words, e(Y) = (—=1)"e(X),

2. Y is topological mirror to X... In other words, e(Y) = (=1)"e(X),

where e(—) is the Euler characteristic.
Lemma 4.10. Let h : Y — CV be a hybrid LG model. Then e(Ygp,) = f\ll‘:] (=D=Te(yy).
Proof. The gluing property (Proposition 3.2) of the hybrid LG model # : ¥ — CV implies that there

exists an open cover {U;|i = 1,..., N} of Yy, such that the induced fibration Aly, : Ur — CN-T g
isotopic to Aly, : ¥; — CN~II_ The conclusion follows from the Mayer—Vietoris argument. O

Proof of Theorem 4.9. Both items (1) and (2) are proven by the Mayer—Vietoris argument. We prove
the item (2) first. By the Mayer—Vietoris sequence, we have

N+1

e(Xe) = > (=D e(x))

[I=1

N+1
= > EOIE = e (v, ¥ )
17]=1
N+1
= (_l)n Z e(YI,Yl,sm)-
[1|=1
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Now, it is enough to show that e(¥) = Zf\[/r:ll e(Yr,Yr sm). Take an open cover {U;|i = 0,...,N} of

the base of 7 : ¥ — CV such that #~!(V;) contracts to ¥; for all 1. By applying the Mayer—Vietoris
argument, we have

N+1

e(P)= > (DN eqyy).

=1

Since e(Y7) = e(Y1, Y1 sm) + €(Y1 sm), Lemma 4.10 implies that

N+1
e(P)= > (=DM (¥, Yr gm) + e (Y1 om))
17|=1
N+1 N+1-|I|
= > 0 e Y+ DL (DY eyr ) |,
[I|=1 |J|=1,JNI=0

Here, Y7 ; is the same with Y;u; by Hypothesis 4.6 (1), but we use different notation to emphasize
the Mayer—Vietoris procedure. By rewriting e(Y7 ) = e(Y7.7,Y1.7,5m) + ¢(Y1.7 sm), We can iteratively
apply Lemma 4.10. Then we get e(Y) = Zf\,’ |+:11 e(Yr,Yr sm) by taking the resummation.

We apply similar argument to prove an item (1). It follows from the same method in [23, Proposition
3.2] that the Euler characteristic of the smoothing manifold X is given by

N+1

e(X)= > (=D"|1le(x;).

[71=1

By assumption, we have e(X) = (-1)" Zf}]r:ll |Ile(Yr,Yr sm)- Take an open cover {U;|i =0, ..., N} of
thebase of i1 : ¥ — PV as before. Note that for any /, the intersection Uy contracts to (§1) /=1 x AN+I=I/1,
Applying the Mayer—Vietoris argument with respect to the induced open cover {h~!(U;)}, one can see
that the Euler characteristic e(h~! (U;)) vanishes for || > 1 because #~! (U;) contracts to a fiber bundle
over (S")1=1 with a fiber ¥;. Therefore,

e(Y) = Z e(Yy) = Z e(Yr, Y1 sm) + (Y7 m)-

171=1 171=1

By iteratively applying Lemma 4.10, we get the conclusion. O

5. Mirror P=W conjectures

We maintain the notation used in the previous section. Let X be a smoothing of X, = Uf\i o Xi» a
d-semistable Kéhler Calabi—Yau n-fold of type (N +1). We have introduced the topological construction
of their mirror objects that comes with additional symplectic fibration structure (¥, 7 : ¥ — PV) and
(Y,# : ¥ — CN), respectively. In this section, we discuss a refined version of Theorem 4.9. In the
degeneration picture, we have two filtrations on the cohomology groups: the monodromy weight filtration
Wiime on H*(X) and the Deligne’s canonical weight filtration W, on H* (X, ). The corresponding mirror
filtrations are conjectured to be the perverse Leray filtration (equivalently, the §-flag filtration) on H*(Y)
associated to & and the perverse Leray filtration (equivalently, the G-flag filtration) on H*(¥) associated
to h, respectively.

Degeneration (B-side) Fibration (A-side)
Monodromy weight filtration Wiy, Perverse Leray filtration P,’f associated to 7
Deligne’s canonical weight filtration W, Perverse Leray filtration P associated to &
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As noted in Remark 1, since the gluiing construction (Proposition 4.7) is not performed in the
complex category, we mainly consider the flag filtrations introduced in Section 2.3 which are potentially
equivalent to the perverse Leray filtrations.

Theorem 5.1. Suppose that each mirror pair (X;, Ui Xij)|(Yi, i, hi © Yi — CN) satisfies Conjec-
ture 3.7. Then

1. for X and Y, we have

B ooy reioo = 6rl

n+a
p-gq=a

Hn+a+l (Y)

where —N <[ < N.
2. for X, and Y, we have

P GGt I (Xe) = Grll e (1),

n+a
p-q=a
where 0 < [ < N.

