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On the effect of phase transfortnations 
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ABSTRACT, T o o btain a be tte r und erstanding of th e compli a nce o f sa line ice, w c 
d eveloped a simple conce ptual model ora process th a t presum a bly ta kes place in sa lin e 
ice, Using clas ti c mod els, Il'e assessed th e role th a t phasc transrormations might pla y 
when brine is sealed into sma ll cells during crystal grO\nh , Coo ling of a sealed brine 
ce ll , leading to th e prec ipitation o r ice, prO\'ides a m echa ni sm for the acc umul a ti on oC 
" la rge" localized stresses, Based o n our a na lysis, thi s mechanism has the po tenti a l to be 
a sig nifi cant source fo r th e nuclea ti o n or dislocations, and can con ce i\ 'a bk make a 
sig nifi cant contributi on to th e g reate r compli ance (so ftn ess ) of sa lin e ice rcl a til '{' to 
n o n-sa line ice , 

The results of thi s model a re consisten t with th e o bsen 'a tion th a t la bo ratory-groYl' n 
sa line crystals sometimes display extensil'e diffe re n ces in mechanical behal' ior that 
appear ro be due to yariations in th e grow th and storage conditi ons experi enced by th e 
c rys tal s, 

PURPOSE 

Our goa l in thi s pape r is to further the understa nding o f the 
mecha ni ca l behal'io r of saline ice relatil 'C to no n-saline 
(" pure" ) ice , I n particular, we focus o n th c role of ph ase 
tra nsform at ions as a source o r nuia ti on in th e th e 
compli ance or sa lin e (:\aCI ) sing le ice crys ta ls, [n th e 

process, II'C enl lua te th e likelihood th a t phase tra nsform­
a ti ons ca n have a sig nifi cant effect on the complian ce o r 
sa li ne ice, At th e same tim e, II'C ho pe to prO\'id e a firm 

I A sillgle {/)'slalmay be d efin ed as a specimen that grows 
so le ly from one nucleus, so that no pa rt orthe spec im e n 
is more th a n 5' fro m th e mea n orientation (\\' inegard, 
1964, ch, X II ) , Using K all'a mura's (1986 ) me thod , a 
seed crys ta l is CO ll struC[cd from a single crysta l with a 
I'e rti ca l (axis, T o constru ct th e seed c rysta l, th e o rigin a l 

c rys ta l is sli ced into plates such th a t th e crys tall ine a 
axis is perpendicular to th e pl a ne or th e pla te, and th e c 
ax is lies in th e p lane of the pl a te, The plates a rc placed 
sid e by sid e, aligning th e (ax is of each plate, Th e plates 
are th en " sinte red" together ro fo rm a quasi-s ing le 
c rysta l seed, Orte n the re is a fin e line of small ra ndom ly 

oriented cn 'stals th a t d e\'C lop a t th e interfa ce be tween 
p lates, Th ese li n es wi ll som e tim es ex tend into a 
specimen grown from th e seed , If ca refull y app lied , 
thi s app roach yie lds spec imens Il'ith crystal ori entations 
Il'ithin 3 of th e m ean, except fo r sma ll « I mm ) 
c rys ta ls on the interface planes, Th e spec im en is g rown 
from as man y as four nu clei (plates ) , Th ough lIT 1V0 uld 
ex pec t the res u ltin g specimen to behave stru ctura ll y as 
a sing le crystal, it d oes no t mee t th e d efin iti on of a sing le 
crystal; th erefore , we refer to spec im ens g rown by thi s 
technique as quasi-Jingle CI)Slals, 

found a ti o n for su bsequ e nt studies of phase tra nsform a ti o ns 
and how they a ffec t di slocat ion nu clea tion in sa line ice, 

INTRODUCTION 

T o better our ulldersta nding of th e beha\ 'ior of saline ice 
rrl a ti, 'e to non-salin e ice , lIT gl'CII' quasi-single crys ta ls l o f 
sa lin e and non-sa line ice using th e meth od del'C loped b y 
Kawa mura 1986 1, Th e c rysta ls were g rown Il'ith a 
horizontal ( ax is and a yenical a ax is a nd lITre typically 
25 cm sq ua re and 20 cm d eep, These large crystals were 
then c ut into specimens 5 cm squ are and 22 cm long Il'he re 
th e ( ax is \\'as orien ted a t 4,5 rela ti lT to th e long axis of th e 

specim e n, The spec imens, bo th saline a nd non-saline, were 
compressed at a constant stra in rate (i = 1 x 10- 68 - 1 ) , 

The ave raged responses a re shOlm (Fig, I ) in terms o r 
shea r s tress resoh'ed on th e basa l pl ane, at temperatures o f 
-20 a nd 40°C:, Eac h cun'e rep resents th e aI 'eraged 
respo nse of tll'O spec im e ns after smoo thing by a leas t­
squares techniquc (Sa\'itz ky a nd Golay , 1964), 

Saline ice crystals ty pi cally a rc conceptualized as a 
bridged matrix of non-sa lin e ice pla tele ts with a regularl y 
spaced sys tem of brine cayiti es and possibly a ir bubbles 
interspe rsed throughout. \\' ith thi s co ncep tu a l model, o n c 
would ex p ec t sa line ice to disp lay a res po nse simila r to 
that o f n on-sa line ice, th o ugh Il'ith somell'ha t IO\\T r 
mac roscopic stresses; ind eed th ere arc suc h cases, For a n 

exampl e of such an a n a logous beha"i o r , be tll'ee n saline 
and no n-sa line ice, consid e r th e experim enta l res ults o r 
Brown a nd K a Il'am u ra ( 199 1), 

Bro wn a nd Kall'am Ll ra tes ted quasi -si ng le crys ta ls o f 
sa lin e ice that II'Cre not subjected to th e rm al cycl ing, 
Upo n r e m Ol'al from th e crys tal-grow th bath, th e i r 
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Fig. 1. Stress resj)Ollse for cOils/anI slrain rate (E = 
1 x lO- Gs- 1) . 

specimens wcre sto red a t - 11 cC , both during th e period 
they were a ll owed to dra in a nd a fter th e time they were 
cut into spec imens. During th e entire p eriod, the 
tempera ture va ri ations were probably no more than 
±O.I cC , since the specim ens were stored inside insul a ted 
boxes stored inside a cold room which ha d tempera rure 
control to within ± 1°C. Prio r to tes ting, each specimen 
was slowl y cooled to the tes t tempera ture. 

In tes ts conducted a t M ontana Sta te University (Fig. 
I ), a simil a r procedure was used , but the co ld room had a 
la rge r tempera rure oscilla tion, and the tes t sp ecimen ' were 
subjec ted to a very low therm a l cycling between _ 10° and -
20°C while they were stored. This cycling occurred when 
the cold-room tempera ture was slowly lowered over a 
peri od of a pproximately I m onth in orde r to grow new 
saline quas i-single crys tals. The cyclic therm a l loading may 
ha\'e affected the materi al ductility and elas ti c a fter-effect, 
if it resulted in cycli c inelas ti c deforma ti on . 

T ypical models for the strength of sea ice (Anderson, 
1958; Assur, 1958; Weeks a nd Ass ur, 196 7; Mi chel, 1978; 
'vV eeks a nd Ackl ey, 1982 ) connec t the r ed uction in 
stre ng th o f sea ice rela tive to non-sa lin e ice using a 
fun ction of brine content with models of th e form 

(1) 

where a s a nd a~ a re th e strength of sa line ice and non­
saline ice , respec ti vely, cps is the brine content o r porosity 
of the sea ice, and c is a reducti on coeffi cient and is 
commonly used to include stress concentra tion fac tors or 
other stru ctural charac teristi cs . But in Fig ure I it is clea r 
tha t ther e a re cases wher e saline ice does no t display the 
peaked stress response or la rge yield drops that the non­
sa line ice does. Models th a t use geometric reduction, in 
terms of porosity or brine content, to expl a in the reduced 
streng th of saline ice do no t ex plain th e a bsence of a 
pea ked stress response in sa line crys ta ls wh en such a 
response is lacking. 

