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ON CENTRAL Q-KRULL RINGS AND THEIR CLASS
GROUPS

E. JESPERS AND P. WAUTERS

0. Introduction. The aim of this note is to study the class group of a
central ©-Krull ring and to determine in some cases whether a twisted
(semi) group ring is a central -Krull ring. In [8] we defined an ©-Krull
ring as a generalization of a commutative Krull domain. In the
commutative theory, the class group plays an important role. In the
second and third section, we generalize some results to the noncommuta-
tive case, in particular the relation between the class group of a central
-Krull ring and the class group of a localization. Some results are
obtained in case the ring is graded. Theorem 3.2 establishes the relation
between the class group and the graded class group. In particular, in the
P.I. case we obtain that the class group is equal to the graded class group.
As a consequence of a result on direct limits of £-Krull rings, we are able
to derive a necessary and sufficient condition in order that a polynomial
ring R[ (X;);e;] (I may be infinite) is a central 2-Krull ring. We also
have
RRR

CL(R) = CL(R[ (X)ie)-

In the final two sections we study twisted (semi) group rings. In this
case, we deal with torsion free abelian (cancellative) (semi) groups. We
obtain necessary and sufficient conditions for a twisted (semi) group ring
to be a symmetric maximal order. Moreover, if G is a torsion free abelian
group and R'[G] is a P.L. ring (cf. Proposition 5.7), then R'[G] is a P.IL.
Q-Krull ring if and only if R is a P.I. Q-Krull ring and G satisfies the
ascending chain condition on cyclic subgroups (Theorem 5.9). In the final
section we obtain some results on twisted semigroup rings generalizing
results of [1].

1. Preliminaries. Throughout this note, R will be a prime ring satisfying
Formanek’s condition, i.e., every nonzero ideal of R has a nontrivial
intersection with C, the center of R. In this case,

Qym(R) = {c‘]r =re’ 0#ceCre R}
is a simple ring. If #%(0) is a multiplicatively closed filter, then
Oy(R) = {a € Qym(R)lla C R and al C R for some I € £*(o) }
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is a subring of R. Note that Q,(R) need not be a localization of R, since it
can occur that ¢ is not an idempotent kernel functor.

In [8] we defined an Q-Krull ring R to be a prime, Formanek ring such
that

() R= n " Orp(R) (write Qpp(R) = R));

e XI(

Pi

(2) each ring R; is a quasi-local Q-ring, i.e., every nonzero ideal of R; is a
power of the unique maximal ideal of R;;

(3) for all i and for all I € #*(R\P), IR, = R = R;;

(4) for all » € R there are only finitely many indices 7 such that RrR €
FLHRN\P)).

We say that R is a geometric (resp. central) Q-Krull ring if every kernel
functor o; is geometric (resp. central) (cf. [7]). In case R is a central
Q-Krull ring, we have

Orp(R) = Qcup, (R) = {c"'rlc € C\p,r € R}

where p;, = P, N C ([9]). R is said to be an Q-ring if every ideal is
invertible. In particular, an Q-ring is an £-Krull ring such that all prime
ideals are maximal (cf. [10] ). The interested reader is referred to [18] and
[20] for details about localization.

Recall that a ring S is said to be an extension of a subring R if § =
R. Z4(R) where

Zg(R) ={s € S|IVr € R,sr =rs)

In particular Z(R) € Z(S) and SI = IS for all ideals of R.

A ring R is called a symmetric maximal order if each ring S between R
and Qgym(R) such that ¢S C R for some nonzero ¢ € C equals R. Recall
that a fractional R-ideal / is a twosided R-submodule of Qgym(R) such that
¢l < R for some nonzero ¢ € C. If 4 and B are subsets of Q,(R), we
define

(A:B) = {q € Qym(R)lgB C A} and

(4:,B) = {9 € Qym(R)|Bg < A}.

LeEMMA 1.1. The following conditions are equivalent:

(1) R is a symmetric maximal order;

(2) for any ideal I of R, (I')]) = (I:,]) = R,

(3) for any fractional R-ideal I, (I:)]) = I:.1) = R;

(4) let « € Qgym(R); suppose that there exists an element ¢ € C such that
for all n € Ny, c(RaR)" C R, then a € R.

Proof. The equivalences (1) to (3) have been proved in [9]. (3) < (4) may
be proved in a way similar to the commutative case (cf. [6] ).
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If R C § C Qym(R), we say that S is completely integral over R if and
only if whenever a € S, suppose there exists an element 0 # ¢ € Z(R)
such that for all n € Ny, ¢c(RaR)" C R, then a € R. (Compare to Lemma
1.1 (4) and the commutative case (cf. [6]).)

Several authors have tried to generalize the notion of a Krull domain to
the noncommutative case. In particular, Marubayashi and Chamarie have
worked on this problem. We refer to [11], [12], [3] and [4] for their
definitions. The main difference between these concepts and ours is that
the Krull rings considered in loc. cit. are prime Goldie rings and we deal
with prime Formanek rings. In case R is a P.I. ring, we prove that these
three definitions coincide.

PROPOSITION 1.2. Let R be a prime P.1. ring. Then R is an Q-Krull ring if
and only if R is Marubayashi-Krull if and only if R is Chamarie-Krull.

Proof. Since R is a prime P.I. ring, R is Goldie and bounded. In this
case, Chamarie has proved ([3]) that his definition and the one of
Marubayashi coincide. Suppose R is a P.I. Q-Krull ring, then all R, =
Orer(R) (Pie X (R)) are P.1. rings since R; C Qsym(R). Since each R,
has ACC on twosided ideals, R; is also left and right Noetherian. This
follows from a theorem of Cauchon (see e.g. [16] ). Since R is also a prime
Goldie ring, we conclude that R is Marubayashi-Krull ([11] ). Conversely,
if R is a P.I. Chamarie-Krull ring, then

R= 0 Qe (R) QcpB) = Regr
PEX(C)

(cf. [4] ) and therefore R is a central Q-Krull ring.

In the sequel we will sometimes use the following proposition derived
from a result due to Chamarie (cf. [4]).

ProrosITION 1.3. A P.L-ring R is an Q-Krull ring if and only if R is a
symmetric maximal order and Z(R) is a Krull domain.

Note that from the proof of Proposition 1.2 we have that a P.I. Q-Krull
ring is a central Q-Krull ring.

Let S be a semigroup with 1. A ring R is said to be an S-graded ring if
there exist additive subgroups R, indexed by the elements of S such that

R = @S R, and RR, C R, foralls,t € S.
se

Throughout this note, S will be abelian, cancellative and torsion free, i.e.,
ifs,t € S and s" = ¢ for some n € N, then s = r. In particular, S is
embeddable in its quotient group G which is torsion free abelian. Since S
is abelian, the center C of R is also an S-graded ring. The elements A(R) =
U,es Ry are called the homogeneous elements of R. If I is an ideal of R,
denote by I? the ideal of R generated by the homogeneous elements in I. 1
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is said to be graded if I = 4. Since S is a torsion free abelian cancellative
semigroup, S is an ordered semigroup (because G is ordered). Then it is
easy to check that if P is a prime ideal of R, P# is also a prime ideal of R.
Therefore, if P is a prime ideal of R of height one, then P§ = 0 or P =
Pg,

2. Class group and Picard group of a central 2-Krull ring. Let R be a
central 2-Krull ring. We recall some definitions and notations (cf. [9] ).
F(R) is the set of nonzero fractional R-ideals. D(R) is the group of
divisorial ideals, i.e., those fractional R-ideals I such that R:(R:I) = 1.
Recall that D(R) is a free abelian group generated by the prime ideals of
height one. I(R) is the group of invertible ideals, i.e., those fractional
R-ideals I such that there exists a fractional R-ideal J and I.J = J.I = R.
The group of principal ideals, i.e., those fractional R-ideals I such that I =
Rc for some ¢ € K\{0} (K is the field of fractions of C = Z(R)), is
denoted by P(R). The class group CI (R) of R is defined by D(R),p(ry and
the Picard group Pic (R) = I(R),p(r).

