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ON THE GROBAL DIMENSION OF ORE-EXTENSIONS

S. M. BHATWADEKAR

Introduction. Let S be a ring and d be a derivation of S. The Ore-
extension S(X,d) is the ring generated by S and an indeterminate X
satisfying the ralation Xa — aX = da for all a in S.

It can be deduced from [3, Theorem 2] that if S is a commutative
noetherian ring and d is a derivation of S, such that there exists a
maximal ideal m of S with (i) d(m) c m (ii) gl. dim S = gl. dim Sm, then
l.gl. dimS(X, <Z) = 1 + gl. dimS. In § 1, we prove the converse of the
above proposition (see theorem 1.1) if S is a Dedekind ring containing
field Q of rationale. This is a generalization of theorem of Rinehart
[5, Propsition 2].

In §2 we compute the l.gl. dim of S(X,d) when S is a commuta-
tive noetherian ring containing Q and d is a derivation of S9 such that
1 e d(S) and for every a e S there exists an integer n > 1 such that
dre(α) = 0.

My sincere thanks are due to Professor R. Sridharan for helpful
suggestions.

§1. In this section we prove the following.

THEOREM 1.1. Let S be a Dedekind ring which contains Q. Let d
be a derivation of S, such that for every maximal ideal m of S, dm ςt m.
Then

l.gl. dim S(X,d) = 1 .

For the proof of the theorem, we need two lemmas. We start with

LEMMA 1.2. Under the hypothesis of Theorem 1.1, for every maxi-
mal ideal m of S, Rm (resp. m#) is a maximal left (resp. right) ideal of
R, where R denotes S(X,d).

Proof. Let / be a left ideal of R such that Rm c / c R, where m
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is a maximal ideal of S. Suppose IΦR. Then we will show that Rm = /.

For, if not, then there exists fel such that f & Rm. Consider an

element g of / of smallest degree and not belonging to Rm. Without

loss of generality we can take g to be of the form g = Xk + Σo<«*-i %%>

fc> 1.

Since dm tfi m, there exists b em such that db & m. Consider gf =

Zfe6 — bg. It is easy to see that gr e I and g' = Xk~\kdb — bak_γ) +

Σo«<*-a-X"*^. This shows that fir'eBut. Therefore fcdδ — bak_xem9 i.e.

fcciδ e m. But db <£ m and fc is a unit in S. Hence we get a contradic-

tion. Therefore Rm = /.

This completes the proof of lemma 1.2.

LEMMA 1.3. Lei S and R be as given in Theorem 1.1. // J is a

nonzero projective left ideal of R and Jλ = J + Rφ for some φeR such

that mφd J for some maximal ideal m of S, then Jx is also a projective

ideal of R.

Proof. mφcJ implies that if J ΦJλ then JJJ ~ R/Rm. Also J\ Φ J

implies that Hom^ (J19 R) —> HomR (/, R) is not a surjective map,

where ί: J->J1 inclusion map.

For, if Horn (i, R) is a surjective map, then Hom^ (J19 F) — o m l) >

Horrid (/, F) is surjective for every finitely generated free left module F

of R.

Let p: F o —> / be a surjection from a finitely generated free module

Fo on to /. Consider the commutative diagram

f T TΊ \ Horn (if Fo) τ τ / T π \
^ (J19 Fo) > Hom Λ (/, Fo)

Horn (Ji, p) I Horn (J, p)

τ τ ' Hom(i,J) τ τ ' r λ

ΊίomR (J19J) • Ή.omR (J,J)

Since / is a projective module, we get Horn (/, p) to be a surjection.

Hence Horn (i, J) is a surjective map. This implies that J is a direct

summand of Jx. Since / Φ 0 and J =£ /j, this gives a contradiction. Thus

Hom(ΐ, R) is not a surjective map.

Assume / Φ Jx. Consider the exact sequence

0 > J - i > Jλ > JJJ • 0 .

This gives rise to an exact sequence of right B-modules
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Horn,, (Λ, R) H o m ( J l ' *? Horn, (/, R) > Ext1* {Jx/J, R)

JJJ^R/Rm implies that Ext1* (JJJ.R) ~ Extk(S/m,S) (x)̂  # as right

β-modules. But Ext^ (S/m, S) ~ S/xa. Therefore Ext1* (Λ/J, #) ~ S/m

(x)s R ~ R/mR. By Lemma 1.2, R/mR is a simple right i?-module. Also,

Horn (i, R) is not a surjective map. Hence we get an exact sequence

(J19 R) -> Hom5 (/, #) -* Ext1* (Λ//, β) -> 0 .