If we vi ew the responses in Figure 1 in terms of 
disloca tion theory, we mig h t consider the peak stress in 
single c rys ta ls as the point where the ene rgy level in the 
crys ta l is suffi cient for the stable nuclea tion2 (multi ­
plica tion ) of dislocati ons. Two possible expla n a ti ons exist 
for the lack of similarity be tween the two types of crys tal 
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responses. First, the saline ice crys ta l has a hig h mobile­
d isloca tion d en si ty before it is eve r loaded in the test 
apparatus, a nd secondly, some internal mecha nism plays 
a signifi cant ro le in lowering th e ac ti va tion energy 
required for th e nuclea tion o f disloca ti ons in th e sa line 
ice crys tal. H ere we consider phase transform a tions of 
brine in intern a l cells in saline crys tals as a possible 
mechanism for the introductio n of a high d ensity of 
disloca ti ons befo re th e saline crys ta l is eve r su bj ec ted to 
external mecha ni cal loads. 

PHASE TRANSFORMATIONS 

\Ve chose to pursue phase tra nsforma tions as a fac tor in 
the behavior of saline ice since they seem likely to induce 
deforma ti on in the saline ice crys tal during g rowth or 
storage, so tha t a ny mechanical tes ting perform ed on test 
specimens is ac tu a ll y done on specimens whi ch have been 
pre-deformed in the neighborhood of the brin e ce lls. If 
this mecha nism induces stress sufficient to p roduce local 
d eformation well into the plas ti c regime, then , in the case 
of ice, soft ening will effec tively occur without th e necessity 
of extern al load s. 

Ice crystallization frolIl brine 

As crys tals of ice form in a brin e solution, nea rl y a ll of the 
so lute (sa lt, a ir, etc.) remains in solution (\'\I eeks and 
Ackley, 1982, p . 4 ) . As the crys tal s grolV into th e m elt they 
form a seri es of pa rallel blad e-like pla telets a bo u t 0.5 mm 
thick. As g rowth proceeds, o bsen 'ers (And erson and 
W eeks, 1958; W eeks and Ackley, 1982; Grenfell , 1983) 
report th a t the pla telets thicken a nd bridges begin to form 
approx ima tely 2 .5 cm above the lower tip of the pla telets. 
The bridging process between pla telets de\'el ops a round 
ve rtica l columns of brine whi ch might ex tend verticall y 
through th e enti re crys tal. As the ice cools furth er, the 
columns of brin e coll apse in to a rrays of nea rl y sph erica l or 
ellipsoidal brine cells. As the brine cells age, th ey have an 
increased tend ency to take on a n ellipsoidal geo metry. 

U tilizing this outline of c rys tal deve lopm ent, we 
assume th at the ice crys tal a nd trapped brine a re stress­
free imm edi a tel y a fter the brine columns collapse into 
a rrays of nearl y spherical brine cells. Then th e driving 
q uestion becom es, what happens as the ice a nd brine a re 
cooled furth er? 

H ere w e will foc us o n th e role of th e ph ase 
transforma tion th a t brine, which is trapped in these 
cells, undergoes as the crys ta l tem pera tu re dro ps ei ther 
during the growth stage or while in storage . 

Phase changes 

T o quantify th e p hase changes, we will defin e th e salinity 

2 The predomin a nt source of disloca tions in ice is 
typicall y tho ug ht to be the multiplication of pre-existing 
disloca ti ons, in the sense firs t modeled by J ohnston and 
Gilman (1960) . We prefer to use the term nucleation in 
the sense th a t the source of nucleati on is typicall y a pre­
existing di sloca tion. 
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of the brine (sB) by the non-dimensio na l form 

mS mass of salt sB= _ 
mB mass of brine ' 

(2) 

T o understand the relationship b e tween the ph ases of 
brine and ice, consid er the phase-diagram cartoon (Fig . 
2 ) from Weeks a nd Ackley ( 1982) . Fo r a brine solution 
with a sa linity of 0.035, when th e tempera ture drops to 
- 2°C , wa ter precipitates out of the brine in the form of 
ice . Hthe brine is contained in a sm a ll closed sys tem , then 
th e transfo rma tio n from \\'a ter to ice implies tha t th e m ass 
o f brine decreases sig nificantl y whil e the mass of salt in 
so luti on remains "constant"; thus th e sa linity of the brine 
in creases. The in crease in brin e salinity requires a 
d ec rease in temperature before m o re ice can precipita te 
out. This process will continue until th e brine reaches the 
e utec ti c point, a t a salinity of 0.233 a nd a corres po nding 
tempera ture of - 2 1.2°C. Before th e tempera ture of the 
brine can drop belo w the eutectic p o int, the brin e so lution 
must ass ume th e so lid form of sodium chloride dih ydra te 
( laCl· 2H 20 ). 

Ph ase transfo rma tions a re depend ent on cha nges in 
pressure a nd tempera ture (LaChape ll e, 1968). Th a t is, as 
pressure increases, th e phase curye typically depresses . T o 
kee p the ma th em a ti cal de" elopm ent rel a ti"ely simple, wc 
will ass ume that th e phase change is independ ent of 

5 0.035 Salini ty Brine 
:+NaCI 
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0; 
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(Brine) 

Ice + Brine Brine 
E-'-15 + 
~ Eutectic Point NaCI ·2H20 

-20 . . . . -.~.I.) .~~ .. ... ....... .. .. .. .... ~ ............ . 

-25 
lee + Solid NaCl ·2H20 

0.233 

Fig . 2. Phase diagra l71 jor H20 and .\ "aCI. 

pressure. Cox a nd W eeks ( 1975, ta ble 1) use the fo llowing 
third-ord er polyno mi a l to mod el the phase rela tionship 
between th e brine sa linity (sB ) a nd th e freezing/m e lting 
tempera ture (T ): 

SB = ( - 17.573T - 0.381246T2 

- 3.28336 x 1O- 3T :3) x 10- 3 (3) 

wh ere the tra nsfo rmation tempera ture (T ) is in QC. Th eir 
equ a ti on is based o n a sta ti sti cal fit o f experim enta l d a ta 
with a correla tion coe ffi cient of 0.99992 7 a nd a sta ndard 
error eq ua l to 0.4334. 

Phase densities 

For brine density, we assume tha t pressure and tempera ­
tu re are i nd epend en t " ari a bles a nd tha t tempera tu re a nd 
sali nity a re d irec t ly correlated. For the stress-free d ensity 
o f brine (pB), wc use the approximatio n for sea brin e g iven 

by Cox a nd Weeks ( 1983, equation 16 ), 

pB = p\V(l + ~:) (4) 

where 

(5 ) 

a nd pW is the density of wa ter a t O°C. For the density o f 
non -sa line ice (pI ), we use the a pproxim a ti on gl\'en by 
Pound er (1965, equation 29), 

(6) 

wh ere th e tempera ture T is in °C a nd P OI represents th e 
densi ty of ice a t O°C wi th the value: 

POI = 916.8 kg m - 3 . (7) 

\,\'h en the tempera ture of the brin e dro ps below th e 
eutec ti c point, and th e brine takes on th e solid form of 
sodium chloride dih ydra te (NaCI·2H20 ), th e density o f 
th e so lid is a pproxim a tely 1630 kg m 3 (Weeks a nd 
Acklcy, 1982, table I ) ; comparing th e d ensity of this 
solid fo rm with th e de nsi ty of brine (Eq ua ti o n (4)) a t th e 
eutec ti c point (PeB = 1186 kg m-3

) impli es tha t the brine 
con trac ts as it tra nsfo rms into sol id fo rm. Gi" en th e 
na ture of our query, we will not conce rn ourse h-es with 
tempe ra tures below th e eutectic point. 

VOLUMETRIC STRAIN (DUE TO PHASE TRANS­
FORMA TIONS) 

In thi s sec ti on , \\'e consid er the stress-free " a ri a tions in th e 
volum c of th e components conta ined in Cl brine cell due 
so lely to ph ase tra nsfo rm a tions. T o qu a nti fy the cha nges, 
we place a n imagina ry bo unda ry a ro und a n arbitra ry 
brine ce ll when it is first scaled or comple tel y surround ed 
by ice but is yc t "s tress-free". \V e th e n consider th e 
cha nges in component \'o lumes (brine a nd ice ), assuming 
compo n ents are unconstra ined. This im agin a ry process is 
illustra ted in Figure 3. 

Our model of a brine cell consists o f three di stinc t 
stru c tura l components. First is th e ice extern al to th e 
brine cell. Second is th e brine trapped in the brine ce ll. 
Third is the ice th a t prec ipita tes out of th e brine to form 
an icy shell on the insid e of the ori ginal brine cell. This 
precipita tion continu es as the tempera lLlre of the brine 
ce ll dro p s. Given th e lower density o f ice . as ice 
prec ipita tes out , the to ta l system must exp a nd. 