Let A and B be central Q-Krull rings, 4 a subring of B and B an
extension of 4. Write

A =N A, A, = App(Ad) andp, € X'(4),
i

B

I

N B, B; = Qpp(B) and P; € X'(B).
i

Denote by p; (resp. P;) the unique maximal ideal of A4, (resp. B;). Suppose
p (resp. P)is a prime ideal of 4 (resp. B). We say that P lies over p if P N
A = p and in this case we write P|p. Define ¢: D(4) — D(B) by sending p

e X'(4) to
op)= II PePor
Flp
P,eX'(B)

and e(P;, p) is the natural number such that
Bip = (PP,

Extend ¢ to D(A) by linearity. Define
y:D(4) — D(B):1 — (BI)* = B:(B:BI).

The next proposition shows when ¢ = ¢. Analogous to the commutative
case, we say that the condition (PDE) is satisfied if and only if for all P €
X'(B),

ht (P N A4) = 1.
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ProPOSITION 2.1. With the foregoing notations, the following three
conditions are equivalent:

(Do =1
(Q)V x € Z(A), $(A4x) = Bx;
(3) condition (PDE) is satisfied.
Proof. (1) = (2): This is obvious since
¢(Ax) = Y(Ax) = (Bx)* = Bx.
(2) = (3): Suppose P € X'(B) and ht (P N A) > 1. Choose a nonzero
element x € P N Z(A). Then
Bx = ¢p(Ax) = P}' «. .. x P}*
and for alli € {1,..,k}, P; # P since ht (P N 4) > 1. On the other
hand
Bx = Y(Ax) = P\" «... % P}*

and here P will occur since Bx € P and ht (P) = 1. This is a
contradiction.
(3) = (1): Suppose
I=p0"«...«pr € DA).

Then 4,1 = p;". We compute
$(I) = 0 Bil.
1

Consider such a ring B; = Qp\p(B) and P; € X'(B). Suppose first that P;
N A =p, € X'(4). Then

A; = Q4 ,(4) C B
Therefore

Bl = BA;l = Bip/" = (P{Pn )y,

In the other case, P, " A = 0. Then BI X P; and hence Bl € EZ(B\P,-)
and B,I = Bi'

SI) = ¢(p)" x - x o(p) = LT (pePeroyn ..
Pilp
yielding that (BI)* = ¢([).

If condition (PDE) is satisfied, then ¢ is a homomorphism. Note that in
this case Y(P(4) ) € P (B) and y:Cl (4) — Cl (B) is a homomorphism. In
general, ¢ need not be a homomorphism, even in the commutative case (cf.
[1]). However, if we restrict Y to I(4), then this restriction is always a
homomorphism from I(4) to I(B).
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We now give a few special cases in which the homomorphism ¢ is
interesting. Let 4 = C = Z(R) C B = R and R a central -Krull ring.
For all P € X'(R), ht (P N 4) = 1 and moreover, if p € X'(C) there is
exactly one P € X'(R) lying over p. Therefore

¢:D(C) > DR):I = p|' «...xpi* > (RI)*
_ P‘;(Plvpl)"l . Pi(PA,Pk)"k.

We claim that the homomorphism

¢:Cl (C) — Cl (R):[I] — [ (RI)*]
is injective. Let [I] € Cl (C) and suppose ¢( [I]) = [R], i.e., (R[)* = Rx
for some x € K. Hence R,/ = R, for all i € /\. But each C; is a discrete
valuation ring yielding that C;/ = Ca; for some a; € K. Therefore

C,'I = C,-a,- = C,-x and I =N C,I = Cx.
i

This proves that Cl (C) is embedded in Cl (R).

Another important example is the case where R is a central 2-Krull ring
and B is a subintersection of R. Recall from [7] that B is a subintersection
of R if and only if B = Q4(R) and o is a multiplicatively closed symmetric
filter; if R = N;c AR, then

B = 0N R; forsome A\g C A.

i€ A
In particular, if P € X'(B), then P = P, N B wherei € A and P} is the
unique maximal ideal of R;. Therefore

PN R=P NnReX(R)
and condition (PDE) is satisfied. Hence

Y:D(R) > D(B):I = N RIr (B)* = N R
ieN

i€ Ny

In this case, we can compute the kernel of ¢ explicitly. Let P € X'(R), we
consider two cases: if i € /\(, then

YP)= N RP=BnP € XB);
JE€No

if i € A\ /\g, then

YP)= N RP =B
JENo

Hence, if P € X'(R), then (P) is either B or a height one prime ideal of
B. If

I =P «...x P* € kery,

then
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W) = UP)™ « ... x WP = B.

Since D(B) is free on X'(B), all Y(P;) = B. Therefore ker ¢ is the free
group generated by the prime ideals P; with i € A\ /\g. Note that ¢ is a
surjection in this case.

THEOREM 2.2. Suppose that R is a central Q-Krull ring and let B be a
subintersection of R and an extension of R, say

R= N R and B= N R(NgC N)
€N i€ /g

Then ¢:Cl (R) — Cl (B) is onto and ker { is generated by the classes of
prime ideals P; € X'(R) such thati € NN\ /.

Proof. Since ¢ is onto, the same is true for . For the second assertion it
suffices to prove that

_ ker y*P(R)

ker ¢ P(R)

Let [I] € ker y, then y(I) = Bc for some ¢ € K (K is the field of fractions
of C = Z(R)). But y(4c) = Bc and hence

Y(I*Ac™ ") = B.
Therefore I*Ac™! € ker ¢ and [I] = [[*4c¢™ ).

COROLLARY 2.3. Let R be a ceniral Q-Krull ring and o a kernelfunctor
satisfying property (T) such that Q, is an extension of R. Put

$:CL(R) = C1(Qg(R))-

Then ker { is generated by the classes of those prime ideals P; € X'(R) such
that P € %%(o).

Proof. In view of the preceding theorem (and with the same notations) it
suffices to prove that P € (o) if and only if i € A\A,. If P € £%(o0),
then BP = B because o has property (T). Therefore ¢ (P) = (BP)* = B
and P € ker ¢ entailing that i & A. If P & £?(o), we claim that

B C Qpp(R) =R.

Indeed, if x € B, then Ix C R for some I € #?*(6). SoI ¢ P, forif I C
P, then P; € #?(o), a contradiction. Hence x € R’. Since

B= N R

i€ /N\g
R’ has to be a ring of type R; (cf. [7]) and i € A,.

A sufficient condition for having (PDE) is given in
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PROPOSITION 2.4, Let A S B be an extension of central Q-Krull rings.
Then (PDE) holds if B is a left or right flat A-module.

Proof. This is as in the commutative case (cf. [17], Theorem 6.2).

3. Class group of graded Q-Krull rings. Let R be an S-graded ring and
let R also be a central Q-Krull ring. Recall that we only consider
semigroups S with 1 which are cancellative, abelian and torsion free.
Consider the symmetric filter of ideals £*(0) = {I|I an ideal of R
containing a nonzero homogeneous central element.} It is clear that F*(o)
is multiplicatively closed. Then

Q3(R) = Qu(R)
= {a € Qym(R)|Ia C R for some I € £%(o) )
={c'rlre R 0#ce€hC)}C Qym(R)

and we denote this ring Qu(R) by Q%.(R) = Q% Remark that

fym(R) is a G-graded ring, where G is the quotient group of S. In

particular, Q% is a subintersection of R. For more details about graded
localization, we refer to [14].

LEMMA 3.1.
ngm(R) = ﬂl QR\P,(R)-
P, X'(R)
PE=0
Proof. Recall from [7] that we have to prove that
Q% C Qp\p(R) if and only if P§ = 0.
1

First, let P¥ = 0, then each element ¢~ 'r € Q% belongs to
Or\p(R) since Rc & P; (remember that ¢ is homogeneous). Conversely,
suppose P¢ # 0, choose a nonzero element ¢ € P¥ N h(C). We claim
that

¢l & Opp(R).

Suppose ¢ ' € Qg\p(R), then Ic~! C R for an ideal / of R with I &§ P;.
But I C Rc¢ C P;, a contradiction. Hence

0% § Qrp(R) if P{ = 0.

