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Abstract. Let k& be an algebraically closed field of characteristic zero. 1. M.
Musson and M. Van den Bergh (Mem. Amer. Math. Soc., vol. 136, 1998, p. 650)
classify primitive ideals for rings of torus invariant differential operators. This
classification applies in particular to subquotients of localized extended Weyl algebras
Apnr = klx1, ..., X, xﬁ:l, ce, x,fl, a1, - .., dy], where it can be made explicit in terms
of convex geometry. We recall these results and then turn to the corresponding primitive
quotients and study their Goldie ranks. We prove that the primitive quotients fall into
finitely many families whose Goldie ranks are given by a common quasi-polynomial
and then realize these quasi-polynomials as Ehrhart quasi-polynomials arising from
convex geometry.
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1. Introduction. Let k be an algebraically closed field of characteristic 0. In
[15], the authors classify primitive ideals for rings of torus invariant differential
operators. It applies in particular to the Weyl algebras k[xi, ..., x,, 1, ..., d,] and
their generalizations described in (1) below. In these cases, the classification can be
used for a description of the primitive ideals in terms of convex geometry. We recall
these results and then turn to the corresponding primitive quotients and study their
Goldie ranks. Recall that the Goldie rank of a (prime noetherian) ring R is defined as

Grk(R) = max{k | I; @ - - - ® I is a direct sum of nontrivial left ideals in R},

and measures the size of the quotient ring in some (non-commutative) way.

Based on the convex geometry used to classify the primitive ideals, we prove that
the primitive quotients fall into finitely many families such that their Goldie ranks are
given by a common quasi-polynomial. Let us formulate our result more precisely: On
the ring of differential operators on k" x (k*)*

A=D(k[xy, ..., xp x5 ) =k e B8] (D)
one has a 7Z"-grading coming from the adjoint action of the subspace t=
spany {x;9; | 1 <i <n} of A. This grading carries over to the subquotient BX =
A% /(g — x(g)) of the algebra A for any subspace g C t and x € g*, where A? denotes
the g-invariants of A and (g — x(g)) stands for the ideal generated by elements z — x (¢)
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for t € g. The classification result of [15] states that

{Primitive ideals of B} <"1 {Regions (@) C t* |« € V(g — x(g)) C '}
J(@) < (a),

where a region () is defined to be the Zariski closure of the support of a certain simple
t*-graded module L(«) with annihilator J(«). In particular, every primitive ideal is
isomorphic to the annihilator J(«) of one of the L(«). The regions («) are given in
terms of lattice points (coming originally from the weight lattice Z” of .A) and parallel
translates of hyperplanes. This description gives a beautiful interpretation of the Goldie
rank, namely it equals the number of connected components of («), see Theorem 20.

We are interested in the behaviour of Goldie ranks under dilation « — xo« with a
positive integral factor x € Z.( and want to interpret this number in terms of counting
integral points in an appropriate polytope. For this purpose, we have to assume three
technical conditions given in Section 6.2. We then construct the polytopes so that the
number of points in the intersection with the standard Z-lattice equals the connected
components of («). This counting of points can be done using Ehrhart theory for all
x € Z-o such that xa satisfies the above technical conditions. The Goldie ranks for
families of primitive quotients BX /J(«), see Theorem 40, can then be expressed in

terms of the Ehrhart polynomial.

THEOREM. Let a € t* and x € 7. Assume conditions (Ass1)—(Ass3) hold for o and
xa. Then the Goldie rank of the primitive quotient B** /J(xa) is quasi-polynomial in x
and given by

Grk(B™ /J(xa)) = EHPy(x'),

where EHP is the Ehrhart quasi-polynomial of an appropriate rational polytope Q with
respect to the standard lattice and x' € Q is the dilation factor obtained from rescaling x.