In this sec ti on, we are concern ed on ly with th e volum e 
changes resulting from th e two components on th e 
interi o r of thc ori gin a l brine ce ll. Th o ug h Figure 3 
ill us tra tes polar or sph e ri cal geo m e try, th e volum e 
chan ges modcled in thi s sec tion are ind ependent o f 
geome try. 

Notation 

For state va ri a bl es, m is m ass, s is sa linity, p is density, 
and V is , ·olume. For th e components, th e supersc ripts 
" S", " B" , " I", and " VV " d esigna te salt, brine, precipi­
tated ice, a nd non-salin e water, respec tive ly. Superscript 
" 0 " will identify combined components of the "original" 
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Ice external to original cell 

Water separated from brine 
- transformed to ice 

Concentrated brine due to 
separation of waterlice 

Overlap or brine and ice 
due to expansion of ice 

relative to water 

boundary of Original (0) brine cell 

Fig. 3. COllcejJ tual (spherical) model fo r a brine transformation. 

brine system . Subscrip ts index th e sta te; in pa rticula r, "0" 

denotes the initial sta te, a nd " T " denotes varia tions due 
to th e phase transform a tion from brine to ice . 

Brine transforlIlation volume 

Because th e mos t signifi cant volum e cha nges hinge on th e 
tra nsfo rma tion from brine to ice, we will sta rt by 
modelling th e transform a tion volume of th e brine (Vy 8 ) . 

Given the closed na ture of a brine ce ll , th e mass of salt 
conta ined in a cell rema ins consta nt. In additi on, we will 
assume tha t a ll of the sa lt m ass is retained within the brine 
to the extent tha t, upon fi-eezing, ice rejec ts practica ll y all 
of the salt. Based on experimental results (Weeks and 
Ackl ey, 1982, p. 4), this assumption is a good approxim a­
tion fo r d ensity calcul a ti ons. Based on th e preceding 
sta tements, we can wri te th e following rela tion. 

(8) 

R earra nging terms, we can represen t th e transforma­
ti on brine volume (VT 8 ) by 

VrB = VaB (s08poB) sB p8 . (9) 

R epresenting th e brine d ensity as a fun c tion of salinity 
(Equ a tion (4)) , we can write 

VT 8 s0 8((B+soB) 

"Vc, 8 sB ((13 + SB) 
(10) 

1fT :s; To, then (8 = 1.25 > 0.233 ;::: s8 ;::: soB implies the 
volum e is a pproxima tely inversely proporti onal to th e 
sa linity a nd is rela ted in a simila r fashion to tempera ture3 

- 8 8 
VT SO 
~~B· 
Vo s 

(11) 

The term VT 8 
indica tes a n approxim a tion of th e 

tra nsforma ti on brine volume (VT8); this a pproxima ti on 
emph asizes th e rela ti onship between th e brine vo lume 
and the brine salinity. In essence, as the sa linity increases, 
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there is less a nd less brine volume for ice to precipita te 
from; therefore, th e mos t signifi cant changes sho uld occ ur 
immedia tcly after a sealed brine ee ll begins to coo l. 

Differential changes for the total transformation 
volulIle 

W e will describe the stress-free (tra nsforma tion ) volume 
of the brin e cell (Vr o ) as th e SLlm of the reduced brine 
volume (VyB ) a nd the prccipita ted ice volum e (VTI): 

13 [ 

VTO = VT8 + Vy
I = ~ + m . 

pB pT 
(12) 

As indica ted earlier, the supersc ript " 0 " d eno tes the 
original brine sys tem. Here, a fter the tempera ture is 
lowered, th e original system consists of the rem aining 
brine and th e ice tha t has precipita ted out of th e brine. 
Differentia ting the preceding expression yields 

(13) 

Considering th e difTerenti a l d ensity change for brine, the 
stress-free brin e d ensity can be written as a fun c tion of 
tempera ture and sa lini ty. \Ve h ave chosen to express the 
density changes as a fun c tio n of sa linity, such th a t 
tempera ture effec ts are includ ed im pli citly (Equ a tions 
(3) and (4)) ; thus 

(14) 

3 The rela ti ve difference in th ese two approxima ti ons 
(Rela ti ons (10) and (11 )) can be written as 

If soB = 0.035, this difIe rence reaches a m aXIITIUm of 
15%, nea r the eutec ti c point. 
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a nd differenti at ing yie lds 

(15) 

Considering the diffe renti a l d ensity cha nge for ice, a ll 
but a very small amount of sa lt is rej ected from ice so that 
sa linity can be neglected. Also, sin ce we a rc concern ed 
onl y with temperature changes o n the order of 20°C, 
d ens it y changes will be sma ll so that the density 
diffe rential may be n eg lec ted. I 

R e turning to the ex pression fo r the difTerel1ti a l volum e 
cha nge (Equa ti o n ( 13 )) , substituting for the brine d ensity 
differential (Equatio n ( 15)) , reca lling VT

B = mB/pB, a nd 
a llowing the density differel1lial for the precipitated ice to 
\'a ni sh , \I'e ha\'e 

(16) 

Focusing on th e first two terms in the differentia l 
\'o lume ex press ion , the mass of th e brine in th e o ri g in a l 
sys tem can be wri tte n as 

(17) 

because th e mass o f precipita ted ice in th e origina l sys te m 
is ze ro (mol = 0 ) , Diffe renti a tin g th e preced ing m ass 
re la ti o n , liT ha \'e 

elm1 = -dm, B . (18) 

Substituting into the \'olumetri c diffe renti a l (Equation 
( 16 )) and simplifying, 

(19) 

T o m a ke this eq ua tion more use ful , wc will express th e 
firs t term in terms o f sa linity rather th an ma ss , Using the 

definition of brin e salinity (Equation (2 )) , the brine m ass 
can be \ITitten as: 

B m S 

m =8' s 
(20 ) 

R ecalling that th e sa lt mass (mS ) is constan t, dif1erentiat­
ing, a nd subst ituting m S = m Bs 13 a nd m B = pBVTB, we 

ha \' e 

(21) 

R e tu rning to th e volum etri c d ifTe re n ti a l (Eq uation 
( 19 )) a nd substituting fo r dm 13 (Equation (2 1)) , we 

I Diffe renti a tin g Equation (6), se tting dpl = !::"pI and 

elT = !::"T = -20°C , 

!::"pl = pol(-1.53 x lO- ·I!::"T) ~ 0.003pOI 

implies that th e d ensity of th e precipi tated ice cha nges 
less than 0,3% fo r tempera ture cha nges less than 20°C, 

have 

elVTO 

---vs T 
(22) 

Substituting for pB as a fun ction of sa linity (Equation 
(4)) , we h ave 

(23) 

where 

( \\' ) 
~= :1 - 1 (24) 

This differen ti a l re la ti o n g l\'eS us a m easure of th e 
increasing interference between th e tll'O phases, i.e . brine 
and ice , 

Strain function 

Consid cr the usc of th e preceding \'olumetric differential 
(Equation (23 )) as a s tra in measure , Th e to tal \'olum e 
diffe rent ia l (elVT O ) gi\'es us a measure of th e tota l volume 
change o f th e origina l brine-cell contents under stress-free 
conditi o ns. If lI'e take th e brine \'olum c as a reference 
\'oIum e, th en it appea rs that a ll of the expansion is taking 
place in th e brine. Integra ting thi s s tra in measure 
between th e initi al staLe a nd th e current sta te yields a 
meas ure o f' th e tota l stra in (eT B) rcl a ti\'e to th e brine 
\'olull1e ,3 I. e., 

j
. t " dT l' 0 

B vT 
eT (V, Vc,) = --13- , 

\!', = V:,il Vr 
(25) 

M a kin g- th e change of variables from \ 'o lull1et ric measures 
to sa linit y ( Equation (23 )) , th e stra in can be described by 

where ~ is defin ed in Equation (23 ) , 
T o obta in the \'olumetric stra in meas ure as a function 

of tempe ra ture, replace th e brine salinity sB with a 
function of temperature, sB(T) defined in Equation (3 ) , 

.) In som e cases it nlay be ap propri ate lO define th e 
referen ce volume as th e sum of the brin e \'o lum e a nd 
th e ex pa nsion vo lull1 e (\'olume inc rease due to the 
transforll1ation from w ater to ice ) , Thi s altered 

, B 
reference \"olume (Vr ) can be defin ed by 

, B 0 m l 
B 1 

VT = VT - \\' = VT + ~Vi' . 
p 

The s tra in using this d e finiti on is 20% less by th e time 
the e utect ic point is reac hed. We \I'ill continue to defin e 
the stra in rel a ti\ 'C to the brine \'O lull1 e (Equation (26 )) 
as wc wi ll find it m o re acc ura te fo r o ur pressure 
a nal ys is , 
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so th a t: 

(27) 

T o study the behavior of this strain fun ction , recall 
(B = 1.25 as defined in Equ a ti on (4), let the specific 
gravity of ice (pI / pW ) equ a l 0. 9 17 , and let the initi a l 
tempera ture To = - 2°C (fo r the present, we ass ume the 
trapped brine starts with a salinity 01'0 .035, though it will 
proba bl y be higher); th e resulting volumetric stra in 
profil e is shown in Figure 4. 