Note that Q8 is a graded simple ring, i.e., the only graded ideals of Q%
are 0 and Q9 itself. If I is a graded ideal of R, then (R:[) is a graded
fractional R-ideal. Hence, if I is a graded ideal, I* is graded too. The
graded class group Clg (R) is defined by Dg(R),pg( r) where D(R) is the
subgroup of Dg(R) of the graded divisorial ideals of R and

PyR) = {Rclc € h(C)™'C}.
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It is easy to see that Dg(R) is the subgroup of D(R) generated by the
graded prime ideals of height of one of R. Similarly

Pic, (R) = I(R),p r) and IL(R) = Dy(R) N K(R).

THEOREM 3.2. Suppose that R is an S-graded ring and R is a central
Q-Krull ring. The following sequences are exact:

(1) 1 Cl (R) = Cl(R) = Cl(Q%) — 1
(2) 1 - Pic, (R) — Pic (R) — Pic (0%).
Proof. (1) Consider the homomorphism

Y:DR) = D(Q®):] = N RI— N Rl
i Pi=0

In the preceding paragraph we computed ker . In this case, ker ¢ is
generated by the homogeneous prime ideals of height one of R. Let

Y: Cl (R) — C1 (Q%).
Since Y(P(R) ) = P(Q?), we obtain

ker y*P(R) _ ker ¢

kerd = —p@®)  ~ kerd n PR’

Let A € ker y N P(R). Then 4 = Rx(x € K) and A4 is homogeneous.
Hence Q%4 = Q8x = Q8 since A4 is homogeneous. Therefore x is invertible
in Q8. Write

n
x = E xgi
i=1

and all x, homogeneous. Then there exists an element y € Qf, y =
Ej";] Vh, such that xy = 1. Since G is torsion free abelian, G is orderable.
Suppose that g, <...<< g, and h; <...< h,,. From xy = 1 we then
deduce that x is homogeneous. Hence

ker ¢y N P(R) = Py(R) and
ker ¢ = Dy(R),pr) = Clg (R).
(2) Restrict ¢ to I(R). Then
¥V =¥ [(R) = 1(Q8):] — Q81
1s a homomorphism,
ker ' = Dy(R) N I(R) = I,(R) and
ker ¢/ N P(R) = Py(R).
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Therefore
ker J’ = Picg (R).

If Ris a P.I. Q-Krull ring, then CI (Q#) is always trivial. To establish this
we need a proposition proved by F. Van Oystaeyen ( [19], [20] p. 113) in
the case of Z-graded rings. But in fact the proof only uses the fact that the
ring is graded by a (torsion free) abelian group.

PROPOSITION 3.3. If R is a graded P.1. ring satisfying the identities of nxn
matrices (e.g. R is a prime P.1. ring) and such that the center of R is a graded
field, i.e, every homogeneous element is invertible, then R is an Azumaya
algebra over its center.

LEMMA 3.4. If R is a graded simple, prime P.1.-ring, then R is a symmetric
maximal order.

Proof. Since C is a graded field, R is an Azumaya algebra by Proposition
3.3. If I is a fractional R-ideal, then / = R(I N K) where K is the field of
fractions of C (cf. [5] ). Let @ € Qgm(R) and @ I C I. Then

(RaR)I c I and ((RaR) N K)YI N K) c (I N K).

Therefore (RaR) N K C C because C is completely integrally closed (cf.
[1]). Hence

(RaR) = R((ReR) N K) C R and « € R.

This proves the result.
In particular, if R is a graded prime P.I.-ring, then nym(R) 1s a sym-

metric maximal order.

THEOREM 3.5. Let R be an S-graded ring and R a P.1. Q-Krull ring. Then
Cly (R) = Cl(R) and Pic, (R) = Pic (R).

Proof. In view of Theorem 3.2 we only need to prove that Cl (Q%) = 1.
Since R is an 2-Krull ring, the same is true for Q% and therefore Z(Q8) is a
Krull domain. Because Z(Q¥%) is a graded field (Q¥ is graded simple) we
have

Cl(z(Q*)) = 1.

This is a result of Anderson ([1]). In particular, if p € X'(Z(Q%)) we
have

p = Z(Q%)a for some a € Z(Q¥).

Now all ideals of Q¥ are generated by the center of Q8 because Q¥ is an
Azumaya algebra (Proposition 3.3). Therefore if P € X'(Q9),

P = Q8P N Z(Q¥)) = Qb
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since
PN Z(QF) € XNZ(Q¥)).
This proves the result.

LEMMA 3.6. Let R = @, R, be an S-graded ring, R an extension of R,
and R, a ring satisfying Formanek’s condition. If R is a P.1. Q-Krull ring,
then Ry is P.1. Q-Krull.

Proof. Since R; is a P.I. ring, we only need to prove that R; is a
symmetric maximal order and Z(R)) is a Krull domain (cf. Proposition
1.3). Now Z(R) is a Krull domain and hence Z(R;) = (Z(R) ), is a Krull
domain (cf. [1]). Let R} be a ring such that

Ry € Ry © Qgym(Ry)

and cR} C R, for some ¢ € Z(R;). Since R is an extension of R}, we have
RR} = R)R and hence RR]is a ring such that R € RR} and ¢cRR} C R.
Therefore RR} = R, R} C R and hence R; = Rj.

PROPOSITION 3.7. Let R be an S-graded ring, R an extension of Ry and S
a semigroup no element of ‘Wwhich has an inverse. Suppose R and R, are
central Q-Krull rings. Then ¢: Cl (R,) = CI (R) is injective.

Proof. In view of Theorem 3.2. it suffices to prove that
y: C1 (R)) — Cl, (R)

is an injection. Note that in general y need not be a homomorphism. If 7 is
a graded ideal of R, then it is easy to check that

(R:RI) 0 Qyym(R1) = (Ry:D).
It follows that if I is a divisorial R;-ideal, then
(RD* N stm(Rl) = I

Now let [I], [J] € Cl(Ry) and ¢( [/]) = ¥([J]). We may suppose I,J C
R,. Hence

(R)*x = (RJ)*y for some x, y € h(C).
We can write
(RI)* = (RI)*(yx~").

Suppose yx ! has degree 7. Take an element a of degree 1 in (RI)*, then a
—b.(yx Handb € (RJ)* C R. Therefore b has degree 1~ !, b € R and
hence 1! € S. We also have

(RI)*= (RD)*(xy ™)

and xy ! has degree 1~ !. A similar reasoning as above yields that 1 € S.
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The hypothesis on S yields that ¢ = 1. From this it is easy to conclude that
I = Jyx~ " and therefore [I] = [J] in Cl (R)).

Assume 2Rl C R = @,cy R, satisfies (PDE) and R is an extensmn of
Ry. Let £ (o) be a symmetric T-functor of ideals of Ry. To $R (0) is
associated a filter

L(0') = {I|I an ideal of R and I, C I for some I| € g%z,(“') }.

Clearly Qy(R|)C Qn(R). 1f I € £’y and I, C I with I, € L% (0,
then

Qo(R) 2 Q(R)Qo(RI; 5 Qy(R).

Hence #%(0’) is a T-functor. In particular, o’ is an idempotent kernel
functor (cf. [8]).

ProPOSITION 3.8. Let R be an S-graded ring, S a semigroup no element of
which has an inverse, R an extension of R, sattsfymg (PDE). Suppose R and
R, are central Q-Krull rings. For each P e X' (R)), assume that (RP)* is a
prime divisorial ideal of R. Let % r,(0) be a symmetric T functor in R,.
Then we have the following exact sequence

14— ClL(R)— Cl(Qu(R)) — 1

where A is the subgroup of Cl (R,) generated by the prime ideals P of height
one of R such that P € 3%.(0)-

Proof. We have the following commutative diagram

1

v
D(R)) = Dy X D,

|—> Ker \—>D(R) >D(0,(R) ) —>1

where Dj(resp. D,) is the subgroup of D(R;) generated by the prime ideals
P € X'(R)) such that P & .Sfi (o) (resp. P € 2’% (6) ). Ker A is the sub-
group of D(R) generated by the prime ideals P € X'(R) such that P €
#*(0’). Recall that the homomorphism g from D, to D(R) is defined by
sending I to (RI)*. Note that by the construction of the filter #*(o’), u
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sends D, to ker A. If P € X'(R) and P € #*(¢') (i.e., P € ker A), then P
N R, # 0. Therefore ht (P N R;) = 1 since (PDE) is satisfied. Moreover
we have

= (R(P N R))*
yielding that

D, LY ker A

is an isomorphism. We can now write a commutative diagram concerning
the class group.