This shows that Ext^ (/^ i?) = 0. By a 'direct sum' argument, we can

show that ExtiC/^F) = 0 for every finitely generated free left module

F of R.

Let M be a finitely generated left module of R. Let 0 -» C -> F ->

M -^ 0 be an exact sequence of left β-modules where F is free module

of finite rank.

Then we get an exact sequence

0 - Ext1* (Λ, F) -> Ext1* (Λ, M) -> Ext2

Λ (Λ, C) .

But we know that l.gl. dimi? < 2. Also, since R is not semisimple,

from [1, Theorem 1] it follows that

l.gl. dim R = 1 + sup hd. / .
I

where / ranges over all left ideals of R.

Therefore hd. / < 1 for every left ideal / of R. This gives Ext2* (Jlf C)

= 0. Therefore Ext^O/^M) = 0 . Thus for every finitely generated R-

module M we get Extx

B (JlfM) = 0. This proves that Jx is a protective

left ideal of R.

If / = Jλ then there is nothing to prove.

Thus the proof of Lemma 1.3 is complete.

Proof of Theorem 1.1. Let R denote S(X,d). From [1, Theorem 1]

it follows that it is enough to prove that every left ideal of R is pro-

jective.

Let / be a left ideal of R. For any integer k > 0 let

aeS, such that a is leading coefficient)
\ .

of some element of / of degree k J

(
= \a

(

Then it is easy to see that we get an increasing sequence
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of ideals of S. Let m be the least integer such that Im = In for n > m.
Let kQ be the least integer such that Iko Φ 0. Let (b\, , &£*) be a set
of generators of Ik for fe0 < k < m. By definition of /*, there exist ele-
ments (fk\ •• •,/***) of / such that f£ is of degree k and with leading
coefficient b{ for every i, 1 < i < nk.

Let /* = XI -K/ΪS 1 < i < %, k0 < ϊ < fc. Then we get an increasing
sequence 0 Φ JkQ c c J w of left ideals of i? such that Jm = /. It is
easy to prove that Jo ~ R(g)s Iko as left ideals of R.

Let r = m — k0. We will prove the result by induction on r.
If r = 0, then I — Jm = Jko~ R<g)sIko. Since S is a Dedekind ring,

7fco is a protective ideal of S. This shows that / is a protective left
ideal of R.

Assume the result for r — 1 > 0. Then by induction hypothesis Jm_x

is a protective left ideal of R. Since 7m_χ t̂ 0, there exists an increas-
ing sequence

Jm_! ^ ^ c ^ c J*2-. -Sip = S of ideals of <S such that ^ / ^ _ i ^ Ŝ /m*
for some maximal ideal πt< of £, 1 < i < p.

Therefore &t = J'ί.j + S^ for some ^ e S. We can take θp = 1. Then
there exists a maximal ideal m̂  such that m ^ c ^ _ ! Let -^| = JTO_! +
R(f1

m> ,ft1)+R0JL + RΘJL+- +RθjfL l<i<nm, Kj<p. Then
J / | c j/f if either i < I, or < = I and < fc. Also ^lm = /m. From the
definition of J / | it follows that either */{ = J / | + 1 or ^i+1/s/{ - β/J?m
for some maximal ideal m of R. Also, either e5/} = Jm_γ or stf\\Jm_x ~
R/Rm. Since / m - 1 is jβ-projective by our assumption, by using Lemma
1.3 step by step, we get Jm (=/) is a protective left ideal of R.

This proves theorem 1.1.
Remark. Theorem 1.1 shows that if S is a Dedekind ring contain-

ing Q and d is a derivation of S then

l.gl. dim. S(X, d) = 2 = 1 + gl. dim. S iff

there exists a maximal ideal m of S such that d m c m .

§2. In this section we prove the following theorem.

THEOREM 2.1. Let S be a commutative noetherian ring of global
dimension n<oo, such thatQczS. Let d be a derivation of S such that
1 e d(S) and for every aeS there exists an integer k > 1 such that
dk(a) = 0 then
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l.gl. dim S(X,d) = n.

First we state a lemma. [4, p. 78].

LEMMA 2.2. Under the hypothesis of Theorem 2.1, if d(b) = l for
b e S, then the mapping

χ:S-+(S/Sb)[Y]

χ(a) = a + ddY + Wa Γ2/2! + ¥a Y3/3 ! + .

is an isomorphism of rings, where dιa denotes the image of dιa in S/Sb
under the canonical mapping η: S —> S/Sb.