This result should remind of the classical Goldie rank theory for universal
enveloping algebras $i(g) of semisimple complex Lie algebras developed by Joseph.
First of all, for $4(g) there is Duflo’s theorem [6] that any primitive ideal arises as the
annihilator of some simple highest weight modules L()) of highest weight A € h* for a
Cartan subalgebra ) C g, see also [8, Corollary 7.4]. In other words, the BGG category
O ¢ U(g)-mod suffices for the description of the primitive ideals. It has consequences
for the description of the corresponding primitive quotients: Joseph found families
of primitive ideals (depending on the central character respectively highest weight) in
which the Goldie ranks vary polynomially, [9, Corollary 5.12], see also [8, Theorem
12.6]. These Goldie rank polynomials can in general only be computed up to a constant
factor [8, Appendix 14A.3]. Notice that for g = sl, there is some recent progress,
[16] and [4], using finite W -algebra techniques, generalizing the fact that for a finite
dimensional simple $4(sl,,)-module, its dimension equals the Goldie rank of its primitive
quotient, [10].

The classification of primitive ideals was established in [15], in fact for a more
general class of torus invariant differential operators than the algebras studied here
and resembling strongly the classical Lie theory by working with the full subcategory
OW of BX-modules M such that @, .. Sym(t)/m, — M as left Sym(t)-modules, where
M becomes a Sym(t)-module via Sym(t) C A? — B, and the m, are the maximal
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ideals of Sym(t). The modules in OV are t*-graded with M, = {x € M | m,x = 0}.
The annihilators J(«) of the simple quotients L(«) of analogues of Verma modules
then give a complete list of primitive ideals of BX. Unfortunately, the aforementioned
translation into convex geometry is however not available in general.

The first three sections contain basic definitions and recall results from [15] with
the goal of formulating Theorem 20 which will then be proved in the last section.
Section 5 describes the link to the hyperplane geometry. The new results appear in the
last section (Theorems 40 and 39).

2. Preliminaries: localized extended Weyl algebras. This section provides a brief
overview of some results that can be found in [15]. As base field we fix an algebraically
closed field k£ with char(k) = 0.

DEFINITION 1. Let n, 1, s € Z>o and n = r + s. The localized extended Weyl algebra

A=A, is defined to be the k-algebra generated by xi,...x,, xirll, e xfl and
31, ..., 9, subject to the relations [x;, x;] = 0, [3;, ;] = 0, [3;, xj] = §; and x;x7 ' = 1 =
x7 'x;. By abuse of notation, we often write A = k[xy, ... x;, x;ill, e XL )

In the case r = n, this definition gives the classical Weyl algebra of polynomial
differential operators. We will usually call A, just Weyl algebra. It shares many
properties with the classical Weyl algebra:

PROPOSITION 2.

i) The algebra A can be written as the tensor product of n small Weyl algebras
Ai, where A; = k[x;, 8;) fori < rand A; = k[xF', 8;] fori > r, that is, we have
an isomorphism of algebras AZ A @ --- @ A,.

ii) Ais a left (and right) noetherian domain; furthermore, A is simple (with
respect to two-sided ideals ).

The proofs work exactly as for the classical Weyl algebra, see e.g. [5]; details can be
found in [14].

2.1. The weight lattice of the Weyl algebra. Consider the subspace t=
spany {my, ..., 7w, | m; = x;0; € A} of the Weyl algebra A with the adjoint action
of ton A given by [t, a] = ta — at for t € t, a € A. Denote the weight spaces of .4 with
respect to this action by A, with « € t*.

LEMMA 3. Identify t* with k" via ] +— e;, where [ (r;) = &;. Then

A= P A

aeZ"

More precisely, the weight spaces are of the form A, = Ap-a, with
Ao = Sym(t) = k[n, ..., m,]Jand a, =[], xE“"), where xgaf) =x%,ifi > rori <rand
a; > 0,and xﬁ“") =9;%,ifi <rando; < 0,e.g.in A = klxi, x2, x?l, a1, 0>, 03], one has

— 94,5,—6
a(-4,5,-6) = I X3X3 "

Sketch of Proof. A case-by-case calculation gives that t acts on Ay - a, by «. To see
that every monomial in A lies in @, .y Ao - aq, it suffices to consider the smallest Weyl
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algebras A; from Proposition 2 because monomials in A; commute with monomials
in A; for i # j. To see that a monomial in A4; is indeed in @, _,» k[, one reorders
the factors of the monomial, at the cost of summands with a lower number of factors
9;, and uses induction.