0.2 

t:: 
.§ 0.15 
....... 
Cl) 

() 

'E 0.1 
S 
::l 

~ 0.05 

o~~----__ ~ ______ ~ ______ ~ __ ~ 
-20 -15 -10 -5 

Temperature Cc) 

Fig . 4. Volumetric 11'ansjonnalion strain (eTB). 

PolynOIl'lial approximations 

For numerica l models, polynomials a re much easier to 
work with . By choosing a n initia l temperature (To), 
corresponding to the initia l sa linity of the brine (so B) 
immedia tely after the cell is sealed, we can approxim a te 
th e vo lum etri c strain using a fifth-order polynomial. For 
the initi a l tempera ture, we chose to let To = - 2°C. 

T o m od el the entire ra nge be twee n th e initi a l 
temp e r a ture a nd the e ut ec ti c temp e r a ture (Te = 
- 21.2°C ) , we used Chebyc hev polynomia ls as a bas is,6 
obta ining a polynomia l approxima tion with a maximum 
offset of l. 24 x 10-3

, which occurred a t To. 
The polynomial approxima ti on ta kes the foll owin g 

form 

(28) 

with th e coeffi cients listed in T a ble I , where T is in QC . 

6 For th e Chebychev a pprox imation (eTB ), wc used the 
leas t-squa res technique (Atkin on, 1989, §4. 5). Sta rting 
with a bas is of the Chebych ev polynomia ls (Tj ), we have 

wh er e x is related to th e temp er a ture (T ) b y 
T = [(To - Tc)x + (To + Te)]/2. The resulting approx­
im a ti on can then be rearra nged into standard form 
(Eq ua tion (28)) . 
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I n some cases, it is ad va n tageous to m od el the 
transform a tion expansion as th ermal ex pansio n. If la rge 
(logarithmic) strain components a re used, the \'olumetri c 
stra in can be represented by 

(29) 

where a is the coeffi cient of th ermal (transform a tion) 
expansion and f:!.T = T - To is th e tempera ture diLTerence 
between the initia l stress-free temperature (To) and th e 
brine tempera ture (T ). T o a pproximate the expansion 
coe ffi cient, recall the ex pa nsion is "zero" at the initial 
tempera ture (To). Coincidenta ll y, for th e polynomial 
a pproxima tion (Equa tion (28)) , there is a root (To) nea r 
To; therefore we can factor f:!.T = (T - To) out of the 
polynomial model (a = eTB / (3f:!.T )), so that 

a [O C-
1
] = - (~ /3jTj) x 10- 6 (30) 

for Te ::::: T ::; To with the pa ra m eters given 111 T a bl e I , 
where T is in QC. 7 

Discussion 

N oti ce tha t the volumetri c stra in (eTB ) is la rge r than 
might be expec ted , if we considered a simple tra nsition 
from wa ter to ice.8 This discrepa ncy is due to the fac t th at 
we are considering the appa rent strain in th e brine, 
measuring the volumetri c stra in relative to the brine 
volume ra the r th an the th e to ta l cell volume. Because the 
strain represen ted by eTB is no t sma ll , engineering strain 
measures do not make good a pproxima ti ons. 

PRESSURE V ARIA TIONS 

In thi s sec tion , we use the vo lume changes mod eled in 
th e previous sec tion to ev a lu a te the build-up of 
hydrosta tic pressure in the brin e. Our primary interes t 
is in the stress fi elds in the surro unding ice, bu t we will 
use the bri ne pressure as a bo undary condition for the 
stresses in the ice. 

For th e pressure es tima te itse lf, we combine a sequence 
of differentia ls to obtain a solution and explore the 
salinity tempera ture depend en ce of the pressure build-up 
in the brin e cells. Our approach here is simila r to one used 
by Picu and oth ers (1994, § 1.2 ) , th ough our results appear 

7 T o clarify the relationship be tween the two pol ynomial 
approxima tions, noti ce 

5 4 

L ajTJ = 3(T - To) L /3jT j . 
j=O j=O 

8 The volumetric strain resulting from a transition from 
wa ter to ice can be simpl y m od eled by 

.6. V 
V 

pW _ pI 
'------;1--'---- = 0.0905 . 

p 
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T able 1. PolynomialfJarameters 

- B eT Q 

Qo 98675 .9 (30 1671 4.8 
Ql 63399 .2 (31 2245 .22 
Q2 7756.88 (32 172 .983 
Q3 558 .1 47 (33 6. 63967 
Q~ 20.502 1 (3.J 0.0987772 

Q5 0. 296332 TuCC) - 1.96 783 

to be sig nifi can tl y differe nt.9 

In th e previ ous sec ti o n, we consid ered the volume 
cha nges in the compone n ts by ass uming the brin e a nd 
prec ipita ted ice were a llowed to o\'C rlap (Fig . 3). In thi s 
sec ti o n , we \\'ill enforce compatibility be tween the brin e 
a nd ice as illustra ted in Fig ure 5, a llowing us to model the 
pressure th a t acc umula tes as ice precipita tes from th e 
brine. 

T o simplify th e math ematics a nd ye t ma intain a 
reasona ble representa tion of a typica l brine ce ll , we will 
now ass ume the brin e cell is spherical in sha pe and th a t 
the surro unding ice extend s ad infinitulll. 

Notation 

Ln addition to th e no ta ti o n of the prev io us sec tion, th e 
subscript "C" deno tes components du e to ma teri a l 
constra ints, a nd supersc ript " i" d e notes pa ra me ters 
rela ted to th e brine/ice interface . 

In pa rti cul a r, we le t T i represent th e radius of th e 
brine/ice interface a nd p B represent th e hydros ta ti c 
pressure IJ1 th e brine a nd hence th e press ure a t th e 
interface. 

COIIlpatibility 

\\'e sta rt by enforcing compa tibility a t the interface 
betwee n the prec ipita ted ice (1) a nd th e brine (B). Th e 
di sp lacem ent fo r each sid e of the inte rface is di vided into 
two components. The first expresses the displ ace ment o f 
th e inte rface due to ph ase transforma ti o ns, denoted by 
subsc ript " T ". The second expresses th e di sp lacement o f 
th e interface du e to the pressure a t th e interface, denoted 
by subsc ript ·'C" . T o sa ti sfy compa tibility, the tota l 
disp lacem ent differenti a l must be th e salll e for each sid e o f 

9 Based on the in verse rela ti onship be tween th e brin e 
\'o lum e a nd th e brine sa linit y (R e la ti on ( 11 )) , o ne 
wo uld ex pec t th e slo pe of th e press ure profil e to 

deCl'Case a t th e lower tempera tures du e to the dec rea se 
in the volum e of brine ava ilable for th e precipita ti on o f 
ice. Th e pres ure profi le plott ed by Picu and o th e rs 
( 1994 , li g. 3) di sp la ys a n increasing slope a t lowe r 
tempera tures (hig he r sa linities ). Our differenti al rela ­
ti o ns a re simila r to th ose used by Picu and oth ers; 
th e refore, th e la pse m os t lik ely occ urred in th e 
integ ration of the differe nti al rela tions. 

Ice 

precipi tated Ice (I) 

~ 

Fig . 5. Conceptual (spherical) model Jar a brine cell. 

the interface: 

(31 ) 

Using a n e las ti c model for concentri c spheres (L O\'C, 1944, 
§98) a nd ass uming th e oute r radius of the ice m ass is \'e ry 
la rge with no ex tern al press ure, we arri ve a t the rela ti on: 

(32) 

for the radi a l displacement o f the inner radius of the sur­
rounding ice mass due to a brin e pressure inc rement, dPB 

For th e stress-free di spl acem ent of the ice interface, 

TT IT}' 0 4 (i)3 
VT =vT --1fT . 

