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ASYMPTOTIC APPROXIMATION OF AN INTEGRAL
INVOLVING THE NORMAL DISTRIBUTION*

BY
J. P. McCLURE AND R. WONGT

ABSTRACT. An asymptotic approximation is obtained, as k— o, for the
integral

x

I(k) = j [®(x) + 1 — ®(x + L)]*'dP(x),

where @ is the cumulative distribution function for a standard normal
random variable, and L is a positive constant. The problem is motivated by
a question in statistics, and an outline of'the application is given. Similar
methods may be used to approximate other integrals involving the normal
distribution.

1. Introduction. Suppose X,,...,X; are k independent standard normal random
variables, which have been put in natural order: X, < X, <...=< X,. For a fixed
number L = 0, let N(L, k) be the number of “gaps” g, = X;», — X; (j=1,...,
k — 1) satisfying g; = L. Then N(L, k) is itself a random variable. In 1949, Tukey [2]
showed that the mean or expected value EN(L, k) of N(L, k) satisfies

(1.1) 1 + EN(L, k) =k fw [®(x) + 1 — D(x + L)) 'dd(x),
where
(1.2) O(x) = \/E‘(—x e™v?

is the cumulative distribution function for a standard normal random variable. Re-
cently, Professor 1. Olkin raised the question of the behavior of EN(L, k) or,
equivalently, the behavior of the integral

%

(1.3) I(k) = f [P(x) + 1 — O(x + L) 'dd(x)

as k — . The purpose of this paper is to provide the first two terms of an asymptotic
expansion for /(k) as k — %. Our result implies
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V2logk’

(1.4) kl(k)y ~ 1+

L as k — o,
e
when L is positive. From (1.1), an asymptotic approximation for EN(L, k) follows, and
in particular, we see that EN(L, k) — 0 as k— oo, if L > 0. This may seem surprising
compared with EN(0, k) = k — 1 (either from (1.1), or directly from the definition),
but is actually quite reasonable, when one thinks of the values of the random variables
X; clustering around the mean value zero, so that the gaps should get smaller as the
number of variables increases.
An integral somewhat similar to (1.3) is

(1.5) J(k) = fm xe ™ [l%e(x)]kdx
where

2 x —u2
(1.6) 0(x) = _\/i Jo e "du.

Methods similar to those employed in the following sections lead to the result

Vo log (k + 1) _ﬁ log log (k + 1)
k+1 4 (k+ DViog (k + 1)

J(k) =
1.7

(e esar )

(k+ 1)log (k+ 1)

as k — o, The details of this last result can be found in [3].

2. A Transcendental Equation. For convenience, let us write
2.1 Y(x) = P(x) + 1 — O(x + L).

Later in our derivation (§4), we shall make the change of variable
2.2) Y(x) =e'

in the integral /(k). For this reason we need the following result.

LEMMA 1. For small positive t the real roots of equation (2.2) are given by

log (—2 log t)
(2.3) x=V-2logt+ 0{-——}
& V—2logt
log (=2 log t)
2.4) x=-V-=2lo —L+O{——————}.
¢ V—2logt
PrOOF. We begin with the well-known formula
2.5) O(x) = 1 e [ 0(1
. x)=1- 1+ —)],
Vomx x?
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valid for large positive x. It is straightforward to show that

v - 1 - 1+ 0( )]

also valid for large positive x. Hence, equation (2.2) can be written as

e [ 1
1 +O(—>] =1-e"
V2mx x?

or
-x2/2 1
2.6) —[1+0(L)] =11 + 000y,
( 2mwx x?
as x — +o and t — 0. The last equation gives
2.7 —x2—log2m — 2logx + 0(%) =2logt + 0(2).
x

When x is large, the left-hand side is dominated by the first term. By the same
reasoning, the right-hand side is also dominated by its leading term. Thus it follows that

(2.8) X~-2logt (t— 0%,
and
x~V-=2logt (t—0").

This is the first approximation to the positive root. To improve this result, we set

2.9) x* = —2logt + €1).

Note that by (2.8), we have

2.10 €, 0
—_— —

(2.10) -2 log ¢ @ )-

From (2.7), it also follows that
2logt — €(t) — log 2 — log (—2 log ¢t + €(2))
= 2logt + o(1).