2.2. The central subquotient B*.

REMARK 4. The triple (A, t, ¢) with ¢ = incl: t — A fits into a more general
picture developed in [15, Section 3]. By taking subalgebras and quotients of such a
triple, one can construct new ones, see [15, Section 4]. Here, we are only interested in
a combined construction resulting in a subquotient of the Weyl algebra A.

DEFINITION 5. Let g C t be a subspace and let x € g*. Then define

B* = A%/(g — x(9)),

where A% = {a € A |Vt e g: [t,a]l =0} is the centralizer for the action of g C t. The
two-sided ideal (g — x(g)) of A is generated by g — x(g) = {t — x(t) € A |t € g}.

On B*, we still have an action of t coming from the precomposition of ¢ : t C
A% — BX with the adjoint action; BX then inherits a weight space decomposition from
A. Note that in A? only the weight spaces for « € V(g) survive, i.e. A% = P, V(g) Aa-

3. Primitive ideals and simple modules. We now turn to the description of the
primitive ideals and the primitive quotients of the algebra B*. The primitive ideals of
B* have a very nice classification given in [15, Theorem 7.3.1], which reduces the study
of all the primitive ideals to the study of annihilators of a very special class of simple
modules.

THEOREM 6 (Correspondence between primitive ideals and closed regions). There
is a one-to-one correspondence

{ Regions (&) C t* | a € Vi(ker¢)) PN { Primitive ideals C B*}

(a) <— J(a),

where J(«) is the annihilator of the simple t*-graded module L(o) whose construction is
given in the subsequent section, and () is the support of L(a), i.e. the set of weights B € t*
Jorwhich L(a)g) # 0, with Zariski closure (o) C t*. The map ¢ is given by t C A® — BX.

REMARK 7. This theorem holds for the more general class of rings studied in [15,
Theorem 3.2.4]. The construction of the simple graded module L(«) (outlined below)
works as in the general setup.

3.1. Some simple graded modules for B*. Let us denote the maximal ideal
corresponding to o € t* = Spec(Sym(t)) by m,. We consider m,, as subset of BX via

t 5 pr. By [15, Proposition 3.1.7], the left BX*-module B*/B*m, comes with a t*-
grading:
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LEMMA 8. The BX-module B* | B*m,, is graded with
(B*/B*wy) ) = {m e B*/B*m, | (m,).m =0} = B} ,/B} ,m,.

Furthermore, 1 € (B* /| BX Mg ) ), S0 BX/B*my, is generated in degree ().

REMARK 9. One can check that all weights of BX/BXm, are contained in
V(ker(¢)) C t*.

This grading plays the role of a weight space decomposition in the analogy with
$(g), in which context the module B*/B*m, appears as ‘highest weight module of
weight o’.

ProPOSITION 10 (The unique simple quotient L(«) of BX/BXm,,).

i) BX/BXwmy has a unique simple quotient =: L(w)
ii) dimy (B*/B*my) ) < 1 and therefore dimyL(a)g) < 1 for all B € V(kerd).
iii) L(ay) = L(ay) if and only if Supp L(a;) N Supp L(ay) # 0.

A very important feature of the module L() is that it inherits the t*-grading from
B /B"my,.

REMARK 11. Property 10 means that knowing one weight of the special simple
module determines it already up to isomorphism. In other words, if 8 € L(«), then

L(B) = L(a).
DEFINITION 12. Let o € V(ker(¢)). Define the region

()pr = Supp L(«) = {B € V(ker(¢)) | L(B) = L(w)}
and the primitive ideal

J(@) = Ann(I(a)) = {a € A | a.L(x) = 0}.