Proof of Theorem 5.1-(1). Letm : Y — PV be a gluing of N + 1 hybrid LG models (Y;, ; : ¥; — CN).
Take an open cover {V;} of PV as explained in the discussion after Proposition 4.7 such that the induced
fibration 77! (Vs) — V, contracts to hg : Yy — AN . We consider a general linear flag in PN

$:0=H.n_iCH.nyC---CH_ CcHy=PV

which satisfies several properties:

1. $ intersects transversally with the discriminant locus of 7 in the sense of [7, Definition 5.2.4];
2. the induced flag $ N Vj is not parallel to any coordinate lines of the base of ks : Yy — AN .

We also consider a pair of such general linear flags (H., L,) of PV,

$:H,Cc---cH_cHy=pPN
Q:L,Cc---cL_cHy=PV.

Due to the genericity, fori = —=N,...,0and j =0, ..., N, we may assume there exists a collection of
sufficiently small €; > 0 which yields isomorphisms of pairs

((H-j—H_j-)NLij,(H-j —H_j_1) N Li—y) = ((H-j = N¢; (H-j-1)) N L;, (H-j = N, (H-j-1)) N Li—1).
5.1

Not only that, we further assume that a flag € satisfies the following: if necessary, one can modify the
cover {V} in a way that the induced cover of PV — N & (H-1), denoted by { VS(O) }, satisfies the following
properties:

1. for nonempty index set I, VI(O) = AN+,

2. the induced open regions {VS(,O ) |t # s} yield the gluing property of the induced flag VS(O) N L in the

sense of the discussion before Lemma 3.5.

The first condition is the one explained in the discussion after Proposition 4.7. The second condition
can be obtained by rescaling each hybrid LG potential & : ¥y — A before the gluing. Again, one
can further modify the open cover {V;} in a way that the induced cover of H_; \ N, (H-;), denoted by

{V§”} satisfies the following properties
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V(l)ﬁ AjNnH_; |I|<2
L= | pN-Il 1] > 2,

where DNl is some polydisk in the intersection A; = S!1=1 x DN=IIl for || > 1. Similarly, we may
assume that the induced open regions {Vj, |t # s} restricted to PV \ N, (H_y) yields the gluing property

of the induced flag 8 N H_; N V. Inductively, we obtain an open cover {Vy} such that the induced open
cover of H_j \ N, (H-j-1), denoted by {VS(] ) }, satisfies the following properties

V(j)z AjNH_; [I| < j+1
I N-|I| :
D 1] = j+1

for j =0,...,N. Also, the induced open regions {V;|t # s} restricted to PV \ Ne; (H-j-1) yields the
gluing property of the induced flag € N H_; N V;. Let’s write Z_; := n~'(H_;) and W; := 771 (L;).

Lemma 5.2. For each q > 0, we have

HY _, (V.Clw-w.)= D H™ ¥1.Yrm:0), (52)
1 |=j-i+1

where r is the codimension of Z_; N W; in W;.

Proof of Lemma 5.2. We first rewrite the cohomology H%,j—z,j,l (Y, Clw,-w,_,) by considering the
excision principle for local cohomology groups. Then we have

H%_j_zijil (Y7 C'VV,'*VVi_l) = H%ﬁj.ﬂ(y_z_j_l) (Y - ijfl’ Clﬂ’;—m,lﬁ(W—Z,_,-,l))

(W) — HY

~ | ma
h [HZ Zjnwe

W2 | (Wio—l)

~ -2 o o
= HI™(Z_;\W2, Z_; nWE,)),

where W] := W, — W, N Z_;_;. The last isomorphism comes from the tubular neighborhood theorem.
By the condition (5.1) on the flag §, we have

HI(Z_y W, Zoy 0 Wi ) = HT2 (Zoj = 7 (N, (H-j—1)) N Wi, (Z_j = 7 (N, (H-j-1))) N Wiy).

Now, we take Mayer—Vietoris sequence with respects to {Uy := 77! (V,)|s = 0,--- , N}. Note that over
Uy, the gluing property yields

_ Y iy I < j—i+1
Urn(Zoj—n "N, (H_j_1))) =
1 ( J ( ej( J l))) {YI |I|Zj—i+1.
Therefore, the Mayer—Vietoris sequence is given by

d

—2r ! —2r

@ HY Yy s-iei)s Yp gm-ivivt)) — @ HYZ Yy sp-iei-0s Y1 gm-iei)
[7]=1 [1]=2

d d
a4 @ HI™ (Y1, Yy 5m) — 0,

[I|=j—i+1

(5.3)

where the differential satisfies the Mayer—Vietoris sign rule (2.1). Also, for I = {iy, ..., iy}, the direct
summand Hq_zr(Y]’Sm(—Hj-*—l—k) 2 Y] sm-i+i-) of the k-th term can be computed by regarding the pair
(YI’Sm(—i+j+l—k) , YI’Xm(fH-jfk)) as subspaces of Y;,. The choice of the index i; does not matter because of
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the topological restriction we’ve made (Hypothesis 4.6). Then it becomes @ 7 H‘f_zr(YIU 7> Y107 .sm)
forJ c {0,...,N}\ I with |J| = =i + j + 1 — k. In other words, the k-th term is given by