Hence, as t — 0%,

t
e(r) = —log (2 log 1) — log 2 — log (1 - 2€l£)g)t> + o(1)
.11 = —log (2 log 1) — log 2 + o(1),
in view of (2.10). Substituting (2.11) in (2.9) yields
log (—2 log t))]
2 — (— e, - ° 7 +
x2=( 210gt)[1+0( D logt (t—0"),
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and

(2.12) x=V-2logt+ 0{]—0'5/—(:—2'2'————]—19;—0} (t— 0",
-2 log t

thus proving (2.3).
To obtain the negative root, we note that

dPx) =1 — O(—x).
This together with (2.5) gives
—x2/2
B(x) = - \e/%x[l + 0(%)]
as x — —, From (2.1), we also have
e HL2 1
v =1+ 2o )]

as x — —oo. Equation (2.2) can thus be written in the form

e—(x+L)2/2 [ 1
(]
Vom(x + L) x?
or

o HL22

_m[l + 0(;1—2)] = 11 + 0(1)],

as x — —o and t — 0. The last equation is equivalent to (2.6), except that —(x + L)
now replaces x. Thus, by (2.12),

log (=2 1
—(x+L)=\/—210gt+o{—°§-£—\/_ﬁ°——§_Q} (1= 0",
—2logt

or equivalently

1 —2logt
x=-V-=-2log —L+0{$-(—_—\/_.E——IO:O—:—:I)} (t— 0.

This completes the proof of the lemma. []

3. A Basic Integral. In establishing our final result, we will encounter the integral

G.1) B = [T g

0

twice, where ¢, depends on k and is explicitly given by

3.2) c, =

£
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The following lemma gives the behavior of this integral for large values of k.

LEMMA 2. As k — +, we have

1 v log log k
3.3) I;(k) = —e™* 2"’8"[1 + 0(—)]
’ k Vlog k
PrOOF. We split the interval of integration (0, c,) into (0, a) (a, b) and (b, c¢,), where
1 _logk
a—klogkandb- A

For0<t<a,e™<1and V2 log k < V-2 log ¢ < ®. Hence, the integrand of
I, (k) is dominated by e tV2lek  and

e e .

‘ —kt=LV-21log1t < 1 =LV2log k
(.4) jo VIR S et

Forb<t<c,e*<k'and V]og r<=V-2 log t < V2 log k. Thus, similarly,
the integrand of I; (k) is dominated by k™'~ V1og and

o5 [ o Lo
' b k2

Finally, we consider the integral over the interval (a, b). Making the change of variable
kt = T gives
(3.6) f Lo gy = L[ v g,
a k 1/log k
For 1/log k < 17 < log k, we have by the binominal theorem
log log k)
Vlog k .

\/210gk—210g'r=\/210gk+0(

From (3.6), it follows that

’ Vv U vemr [ log log k
(3.7) J' e M-LV=2logt gy = — g LV2logk e_’[l " O( )]d’r.
4 k 1/log k Vlog k
Clearly,
log k
J' e "dr = 0(1).
1/log k
Thus (3.7) gives
(3.8) J’beJa—LV—z logt gy = le-L\/z—Eg—k[l + 0(10g log k)]
| ‘ k Vlog k '

Note that as k — +o,
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1 e(\/E—I)LVlogk = O(M)

W Viog k

The desired result (3.3) now follows from (3.4), (3.5) and (3.8).[1

4. Proof of (1.4). Let us first rewrite (1.3) as

1 =l
V2 o -
From (2.1) and (1.2), it is clear that

4.1 I(k) = [W(x))F~ e dx.

[e—ﬂ/z _ e*‘““z/zl

V(x) =
21
Thus W(x) has exactly one critical point, which is located at x = —L/2, and is
increasing in [—L/2, ) and decreasing in (—, —L/2]. Furthermore, ¥(x) — 1 as x
— oo, The graph of ¥(x) is shown in the figure below.

P 4

FiG. 1. The function ¥(x)

Since the maximum of W(x) does not occur at a finite point, the well-known method
of Laplace [1, p. 80] does not apply. Put

1 o

(4.2) I'(k) = ol I W(x)* e dx
and

- - L e k=1,-x2/2
4.3) I"(k) = il W(x) e dx.
Then
(4.4) I(k) = I'(k) + I"(k).

We shall first treat the integral (k). For fixed ¢ in (—L/2, »), we have

4.5) I'(k) = ‘I'(x)*"e“z/zdx+_\/12 f W(x)* e 2dx.
T Jc

1 J"
V2 C-L2

Observe that
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1 c

(46) P \I,(x)k— Ie—xz/zdx < \p(c)kfl — e—q(k— I)’
V2 '-L/2

where

4.7) ¢, = —log ¥(c) > 0.