REMARK 13. For our ¢ given by t C A? — BX, one can check that V(ker(¢)) =
V(g — x(a)).

3.2. The regions of the Weyl algebra A and its subquotient BX. We want to give
a detailed description of the regions (o) g« and their Zariski closures deduced from
a description of the regions (&) 4, which are by definition the supports of the simple
modules L(x).

One has (a) 4 C o + { weights of A4} for any « € t*, because L(«) is a graded .A-
module generated in degree «. In Lemma 3, it turned out that the weights of A form
a lattice Z" inside t*, in other words, («) 4 C o + Z". This plays indeed an important
role in the description of the regions (&) 4, as the following result shows. It is a slight
reformulation of [15, Corollary 6.2].

PROPOSITION 14. For all o € t¥, the region (a) 4 is of the form

(ya={Bet' |B=a modZ" andBi € 7>y & o, € ZsoV1 <i<r}.
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The regions behave well under the passage from A to BX. Indeed, by [15,
Proposition 4.4.1],

(e)pe = (a)aN V(g — x(9)) 2

holds for @ € V(g — x(g)). We already have a very concrete description of (&) 4, here
is one for V(g — x(g)):

LEMMA 15. Define n; = w}|g. Under the usual identification of t* with k",

n
Z%’Uz’:X }

i=1

Vig—x(9) = {a =(a1,...ay) € k"

thus V(g — x(9)) = V(g) + a for any a € V(g — x(9)).

Putting together the results of Proposition 14 and (2), one can see how the
geometrical picture evolves: («)p« is the intersection of V(g — x(g)) with the lattice
a + 7" and the polyhedral cone

Ay ={B|Bi€Zsyg & ajeZspforl <i=<r}

REMARK 16. Note that from Proposition 14, it follows that the localization of
x; leads to less inequalities in the description of the regions. E.g. for r = 0 where all
x; are inverted, no inequality is left and (¢) 4 = « + Z". In other words, the concrete
geometrical classification of the primitive ideals for any subquotient B* with r = 0 tells
us that there is only one such ideal, corresponding to V(g — x(g)) C t*, and this is the
zero ideal. So B is simple in this case, see [15, Proposition 3.3.1].

4. Primitive quotients and Goldie rank. The goal of this section is a description
for the Goldie rank of the primitive quotients of BX involving the geometry of the
regions. We recall the definition of the Goldie rank and the description of the primitive
quotients of B and formulate the main theorem which will be proved finally in Section
6.

We work with the following definition of the Goldie rank:

DEFINITION 17. For a prime noetherian ring R, the Goldie rank is defined to be

Grk(R) = max{n | there is a direct sum of left ideals Iy & ... ® I, C R}.

REMARK 18. This definition applies since the ring BX /J constructed from the Weyl
algebra is indeed prime and noetherian: As a primitive ring, B*/J is also prime [11,
Proposition 11.6]. Moreover, B* is noetherian (see [15, Theorem 7.3.1]) and so is B* /J.

Note that if the prime noetherian ring R has no zero divisors, then Grk(R) = 1.
This follows from the alternative characterization of Goldie rank, given as the size n
of the matrix ring over the skew field D such that the classical ring of quotients Q of R
is isomorphic to M"(D), but in this case Q = D = M (D).

4.1. Goldie rank as number of connected components. A primitive quotient of a
ring R is defined to be the quotient of R by a primitive ideal J. From Theorem 6, we
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have a complete list of the primitive ideals in B*, they are all of the form J(«) for o €
V(ker(¢)). [15, Proposition 7.4.1] provides a description of the corresponding primitive
quotient BX /J(«), which we recall now. Because one has to distinguish between the B*
with underlying space g and some other BX corresponding to h O g, we index it by the
underlying space.