Sk = @ EB HI™ (Y107, Y107 ,5m)
|I=k Jc{0,...,N }\I,|J |=—i+j+1-k
so that the sequence (5.3) becomes

d . d d
S1—=> 8% —> > S8 o0,

where each map d is the signed sum of the isomorphisms where the signs are determined by the Mayer—
Vietoris rule (2.1). In fact, it fits into the simple combinatorial sequence

d . d . d d
0-8—-8—8—> - —8-+—0

hence the conclusion follows. |

Next, we rewrite the Ej-page of the spectral sequence for the &-filtration. Recall that °E i’"m =

@i j=il H%*‘_‘_*é ] l(Y, Cly,-v,_,) and the differential d is the signed sum of the connecting homomor-
-7
phisms (see 2.4 for the precise description). Since we choose the open cover {Us|s = 0,--- , N} in

the proof of Lemma 5.2 that is independent of i and j, the isomorphisms in Lemma 5.2 respects the
functoriality. Then we have

6Ei,n+a ~ @ @ Hn+a+l—2r(YI’ YI,sm§C),

i+j=l |I|=j-i+1
where r is the codimension of Z_; N W; in W;. More explicitly, we have

d,

E;l,n+a N E?,n+a

@|1|:2 H”+a71(YI, Yl,sm) — @|1|:1 Hn+a(Y1s Yl,sm)

& T, & T

D O Y sm) —— Dy H (V0 Y1 sm) —— Dy H (Y1, Y1 5m)

e:a\@\@

@|1|=5 Hn+a_4(YI, Yl,sm) — @m=4 Hn+u_3(YI’ Yl,sm)-

The horizontal (resp. antidiagonal) differential d; (resp. dy) is the signed sum of the relevant connecting
homomorphisms p7 (resp. (p;7)") following the Mayer—Vietoris sign rule (2.1). The differential d; :

SEP™ — SEII™ s given by dy = dj + (—1)'dy;. Therefore, we have the following equivalence of

the E-page of the spectral sequences

(P G gLt a4y = (CEI™ ay).
p-q=a

Since both spectral sequences degenerate at the E,-page, we have

@ Gr?Grmiq'"'Hp+q+l(X) — ED Gr?(W(M)Eé’IHq) ~ JEé,n+a _ Grl(SH"+a+l(Y).
p—q=a p—-gq=a
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The conclusion follows from Theorem 2.12 (3):

5Eé,n+a — GrléHn+a+l(Y) — GrP H"+a+l(Y). O

n+a

Proof of Theorem 5.1-(2). The proof of item (2) is almost the same. We use the Mayer—Vietoris argument
to describe the Ej-page of the spectral sequence for the flag (=perverse) filtration. To do so, we should
work with the regular cohomology groups, not compactly supported ones. The idea is to apply the
well-known Poincaré duality statement for the perverse filtration on H}:(Y):

GrP

n+a

HIP(F) = (Gl H' 7 (7))

In terms of the G-flag filtration, this is isomorphic to (Grgf H" =%~ (¥))*. Therefore, it is enough to show
that

P GGy, 1 (X, = (Grg H"™ 7 (7))".
p-q=a

By applying the Mayer—Vietoris argument, the E-page of the spectral sequence for the G-flag filtration
is given by

OB = P H 0 Y,
1=t

and the differential d¥ : OE l_l’"_“ - GEI_H’"_“ is the signed sum of the relevant connecting ho-

momorphisms (plj ) following the Mayer—Vietoris sign rule (2.1). Since the spectral sequence for the
G-filtration degenerates at E»-page, we have GEZ_ ln-a o Grz;lH n=a=1(¥). To compute the Poincaré dual
(Grd H"=*7(¥))*, we take the dual of the E;-page (GEl_l’”_“, d9), denoted by (GEl_l’"_a*, (d9)").
By Poincaré duality (3.2), this becomes

(GEl—l,n—a)* ~ @Hn_m_l(Y[,Y],sm)
=t

with the induced differential, the signed sum of the relevant connecting homomorphisms ( pIJ )Y following
the Mayer—Vietoris sign rule (2.1). By the assumption (Conjecture 1.6), we have the mirror equivalence
of the E|-page of the spectral sequences

(6P GV EyP* e ) = (CEL™)", (df)).
P-q=a

As both spectral sequences degenerate at the E,-page, we get the conclusion. O

6. Toric degeneration

In this section, we provide a combinatorial way of achieving the degeneration-fibration correspondence
for Batyrev mirror paris. After that, we propose how one can see the previous gluing construction.