In the second integral on the right-hand side of (4.5), we shall make the change of
variable given in (2.2), from which we have

PN
‘I’(x)dt e

and
48 dx _ V2me™ _ V2me™
(4.8) dt - e_X2/2 — e—(X*L)2/2 - e—xl/Z(l _ e—xL—LZ/Z)‘
Hence,
.9 — [worera = [ —L
’ Vg e o | — g~-L22
cy ) e—2xL—LZ
:f e—k/[l + e—xL—L /2 + ]dt
0 1 —_ e—xL—LZ/Z
Clearly
@.10) [ebar = Lt = ek,
0 k
and
4.11) f le""’_"L"Lz/zdt = e*“/zj Ie”"""Ldt = e[ (k).
0 0

Observe that equation (2.3) gives

- IRV et log (—2 log t)
4.12) e =¢t ‘2“’8'[1 +0<——————)],
V-2 log t
as t — 0*. Inserting this in (4.11), we obtain
a L — log (—2 log ?)
(4.13) I (k) =j et ‘2“’8'[1 + 0(—————~——>]dt
l 0 V—2logt

= o1+ o (B _._(:;l:’gg:))]

provided that ¢, is sufficiently small. The last condition is automatically satisfied, if we
take c; = 1/ Vk as in (3.2). With this choice of ¢,, equation (4.13) becomes
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log (log k)
(4.14) I (k) = I*(k)[l + 0(———)],
: ’ Vlog k
as k —> +x.
Now observe that as x — +x,
-2xL - L2
€ — O(€_2XL).

1 - e—xL -L2)2

Hence, for sufficiently large ¢ and for x = ¢, we have

—2xL - L2

(4.15) = 0(e*%).

1 — e~vaL2/2

Since equation (4.7) is equivalent to equation (2.2) with ¢ and ¢, replacing x and ¢,
respectively, we obtain from (4.12) and (3.2)

— log log k
(4.16) e 2L = 72 Vlogk [1 + 0(-—————)]
Vlog k

Coupling (4.15) and (4.16) gives

e-—2x’L—L2
— —-2LV
PRl G
- ée

fort < ¢, = k', and

o) e L L2 J—
.17) [ et = ogk e ViR,
0

1 — eﬁ\L ~L2)2

By a combination of the results in (4.5), (4.6), (4.9), (4.10), (4.11), (4.14) and (4.17),
we arrive at

1 12yt log log k
IT(k)y =~ 4+ e X7 (k)[l + 0(—)]
k ’ Vlog k
(418) + 0(6 \/-) + O(k 1 —2L\/EE—)

Substituting (3.3) in (4.18), and noting that

e“L(2 -V2)Viegk — o (M)
Vlog k

and

oVE = (log log k —Lx/ﬁg‘>

kVlog k

as k — +o, we obtain

l 1 L2~ LVTiogE log log k
4.19) I'(k) = — + — e F/27LV2logk [1 +0<———> ,
k k€ Vlog k
as k— +o.
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Now we turn to the consideration of /7(k), defined in (4.3). As in (4.5), we have,
for c € (L/2, «),

1 —c R 1 -L/2 ,
4.20) I (k) = —= f ()t ey + —— f W(x)~ ey,
2m " V2 J-c

and
1 L2 )
4.21) —_— Y(x) e 2dy < W(—c) 7! = ek
V2m 7 -
where

¢; = —log ¥(-c) > 0.

In the first integral on the right-hand side of (4.20), we again make the change of
variable given in (2.2). From (4.8), it is then easily seen that

1 -c . 2 ¢y exL + L2/2
—1,x — —kt
4.22) o J:m W(x) e ™" *dx J; e AT
< ) exL +L2)2
— f e—kt+xL+L /2[1 + — ]dt
0 1 _ exL +L2)2

By equation (2.4) in Lemma 1,

1 1 log (=2 log 1)
il + L*= —LV-21logt — =L* + 0{———}
2 & 2 V—2logt¢

as t— 0. We again take ¢, = k™%, Then, for 0 <t < ¢, = k',

log (=2 log 1) 0(log log k)
V—2logt Vlog k

and

exL+L1/2 — O(e_LV"’gk).

Together with these estimates, equation (4.22) gives

(4.23) \/_I:J'_ \I,(x)k—le~x2/2dx — e~L2/2j Ie~—kr—L\/_2 log t JJy
2m 7 - 0
log log k -
1+ 0(——)][1 + 0(e L Viee k)]
[ Viog k

The integral on the right-hand side of (4.23) has already been evaluated in Lemma 2.
Since e~ = (¢ V¥), we have, upon combining (3.3), (4.20), (4.21) and (4.23),

_ 1 op v log log k
(4.24) I (k) = —-e b2t Z’Og"[l + O<—)]
k Viog k
as k— +o.
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Coupling (4.19) and (4.24) gives the desired result

1 2 v log log k
(4.25) I(k) = - + S vt 21°gk[| + o(—-——)],
ko k Viog k

as k — oo, from which (1.4) follows.
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