PROPOSITION 19 ([15]). Let J C Bj be a primitive ideal. Then there is a subspace

gChCtandxi, ..., xp € b* with xilg = x for all i such that
Xl pXiX
Bh Bh] 2
B?)(Z«Xl B:)(Z
By = |
Xp
By

where By"Y = (Bg);'_xf /(b = xi(h)) (B)g()g'_Xj is a bimodule with (Bé)gi_)(j = {ae
B} | [¢(0),al = (x; — x;)(D)a ¥ t € b}. The right-hand side consists of matrices with
entries by € BX%, the multiplication is given by ‘matrix multiplication’.

The following theorem connects the Goldie rank of the primitive quotients with
the geometry of the closed regions (&) «, crucial for the upcoming theorem on Goldie
rank quasi-polynomials. The statement can be found (without proof) in [15, Corollary

7.4.3] and will be proved in Section 6.

THEOREM 20. The Goldie rank of B*/J(a) equals the number of connected
components of (o) gx.

5. Primitive quotients of B* and hyperplane arrangements. The goal of this section

is to give a geometrical description of the Zariski closed regions (&), C k" in terms
of hyperplane arrangements.

5.1. Computation of the closure of («)p.. We already have a description of the
non-closed regions («) g« as the intersection of V(g — x(g)) with the lattice « + 7" and
the polyhedral cone A,. The cone cuts out the coordinate chamber in which « lives,
but only for the ‘interesting’ indices {i | 1 <i <1, «; € Z} =: T,. Indices that are not
in T, are not affected.

To compute the Zariski closure of {(«)gx, one may apply the following result from
convex geometry (see [15, Proposition 7.1.2]). For this purpose, we assume from now
on that the arrangement is rational, i.e. the defining equations of V(g — x(g)) C k"
have coefficients in Q" and in particular « € Q" C k".

PROPOSITION 21. Let E be a vector space over Q. Let L C E be a full Z-lattice, i.e.
L generates E.

i) Given any Ay, ..., \y € E* there is a unique decomposition of the index
set T =A{1,...,m} into two disjoint parts 1UJ, such that there are e € E,
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z=1(z1,...,2zm) € Q" with

m
Zzi)‘i =0, and (A;,e) = \i(e)
i=1

>0, foriel

= i and z; =
=0, forield

=0, foriel
>0, foriel.

ii) Given furthermore qi, ..., qm € Q, define E' = (;.; ker(x) and

C:{XEE| <)w,x>=)\1(x)§%7 VIET}v
C =X € E| (%) = 1(x) < g Vj € J),

then the Zariski closure of CN L equals CNL=C' N(L+ E')and C'N(L+
E') is a finite union of translates of E'.

To apply the proposition to (a)p = V(g — x(g)) N (¢ + Z")N A,, we have to
consider the lattice and thecone A, = {8 | 8i € Z>0 & «o; € Z>ofor 1 <i <r}overQ.
Moreover, everything has to be translated by —« back to the origin, i.e. the proposition
will give us a description of the closure of Q" N (&) g« — . Define

E=V@NQ, L=27'nV(g), T =T, ={i|l<i<r aelZl,

Aiw) = —u;  ifo; € 75, o; ifa; € Z59,

) =w  faeZo’ T -1 ifaeZ,

sothat C = {x € E|A(x) <g;forallie T} = Q"N A, — «, and thus we have indeed
R"N{aypr —a = LNC.

Now, Proposition 21 tells us that CNL = C' N (L + E') with

C:={xeE|rx)<gq;, foralljeJ}={yeV(@l|y>—-o & o;>0
forallj e J} N Q",

E = (ker(x) = {y € V(g) |y, =0, foralljeJ C T,} NQ".
jeJ

Here, the index set J is chosen by Proposition 21 in such a way that the corresponding
inequalities cut out a hounded polyhedron. The other indices either belong to 7, \ J,
so they give inequalities that are no longer visible after the closure, or they do not even
belong to T,, in which case there has never been associated any inequality with them.
From now on, we denote by 7 all indices that arenotinJ, I = {1,...,n}\ J, not only
the index set 7}, \ J from Proposition (21.1).
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COROLLARY 22 (Description of («)p«). Let a € t*. The closure of (a)px =
Supp L(«) is given by

forallj e Jonehas vy €2,

(@)p = {y € V(g— x(@) 20 & >0,
V<0 & ;<0

N {y € V(g — x(g) j;yjnj € J;O‘j’?j + ;Zm}'