6.1. Backgrounds on toric varieties

We recollect some backgrounds about toric varieties. We refer for more details to [8]. Let N and M be
dual lattices of rank n with the natural bilinear pairing (—,—) : N X M — Z. We write Ng := N @z R
and Mr = M ®z R. A rational convex polyhedra cone (simply called cone) @ in Ny is a convex cone
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generated by finitely many vectors in N. Associated to a cone a, one can construct an affine toric variety
X4 := Spec(C[a¥ N M]) where ¥ C Mg is a dual cone of @ defined by

" ={ve Mg|{v,u) >0forall u € a}.

Such affine toric varieties can be glued to produce more general toric varieties. This gluing data is
combinatorially encoded in a fan ¥ C Nr which is a collection of cones such that

1. each face of a cone in X is also a cone in X,
2. the intersection of two cones in X is a face of each cone.

Given a fan X, we define a toric variety X = Xy by gluing the affine toric varieties X,, := Spec(C[a¥ N
M]): Two affine toric varieties X, and Xg are glued over Xop := Spec(C[(anNB)¥ N M]). We call { X, }
a toric chart of Xx. If |Z| = Np, it is called complete, and the corresponding toric variety Xs is compact.

Let X[1] be a collection of integral primitive ray generators of . Consider the lattice morphism
g : N — Z= given by g(v) = ((v, p))pex(1]. This induces a short exact sequence

0- N5z 4, (Xg) -0,

where Z>[! is the set of torus invariant Weil divisors and A,,_; (Xs) is the Chow group of Xs. Applying
the functor Hom(—, C*) to the above sequence, we get a short exact sequence

15 G- (CH*N 5 Me;ct > 1. (6.1)

Let {x,},ex(1] be a standard basis of rational functions on C=[1 and V be the vanishing locus
of {[1p¢eXplo € E}. The sequence (6.1) shows that G acts naturally on C[(x,)pes[1]] and leaves
V invariant. Then the toric variety Xy is the quotient (C[(x,)sex[1]] \ V)//G and the homogeneous
coordinate ring of Xs is equipped with the grading given by the action of G. The sublocus of Xy
corresponding to D, = {x, = 0} is exactly the torus invariant divisors associated to the ray generator
p- A torus invariant divisor D = ), [1] apD, is Cartier if and only if there is some piecewise linear
function p on Mg which linear on the cones of X, which takes the integral values on M.

A rational convex polytope A in My is the convex hull of finite number of points. We say A is a
lattice polytope if every vertex of A is in M. For example, a lattice polytope is given by the intersection
of some half spaces cut out by affine hyperplanes

A ={v € Mg|{v,n;) > —a;,n; € Nya; € Zfori=1,...,s}.

A I-face o is the intersection of A with n — [ supporting hyperplanes, and we will denote it by oo < A.
We also write A[/] for the collection of /-faces of A. In particular, a O-face, a 1-face and a (n — 1)-face
are called a vertex, an edge and a facet of A, respectively. For each face o < A, the cone a dual to o
is defined by

ao ={u € Ng|{v,u) < {(v',u)forallv € ocand v’ € A}.

A collection of dual cones @, forms a fan X2, called a normal fan of A, and we write X, for the
associated toric variety.

To a lattice polytope A, the associated toric variety Xo comes with the divisor Dy = =2, a,D,
(or simply denoted by D) where the sum is taken over all facets p < A. Equivalently, we get a support
function of D, a piecewise linear function ¢p such that ¢p(v,) = —a,, for the privimite vector v,, to the
dual cone of the face p < A. Let Ap = {u € Mg|u > ¢p on Nr}. Geometrically, Ap N M generates
the space of sections of the line bundle Ox (D). Note that D is trivial, generated by sections and ample
if and only if ¢p is affine, convex and strictly convex, respectively.
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A polytope A € My is called simplicial, if there are exactly n edges at each vertex and the primary
vectors at each vertex span Mg as a vector space. A fan X in Ng is simplicial if all the maximal cones
in X is simplicial. In particular, if the primary vectors span the lattice, then it is called nonsingular.

Proposition 6.1. If A is simplicial (resp. nonsingular), then X is an orbifold (resp. manifold).

6.2. Batyrev mirror pairs

We introduce Batyrev mirror pairs [5]. Let A be a simplicial lattice polytope in M. A polar dual of the
polytope A is defined to be A° := {u € Ng|{(u,v) = —1 for v € A}. A lattice polytope is called reflexive
if its polar dual A° is also a lattice polytope. This is equivalent to the condition that the zero 0y, is the
only one interior lattice point of A. Geometrically, the associated toric variety X, is a Gorenstein Fano
variety. From now on, we fix a reflexive polytope A € Mg and write £, for the fan over the facets of A
and P, := X5, for the associated toric variety. Note that X4 is also the normal fan of the polar dual A°,
so we have Py = X5, = Xyac = Xp-.