Moreover, if D is the S/Sb-derivation of S/Sb[Y] given by DY — 1,
then χ is an isomorphism of differential rings.

This shows that it is sufficient to prove the theorem if S = A[Y]
where A is a commutative noetherian ring of finite global dimension
which contains Q and d is the A-derivation of S given by dY = 1. Also
it is easy to see that it is enough to prove the result in case A is a
local ring.

So we prove the following theorem.

THEOREM 2.3. Let A be a commutative noetherian local ring of global
dimension n < oo such that Qcz A. Let S = A[Y] and d be the A-deri-
vation of S given by dY = 1. Then

l.gl. dim S(X,d) = n + l .

Before proceeding further we will give some definitions and results
which can be found in [7, §15].

Let δ be a ring, not necessarily commutative. Let T be a multi-
plicatively closed subset of B such that 1 e T.

D E F I N I T I O N . T i s c a l l e d r i g h t (resp. left) p e r m u t a b l e i f g i v e n a e B
and teT, there exist b e A and seT such that tb = as (resp. bt = sa).

DEFINITION. T is called right (resp. left) reversible if ta = 0 (resp.
at = 0) with teT, aeB implies as = 0 (resp. sa = 0) for some s e T.

DEFINITION. A right (resp. left) ring of fractions of B with respect to
T is a ring BIT"1] (resp. [Γ-1]^) and a ring homomorphism φ: B -> B[T-']
(resp. ψ: B -> [Γ-1]^) satisfying

i) φ(s) (resp. ψ(s)) is invertible for every seT.
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ii) every element in B[T~ι] (resp. [T'^B) has the form

(resp. ψφ-tyία)) with s e Γ ,

iii) φ(a) — 0 (resp. ψ(α) = 0) iff as = 0 (resp. sa = 0) for some s e T.
Some results concerning BIT'1].

(a) If BIT'1] exists, it is unique up to isomorphism.
(b) BIT'1] exists iff T is right permutable and right reversible set.
(c) BIT'1] is β-flat as a left 5-module.
(d) If both BIT'1] and [T'^B exist, they are isomorphic.
We have similar results for [T~λ]B.

DEFINITION. A ring B is said to be left coherent if every finitely
generated left ideal of B is finitely presented.

Let w.gl. dim j? denote the weak global dimension of B. If B is left
noetherian then l.gl. dim 5 = w.gl. dim#. [2, Chapt. VI].

The proof of Theorem 2.3 depends upon the following proposition.

PROPOSITION 2.4. Let (Ti)iGl be a finite family of multίplicatively
closed subsets of a ring R such that

( i ) Each Tt is right permutable and right reversible.
(ii) For every family (ti)ίeI of elements of R with tte Tt we have

Σiei UR = R.
(iii) Every i ^ is R-flat as a left R-module and as a right R-module,

where Rt = R[Trι]
(iv) w.gl. dim it! < oo
(v) R is left coherent.

Then w.gl. dimR < sup i6/w.gl. dimit^.
For a proof, see [6, Proposition 1].

Proof of Theorem 2.3. Let R denote the ring S(X, d). Then under
the hypothesis of Theorem 2.1, R is nothing but the A-algebra A{X, Y}
in two variables X and Y and with the relation XY — YX — 1.

Let m be the maximal ideal of A. Let Tί = A[X] - m[X] and T2 =
A[Y] — m[Y] be two multiplicatively closed subsets of R.

Since S(X, d) is without proper divisors of zero Tx and Γ2 are right
as well as left reversible.

To prove that Tλ is right permutable it is enough to show that given
/ in Tλ and Yn there exist g in Tλ and h in S(X, d) such that Yng = fh.
Taking g - fn+1 we see that Y»/w+1 - ΣM<U W C # C T + 1 ) Y W - * . But
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#(/»+i) = fht for some ht in A[X]. Therefore Ynfn+1 = /ft where h =

Similarly we prove that T1 is left permutable and T2 is right and
left permutable. This shows that R[Tϊι] is ϋ?-flat as a right β-module
as well as left i?-module for every ί — 1, 2.

Since # is left noetherian and l.gl. dim R < n + 2 we see that all
the conditions of the previous proposition except the second condition
are satisfied.