Proof. Apply the proposition to the rational arrangement, then pass to the closure
over k and translate the result by « back to V(g — x(g)). This gives

BelV(g—x@): d=a modZ",
and for allj € J,
)/]'I(SjZO = Oljzo,
vi=6<0& o <0

(@)p = 3y € V(g — x(g)

where one has to notice that the inequalities still make sense because they only
involve expressions in @ (due to the rationality assumption). The rest of the proof is
calculation. ]

REMARK 23. Interestingly, the first set in this intersection

forallj € Jonehasy; € Z,
y € V(g —x(@) =20 & o >0,
<0 & <0

forallj e Jonehasy; € Z,
=17 € V(g—x(9) y; > 0forallje Jy,
y; <O0foralljeJ_

does only depend on the sign configuration of «, not on « itself. Thus, this part of the
description is the same for all @ € t* with the same signs

Jy ={eJ|a;>0}

Jo={eJ|a <0}

Different «’s that share the same sign configuration J = J, U J_ do result in the same
set, which we will denote by M. This is in contrast to the case of the set

_ 2y € Yoym + 3 I
v eviaxw) | T = Zom + X2} ()
which may change with «, even for «’s with the same sign configuration, [15, Example

7.2.7].

Following [15], we denote the equivalence class of Zje o + Y. Zn; by v and

the set (3) by M. With this shorthand, we have

iel

() g = M;N M. “4)
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Note that there are infinitely many different regions («) g« (for arbitrary « € t*, we even
get infinitely many different lattices o + Z" as long as n > 0). However, we recall the
proof of the following result from [15, Corollary 7.2.6] to illustrate the geometry:

PROPOSITION 24. There are only finitely many regions closures (&) px.

Proof. There are at most 2" many different sign configurations J = J, U J_ and
so, thanks to (4), we only have to show that for a given sign configuration, the number
of admissible cosets ¥ is also finite. Recall that ¥ = ., a;m; + 3~,.; Zn; belongs to
a point « in V(g — x(g)) with sign configuration in J. Therefore, © has to satisfy
a; € Zsg forallj e J; and o; € Z_ for all j € J_, furthermore there are u; € Q such
that Zjejocjnj + > i mim; = x. We want to construct now ¢ € g and apply it
to > e am; + Y mimi = x to show that there are only finitely many solutions
o; € Z, hence only finitely many admissible ©. Use once more Proposition 21 to obtain
coefficients z; € Q with

Z Zkhe = 0 and z;>O0foralljeJ, z=0otherwise.
keT,

Now, define ¥ € g = (g*)* by (¥, nk) = yx with y, = —zx fork € J,,yx =z fork € J_
and y; = 0 else. This is well defined: The n; generate g* but they need not be linearly
independent, so we have to check that Y}, yyx = 0 whenever > ;_, yxnr = 0. Now,
use that y = () € V(g), so we may apply 0 = ZkeTu zihx € V(g)* to it and find that

n

0=">"zhy) =Y vivk-
keT, k=1

So ¢ exists and we find indeed the equation Zie] a;y; = (¥, x) with o;; <0 and
a; € Z for all j € J, which has only finitely many solutions.