Dy*P(R;)
P(R))

o
A

1 >ker \—>Cl (R) >Cl (0, (R) )—>1

ker A*P(R)
P(R)
Since w(P(R;) ) € P(R), i is a well defined homomorphism. Note that i is
a surjection, since p is a surjection. The fact that p is injective is proved in

a similar way as in Proposition 3.6. For this purpose the condition that S
does not contain inverse elements is needed.

CoroLLARY 3.9. Under the same conditions as in the preceding
proposition, except that 7 ®,(0) is the filter of all ideals of R\ in this case, we
have an exact sequence

1> Cl(R)—>ClI(R)—>Cl(Qys(R))— 1.
In particular, C1 (R)) = C1 (R) if and only if Cl (Qy(R)) =
4. Direct limits of central Q-Krull rings. The first proposition of this
section is a generalization of a commutative result of [6].

PrROPOSITION 4.1. Let {R,}sc; be a filtered family of central Q-Krull
rings such that, for « = B, the embedding R, < Rpg is an extension which
satisfies (PDE) and (RgP)* is a prime divisorial ideal for each P in X'(R,).
Then U,cr R, is a central Q-Krull ring. Furthermore, X' (U ey Ry) is the
direct limit of the system

{X'(Ry), iap: X' (Ry) — X'(Rp):P — (RgP)*; &, B € I and a = B},
notation lim X'(R,).
—_

a
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Proof. Since Z(R,) C Z(Rp) if & = B, it is clear that

stm( U Ry)= U stm(Ra)-
a€cl ac]

Let § = U,es R,. We first prove that S satisfies Formanek’s condition.
Let J be a nonzero ideal of S, then J N R, is a nonzero ideal of R,, for
some a € J. Therefore

{0} #J N Z(RY) C J N Z(S).

So it is also clear that S is a prime ring.
For a fixed a in I, let

I,={BellB=a)

Let S, denote the ring U,e; Rg. Then § = S, for each a. Suppose P €
X'(R,). For each B = «, there is a unique prime ideal Pgin X'(RB) such
that Pg N R, = P, namely Pg = (Rg P)*. So, since

stm(Ru) = stm(RB) fora = B,

it follows easily that

(RIr\P C (Rp)R\P
(We denote by (Rq)r,\p the quotient ring Qg \ p(Rq).) Let

Lp = U (Rp)rp\py
BZa

We will now prove that Lp is a quasi-local £-ring. To this end consider a
nonzero ideal J of Lp, then

J = Bg ((Rp)rp\py; N ),

where (Rp)r Ap, N J s an ideal (eventually zero) of (Rp)r,\ p, and

(Rﬁ)R/;\PﬁPB = PB (RB)RB\P/i = P'b

is the unique maximal ideal of (Rg)ry p, Because Pp = (RgP)* 1s
divisorial, we obtain that

P = (Rp)rpp = (Rp)rp\piP (R)R,\Py
Thus,

J = Y, (Rp)rg\p, P ),

where ng is a natural number for 8 = a. Let

Ny = inf {ngl = a},
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then
N(\
T = 9 R, P = [Bg (RB)RB\,»,,P] = (LpP)™.
It follows that Lp is a quasi-local Q-ring. Because LpP N R, = P itis clear
that
X'(8) = lim X'(R,)
ﬁ

in case S is a central Q-Krull ring.
Secondly, we prove that Lp is a central localization of S. Indeed, let

Ty = Z(Rp)\Pp

and let

T= U T

B=a A
Since (Rg)rp\p, = Tl;lRB and since Tg C Tpfor B = B, it is clear that
Lp=T'S.
We show now that
N Lp = S.
Pea/\(’_:'(IR(,)

Certainly S € N Lp. On the other hand, if x € N Lp, then
X € Qum(Rp) N (N Lp) for some Bin I.

Thus x = ¢ ' r, withc € Z(Rp), r € Rg. Now Z(Rg)c & P for almost all
P e X‘(R/;). Sox =c 're (Rp)ry\P for almost all P € X'(RB)‘ Let
{Py, ..., P,} be the finite subset of X'(Rpg) such thatc € P, 1 =i = n.
Because x € N Lpthereisay € I,y = B, such that

xe 0O (R .
PeX'(Rp) VRAP,

If P, is another minimal prime of R, then PDE yields
P, N Z(Rp) = {0};
therefore ¢ € Z(R,)\P,. Thus

xe N R = R,
PeX'(RY)( y)R*\P Y

ie., x € S. So
N Lp =S.

ac]
PeX(R,)
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It remains to prove that

N Lp=3S
ac]
PeXY(R,)

has the finite character property. Let x € S, i.e., x € Rp for some 8 € I.
Because Ry is a central Q-Krull ring, RgxRg ¢ P for all P € Y, where Y
C X'(Rp) and X'(Rp)\Y is a finite set. So Lp(SxS) = Lp, for all P €

X'(R))withy = Band P N Rg € Y. If y = Band Q € X'(R,) such that

QNRg=PE€ XI(RB), resp. O N Rg = {0}, then Lp = Ly, resp.

Lp(SxS) = Ly because in this case

Z(Rp)"'Z(Rp) C (Ry)rRNO
and because
SxS N Z(Rp) # {0}

So it follows immediately that S satisfies the finite character property.
With the notations and assumptions as in Proposition 4.1 we have
COROLLARY 4.2.

(1) lim Cl(R,) =Cl(U Ry

— acs]
(2) lim Pic (R) = Pic (U R)).
— ac]

(43

Proof. (1) As follows from the proof of the proposition, the minimal
nonzero prime ideals of S = U,e; R, are of the form

P,= U PB’

B=a
where B € X‘(RB) and Pg N R, = R,. Since
Lp Py = (SPy)s\p,
we have e(P,, P,) = 1. So it is clear that the extension

R, U R,

ac]

satisfies condition (PDE). Consequently, by Proposition 2.1, we obtain
that

lim Cl (Ry) = Cl (U Ry).
— ac]

a
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(2) Because of the assumptions on the extensions R, & Rg, a = 3, there
is a bijection between X'(R,) and a subset Y of X‘(RB). If Pg €
X'(Rp)\Y, ie., Pg N R, = {0}, then

Z(RI\(0} C Z(Rp\Pp.
Therefore, if X is an ideal of R,, then
(R X)* C (RgX)* for a = B.

To prove statement (2) we first need the following. Let X C S be a
divisorial S-ideal, so X = Py x...x P, where P, € X'(S)for 1 =i =k
(we allow P, = P; for i # j). Let Py,..., P, € X'(R,) such that

P,=u PO

B=a
and where the union is taken over all Pﬁ;’ e X l(RB) with
PY) N Ry = P.
If X =Py x...x P, € DRy, then X = (SX')*. We claim:

X = U (RgX)*.

B=a
Indeed,
X=Prs...«aPr= U (RgP)* x...5x U (Rg Pp)*
B=a BZa

(U (RgPD* - U (RgP)™)*

= (BLEJ [(RgP)* - ... (RgP)*])*

N (U (RgX)
PexX'(Ry p=s P V2R\Py)
$=a PglP

N (U (ReX)) U Z(R\Pp) .
PEB)L(Rb\) B=6 B=é

=a

I

It follows:

U (RgX)* C X.