3 
(33) 

Because we a re conce rn ed wi th transform a ti o n displ ace­
ment a nd th e ori gin a l ce ll is cons tra in ed by th e 
surroundin g ice, \\'e ass ume the prec ipita ti o n of ice 
res ults in di splace ment o f th e interface ra ther th a n 
cha nging th e o uter bound a ry (dVT ' = 0 - 41f(Ti)2dllTI ), 
so tha t 

(34) 

For th e differenti a l di spl acement orth e brine interface 
res ul ting fro m the constra ining fo rces of th e surro unding 
Ice 

B V i B 
C\Vc = --dP K B (35) 

a nd in terms of the spheri ca l geometry of our conceptua l 
model, we can write 

then 

(37) 

where K B is th e bulk modul us of the brin e . 
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For th e stress-free di splacement of th e interface viewed 
from th e brine, 

'" B 4 (i)3 VT = -7r r 
3 

(38) 

i m plies 

(39) 

and soh·ing for the differential displ ace m ent , we have 

(40) 

This gives us exp ress ions for all of th e displacement 
com ponen ts. 

Pressure lTlodel 

To fini sh th e de,·elopm elll of the pressure model, we can 
substitute the express ions for the differential di splace­
ments (Equa tions (32) , (34), (37 ) a nd (40)) in to th e 
compa tibility Equatio n (3 1), to get 

~c1pB _ dVT
1 

= _ ~dPB + dVT
B 

. 

4p,1 47r(ri)2 3f{B 47r(ri)2 
( 41) 

Com bining terms and so lving for dpB, 

(42) 

R ecogni zing that dVTo = dVT
B + c1VT

l and that th e 
brine vo lum e (VT E) is a reasonab le a pproximation for 
th e volume enclosed by th e interface (Vi ), we can write 

B (3 1 ) - 1 cl VT 
0 

dP = 4p,1 + f{B VT[l· (43) 

In tegra ti ng, 

pB _ ~ _1_ e B 
( )

- 1 

- 4p,1 + f{B T (44) 

where th e volum etri c strain (eTB ) was d efin ed previously 
(Equati on (26)) . This model seems fa irl y intuitive. ID 

ExaInple 

To stud y the behavior of the res ulting pressure fun ction , 
let th e bu lk modulus of th e brine (f{B ) equ al 2.0GPa a nd 
let the sh ear modulus for th e ice (p,l ) eq ual 3.6 G Pa. Th en 
using the volumetric strain funct ion (Equa tion (26)) with 
initia l temperatures of To = - 0.5°, _ 1°, 2°, _3° and-4°C, 

IOFor an upper bound , assume the ice is ri gid so tha t th e 
entire volume change due to th e phase transformation 
llJUSt be a bsorbed by th e brine. Using a n elastic mod e l, 
where th e brine has a bulk modulus (f{B ), the upper 
bound for th e brine pressure (Pub B) is 

If. B 0 
PubE= f{ B { T dVTB = f{ BeTB . 

JVo
B V.r 

This upper bound corresponds with lim"i -->oo pB, using 
th e d efiniti on of p[l in Equation (44) . 
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we obtain the press ure profiles shown in Figure 6. 
Noti ce the pressure becomes signifi cant immed iately 

after the brine ce ll is sealed and begins to coo l, 
particul a rl y for cases with low initi a l sa linity. For the 
cell mod el with an initi a l temperatu re To = - 2°C, by the 
time th e temperature drops 1 QC the brin e pressure (p B) 
approac hes 50 MPa, a nd it reaches a maximum of 
285 MPa a t the eutec ti c point (Te = - 21. 2°C ) . 

As we would ex pec t, g iven the il1\·e rse relationship 
between brine volume and sa linity (R elation (11 )) , the 
rate of change in the pressure for a change in temperature 
is depend ent on the salinity of the brine. Brin e cell s which 
sta rt with a lower in iti al sali nity display a mu ch steeper 
pressure profi le initi a ll y, leveling off to display slopes 
parallel to those which started with a higher initi a l 
sa linity. 

~ 400 
s~ = 0.009 

s~ = 0.017 
::E 
'-"' s~ = 0.034 
Q) 300 ... 
;::l 
en 
en 
~ 200 

0... 
Q) 
c 

100 ·c 
r::q 

0 
-20 -15 -10 -5 o 

Brine Freezing Temperature Cc) 

Fig. 6. Brine jJ1"eSSllre as alune/ion of saLinil)l. 

Discussion 

As can be asce rtained , the elast ic model wou ld not be 
,·a lid a fter inelastic deformation begins and, as we can see 
(Fig. 6), the pressure modeled a t the brine/ ice interface 
app roaches the theoretical maximum strength for ice, 
p,1 / I0 = 360 MPa; hence, there is li ttl e dou bt that the 
stresses a re suffi cient to induce inelast ic d eform ation. 
Though in accura te for la rgc tempera ture ch anges, the 
model m ay be useful for estimating the tempera ture 
change req uired to com mence yield i ng as well as the 
ex tent of possible yielding. 

STRESS VARIATIONS 

Though the press ures in the brine ce ll can become so 
large that the elas ti c model becomes irrelevant, we can 
still gain some insights into the neighborhood that might 
be affected by such a pressure build-up. 

As a model of the stress distribution in the neighbor­
hood of the brine cell , we will use an elastic model of 
concentri c spheres (Timosh enko and Goodier, 1970, 
§136), a nd take the limit as the outer radius grov\·s 
large. Let R i represent the non-dimensional radius, r/ r.i, 
where r-i is the radius to the interface be tween the brine 
and th e precipita ted ice . Using th e brine pressure (pE ) as 
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a boun d a r y co ndi tion a t th e interface, th e stress 
components take the following fo rm: 

p B 
l ::; Ri <oo (45) (J'I.,. = - -----:3 ; 

R i 
p B 

(46) (Ju = + --3; l ::; Ri <oo 
2Ri 
3pB 

(T~'z),uax = - 4R
i
3 ; l ::; Ri <oo . (47) 

In th e case of th e b rine ce ll , as the pressure 
acc um ula tes, the radial location of the inte rface (ri ) 
dec reases . T o approximate the loca tion of the interface 
rela ti ve to the initi a l position of the interface (roi ), reca ll 
the ratio of the brine \'olume relati\'e to the initi a l brine 
\'olum e (Equation ( 10)) , substitute for the vo lume in 
terms of th e sph eri ca l geo m e try of the brine-cell model 
(V = 471'1'3 / 3), a nd approxima te the interface radius (r i) 
by the brine radius (r[l ), to ge t 

(48) 

Using this re lationship, we can defin e a n ew non­
dimensiona l radius (Ro) relative to the initia l r ad ius: 

(49) 

\Vith the preceding inform a tion , we can model th e elasti c 
stress profi les in the neighborhood of the brine ce ll due to 

phase transfo rmations. 

Exalllple 

Let the initi a l interface radius 7'o
i = 1 fo r an initi a l 

tem pera tu re To = - 2°C . Th e n th e stress pro files for 
tem pera tures T = - 2.5°, 3°, _8° and - 2 1.2°C a re 
shown in F ig ure 7 with corresponding in terface rad ii ri = 
0.93, 0.88 , 0.64 and 0.50. 

Notice tha t the stresses transferred to th e region 
outside of th e o rigin al brine cell change relative ly littl e as 
the tem pera tu re drops. As the brine press ure increases, 
th e pressure in crease is borne b y the precipitating ice that 
generates th e pressure increase. 

Discu ssion 

The predominant conce rn regards the ex tent o f in elas ti c 
deformation that might occu r in the neighbo rin g ice due 
to the press ures genera ted in th e brine. As di sc ussed in 
th e previous sec ti on, the stresses res ulting from our 
elasti c mod el a re we ll beyond th e yield stress for ice. 
Higashi (1964) shows yield in n o n-sa line single c rys ta ls 
of ice for basal pla ne shea r stresses ra nging from 0.06 to 

0 .44MPa with stra in ra tes in th e ra nge o f 0.1 3-
2 .7 x 10-6s I a nd tempera lUres in the ra nge of - 2 1° to 

- 15°C. At wa rmer tempera tures a nd lower rates, where 
we wo uld exp ec t the phase tra nsformations to have a 
more significant impact, we would ex pect yield at even 
lower stresses . 

