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1. Introductory. The recurrence formulae for the Bessel, Legendre, hypergeometric
and other such functions can all be related to each other by means of the E-functions. In
this paper it will be shown how, starting from known recurrence formulae for the hyper-
geometric function, others can be derived. The E-function formulae are deduced in § 2, and
the others in § 3.

2. E-function formulae. Many recurrence formulae are known ([1], [2]) for the hyper-
geometric function. From these the following four have been selected for consideration.

PF(e,B-1;y;2)-yF(a-1,B;y;2) +(a—Pl2F(x, B;y+1;2)=0. ... (1)
yla—B)F(x, B;y;2) -y -BIF(a+1,B;y+1;2)+B(y—a}F (e, B+1;p+1;2)=0. ......(2)
y(y+1)F (o, B;y:2)—y(y+ )F (e, By +1;2)—afeF(a+1,B+1;y+2;2)=0. ...... (3)
(B-a)F(a, Biy;2)+aF(a+l,B;y;2) - BF (e, f+1;y;2)=0. ... (4)

Now in (1) replace «, B, v and z by a;, «,, p, ~1 and -1/z, and multiply by I'(a;), I'(e,)
and 1/I'(p,) ; then the formula can be written
(o —og)E (o, 005 : py 1 2) ={ag—1)2E oy, 05— 1 : py =1 :2) —(ay = 1)2E (2 = 1, 005 : py =1 : 2) ;
and, when this is generalised, it becomes
(ot =02 B (pa,:q;ps:2)=(eg—1)E (o, 051, ...y —1:9; p;—1:2)
(g = 1)E (o) -1, g, x5 =1, .ty —1:q;p,—1:2). ....i. (3)
In the same manner, from formulae (2) to (4) the following can be derived.

(o —a)B(P;ar:q;psi2)=(pr—ag)B(ay+ 1,0, cciap: py+1, ps, e, pg:2)

~(pr—a)B (o, o9+ 1, g, sy i py+ 1, poy ooy pgi)e il (6)
E(p;“r:q;Ps:z)=P1E(p;°‘r:P1+1?P27'“:Pq:Z)
2B (P, +1ip +2,pp+1, oy pe+1i2) i (7)
(g —a)E(p;o,:q; ppi2)=Elay+1, 09, 000, 005:9; pg: 2)
—E (g, op+ 1, oty ceey Gy i@ 5 PeiZ) e i e (8)

From these formulae others can be deduced. For instance, on applying (5) to the terms
on the right of (5), it is found that
(g —og =) (g —ap+1)(oy ~x) E(p; 2, 1 ¢ 5 py 1 2)
=(oy —otg = 1) (ot = 1) (et = 2)22E oy, 2y =2, ...y 0y =219 5 py =21 2)
=2y —og) (o ~ 1) (g = 1)22E (g = 1, g~ 1, 03~ 2, o0, 2 —2: ¢ 5 ps — 2 : 2)
+(oy —og+1)(ay = 1) (y —2)22E (@ — 2, &g, 23 =2, .00y ap—2:9; p,~2:2).  ...(9)
Again, on applying (5) to the terms on the right of (8), we get
(0 —ag—1) (e —g+ 1) (@) — o) E(p; ar 105 ps 2 2)
=(ay —og = 1){ag - D)zE oy +1, ¢, 1, ...,y —1 g py—1:2)
—(oy + g = 1) (o) — 00g)2E (g, g, 3 =1, ..y @ —1:¢; ps—1:2)
+(og —ag+1) () = 12E{x; ~1, 5+ 1,051, ..,y —1:q; py,~1:2). ...... (10}
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Finally, apply (5) to the terms on the right of (6), and so obtain
(0 —ag= 1) (o) —ag + 1) (o) —ag) B (P ap 1 5 py i 2)
=(oy ~atg — 1) (p; —tg) (ctg —1)2E (oty + 1, 05— 1, ..., 00 =1 2 py, pa—1, ..., pg—11:2)
—{pyloy + x5 — 1) = 2a ;00 }2E (o), g, atg — 1, ..oy ap =1 1 py, pa—1, co0, pg—1:2)
+{og—og+1)(py —oy) (e ~1)2E (o = 1, g+ 1, 03— 1, o,y =1 py, pa—1,..., pg—1:2)...(11)
The formula for the derivative is

d 1
d—zE(p;a,.:q;ps:z)=§E(p;a,+l:q;p,+1:z). ..................... (12)

3. Special Cases. The recurrence formulae for the Bessel and Legendre functions are
special cases of the formulae of § 2.
Bessel functions. In (7) take p=0, ¢ =1, p; =n and replace z by 4/22 ; then, since

Ja2)=32)"E( in+1:4[22), .oiiriiiiiiiiiiniiiienneas (13)
Jon(2) = 21270 1 (2) 4 n1(2) =0 oo (14)
Next, in (10) put p=2, ¢ =0, a, =} +n, =% —n, and replace z by 2z ; then, since
E(} +n, 3 —n::22) =secnm J(2m2)e? K, (2), .cverriinrincrnniennenn. (15)
202K (2) =K 1 y1(2) = K g 1(2). woeeeeeeereeeeeireesens: reeen(18)

Legendre functions. In (10) put p=2, ¢=1, &y = —n, ay=n+1, p; =m +2, and replace z
by 2/(z-1) ; then, since

T;m(z)=—n—lsinn-rr(}—_:z>*mE(—n,n+l:m+1:z—f—l>, ..................... (17)

@2n+1)J(1 -2A)T7m=1 (2) =T ™ () “Tom (2) e (18)

Again, in (11) put p=2, ¢=1, ¢y = -n, ay=n+1, p,=m+1 and replace z by 2/(z-1) ;
then (n+m+ )T 7 (2) - (2n + 1)2T;™(2) + (0 —m)T ™ (2) =0. veoerveeerecennn (19)

Next, in (7) put p=2, ¢=1, oc1=%(n.+m), ay=3%(n+m+1), py=n+3%, and replace 2 b&l
—-z%; then, since

Qr(z) =2m"1 - 1)imen—m-1E (dn+dm+ 4, n+dm+1:in+3: -2, ... (20)
@p_1(2) - (2n+1) /(22 - 1)gm—1(z) — Q1 (B)=0. i (21)
From (12), d%E(:n+l:4/z2)=—%zE(:n+2:4/z2),
and therefore, from (13),
Jo(2) —nz W (2) = = Jppal2). e (22)
Hence, from (14), 2J,(2) = J 0y (2) = T pg1(2)e eeeeiii e (23)

The other derivatives can be derived in much the same way. For instance, for K, (z),
apply (9) to the expression on the right of (12), and then use formula (15).
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