B=a
Conversely, let x € X. Then, there is a 8 € I such that
x € (RgX')*z(rp\pPp Pp € X'(Rp);
ie,x = ¢ 'rwithr € (RgX')* and ¢ € Z(Rp)\Pg. Let {Py,..., P,} be
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the finite subset of Xl(RB) such that ¢ € P;, 1 =i = n. From the above
equality it follows that there arey; € I, 1 =i = n, y; = f3, such that

x € (R, X/)*Z(RY’)\})Y' and P, N Pg=P,
We obtain that for some 6 = y, 1 =i = n,

x € (RsX)*zgynp, forall Py € X'(R)
with P; N Rg € X'(Rp). As before we obtain

x € N (Rs X)zrgnrs = (RsX)*.

Pse X'(Rs)
This shows
X = U (RgX)%
B=a

then also

X = U (RgX)*

B=a

for any divisorial S-ideal X, when X’ is such that X = (SX’)*.
If X’ is an invertible ideal in R, for some a € I, then SX’ is an invertible
ideal of S. Therefore, by (1) lim Pic (R,) is embedded in Pic (U e; Ry).
—

a

On the other hand if X is an invertible ideal of S, then X - Y = S for some
fractional S-ideal Y of S. By the foregoing we have

U RgX)T U (RgY) = S,

B=a

where X’ and Y’ are such that X = (SX')* and Y = (SY’)*. So thereis a 8
= « such that

n
1= 2 xs
i=1
where x; € (RgX’)* and y; € (RgY')* for 1 = i = n. It follows that
Rg C (RpX')*(RgY')* C (RgX'Y')* C Ry,
1e.,
Rg = (RgX')* - (RgY’)* and (RgX')* € Pic Rg.
From X = (S(RgX")*)* we obtain
lim Pic (Ry) = Pic (U R).
— acl

a
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It is known (cf. [9] ) that a polynomial ring R[X|, ..., X,] is a central
Q-Krull ring if and only if R is a central Q-Krull ring such that for all P €
X'(RYQ(Z(R/P)) is an algebraic field extension of Q(Z(R)/Z(R) N P),
where Q(Z(R/P)), resp. Q(Z(R)/Z(R) N P), denotes the field of
fractions of Z(R/P), resp. Z(R)/Z(R) N P. From Proposition 4.1 it
follows that we can extend this result to polynomial rings over an arbitrary
set of indeterminates, say X = {X;};c/.

CoROLLARY 4.3. A polynomial ring R[X] is a central Q-Krull ring if and
only if R is a central Q-Krull ring such that Q(Z(R/P) ) is an algebraic field
extension of Q(Z(R)/Z(R) N P). In particular, if R is a P.1. ring, then
R[X] is a central Q-Krull ring if and only if R is such a ring.

Proof. If R[X] is a central Q-Krull ring then it is proved as in
Proposition 3.8 of [9] that R is a central £-Krull ring with the properties
listed in the statement. The converse follows immediately from Proposi-
tion 4.1. We obtain the last statement by combining Theorem 5.4 with
[11], Theorem 3.7 in [9] and Proposition 1.2.

If R satisfies a polynomial identity, this result coincides with Theorem
3.7 in [13].

ProposITION 4.4. Suppose R and R[X] are central Q-Krull rings. Then
Cl (R) = Cl (R[X]) and Pic (R) = Pic (R[X]).

Proof. First we prove that CI(R) = CI(R[X]). Consider the
morphism

D(R(X]) > D(O[X])

mentioned in Section 2. Note that Q means Qgyn(R). In Section 2 we
computed that ker ¢ is the group freely generated by the prime ideals P €
X'(R[X]) such that P N R # {0}. Therefore

P = (P N R)X] and ker ¢ = P(R).
We also have
1 — ker ¢ = CI (R[X]) = C1 (Q[X]) — 1 and
ker ¢ = ker ¢*P(R[X])/P(R[X]) = ker ¢/ ker ¢ N P(R[X]).

Here we needed that P(R[X]) — P(Q[X]) is a surjection. This is satisfied
since D(Q[X]) = P(Q[X]) (recall that all ideals of Q[ X] are generated by
a central element). Suppose now

I[X] € ker ¢ N P[R[X]).
Then

I[X] = R[X]a, a € Z(Q[X]).
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Choose 0 # ¢ € I N Z(R) and ¢ = Ba, B € R[X]. Since « is a central
element, all coefficients of a are central and hence non zero divisors. By
writing out the equation ¢ = Ba and looking at the terms of highest and
lowest degree, one concludes that « is a homogeneous element belonging
to R, yielding that

I = Ra and ker ¢ N P(R[X]) = P(R).

Therefore ker ¢ = CI(R) and CI(R) = CI(R[X]) since

Cl(Q[X]) = L
So ¢: ClI (R — Cl (R[X]) with ¢([1]) = [I[X]], [I] € CI (R), is an
isomorphism. Restrict ¢ to Pic (R). Then

#1: Pic (R) — Pic (R[X])

is clearly an injection. It remains to prove that ¢, is surjective. Let [A] €
Pic (R[X]), then there is exactly one [B] in Cl (R) such that [4] = [B[X] ],
and hence

A = B[X]R[X]a
for some central element « € K(X). Therefore B[X] is invertible since the
same is true for A and R[X]a. We can write
C . B[X] = B[X].C = R[X],
where C is an invertible R[X]-ideal. We can conclude that
C = (R[X]:B[X]) = (R:B)[X]
so that B(R:B) = (R:B)B = R and [B] € Pic (R).

CoroOLLARY 4.5. Suppose R and R[X] are central Q-Krull rings. Then
Cl (R) = CI (R[X]) and Pic (R) = Pic (R[X]).

Proof. R[X] is a central Q-Krull ring by Corollary 4.3. The rest follows
from Corollary 4.2.

Consider the following category C: the objects are prime rings satisfying
Formanek’s condition; f € Hom (R, S)(R, S € Ob C)if f:R — Sis aring
homomorphism, f(Z(R)) € Z(S) and Sf(I) = f(I)S for all ideals I of R.
For example, when R C S is a ring-extension, the inclusion map is such a
homomorphism. It is easy to check that this is indeed a category. In
Section 2 the Picard group Pic (R) of an Q-Krull ring was defined. It is
clear from the construction that Pic (R) can be defined in the same way
for prime, Formanek rings: I(R) is the group of fractional R-ideals which
are invertible. P(R) is the group of principal R-ideals (i.e., Rx for some x
€ K (K is the field of fractions of Z(R) ). Then

P(R) <tKR) and Pic (R) = I(R)/P(R).
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Moreover, Pic is a functor from the category C to the category of
groups.

The proof of the following proposition is the same as in the Proposition
6.1 of [1].

PROPOSITION 4.6. Let S be a semigroup no element of which has an
inverse. Let R = @, R, be an S-graded ring and F a functor on rings. If R
S R[S] induces an isomorphism F(R) — F(R[S]), then R S R induces an
isomorphism F(R,) — F(R).

Note that all subsemigroups of free semigroups satisfy the condition
that no element has an inverse.

PROPOSITION 4.7. Suppose S is a subsemigroup (with 1) of a free
semigroup T, R an S-graded ring, R an extension of Ry, R and R, central
Q-Krull rings and for all P € X'(R)Z(R/P) is algebraic over C/(P N C).
Then

Pic (R;) = Pic (R).

Proof. It is clear that R is also a T-graded ring by taking R, = R, if t = s
€ Sand R, = 0if r € T\S. Since T is a free semigroup

R[T] = R[(X))iei]

for some index set /. By the hypothesis on X'(R), R[T] is an Q-Krull ring
(Corollary 4.3). Since

Pic (R) = Pic (R[T])
(Corollary 4.5), the preceding proposition yields the desired result.

CoROLLARY 4.8. Suppose S is a subsemigroup (with 1) of a free semigroup
T, R an S-graded ring such that R is an extension of Ry. If R is a P.1. Q-Krull
ring, then

Pic (R}) = Pic (R).

Proof. The fact that R is a P.I. -Krull ring implies that R, is a P.L
Q-Krull ring (Lemma 3.6) and R[T] is a P.I. 2-Krull ring by Corollary 4.3.
The result is clear now from Proposition 4.7.