Consider a general Calabi—Yau hypersurface Vy of Pp. Since Pa is an orbifold in general, the
hypersurface VA may have singularities. We assume that the hypersurface V, is A-regular, meaning
that the singular locus of V, is induced from the singular locus of ambient space P5. Then one may
desingularize V by taking a partial resolution of P . Such resolution is given by a refinement T of
the fan X, whose cone is contained in a cone of X . In this case, to £, one can add all rays pointing
to the elements in A N M to obtain . Batyrev shows that the induced resolution f : X5, — Pa
is crepant and this is called a maximal projective crepant partial (MPCP) resolution of P, [5, Section
2.2]. In particular, if X := f*(Va) is smooth, then we say A satisfies maximal projective crepant smooth
(MPCS) resolution condition. Note that this condition always holds for n < 4 [5, Section 2.2]. Similarly,
consider the dual construction for A° and write X" for a MPCP resolution of Vpo.

Theorem 6.2 [5). The pair of Calabi-Yau hypersurfaces (Va, Va<) (or (X, XV)) satisfies (stringy) Hodge
number mirror relation. We call this pair a Batyrev mirror pair.

6.3. The degeneration-fibration correspondence for Batyrev mirror pairs

We start with reviewing a semistable toric degeneration introduced in [20]. Fix an n-dimensional
simplicial polytope A. Let I" be a partition of the polytope A into smaller polytopes {A (;)}. We say the
partition I' is simplicial if all subpolytopes {A (;)} are simplicial polytopes. We define o to be [-face of
I', denoted by o < I', if o~ is a [-face of A ;) for some i.

Definition 6.3. A simplicial partition I is semistable if the following conditions hold:

1. each vertex of A belongs to only one of A;)’s;
2. for any I-face o < I' and k-face T < A with o C 7, then there are exactly k — [ + 1A (;)’s such that
o < A([).

From now on, we distinguish vertices in I" from those of A: When we say p is a vertex of I, it means
that p is a vertex of A ;) for some i that is not a vertex of A. The restriction of I" to some face o= < A is
defined to be the partition induced by {A ;) N o}, and denote itby I' N 0.

By definition, if ﬁi:IA([k) # 0, then it has dimension n — [ + 1. Also, for any vertex p of I, there are
exactly n + 1-edges o0y, . . ., 0, of I' such that p < o7;. This allows us to define a dual simplicial complex
Kr whose vertex set is the set of polytopes A ’s in the partition I'. For example, K is /-simplex if and
only if there is a [-face of A that contains all vertices of I".

Definition 6.4. A vertex p < I is nonsingular if p is nonsingular in one (thus all) subpolytope containing
p- A semistable partition I" is nonsingular if all of vertices are nonsingular.

Definition 6.5. A lifting of A by a semistable partition I" is a triple (ﬁ, M, ), where Ais a lattige
polytope of M and 7 : M — M is a surjective morphism satisfying the following condition: for & < A,
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either 7,(5) < A or m,(5) < I" where &, : Mr — My is the induced map from . If 7,.(5) < T,
7. () is said to be a lift of 7, (&). Also, the lifting is called nonsingular if all polytopes involved are
nonsingular.

Proposition 6.6 [20, Proposition 3.12]. For a nonsingular semistable partition T, there exists a concave
integral piecewise linear function Fr on A that is linear on each face of T

One can take a minimal integral lifting of Fr, and we denote it by F.

Theorem 6.7 [20, Theorem 3.13]. Let 7 be the projection Z& M — M and A = {(y,x)|y > F(x)}
RXA C RXMg. Then (A, Z®&M, r) is a lifting of A by I'. If v is a nonsingular partition of a nonsingular
polytope, then the lifting is nonsingular.

Theorem 6.8 [20, Theorem 4.1]. Suppose A and T are both nonsingular. Then there exists a semistable
degeneration p : X5 — C of Xa to p~'(0). The dual complex G of the degenerate fiber p~'(0) is
isomorphic to Kr, and each component in p~'(0) is the toric variety defined by the corresponding
subpolytope in A.

The semistable degeneration p : Xz — C induces a semistable degeneration of a Calabi—Yau
hypersurface X in X5 whose degenerate fiber consists of a generic hypersurface X; of X, , in the linear
system D, |. In other words, the normal crossing variety X, = ULOXI- is d-semistable of type [ + 1
and X is its smoothing.

Next, we assume that the nonsingular polytope A C My is reflexive and the origin 0 is a unique
lattice point.

Definition 6.9. A semistable partition I is central if 03y < A(;) for all i.

Let I be a nonsingular, central, semistable partition of the polytope A. If Kt is /-dimensional, there
is a unique codimension / linear subspace L C Mg passing through the origin such that ANL < A ;) for
all i as a (n — [)-face. Consider / primitive vectors given by the intersection of each A ;x) := Ay N A (g
with the orthogonal complement L+ of L. Note that the restriction A N L+ is also reflexive and simplicial
while the induced partition is not necessarily semistable. Thus, there are / + 1 such primitive vectors
V0, . - ., V7 such that for each i, A ;) contains all v; except j = i.