Com pa ri ng thi s obsen 'a ti on \\·i th the resul ts in Figure 7, 
one can conclude that inelastic deform ation takes place 
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Fig. 7. Stress profiles Jar Ihe brine cell : (a) principal 
call/panel/Is, ( b) l17a\'imlllll shear. 

a lm ost immedia tely a ft er the brine pocket has sea led oITand 
th e temperature begim to d rop. Th e refore the pressure/ 
stress curves shown in Figure 7 a re unrea li stic for sa line ice 
a nd sen'e on ly to sho\\ the sig nifi cance of in elas ti c 
defo rma tion th at mig ht occur during crysta l growth , if 
th e ice surrounding th e ce ll does not Ji"acture immed ia tely. 

\Vakahama ( 1967 )' deduced th a t for temperatures 
near - 10 C, basa l sli p would occ ur in ice single crystals 
for basa l plane shea r stresses of 0.02- 2 MPa. For shear 
stresses abo\'e 2 \ IPa , the ice crysta ls would fractu re. For 
th e sake of a rgum ent , assume th e shear stress a t the 
inte r fa ce is near th e m a ximum (T.rz

i = 2 \lPa) for basal 
slip . Using the elastic mod el (Equ a tio n (47 )) , we can 
estim a te brine pressure (p B = _4~l'z i/3 ) , as well as th e 
radial loca ti on a t whic h shear stresses have decayed to the 
minimum ' 'yield '' po int (T1'/ = 0.02l\ IPa ), i. e. 

(

T i ) ~ 
R .to 5 .= - ~ 

I J' ' 
T~·z 

(50) 

indi cat ing th a t th e re is th e pote nti a l for ine las ti c 
d eform a ti on a t d is ta nces up to fi\ 'e tim es the inter face 
radius (ri ) away from the brine ce ll . Because ine las ti c 
d eform a ti on would occ ur ove r the ra nge (1'; ::; r ::::; 5rt 
thi s es tima te, fro m o ur elastic model , of the range of 
inelas ti c deformation is onl y a roug h approximation. 

ANISOTROPIC FINITE-ELEMENT MODEL 

So fa r, we ha \'e worked with a n iso tro pic model fo r th e 
ice . Sin ce brine ce lls w ill in general be embedded in single 
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or quas i-single crys tals, we sho uld consider th e behayior 
of our model using aniso tro pic proper ties . F or this 
a nalysis we use a finite-element (FE) model. Also, in the 
fu ture, we hope to work with a model for brin e caviti es 
th a t is a closer ap proxim a tion to the ex pec ted brine 
pocket in sa line ice, in term s of both geom etry and 
consti tu ti ve rela tions. By com pa ring our model wi th the 
preceding closed -form models , we can valida te our FE 
techniques for future use. 

Set-up 

T o model the stress fi eld th a t d eve lops in the ice, we used 
the ANSYS 5. 2 FE model (Swanson Analysis Sys tems 
Inc. , Houston , Pennsy lva ni a ) shown in Figure 8. 

Due to th e rapid decrease in the stress fi eld near th e 
ice/brin e interlace (Fig. 7), th e shape fun cti ons in a n FE 
model will tend to underes tima te the stresses a t the 
interface . To determine the accuracy of th e FE m odel, we 
ran a tes t case where we a ppli ed an in tern a l pressure 
(p B = 100 MPa ) and then compa red the results with the 
equilibrium stress rel a ti o ns for con ce n t ri c sph eres 
(Equa tions (45 )-(47)) . We fo und tha t with the cun·ed 
bound a ries a nd so mewh a t di storted e lem e nts, we 

Fig. 8. Inner section qf the finile -elemenl model q/ a 
spherical ice cell. 

achieved better results using elements with qu ad ratic 
shape functions (i.e. ANSYS, SOLID95). Additionally, to 
obtain results th a t were acc urate a t the inn er radius, we 
had to use a sub-modeli ng (m esh-refinement ) technique. 
For our coa rse model, we sta rted with an outer radius 
tha t was 20 tim es greater th a n th e inner radius. \ Ve then 
used th is "coa rse" mesh to d e f"in e displacement boundary 
conditions for the outer radius of a mu ch finer model 
where th e outer radius was onl y four times as la rge as the 
inner radius. By using thi s sub-modeling techniqu e, we 
were a ble to reduce our m aximu m discrepa ncy, which 
occurred a t the interface radius, ri, to less th an 3% . I fwe 
ran the ana lysis with only th e coa rse mesh, th e stresses a t 
the inner radius were und ere tima ted by more tha n 10%. 

T o mod el the brine, we fi ll ed the spherical vacancy 
with a second mes h. We used the same elem ent type for 
both the brine and th e ice shell, though we a ltered the 
ma teri al pa ra meters. 
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\Ne ass umed o ur m odel took the "s tress-free" config­
uration at - 2°C. T o model the interference between th e 
b ri ne a nd ice due to the phase tra nsformati ons, we used 
th e ice interface as a frame of refe rence, so tha t the 
interference was d ue to the " appa re l1l" transform a ti on 
ex p a nsion of th e brine. T o mod el th e "appa re nt " 
exp a nsion of th e b rine in the FE model, we modeled the 
\·olumetri c strain as a thermal expa nsion, using the la rge 
(logarithmic) stra in capa biliti es of ANSYS. Th e compo­
nen ts of therm a l ( transformation) stra in were represen ted 
by 

(5 1) 

w h er e D.T = T - To is th e tempe ra ture diffe r e nce 
be tween the initia l stress-free tempera ture (To) and th e 
brine temperature (T ), and (X is the coefficient of therm al 
(transformation ) exp a nsion, defined in Equa ti on (30) . 

For the elas ti c p arameters of th e brine, we used a bulk 
m odulus of 2 GPa a nd a Poisson's ra tio of 0.498. F or the 
surrounding ice, w e used th e coeffi cient of therm al 
expa nsion, (Xl ~ 53 X 10-6

, as given in Fletcher (19 70 ), 
th o ugh it is negligib le relati ve to the transforma ti on 
coeffi cien l. 

T o yalida te th e a cc uracy of th e FE model rela ti ve to 
the preceding closed-form model , we ran th e FE m odel , 
fo r T = - 8°C, usin g the followin g isotropic e las ti c 
p a ra meters for the ice (Derradji-Aouat, 1992, ta ble 4 .3): 

El = 9 .41 GPa VI = 0.308 . (52) 

T o evalua te the differences in th e two isotropic m od els, 
we used the radi a l-stress da ta from the FE model a nd 
ap p li ed leas t-squ a res fi t of the form - p B / Ri3, obta ining 
pB = - 170MPa with a correla tion coefficient of 0 .999 1 
a nd a stand ard error of 1.02 MPa. Compa ring this 
pressure estima te wi th the pressure es timate from the 
cl osed-form model (Eq ua tion (44)) y ielded a difference of 
2 .5%, presuma bly du e to the includ ed therm al con trac­
tion of the ice and interpola ti on errors. 

T o determine the signifi cance of th e a niso tropic 
m a terial model re la ti ve to th e iso tropic materi a l m od el, 
we used the following orthotropic m a teri a l pa ra mete rs, 

I I 1 
E£ = Ey = -8 = 9.70GPa 

11 

1 1 8 13 
v~·z = Vyz = - - = 0.223 

8 33 

I I 1 
G xz = Cy< = -8 = 3.03 GPa 

44 

I 1 
E z = -S = 11.9 GPa 

33 

I S 12 
V xy = - -S = 0.427 

11 

I 1 
Gx y = -S = 3.40 GPa. 

66 

(53) 

T o obtain the num eri cal \·a lues, we used the polynomial 
m ocl els of Dan t l ( 1968 , 1969 ) fo r the co mplia nce 
p a rameters (Sij ) a nd evalua ted them a t a temper a ture 
o f - 8°C. 

Analysis 

Us ing th e preceding iso tropic properti es, our FE m odel 
produced the ta ngenti a l ((Tu ) and shea r (TIzl stress fi e lds 
shown in Figure 9a ancl c, respec tively. The correspo nd-
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ing max imum stresses are shown In Table 2. Using th e 
an iso tropic properties, our FE mod el rend ered th e 
tangential ( O'tt ) and shear ("T:TZ ) stress fi elds shown in 
Figure 9b and d , respectively. The correspo nding max­
imum stresses are shown in Tabl e 2. 

Table 2. Stress components at the intelface 

M aximum stresses (at the inteljace) 
Stress component Isotro/lic model Anisotropic model 

MPa MPa 

O'rr - 164 - 164 

O'tt + 88.5 + 15 1 
T a·z - 126 - 114 

The stress contours shown in Figure 9c a nd d represent 
the magnitude of the shear stress that wou ld result on the 
basal pla ne of the ice crystal, if it remained elast ic. 