The following lemma generalizes Lemma 14.1 in [6]; the proof is
similar.

LEMMA 4.9. Let R be a prime Formanek ring and a and b central elements
of R such that aR N bR = abR, thus "R N bR = d"bR for alln € N. Then
R[X(bX — a) is a prime ideal in R[X].
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ProprosITION 4.10. Let R be a central Q-Krull ring such that Q(Z(R/P))
is algebraic over Q(Z(R)/Z(R) N P) for all P € X'(R). Then there is a flat
ring-extension R < T satisfying the properties:

(a) T is an Q-ring;

(b) T is a global Zariski-extension (cfr. [20]) of its center;

(¢) Cl (R) = CI(T);

(d) Z(T) is a Dedekind domain and Cl (Z(T)) = Cl (Z(R)).

Proof. Since Z(R) is a Krull domain (cfr. [8] ), we know (cf. [6]) that
there is a flat extension Z(R) < T’, T’ is a commutative ring, such that 7’
is a Dedekind domain and Cl (T’) = CI (Z(R) ). If one goes through the
proof of this result, then one sees that 7’ is obtained by taking first a
polynomial extension of countable degree and then a localization to a
multiplicatively closed set, say M:

Z(R)S ZR) Xy s Xy ]S M Z(RX, . X )

Moreover by the foregoing lemma and the construction of the elements of
M, M is generated by elements that generate a prime ideal of
R[Xy,...,X,, ... ] Let

T =M 'R[X,....,X,...]

then R & T is a flat ring-extension and 7 is a central ©-Krull ring
(Corollary 4.3 and Corollary 2.5 in [7] ) the center of which is a Dedekind
domain. Therefore all the minimal nonzero prime ideals of 7" are maximal
and T is a global Zariski extension of its center. It follows (cf. [7] ) that T
has property (a). By Corollary 2.3 and Corollary 4.5 we obtain

Cl(R) = CI(T), Cl(Z(R)) = Cl(Z(T)).

5. Twisted group rings. Let R be a ring with unity, S an abelian
semigroup with unity and y a two-cocycle of S into the central invertible
elements of R, i.e.,

y € HXS, %(R) N Z(R))

where %(R) is the set of invertible elements of R. Then the rwisted
semigroup ring R'[S] (cfr. [15]) is the set of all formal sums

a= 2 rs,

SES

where r; € R and almost all r, are zero. By supp a we denote the finite set
of all s € S such that r; # 0. Multiplication and addition are defined as
follows:
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2 ai+ X bF = X (a + b,

SES SES SES

Sr = rs,

st = y(s, 1)st,
where r, a,, b, € R and s, t € S. The ring R’[S] has an identity element,
namely 1 = y(1, 1)7'T and without loss of generality we will assume
throughout that 1 = 1. Let Sy be.the set of those elements s € S such that
¥(s, t) = y(1, s) for all t € S. Clearly Syis a subsemigroup of S and

Z(R'[S]) = {a = 2 rJlsuppa C Syand r, € Z(R) }.
seS
We say that a cocycle y on S has property (SF) if for all s € S there exists
at € S such that st € Sy,

PROPOSITION 5.1. Let S be a torsion free abelian semigroup and R a ring.
Then, a twisted semigroup ring R'[S] is a prime Formanek ring if and only if
R is prime Formanek and y has property (SF). In particular, if S is a group
then R'[S] is prime Formanek if and only if R is prime Formanek.

Proof. Suppose R'[S] is prime Formanek. Then, clearly, R is a prime
Formanek ring and for all s € S the ideal SR'[S] intersects the center
non-trivially. Therefore, there is a # € § such that st € S;.

Conversely, let

=~

1

m
a= a5, and B = 2 b
i=1 j=1

I

be two elements of R'[S] witha; # 0,b; # Oforalll =i =n 1 =j=m
and aR'[S]B = 0. Since S is an ordered semigroup we can assume s; << 5
and ¢, < t;fori < jand k < /. Then s,1,, 1s a uniquely presented element
in the set {s;z;|]1 =i =n, 1 =j = m}, so

ans_anmt_m = a;szmE};; = 0.
In particular a,Rb,, = 0, a contradiction. Therefore R'[S]is a prime ring.
Let I be a non-trivial ideal of R’[S] and let

ais;

R
I
M=

1

1

Il

be an element of minimal length in /\{0}, i.e.,, supp a has a minimal
number of elements for 0 # a € I. Because R is Formanek and y has
property (SF) we may suppose that a, € Z(R) and 5, € S A
straightforward calculation shows that « € Z(R'[S]), in particular

I N Z(R[S]) # {0)}.
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Therefore R'[S] is Formanek.

If R is a prime Formanek ring and ¢ an automorphism of R, then
we denote by R°[Z] the skew polynomial ring R[X, X', o] in
the indeterminate X and its inverse X~ '. Of course we can extend o to
an automorphism of Qgym(R) = Q; we will also denote this automorphism
by o.

LeMMA 5.2. Let I be an ideal of R°[Z), then IQ is an ideal of Q°[Z).

Proof. Tt is enough to prove that IQ D QI. Leta € I and 0 # ¢ €
Z(R), then we must show that ¢ 'a € IQ. Suppose this is not the case
and suppose

m

o = 2 a,'Xi, a; € R
i=0

is of minimal positive degree such that ¢ 'a & IQ for some 0 # ¢ €
Z(R). Because ao™ "(c¢) — ca is of lower degree than «, we obtain

¢ Nao ™) — ca) = B € 10.
Thus

¢ la = (a+ B)a ™))" € 10,
a contradiction. So QI C IQ.

LEMMA 5.3. Let R be a prime Formanek ring which is a sym-
metric maximal order. If R°[Z] is prime Formanek, then R°[Z] is a
symmetric maximal order.

Proof. We have to prove that (I:;]) = R°[Z] for every ideal of R[Z]
(Lemma 1.1). Because Q°[Z] is a localization at an Ore set of Q°[ X, o] and
because in this last ring every ideal is generated by a normalizing element
(a result of [2]) we have IQ = Qf, where B is a normalizing element of
Q°[Z]. Suppose

al € I, a € Qyn(R(Z]),

then a8 € Q°[Z]B, i.e.,

a= 2 ¢X € QL.

i=—n

Let C(I) be the ideal of all the elements of R which occur as the leading
coefficient of an element of I. Then ¢, C(I) € C(I). Since R is a
symmetric maximal order, ¢g,, € R. By induction we obtain that a €
R°[Z). This completes the proof.
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We will now establish when a twisted group ring over a torsion free
abelian group is a symmetric maximal order. In case the group is not
abelian, this problem is open, even in the P.I. case.

LEMMA 5.4. Let G be a finitely generated free abelian group and suppose R
is a prime Formanek ring which is a symmetric maximal order. Then R'[G] is
prime Formanek and a symmetric maximal order.

Proof. Tt follows from Proposition 5.1 that R'[G] is prime Formanek.
Let

G=17X...X1,
with n factors, and let
y € HXG, Z(R) N %R))

be the defining 2-cocycle for R'[G]. We will prove by induction on n that
R'[G] is a symmetric maximal order. For n = 1 the result follows from
Lemma 5.3 because R'[Z] = R[Z]. Suppose now the result is true for all
m < n,m € N Let

G* =171 X ... X1,

n—1 factors, so G = G* X Z. Let R'[G*] be the twisted group ring with
defining 2-cocycle vy restricted to G*. Because, for (0, z) € G* X Z,

RG]0, 2) = (0, 2)R'[G]
one easily checks that

R[G*)(0, 2) = (0, 2)R'[G*].
In particular

(0, 2)R'[G*)(0, 2) ' = R'[G*]

and (0, z) induces a conjugation on R'[G*], say ¢. If ¥’ is the 2-cocycle y
restricted to {0} X Z, it follows that

R'[G] = (R'[G*])[ {0} X Z, ¢, ']
is a crossed product (cfr. [15] ). Because
HXZ, Z(R) N UR)) = 0
we obtain that
R'[G] = (R'[G*])9lZ],

i.e., a skew group ring over Z. By the induction hypothesis R'[G*] is a
prime Formanek ring which is a symmetric maximal order. Therefore, by
Lemma 5.3, R'[G] is a symmetric maximal order.
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Before proving the statement of Lemma 5.4 for arbitrary torsion free
abelian groups we need the following.