Assume for the time being that the second condition is also satisfied.
Then

w.gl. dimJS < maxw.gl. dimi^
i

when Ri = R[Tϊ1].
Let d be the A-derivation of A[Y] given by dY — 1. If Sf is the

localization of A[Y] with respect to the prime ideal m[Y] and dr is the
derivation of S' induced by d then RIT^1] is nothing but the Ore-exten-
sion of S' with respect to d'. Hence w.gl. dim R[T^] = l.gl. dim RITς1] <
1 + gl. dim S'. But gl. dim S' = n. Therefore w.gl. dim R[T^] < n + 1.

Similarly we can show that w.gl. dim RίT^1] < n + 1.
Hence w. gl. dimi? < n + 1. But we already know that n + 1 <

l.gl. dim R = w.gl. dim R.
Hence the equality.
The lemma given below shows that 2\ and T2 satisfy the second

condition of the proposition.

LEMMA 2.5. Under the hypothesis of Theorem 2.3, if feTλ and
geT2 then fR + gR = R.

Proof. We will prove the result by using induction on the global
dimension of A.

If gl. dim A = 0, then A is a field of char = 0. The result in this
case is proved in [6, p. 25-26].

Assume the result for n — 1. Let gl. dim A — n. If & — fR + gR
then by our induction hypothesis there exists an integer r > 1 such that
mr c & Π A, where m is the maximal ideal of A. (Since for every prime
ideal p of A other than m, &p = Rr) We will prove that A c J f l A by
proving that mr"1 c ύi Π A.

Let α e m7""1. We can write f = fQ + Λ and g — g0 + gx where all
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the coefficients of fλ and g1 are in m and all nonzero coefficients of f0

and #o a r e units in A. Because of the choice of / and g we get /0 Φ 0,

Since mr c & Π A, fxae & and p e l This shows that /0 αe ^
and go ae&. We will prove αe J1 by showing that / 0 # + g0R — J?.

Let A be the completion of A with respect to the m-adic topology.
A contains a subfield k isomorphic to A/m.

We can regard f0 and g0 as elements of fe[Z] and k[Y] respectively.
Since char kφO, there exist hx and h2 in fc{Z, Y} such that f^hx + #0̂ 2 = l
This shows that f0R + g0R = R where R = A®AR.

Let s/ = f0R + gQR. Since A is faithfully flat over A, and since we
have Rjs/ ®A A = ί?/^ = 0, we get JB/J^ = 0, i.e. /oβ + g0R = β. There-
fore ae& = fR + gR. This shows that A c J* Π A i.e. & = R. This
completes the proof of Lemma 2.5.

The proof of Theorem 2.4 is complete.

COROLLARY 2.6. Lei AW(S) = S{Xl9 , Xn, 3/dX19 , a/9Zw} be the

Weyl algebra of index n with coefficients in S, where S is a commuta-
tive noetherian ring which contains Q. Then

gl. dim An(S) = n + gl. dim S .

Proof of Corollary 2.6. We will prove the result by induction on
n. Theorem 2.3 proves the result when n — 1. Assume the result for
n-1.

Let An(S) = Sί-Xi, , Zw, 3/3-Xi, , d/dXn}. We can assume without
loss of generality that S is a regular local ring with maximal ideal m.
Let Tx = S[Xn] - xa[Xn] and T2 = S[d/dXn] - m[d/dXn] be the multipli-

catively closed sets satisfying the conditions of the Proposition 2.4.
If B = S{Xlr "9Xnfd/dXl9 ,3/3-X'«-1}, then 2̂  consists of central

elements of β. Therefore the S-derivation of B given by d/dXn can be
extended to a derivation df of JBtΓf1]. Since An(S) is the Ore-extension
of β with respect to derivation d/3Xn, An(S)[T^] is the Ore-extension
of StΓf1] with respect to the derivation ά!. Therefore l.gl. dim An($)\Ί-ι\
< 1 + l.gl. dim BIT;1].

But BIT;1] ~ S'{X19 , Xn_19 d/dX19 , d/dXn-i} where S' is the

localization of S[Xn] with respect to 2\. Therefore by induction
hypothesis l.gl. dim BfΓf1] = w - 1 + gl. dim S' = % - 1 + gl. dim S. This
shows that l.gl. dim A^S^T^1] < n + gl. dimS. Similarly we prove that
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l.gl. dim An(S)[Tϊι] < n + gl. dimS. Therefore by Proposition 2.4 we
get that l.gl. dim An(S) < n + gl. dim S. But we already know that
l.gl. dim An(S) > n + l.gl. dimS. Hence the equality.

Remark. Theorem 2.3 is a generalization of a Theorem of Rinehart
[5, Proposition 2].

Remark. Corollary 2.6 is a generalization of a Theorem of Roos [6,
Theorem 1].
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