Next, consider the dual reflexive polytope A° c Nr whose dual fan is £y C Mg. For simplicity,
we assume that A° satisfies the MPCS resolution condition. We explain what the central semistable
partition corresponds to in the dual picture. Let vy, ..., v; be primitive vectors introduced above. We
define new fans X1 C Xr C My where

1. Zl’- is generated by primitive vectors in all A (;x)’s and all v;’s;
2. Xr is a subfan of X, that is generated by all primitive vectors lying in A N L and all vs.

Furthermore, we consider the fan X’ := X, U X[.. Geometrically, this refinement amounts to taking a
(maximal) projective crepant partial resolution of Xx,, denoted by ¢ : X5 — X5,. We also have
a blow-down map ¢r : Xs» — Xy, which is not necessarily crepant. Consider the projection of the
lattices I, : M — M,,, where M, is the sublattice of M generated by v;’s. This provides a surjective
toric morphism m, : Xy, — X, where X, C M, g is the fan generated by all v;’s. In fact, 7, is a
trivial fibration whose fiber is a toric variety associated to a fan generated by all primitive vectors in
A N L, denoted by X . In summary, we have the following diagrams of toric morphisms

XE/ r
.V m

XZA XZr HHV XZ\,,

where 7t = ¢r o m,,. Since nir : Xz» — Xy, is the composition of toric morphisms, a generic fiber is
the toric variety Xy . In fact, over the open dense torus ((C*)l C Xy, , the morphism 7r is trivial fibration
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with fiber X7 . We also present the coordinate description. Consider the homogeneous coordinates of

X5 (resp. Xs,), (zo |0 € Z7) (resp. (2gys - - - »Z0y))- In terms of these coordinates, - is given by
nr = 1—[ Zosevns l_[ Zo |-
I, (o)=09 I, (o)=0

Let’s take a generic anticanonical divisor Y in Xs» and the induced fibration 7 := zr|y. Recall that
we assume that A° satisfies the MPCS resolution condition so that Y is nonsingular. Also, it is clear
that a generic fiber of m is Calabi—Yau as this is a nonsingular general member of the anticanonical
divisor of Xj .

Since I"is nonsingular, the base Xy is isomorphic to the projective space P! and we write {z; := 2yl =
0,...,1} for the homogeneous coordinates. For each 7, we take a polydisk A; = {|z;| < |z;||j #i} c P!
and set ¥; := 77! (A;) and h; := x|y, : ¥; — A;. It follows from the genericity condition on Y that the
restriction of 7 : ¥ — P! over each boundary component of A; is locally trivial with smooth fibers and
intersects transversally to each other. This implies that (¥;, ; : ¥ — A;) is a hybrid LG model.

Recall that on the degeneration side, the semistable partition I" provides a semistable degeneration of
a nonsingular Calabi—Yau hypersurface of X,. Each irreducible component X; of the degenerate fiber
X = ULOX ; is a general hypersurface of the toric variety X ;, determined by all facets in the facets of A.

Conjecture 6.10. For each i, the hybrid LG model (Y;, h; 1 Y; — A;) is mirror to the pair (X;, U X ;).

Remark 6.11. One may apply the same construction without imposing MPCS resolution condition on
A°. In this case, Y becomes an orbifold so that one needs more general notion of hybrid LG models.

One of the major difficulties in proving Conjecture 6.10 and verifying the gluing condition
(Ansatz 3.9) is the lack of mirror symmetry results for irreducible components of the degenerate fiber
as quasi-Fano varieties. For instance, unlike the Fano case, a toric mirror construction (e.g., Givental’s
construction [14]) may not be sufficient and needs further modification, especially in the non-nef case.
See [11] for the Tyurin degeneration case. In this regard, this conjecture can be viewed as the reverse
construction of the one introduced in Section 4. In other words, this could be one way to obtain a mir-
ror hybrid LG model for a quasi-Fano pair. We further explore this direction in subsequent work. We
conclude this section by providing two simple pieces of evidence for Conjecture 6.10.