LEMMA 5.5. Let {R,}qe; be a filtered family of prime Formanek rings
which are symmetric maximal orders. Let R = U, e R, and suppose

Ry = R N Qym(Ry) foralla € I.

If R is a Formanek ring, then R is a prime ring which is a symmetric
maximal order.

Proof. Obviously, R is a prime ring and
Quym(R) = U [R(Z(R) N Ry}
ace]

We have to prove that (J:,J) = R if J is an ideal of R. Suppose x € (J:/J),
then, for some a € I,

x € RZ(R) N RY ' C Qym(Ry and J N R, # {0}.
So,

X(J N Ry CJ N Qym(Ry) N R =J N R,

Because R, is a symmetric maximal order we obtain x € R, ie., x €
R.

COROLLARY 5.6. Let R be a prime Formanek ring which is a symmetric
maximal order and let G be a torsion free abelian group. Then every twisted
group ring R'[G] is a prime Formanek ring and a symmetric maximal
order.

Proof. Since
R[[G] = U Rl[Gn]v

neNy
where G, are finitely generated free abelian groups, and because
RG] N Qym(R'[G,]) = R[G,]
the result follows from Proposition 5.1, Lemma 5.4 and Lemma 5.5.
In the last results of this section we consider P.I. rings.

PROPOSITION 5.7. Let R be a ring and G a torsion free abelian group. A
twisted group ring R'[G] is a prime P.1. ring if and only if G/ Gy is finite and
R is a prime P.1. ring.

Proof. By Proposition 5.1 R is prime if and only if R'[G] is prime. Of
course

R'[G] = R ®¢ C'[G],
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where C = Z(R) and C'[G] is defined by the same cocycle as R'[G].
Therefore R’[G] is P.L if and only if R is P.I. and C'[G] is P.L. If K is the
quotient field of C, we obtain that R'[G] is P.L. if and only if R is P.I. and
K'[G]is P.I. So it remains to prove that K'[G] is P.1. if and only if G/Gyis
finite in case K is a field.

Suppose K'[G] is P.I. and prime, then by Posner’s theorem

0 = K'[G/]" 'K[G)

is finite dimensional over Z(Q) = K'[G/]~ ]K[Gf]. (Note that Z(K'[G]) =
K'[Gf]). Let ay, ..., &, be a basis of Q over Z(Q). Of course we may
suppose that a; € K'[G], | = i < n. Suppose

h
a = 2 aUgU’ gl/ S5 G, a,j S K, n; € NO.
j=1

Letg € G, then g = 3 B !B, where B, B; € K'[Gy]. Thus

BE = 2 Bayg,
iJ

in particular Grg = Gyg;; for some i, j. 1 =i = n, 1 = j = n,. Therefore
G/ Gy is finite.
Conversely, if G/Gyis finite then
Qum(K'[G]) = (K'[Gf]) 'K'[G]

is finite dimensional over its center. So it satisfies a polynomial identity
and the same is true for K'[G].

LEMMA 5.8. Let G be an abelian group and G* a subgroup with ACC on
cyclic subgroups such that G/G* is finite. Then G has ACC on cyclic
subgroups.

Proof. Let {g;};cn, be a subset of G and suppose that

(81) ©(8) C ... C{g) C ...,

where (g;) is the cyclic subgroup generated by g;. Because G/G* is
finite,

<gn>G* = <gn +i> G*,

for some n € Ny and for all i € N. Now let ¢; € Nj be the smallest
number such that g% € G*, then

@) c(g®)y ... clgh)y ...
Because G* has ACC on cyclic subgroups,

<gm> N G* = <gmam> = <gf17';; = <gm+i> n G*
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for some m € Nj and for all i € N. Of course we can suppose n = m.
Now leti € N, then g,,; = g, . x with x € G* and « € Z,. So

X = gn+ig;:a € <gn+1'> nG* = <gn> n G*.

Therefore x = gz, b € Zy and thus g,+; € {g,). This proves that (g, ;)
= (gyy foralli € N.

It is easy to check that the preceding lemma still holds if G/G* is a
finitely generated (abelian) group.

THEOREM 5.9. Let R'[G] be a prime P.1. ring, then R'[G] is an Q-Krull
ring if G satisfies the ACC on cyclic subgroups and R is an Q-Krull ring. The
converse holds if the two-cocycle is trivial.

Proof. Suppose R[G] is an Q-Krull ring. By [7], Q[G] is an ©-Krull ring
and hence k[G] is a Krull domain (k = Z(Q) ). Therefore G has ACC on
cyclic subgroups (cf. [1]). Conversely, by Corollary 5.6, R'[G] is a
symmetric maximal order. By [1], k' [Gy] is a Krull domain. Moreover
Z(R) [Gy] is a graded Krull domain in the sense of [0] because Z(R) is a
Krull domain. Hence Z(R)' [Gf] = Z(R'[G]) is a Krull domain by [0].

PrROPOSITION 5.10. If R'[G] is a P.I. Q-Krull ring, then
ClI (R'[G]) = Cl (R) and Pic (R'[G]) = Pic (R).
Proof. We have
Cl (R'[G]) = Cl(R'(G])

by Theorem 3.4. Every homogeneous ideal I of R'[G] is of the form A’[G],
where A is an ideal of R'[G]. Moreover, I = A'[G] is a homogeneous
divisorial (resp. homogeneous principal) if and only if 4 is divisorial (resp.
principal). Therefore

Cl (R) = Cl, (R[G]) = CI(R'[G)).
Similarly one proves that
Pic (R) = Pic (R'[G]).
6. Twisted semigroup rings. In the preceding paragraph twisted
semigroup rings were introduced. When S is a torsion free abelian
cancellative semigroup, it was proved that R’[S] is prime Formanek if and

only if R is prime Formanek and for all s € S thereis at € S such that sz
€ S, i.e., v has property (SF).
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From now on all semigroups considered will be torsion free abelian
cancellative and R is a prime ring satisfying Formanek’s condition.

LeEMMA 6.1. If v has property (SF), then Q% (R'[S]) is isomorphic to a
twisted semigroup ring Q'[ (S) |, where (S) is the quotient group of S and Q
= Qum(R). Moreover the defining 2-cocycle y for Q'[ (S) ] satisfies:

(1) v € H({S), UR) N Z(R)),
@) Yisxs=7
In particular
R[S] € R[(S) ],
where R'[ {S) ] is the twisted semigroup ring defined by v'.

Proof. Every element of (S) can be written as @~ 'b where a, b € S. In
fact, each @~ b is an equivalence class, by the construction of (S). For
every equivalence class we choose a fixed representative. Moreover, if
a 'b € (S), then there exists a t € S such that ta € Sf, and hence

a 'b = (ta)” b

Therefore, we may fix a representant a~ 'b for every equivalence class such
thata € Syand if s € S then s itself is representing its] equivalence class.
Every element of nym(R’[S]) is of tlle1 form X ¢; 5; 1;, where s; € Sy,
all ; € S and ¢; € Q, and the s; #; are the chosen representants.

Ve d

—

——1- - . . -
Denote s; t; by s; lt,-. It is clear that g; commutes with s; ]tj. The only
P~ ~

thing that remains to be proved is how sj-_ltj and sj_]tj are multiplied.
Now,

~
I

S -1TT -1 17
Y(sjs;) Tty = v (s, s0) v, L)ssi L
Pr—

—1 ” m—lor—1.m
= Y0 i) Y, V(7 1) y(sisi, 1) s ,

where the s” ~!#” is the fixed representant of the equivalence class of
(s55) ‘(t,-tj). Hence we can view nym(R’[S] ) as a twisted semigroup ring
Q'[(S)] and the defining 2-cocycle satisfies the condition of the
statement.