Given th a t most of the aniso tropic elas ti c pa rameters 
(Equati o ns (53 )) are within 30% of th e iso tropi c 
components (Equations (52 )) , we would ex pect the stress 
res ults to refl ec t th e same order of simila rity. The contour 
plots in Fig ure 9 demons tra te such a case . Th e radial ­
stress contour plots displayed so much simila rity that they 
were not d eemed wo rth including. 

Consid er th e stresses in th e x y plane. Beca use the z 

axis in Fig ure 9 corresponds with the crys tallin e c axis, the 
elastic model is iso tropic in th e xy (basa l) pla ne. In thi s 

-------------
/ 

J..,..x 
a 

-----------
/ 

L..-x 
c 

pl a ne, the on ly noti ceable diffe rence relative to the 
iso tropic mod el is tha t the magni tudes of th e radial ­
and tangen tia l-stress components d ecay slightly slower 
a nd fas ter, res pec tively, rela tive to Ri. 

For stresses a lo ng the z axis, th e behavior is again very 
simil a r to the iso tropic case, except the rate of decay in 
the magnitud e of the radial-stress component is sig nifi­
cantl y slower, yielding a magnitud e 100% greater when 
Ri =4. 

Gi ve n the magnitude of th e stresses predicted , this 
model is primarily useful for predicting the onset of 
yieldi ng. Therefor e, our prima ry concern is th e mag ni­
tude of the shear components th a t would act on the basal 
plane. Comparing the shear-stress contour plots (Fig. 9c 
a nd d ), it is clear that the change in the shear stress fi eld 
du e to ani sotropi c properti es is sm a ll. The onl y notable 
observation is that in the ani so trop ic case the shear stress 
di splays a max imum which is a bout 10% less, combined 
with a slightly faste r rate of radial d ecay rela ti ve to the 
iso tropic case. 

The shea r stress contours (Fig. 9c and d) illustrate that 
basal-plane shear tresses will be signifi cant only a t 
specifi c points o n the surface of th e brine-pocket mod el. 
These are the points where the basa l plane makes a 45° 
a ngle with direc ti on perpendicular to the brine-pocket 
surface. As a conseq uence, one would expect to fi rst see 
dislocations emergin g from these preferred regions on the 
brine-pocket interface . 

Dis cussion 

In summary, based on compari sons between mod els with 
iso tropic and a nisotropic materia l parameters for single 
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Fig. 9. Stress con/ours (T = -8°C): (a) O'tt contours ( isotropic model) ; (b) O'tt contours (aniso/ro/lic model); ( e) "T:TZ 

con/ours ( iso/ra/Jic model); ( d) "T:r z con/ours ( aniso/rojJic modeL) . 
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c rys ta ls o f icc, th e iso tro pi c c las ti c m od e l y ie ld s 
a pprox ima ti ons tha t are " ery reasona ble relati" e to the 
a ni so tropic case . In pa nicul a r , th e iso tropic model works 
qu ite well for predi c ting thc onse t of yield , tho ug h it may 
be a bi t conserya ti,·e. 

DISCUSSION AND CONCLUSIONS 

Given th e na ture of the ra pid stress increases prcdi c ted 
here, in th e mos t general casc, th e pressures gen era ted by 
tra nsforma tions ,,·ill simply c rack/des troy cell walls a t 
their wea kes t point, prO\'iding a mechanism for " brine 
ex pu lsion" (Knight, 1962; Benningto n, 1963; C ox a nd 
\\'eeks, 1975 ) a nd , hence, stress reli ef. For this expa nsion 
m echanism to pla y a signifi ca nt role in inelas ti c pre­
d efo rm a ti o n of th e ice m a tri x, th e brinc mu st be 
constra ined fro m " (lushing" . In sea ice, Bennington 
points out, when the circula ti o n of brine is r es tri cted , 
d eforma tion ba nds de"elop in th e ice. These bands, whi ch 
he refers to as co rrosion ba nd s, a lways occurred 3-6 cm 
above th e ice /" 'atcr il1lerl"ace, a nd a re most likely 
sy mptoms of "brine ex pulsion " . 

It seems pla usible tha t the sa m e ph enomena can occur 
thro ug hout th e ice matrix with a less dram a ti c display . 
Once th e initia l brine dra in age has ta ken place, m a ny of 
th e remaining brine cells will be ra ther isolatcd. Others 
wi ll migra te th ough th e ice m a trix into iso lated regions. 
r n their iso la ti o n , the)' can d eyelop a wall thickn ess 
suffI cient to prc" ent ex pulsio n. r f these isola ted brine cells 
a re th en cooled , either th e stresses ge ne ra ted ,,·ill 
introduce microc rac ks in to which th e brin e can (low, or 
th e neig hbo rin g ice can d e fo rm thro ug h inelas ti c 
m ec ha ni sm s. Gi,'C n th e tim e-d e pend ent n a ture o f 
di sloca ti on m o ti on, if the prcss ure acc umula tes too 
ra pidl y, micr ocr ac kin g will occur. If th c prcss ure 
acc umu la tes slowl y enough, di sloca ti on mec ha ni sm s will 
prO\' ide a mod e of stress rel axa tio n. In th e process, th e 
mo bile di sloca ti o n den 'ity will increase. 

This phase-tra nsforma ti on m echanism (wa te r to ice ) 
ca n be used to explain th e nuclea tion of disloca ti ons in 
non-sa line ice . F or exa mple, O g uro a nd H igashi ( 198 1) 
use this mecha nism to ex pla in th e ex istence of intc rstitia l 
di sloca ti on loops in non-sa lin e sing le crys ta ls o f ice. For 
non-sa line ice, the ra te of stress in crease is a fun ctio n of 
thc hea t (lu x ra ther than th e tc m pera ture cha nge. 

Suppose a saline ice crys ta l und ergoes a tempe ra ture 
cha nge. If th e tempera ture dro ps ra pidl y, som e o f the 
brin e will freeze, la rge in te rferen ce strains ,,'ill d cvelop, 
a nd microc rac kin g will be pred o mina nt. If a tempera ture 
cha nge is "sm a ll", disloca ti o ns w ill have suffi cient time to 
ac t, leading to a n increasc in th e mobile disloca ti on 
density. 

As ex perimenta l confirm a ti o n of this p ossibilit y, 
consider pictures taken th ro ug h crossed polarizers by 
bo th Kni ght ( 1962, pla te 3A ) a nd Bennington ( 1963, fi g. 
17) of brinc cells in sea ice a nd their neighboring stra in 
(di sloca ti on) shadows. These stra in shadows d eve lop cd in 
the high basal-pla ne shea r stress regions co rresponding to 
intern a l stresses ge nera ted by ph ase transforma tions (see 
Fig. 9c a nd d ) . Knig ht continu cs to show, after a p e ri od of 
time, the redistribution of genera ted disloca ti o ns into 
polygo ni zcd crys tal sub-bound a ri es . 

530 

Fo r a better undcrsta nding of the geometri ca l sig nifi­
cance of this disloca ti o n nuclea ti on m echa nism, considcr 
the geometry of lh e ice ma trix. For the spa tial distributio n 
of brine cells in sea ice, Anderson a nd \\' eeks (1958) 
reco rd ed initi a l ce ll di a meters of a bout 0.0 7 mm w ith 
pla telet thi ckn esses o f abo ut 0.46 mm a nd a di a metra l 
spac ing betwee n brin c ce lls in th c brine layer of a bo ut 
0.23 mm . Kingery a nd G oodnow ( 1963 ) recorded brine-ce ll 
m ig ra tion velocities of up to 0.02 mm h- I

. 

G i,'en the rela ti ve spac ing between brine ce ll s, it is 
possi b le tha t a sig nifican t pa rt of the ice ma tri x yields wi th 
eac h sm a ll tempera ture dec rease. If th ere is a tempera ture 
g ra di e nt , the brine ce ll s will mig r a te a nd a n o th er 
tempera ture decreasc will produce yield in a different 
pa rt o f the ice matrix. Given this scenario, it is no t 
unreasonable to ass ume tha t the in crease in the mobile 
di sloca ti on densi ty a nd subseq uent redistribution can 
resul t in a signifi can t cha nge in the m echanical properti es 
of salin c ice. In additio n , it seems quite plausible tha t a 
stead y-sta te mobile disloca ti on density can be ob tained 
" 'itho ut the applica tion of an ex tern a l stress. 