Example 6.12. Consider the reflexive square A with the semistable partition I" given by the vertical line

Vo | V1

where dotted arrows are primitive vectors v and vq. This describes a semistable degeneration of a
nonsingular Calabi—Yau hypersurface of X, = P! x P!, which is elliptic curve, into the union of two
rational curves Xy and X intersecting over two points Xy;. Consider the fans X4, X" and X, described
below (Figure 3):

Geometrically, X5 is a blow up of P! x P! along the four corners and Xy, = P'. The morphism
nr : Xy — Xs, is the one given by the projection to the first factor. In terms of the homogeneous

Figure 3. Fans X, X' and X, from the left.
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coordinate {z,|o- € £’[1]}, this is given by
= [Zo(—l,l)Za(—l,O)Za<—1,—1) 310(1,1)20(1,0)10(1,1)]. (6.2)

Take a generic section Y of | — K, | that is not singular over the locus {|zo| = |z1]} € P! = X,. Then
the induced fibration 7 : ¥ — P! becomes a double cover with four ramification points. Note that two of
them lie near 0 € P! while the other two points lie near o € P! Fori =0, 1, we take ¥; := 7! (A;) and
w; 1= 7ly, : ¥; = A;. We show that the pair (¥;, w;) is mirror to the pair (X;, Xo1). To describe mirror
of Xy (the parallel argument works for X;), we first make the rectangle A (0) reflexive by shifting the
middle vertical line (a facet of A g)) to the right by length 1. We still denote it by A (o). Then we apply
Givental’s construction to get a mirror of X [14, 17]. We consider the polar dual of A ), denoted by
A and regard it belongs to M to match the notation we have used. Note that we have a nef partition
of A = A 50) + Aéo) where A 50) [0] are the red vertices and Aéo) [0] is blue one in the following picture
(left).

The right picture describes the dual partition Vio) and Véo). Then the LG model for Xj is given by

Yo = Z apzp, =0p C (C*)?, Wy = Z ApZp,

pEAEI)ﬁM pEAél)ﬁM

(ei.p)

9 : — n
where a,,’s are general complex coefficients and z, = []}; z;

A fiber is of wyg is compactified to

, where {ey,...,e,} is the basis of V.

ap(0,0020(0,1)20(-1,1)20(-1,0)20 (-1,-1) 20 (0,-1)
+a,(1,0020(0,1)20(0,-1) 20 (1,0)

2 2
T ap0,1)250,1)% o (~1,1)%0 (-1,0)

2 2
+ap(0,-1)Zr(0,-1)Zr(<1,-1) 2o (-1,0) = 0

and

AZo(1,0) = Ap(-1,0020 (-1,) 20 (~1,0) 20 (~1,-1) = 0,

where z- is the homogeneous coordinate of Xy ). For generically chosen a,’s, we see that near A = 0,
this is a double cover of C with two ramification points. In fact, locally, this morphism is the same with
one described in (6.2). As we have the parallel argument for A (1), we get the conclusion.

Example 6.13. Consider the reflexive polytope A with X, = P? and the semistable partition I' described
as follows:
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Figure 4. Fans X, X' and X, from the left.

This describes a semistable degeneration of an elliptic curve into the wheel of three rational curves
Xo, X1 and X;. Consider the fans £, £’ and X,, described below (Figure 4):

There is a canonical fan morphism X’ — X, which induces the birational map nr : Xs» — X5 .
Similar to Example 6.12, one can write down the coordinates and see whether each hybrid LG model
is mirror to one of the degeneration components. Instead, we take another approach. Note that X5 is
obtained by taking iterated blow ups of Xx, = P2. More explicitly, take a coordinate [zo : z1 : z2] and
blow up Xs, = P? over three torus invariant points [1:0:0],[0: 1:0] and [0: 0 : 1] and denote the
exceptional divisors Ey, E1 and E,, respectively. We also denote D; the proper transform of the torus
invariant divisor (z; = 0) fori = 0, 1, 2(mod3). We blow up further along the intersection locus E; ND .
The resulting variety is Xy . By the adjunction formula, a section of the anticanonical line bundle — K,
is given by a section of —Ky, = that vanishes at (z; = z;4+1 = 0) with multiplicity at least 2 along (z; = 0).
Therefore, a generic section is given by s(zo,21,22) = alz%ZZ + agz%zo + a3z(2)zl + a4707122for some
coefficients a;’s. Since the irreducible components of the degenerate fiber are all P!, we may choose
a; = ap = as. Then for sufficiently small |a4| (e.g. |as4| < %|a1|), over A; C X5, one can see that
h; : Y; — A, is a topologically hybrid LG model for P!. This is due to the fact that A; is much smaller
than the standard chart (z; # 0), and there is only one solution of s = 0 for fixed z;4; € A;.

Remark 6.14. One can generalize the notion of a semistable partition by relaxing condition (2) in
Definition 6.3 so that the dual complex Kr is not just the standard simplex, but a moment polytope
of a nonsingular toric variety 7V. The same construction provide a Calabi—Yau fibration structure
Y — TV, although one needs to introduce a higher-dimensional base on the degeneration side to
achieve semistability. This will be also a topic for the subsequent work.

7. Poincaré duality of hybrid LG models

Let (Y,w,h = (hy,...,hy) : Y — CV) be a hybrid LG model of rank N. As the Kihler form w does
not play a crucial role in the following discussion, we drop it from the notation. We recall the definition
of the compactified hybrid LG model of (Y,h:Y — CcN ) [24, Section 4.2].