Recall that
Z(R'[S]) = Z(R)'[S/].
Note that we have
Z(R'[S]) © Z(R'[(S)]) © Z(R'[S])”'Z(R'[S])
and therefore Sy C (Sy) and (Sy) = (S)r.
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LEMMA 6.2. Let R'[S] be a twisted semigroup ring which is prime
Formanek. The following statements are equivalent:
(1) R'[S] is a P.L ring;
(2) R'[(S) ]is a P.L ring.
Proof. Since
RI[S) C R'[(S)] € Qun(RS])

and since R'[S]is P.I if and only if Qyn(R[S]) is P.I., because this last
ring is a central localization of R'[S], the result follows.

LEMMA 6.3. Let R'[S] be a central Q-Krull ring. Then R is a central
Q-Krull ring.

Proof. This is similar to the proof of Proposition 3.10 of [9].

PROPOSITION 6.4. Suppose that R'[S) is a P.1.-Q-Krull ring. Then
() CL(R'[S]) = CI(R) D CL(Q'[S])

Pic (R'[S]) = Pic (R) @ Pic (Q[S])

(2) C1 (Q'[S]) and Pic (Q'[S]) are independent of the simple ring.

Proof. (1) By Proposition 1.2 and Lemma 6.3 R is a P.I. Q-Krull ring.
We have an exact sequence

I — ker ¢ — D(R[S]) 4 D(Q'[S]) — 1

(cf. Section 2) and ker ¢ = D(R) by sending I € D(R) to I'[S]. Moreover,
a similar proof as in Proposition 4.4 yields that

ker ¢ N P(R'[S]) = P(R)

and hence ker ¢ = CI (R). Moreover this sequence splits because
Cl(R) = CL(R'[S]) = CL(R'[(S)]) = CL (R)
(1] = [I'[ST]1 = [I'T(S) 11+ [1]

and this last map exists because Cl (R'[S]) = CI (R) (Proposition 5.10).
Similarly we have an exact sequence

1 — Pic (R) — Pic (R[S]) — Pic (Q'[S]).
But
Pic (Q'[S]) = Pic, (Q[S])
by Theorem 3.5. If [I] € Pic, (Q'[S]), then I = Q'[A], A an ideal of S;

I''= @ o
SEC
sACS

Therefore I N R[S] = R'[4] and R'[A4] is an invertible R'[S]-ideal.
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Therefore
1 — Pic (R) — Pic (R'[S]) — Pic (Q'[S]) — 1

is exact (for more details, see [21] ). The rest of the proof goes as before.
(2) By Theorem 3.5

C1(Q'[S]) = Clg (Q'ISD).

A graded divisorial ideal is of the form I = @, cy Oh and H an ideal of S.
If Q' is another simple ring such that im y € Q’, then we send I = Q'[H]
to Q"[H]. This defines an isomorphism between Cl, (Q[S]) and

Cl, (Q"[S)).
Note that when S = N and ¢ is trivial we have
Cl(R[X]) = CI(R) @ C1(Q[X]) = CL(R)
since Cl (Q[X]) = 1.

LEMMA 6.5. Let R'[S] be a twisted semigroup ring which is prime
Formanek. If 1 is an ideal of R'[S], then IR'[ (S)] = R'[ {(S) ]I.

Proof. We claim that
IR[(S)] € R(S)IL.
It suffices to prove that
Ix"!' c R[(SY) forallx € S.

Let x € S. There exists an element x’ € § such that x'x € §f
(Proposition 5.1), in particular x’x € Z(R'[S]). We have

X' =axx ' X wherea € Z(R) N %R).
Therefore
X' = Ivx" '} = xx7'Ix € R[(S)]L.

PROPOSITION 6.6. A twisted semigroup ring R'[S], which is prime
Formanek, is a symmetric maximal order if and only if:

(1) R is a symmetric maximal order,

(2) If h € (S) is such that there exists an element g € S such that for all n
€ N, gh" € S, then h € §S.

Proof. Suppose R'[S] is a symmetric maximal order. It follows easily
that R is a symmetric maximal order. Let 2 € (S), g € S such that gh" €
S for all n € N. Then gh” € R'[S]. Since g and 4 are normalizing
elements, we have

g(R'[SIhR'[S])" < R'[S].
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Now there is a g’ € S such that g’g € S, by Proposition 5.1. Therefore
Ze(RS)" € RI[S],

It follows from Lemma 1.1 that & € S.
Conversely, suppose that / is an ideal of R'[S], @ € Qyyn(R'[S]) and I«
C 1. By Lemma 6.5 R'[ {(S) ]/ is an ideal of R'[ (S) ] and

RU[(SHIa € R'(S) L.

Since R'[(S)] is a symmetric maximal order (Corollary 5.6), a €
R'[{S)]. Since (S) is torsion free abelian, (S) is an ordered group.
Write

p
a = 2 aigi, & € (S),

i=1

such that g; < g, ... < g,. Choose
p —
B = 2 bk €1n Z(R[S])
j=1

such that &) < ... < h,. From I&" ¢ I C R'[S], we deduce for all n that
Ba" € R'[S]. The fact that (S) is ordered yields hqg;,z € S for all n.
Therefore g, € S by the assumption on S. By induction we obtain that «
€ R'[S].

PROPOSITION 6.7. Let R'[S] be a P.1. Q-Krull ring, S* a subsemigroup of S
such that Sf C Sy. Let R'[S*] be the twisted semigroup ring defined by the
2-cocycle of R'[S] restricted to S*.

(1) If S N (S*) = S*, then R'[S*] is a P.I. Q-Krull ring.

() If R'[S] N Qum(R'[S*]) is completely integral over R'[S*], then
R'[S*] is an Q-Krull ring if and only if S N (S*) = S*.

Proof. (1) We have

R'[S*] = R'[S] N R'[{S*) ].
First we deduce that R[S*] is a symmetric maximal order from
Proposition 6.6. Let h € (S*), g € S* and for alln € N, gh” € S*. In
particular # € (S), g € S and gh" € S. Hence h € § N (§*) = S*.
Because R'[ {(S) ] is a P.I. Q-Krull ring and since (S*) C (S) we conclude

from Theorem 5.9 that R'[ (S*) ] is an ©-Krull ring and Z(R'[ (S*) ])isa
Krull domain. Because Sf C Sy we have

Z(R'[S*]) = Z(R'[S]) N Z(R[(S*) 1)

yielding that Z(R'[S*]) is a Krull domain. Proposition 1.3 yields us the
desired result.
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(2) Let @« € R'[S] N Qum(R'[S*]). There exists an element ¢ €
Z(R'[S*]) such that for all n € N

¢(R'[S*]aR'[S*])" C R'[S*].

Since R'[S*] is a symmetric maximal order we have that « € R[S*]. This
yields that

R[S*] = R[ST N Quym(R'[S*])
and therefore S N ($*) = S*.

PROPOSITION 6.8. Let S be a finitely generated semigroup, such that R'[S)]
is a prime P.1. ring. The following are equivalent:

(1) R'[S] is a P.1. Q-Krull ring

(2) for all h € (S), such that there exists g € S such that for alln € N,
gh" € S, it follows that h € S.

Proof. R'[S] = R'[{S)] N Q'[S]. Suppose R[S] is an Q-Krull ring.
Then Proposition 6.6 yields the desired result. Conversely if (2) is satisfied,

then R'[S] is a symmetric maximal order. It remains to be checked that
Z(R'[S]) is a Krull domain. Now

Z(R'[S]) = Z(R[(S)]) N Z(Q'[S]). and

Z(Q'[S]) = Z(Q)'[$7]-

We claim that Sy is a finitely generated semigroup. Let si,...,s, a
set of generators of S. There exists a fixed m € N such that x” € S,
x € S (Proposition 5.7 and Lemma 6.2). Therefore there will be only
finitely many elements in Sy, which cannot be written as a product of
m m . m m ..

s1,-..,5,. Hence Syis generated by s, ..., s, plus finitely many other
elements. Therefore Z(Q) [Sf] is Noetherian and hence a Krull domain.
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