Gas inclusions 

No tice our model d oes not includ e th e effec ts of gas th a t 
wil l be coincidentall y tra pped a long w ith th e brine. Wh en 
th e brine is sea lcd in a cell , it will contain a ce rta in 
a m o unt of dissol vcd gas . As ice precipita tes from th e 
brin e, the gas a nd salt in th e brine will rem ain rela tively 
co ns ta nt. H ence, th e rema ining brin e will beco m e 
inc rcasingly sa tura ted with gas. At the same time, th e 
rem a ining brine ,,' ill become in creasingly saity, a nd 
i n c reas i ng brin e sa lini t y res u l ts in d ec reas i ng gas 
so lubility in the brine, sometimes referred to as "sa lting­
out". 11 T o counter these two facto rs, both the brin e­
p ressure increase a nd th e tempera ture decrease whic h 
occ u r coinciden ta ll y wi th the red uc tio n in brine volume 
wil l in crease th e gas so lubility. In th e situa tion mod eled , 
the di sso h-ed gas m ay neve r nuclea te a bubble. 

\\'h ether a bubble forms or no t, consider the a m ount 
of gas tha t might coexist in a brine cell. As a rough upper 
bound for the di sso lved gas, we will use the closes t 
solubility da ta provid ed by Weiss ( 19 70 ), which is fo r sea 
wa te r with a sa linity o f 0.035 a nd a t a tempera ture o f 
- 1°C . In this case, th e sum of th e so lubi liti es of N 2, O 2, 

a nd Ar yields a gas so lubility of 0 .02326 (I of gas )/ (1 o f 
brin e) ; so, up to 2.3% of the ori gina l cell volume might bc 
occ upied by disso lved gas. At the sam e time, it is poss ib le 
tha t a bubble will (loa t up from below a nd enter th e cell 
befo re it is sealed ofT. I n summa ry, th e volume occ upied 
by gas in a brine cell is likely to \"a ry a nywhere betwee n 
I 'Yo a nd 100% . 

The more gas th e re is in the cell , whether di ssoh 'ed o r 
in bubble form, th c less brine there is availa bl e to 

11 T o illustrate the "salting-out" effec t, consid er d a ta 
pro vided by W eiss ( 1970). For distilled wa ter a t O°C the 
sum of the solubilitics ofN 2, O 2 a nd Ar is 0.029 14 (I o f 
gas )/(I of brine) . C ompa re this with sea wa ter a t a 
tcmperature of O°C a nd a salinity o f 0.035, for wh ich 
th e summed so lubility of th e sam e components is 
0.02235 (I of gas )/( I of brine). 
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tra nsform to ice, a nd , lherefore, the less th e ce ll con tents 
will expa nd rela ti\'e to their initial size. Coinciden ta ll y, 
th e gas in th e cell will compress mu ch more readil y, so 
th a t the pressure ge nera ted will be signifi cantl y reduced . 
As a lower bound , a cell fill ed com pl etely wi th gas will 
ge nera te virtuall y no intern a l stress; our mod el gives an 
upper bound for brin e cells containing gas . 

The role th a t bubbles pl ay in th e transfo rm a ti on 
process is also d epend ent on the direc ti onal nature of th e 
freez ing process . N a kaya (1956, plate 44), in hi s stud y of 
intern a l melt fi g ures, d emonstra ted th a t typica lly when 
freezing is " iso tro pic", the va por bubble \\·ill shrink in size 
as th e wa ter/ ice lra nsform a ti on prog resses . In th e case of 
bubbles ge nera ted by intern a l melt , the bubbl e will 
even tua ll y \·anish . lfthe freez ing process is " onh o tro pic" , 
in particul a r if th e ra te of freez ing is fas ter from th e to p 
d own, th e buoyan cy o f a bubbl e wi ll typically result in its 
isola lion as th e prec ipita tin g ice freezes a ro und it 
(Nakaya, 1956, pl a tes 45- 47 ). On ce a bubble has been 
isola ted , th e mod el proposed in this paper prO\'id es a n 
a pproxima ti o n fo r the stra in and press ure bu i Id-u p , 
tho ug h \\'ith a lter ed initi a l conditio ns. 

Relevance to sea ice 

As Cox a nd \ Vee ks ( 19 75 ) p o int o ut , th e ph ase 
tra nsfo rm a tions [o r brine in sea ice a nd sa lin e ice a rc 
simila r a t tempera tures a bo\T 8. 2 C. At tempe ra tures 
belO\\' - 8.2 C , so lid sa lts begin to precipita te out o f th e 
brine in sea ice a nd , acco rdin g to P eY lOn ( 1966, §6 .2 .2), 
merge with th e prec ipita ting ice to fo rm a n illll c r sh e ll of 
"sa l ty" ice. Fo r un ia xi a l spec i mens, PCYlO n fou nd t ha t th e 
so lid sa lts did no t sig nifi cantl y a lte r th e tensile beh a \'ior 
but had a stiffening effec t on thc compressive beh avio r. 
~Iost likely th e so lid sa lts \I·ill ha \'e a reinforcing e ffec t on 
th e prec ipita ted "sa lt y" ice shell. W c ha\'e no t included 
a ny so li d -sa lt effec ts, so our mod el wi ll lac k acc uracy fo r 
tempera tures belo w - 8. 2°C; hO\l'e\'e r , wc fe el our m od el is 
accura te for sea ice a t tempera tures a bo\T - 8.2 C. O f 
course, as in sa lin e ice, th e stra in m eas ures a rc rc! e \'a tH for 
a ll temperatures d o w'n to the eutec ti c point, whi le th e 
pressure/stress m eas ures cl e\Tloped in thi s pa pe r a re 
re le\'a nt only in th e elas ti c ra nge. 

N a tura l sea ice d oes not norma ll y ex periencc ra p id 
tempera ture cha nges . The bo tlom o f a n ice shce t is a lways 
a t tempera tures near the mclting po int , C\'en th o ug h th e 
to p surfaces m ay experi ence tempe ra tures as lo w as 

50°C, pa rti c u la r! y nea r th e An ta rc ti c coas t. In th is 
fas hion , th e hea t ca pacity of th e undc rl ying sea wa ter 
sen 'es as a tempera ture modera tor fo r th e ice shee t a bO\'e , 
\Vith mod era ted tempera ture cha nges, less th a n 1°C , 
di sloca ti ons a re likel y to nuclea te, indica ting th a t th e 
processes mod elcd here a rc quite r e lenll1t to tvpical sea­
ice shee ts in the po la r regions. 

SUMMARY 

~Iu c h of what is discussed in thi s pa per is ph ys ica ll y 
sig nifi ca nt fo r a n understa ndin g o f th e m ec h a ni ca l 
beha vior of sa lin e (N a C I) ice , as well as sea ice , in th a t 
we addressed th e ph ysical p rocesses res ponsibl e fo r its 
uniqu e mec ha ni ca l pro perti es, 

[n pa rticul a r, \IT addressed the pro blem of\\'h eth er o r 
not ph ase transform a tio ns in brine cell s can be res ponsibl e 
for th e ge nera tion of di sloca ti ons. VV e d e termined th a t th e 
stresses th a t would b e reached due to freez ing of wa te r 
from brine in these pockets can , due to ex pa nsio n , 
produ ce stresses of suffi cient magnitud e to nuclea te 
disloca ti o ns, Us ing a n c las ti c mod el, we \\'e re un a bl e to 
d etermine exac tl y wh a t stress le\'els \I'ould be reach ed ; 
rath e r, we were a ble to d emonstra te tha t stresses ca n be 
reac hed th a t will nuclea te disloca tions. Th ese res ults a r c 
in agreement with ex p erimenta l o bsel'\'a ti ons of stra in 
fi gures near brine cells, 

Once disloca ti o ns begin to nuclea te, stress relaxa ti o n 
occ urs; as fr eez ing co ntinues, in e las ti c d eforma ti o n 
co ntinu es . E\'entu a ll y, a qu as i-equilibriu m ba la n ce 
be tween expansio n a nd relaxa ti on processes may b e 
reach ed , renderin g stresses substa nti a ll y lower th a n those 
calcul a ted here. This ba la nce, of course, d epends on th e 
ra te o f cooling, th e coo li ng pa ttern s a nd , in ge nera l, th e 
tempe ra ture hi story o f th e to ta l brine / ice system, 

Th e cha nges in m o bil e disloca ti o n d ensiti es resulting 
from \'a ried tempera ture histo ri es, a nd hence \'a ri ed 
brine-ce ll histori es, ca n res ult in signifi ca m \'a ri a tions in 
th e m ec ha nica l behav io r o f saline (sea) ice, 
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