Definition 7.1. A compactified hybrid LG model of (Y, h : Y — CV)is a datum ((Z,Dz), f : Z —
(PHN) where:

1. Zis a smooth projective variety and f = (fi,..., fz) : Z — (P")V is a projective morphism where
each morphism f; = (fi,..., fi,.... fn) : Z — (P")N~! is the compactification of the potential
lii = (hl,...,ﬁi,...,hN) Y > CVNforalli = 1,...,N;

2. the complement of Y in Z is a simple normal crossing anticanonical divisor Dz := D5 U---U Dy,
where D s = (flf1 (00))req is the reduced pole divisor of f; foralli=1,...,N;

3. the morphism f : Z — (P')" is semistable at (oo, . .., c0).

In particular, we call the compactified LG model ((Z, D), f) tame if the pole divisor f[.‘l(oo) is
reduced for all i.

Consider the logarithmic de Rham complex (€2, (log Dz), d). We define f-adapted de Rham complex
of Z, denoted by (Q%, (log Dz, f), d), to be subcomplex which is preserved by the wedge product of all
df;’s.
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Q% (logDz, f) :={n € Q%(logDz)|n A df; € Q%”(logDz) foralli=1,...,n.}

First, note that it is a locally free Oz-module of rank (Z) Here is the local description. Denote D, the
corner that is the intersection of D £’s. For p € D, we can find local analytic coordinates z;1, - - - , Zi;

centered at p with k; +--- ky < n such that in a small neighborhood of p, the divisor D . is given by
Hl]lel z; = 0 and the potential f; is given by

ﬁ(zl’... ’Zn):

dil ik
il 2k,

for some a;, > 1.

Lemma 7.2. The f;-adapted de Rham complex QS (log Dz, f;) is locally free of rank (Z) foralla > 0.
Explicitly,

a

Q4 (log Dz, f:) = (P

p=0

1
f AP W; & dlog f; A (AP_IWi)] ® ACPR;,

L

where W; is spanned by logarithmic 1-forms associated to the vertical part of f; :+ Z — P' and R;
is spanned by holomorphic I-forms on Y and logarithmic I-forms associated to the horizontal part of
fi:Z - Pl

Proof. See [21, Lemma 2.12] m]
The above local description allows one to describe Q (log Dz, f) for all a > 0. Explicitly, we have

a N
Q7 (logDz, f) = @ ®

p]+---+pN=0 i=1

A“‘(P1+"'+PN) R, (71)

1
7 APEW; @ dlog fi A (/\”f‘lwl)
i

where R is spanned by holomorphic 1-forms on Y. Consider the cup(=wedge) product
U: Q7 (logDz, f) ® Q7 “(log Dz, ) — Q5 (log Dz, f) = Qy(log Dz).

Note that this is nondegenerate. From the description of the local form, one can see that it factors through
Q% the sheaf of holomorphic n-forms on Z. In other words, we have the following commutative diagram

Q4 (log Dz, f) ® Q% “(log Dz, f) —— Q4 (log D7)

This provides the natural isomorphism of locally free Oz-modules
Q7 (log Dz, f) = Homo, (Qy “(log Dz, [), Q%) = (Q} “(log Dz, f))* ® Q7.

Therefore, we have a perfect pairing which is given by the composition of cup product with the natural
trace map:

— - n ny I'r
Hq(z’gg(logDZ7f)) ®H" q(Z’Q% p(lOgDz,f)) - H (X’QZ) — C’

hence we have the Serre duality for the f-adapted de Rham forms.
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Proposition 7.3 [24, Proposition 4.16]. The f-adapted de Rham complex QF,(log Dz, f) satisfies the
Hodge to de Rham degeneration property. In particular, we have

H(Z, Q3 (log Dz, ) = € HY(Z,Q4(log Dz, ).

p+q=a

It is known that the cohomology H¢(Z, Q5 (log Dz, f)) is isomorphic to the relative cohomology
He(Y, uf\:llYi,C), where Y; is a smooth generic fiber of h; : ¥ — C near infinity and l_IiI\ilYi is the
normal crossing union of ¥;’s. The gluing property of the hybrid LG model (Proposition 3.2) provides an
isomorphism H*(Y, |_|[A=’ Y;,C) = H*(Y, Ysm, C), where Yy, is a smooth generic fiber of the associated
ordinary LG potential w : Y — C. Therefore, we have

Theorem 7.4 (Poincaré duality). Let (Y,h : Y — CN) be a rank N hybrid LG model. Then for a > 0,
there is an isomorphism of cohomology groups

Ha(Ya Ysm, C) = Hzn_a(Y, Ysma C)*a

where n = dimc¢ Y.
We note that the similar result for proper ordinary LG models is done in [17, Section 2.2].

Remark 7.5. For the Poincaré duality statement, we take the topological trace map instead of the
algebraic trace map. This amounts to multiplying the sign (—1)".
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