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1. Introductory. The recurrence formulae for the Bessel, Legendre, hypergeometric
and other such functions can all be related to each other by means of the ^-functions. In
this paper it will be shown how, starting from known recurrence formulae for the hyper-
geometric function, others can be derived. The 2?-function formulae are deduced in § 2, and
the others in § 3.

2. E-function formulae. Many recurrence formulae are known ([1], [2]) for the hyper-
geometric function. From these the following four have been selected for consideration.

yF(a,p-l;y;z)-yF(«-l,p;y!z)+(«-P)zF(a,P;y + l;z)=Q. (1)

(a, £ ; y ; z) - a(y - j8).F(a + 1, 0 ; y + 1 ; z) +P(y - a)F(a, 0 + 1 ; y + 1 ; z) =0 (2)

l)F[a, p ; y ;z)-y{y + l)F[a, p ;y + l ;z)-aPzF(* + h P + l ; Y + 2 ;*)=0 (3)

(j8-a).F(a, P;y, z)+af(a + l, j8 ; y ; z) -pF{*, j8 +1 ; y ; z)=0. (4)

Now in (1) replace a, /J, y and z by a1( a2, Pl - 1 and - 1/z, and multiply by r(a1), /1(a2)

and l/r(p1); then the formula can be written

(ax - a2)E («!, a2 :Pl: z) = (a2- lJzJEfo, a 2 - l : P l - 1 : z) - (ax - l)z£(a i - 1, a2 : Pl - 1 : z) ;
and, when this is generalised, it becomes
(a1-a2)z-1E(p;ar:q;ps:z)=(a2-l)E(a1,a2-l, ..., a.v - 1 : q ; p5 - 1 : z)

- K - l ^ f o - l , a2, a 3 - l , . . - . .o tp- l : ? ; p , - l :z) (5)

I n the same manner, from formulae (2) to (4) the following can be derived,

(a! - <x2)E(p ; a r : q ; ps : 2) = (pj - a 2 ) £ ( a i + 1, a2, . . . , a j , : p! + l , p 2 pQ : z)

- ( P i - a i ) - ^ ( a i > a 2 + l . a 3> • • • , « » : P i + 1 . P2> •••• P c : 2 ) ( 6 )

E(p;<xr:q ; Ps: z) = PlE (p ; <xr: Pl + 1, p2 pQ:z)
-z-1E{p;oir + \ :Pl+2, p2 + l, .... Pv + l : z) (7)

(ai-a2)E{p ;ocT:q;Pa: z)=E{<xl + 1 , a 2 , . . . , afl : g ; p s : z)
- ^ ( a i , a2 + l,a3, . . . , a p : g ; p , :z) (8)

From these formulae others can be deduced. For instance, on applying (5) to the terms
on the right of (5), it is found that
K - a2 -1) (ax - a2 +1) (ai - a2).E (j>; ar : g ; p s : 2)

= ( a 1 - a 2 - l ) ( a 2 - l ) ( a 2 - 2 ) z ^ ( « 1 , a 2 - 2 , . . . ) a 1 ) - 2 : ? ; p 3 - 2 : z )
- 2 ( a i -«,)(«! - l)(a2 - l ) z ^ ( a i - 1, a2 - 1 , a 3 - 2 , .... «p - 2 : q ; P s - 2 : z)

+ (a1-a2 + l ) ( a 1 - l ) ( a i - 2 ) 2
2 £ ( a 1 - 2 , a 2 , a 3 - 2 a, - 2 : q ; ps - 2 : z). ...(9)

Again, on applying (5) to the terms on the right of (8), we get
(«x - a2 -1) (ax - a2 +1) (ax - a2)^ (p ; ar : q ; p s : z)

= (a1-a2-l)(a2-l)2JE(<x1 + l , a 2 - l , . . . , 0 , - 1 : g ; ps - 1 : z)

- ( « i + * 2 - 1 ) ( « i - « 2 ) z - S ( « n « 2 i « 3 - 1 » •••• « j » - l : ? ; P . - l : z )
+ («! - « 2 + 1) K - l)3£(a i - 1, a2 + 1, a3 - 1, ..., a, - 1 : q ; ps - 1 : z) (10)
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Finally, apply (5) to the terms on the right of (6), and so obtain

«r •• 2 J ft,: 2)
+ l , a 2 - l «„ - 1 : plt pt-\, ..., pQ-l : z)

, « 3 - l « i . - l :P i .P2~ l P « - l :2)—(11)
The formula for the derivative is

^ # ( p ; <xr: g ; p s : z )=^.E(p ; ar + l : g ; />5 + l : z) (12)

3. Special Gases. The recurrence formulae for the Bessel and Legendre functions are
special cases of the formulae of § 2.

Bessel functions. In (7) take p=0, q = l, pi=n and replace z by 4/z2; then, since

Jn(z) = ($z)«E( : » + l:4/z«), (13)
J n _ l ( 2 ) -2 w z -V B (z)+J n + 1 ( 2 )=0 (14)

Next, in (10) put p = 2, q—0, ax = £ + n, a2 = ^ - n , and replace 2 by 2a ; then, since

E($+n,%-n: : 2z) =aec mr J(2nz)ezKn(z) (15)

2nz-^Kn{z)=Kn+1(z)-Kn_l(z) : (16)

Legendre functions. In (10) put p = 2, q = l, a1= -n, <x2=n + l, p1=m + 2, and replace z
by 2/(z -1) ; then, since

T-">(z)= -TT^sinmrd^) ™ E( -n, n + l: m + 1: - ^ (17)
\1 +zj \ z — 1/

1 1 z ) (18)

Again, in (11) put p = 2, ^ = 1, ax = - w, a2 =w +1 , Pi =m +1 and replace z by 2/(z -1) ;

then (n+m + l)T-™1(z)-(2n + l)zT-m(z) + (n-m)T-™1(z)=Q (19)

Next, in (7) put p = 2, g = l, a1 = |(7i + m), «2 = ^(n + m + l), p^n + %, and replace z by
- z 8 ; then, since

: n + f : - z2), (20)

=O (21)

From (12), ^E(:n + 1 :4/z2)= -\zE{: n + 2 : 4/z2),

and therefore, from (13),
7n(z)-wz-iJn(z)=-Jn + 1(z) (22)

Hence, from (14), 2J'n(z) = Jn_1(z)-Jn+1(z) (23)

The other derivatives can be derived in much the same way. For instance, for Kn(z),
apply (9) to the expression on the right of (12), and then use formula (15).
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