EXAMPLE 25. In case J = {1, ..., n}, which occurs for the classical Weyl algebra
kl[x1, ..., Xy, 01, ..., 9,y] only, one has My = V(g — x(g)), so My doesn’t influence the

region () g = M. Furthermore, £’ = {0}, so in this case the region consists of finitely

many points. The case J = ¥ implies immediately («) g = V(g — x(9))-

This example leads to the question about inclusion relations between the («) g,. In our
notation, the answer of [15, Proposition 7.2.5] reads as follows:

PROPOSITION 26. Fix g C t. Let a, B be in t* with sign configurations J*,J? and
corresponding U, ¥ from Remark 23. Then

EBX - (,IT)BX if and only if <in cJg, J? CJ%, and V=19, mod ZZn,) .

ielf

5.2. The connected components of (). From the application of Proposi-

tion (21.11) to («) g« , We also know a description of {(«) g, as a finite union of translates
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of the hyperplane E' = () ker(2;), in other words,
jeJ

P
@) p = JE +6 +a)

i=1

for some §; € t*. For later purposes, we examine this description in more detail. The
following lemma is part of the proof of [15, Proposition 7.4.1]. With C, L etc. we use
the same notation as before.

LEMMA 27. Let « € V(g — x(g)). Then there are g C b C tand x; € b such that

P P
@y =LNC +a=JE+6+a) =]Vl - xb)

i=1 i=1

where by = span, {X; | j € J} (under the canonical identification (t*)* = tsuch that 1;(y) =
y(X) for all y € ) and x; = (8; + o)ly.

We consider V(h — x;(h)) and V(g — x(g)) as subsets of t* as usual.

REMARK 28. From () = [J_,(x; + V(h)), one can see that («)p, has exactly
p connected components: V' (h) is connected and the different translates have trivial
pairwise intersection. Hence, the connected components are exactly the V' (h — x;(h)).

6. Goldie rank polynomials for primitive quotients of BX. We finally use the results
from Section 5 to calculate the Goldie rank of the primitive quotient BX /J(«). We
establish the existence of Goldie rank polynomials for the central quotients of the Weyl
algebras, and connect them with the geometry of hyperplane arrangements studied in
the previous section.

6.1. Proof of Theorem20. Denote B} /J(«) by B. We have to consider left ideals in
B. Recall the matrix description from Proposition 19 with matrix entries the bimodules
B ~ e;Be; for pairwise orthogonal idempotents e;, e;. This gives at least the p column
ideals Be;in B. Since B = Be| @ ... @ Be, is a direct sum decomposition of B, it remains
to check that inside the column ideals there are no further direct sums of left ideals
I; & I} of B. Write B; for B;"”.

Assume that Be; D I; @ I}, we have to show that one of them must have been trivial.
Assume that /; is nontrivial. We can find a regular element in /; & P, Be;:

First, construct an element of I; that has exactly one nonzero entry located on
the ‘diagonal’ (recall that /; is contained in the ith column ideal). Let a € I; be any
nonzero element. If the ‘diagonal entry’ a;; is nonzero, multiply a from the left with the
idempotent ¢;, this gives the desired element. In the case that a;; = 0, some other entry
a;; must have been nonzero. By multiplication with ¢;, we may assume that this was the
only nonzero entry of . We want to see Bja;; # 0, in other words, one can find b € B;
such that ¢ = ba € B;; has a nonzero ‘diagonal entry’ at position (i, i).

LEMMA 29. If Bja;; = 0, then aj;; was zero.

Proof. From Bjaj;; = 0, it follows immediately that (a;; Bj)(a;;B;) = 0 in the domain
Bj, hence a;;B; = 0. Now, consider the idempotent e = ¢; + e;. The matrices in eBe only
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have nonzero entries at the positions (i, i), (i, j), (J, i), (j, /). One calculates for a as above
the identities ((eBe)a(eBe))*> = 0 and

B(eBe)a(eBe)B - B(eBe)a(eBe)B = B((eBe)a(eBe))*B = 0.
Since B is a prime ring, B(eBe)a(eBe)B =0 follows. Moreover, a =e*.a-¢* €
B(eBe)a(eBe)B = 0, so a = 0 and in particular a;; = 0. O

These arguments show that there is ¢ € I; with the ith entry # 0 and all other
entries = 0. One can complete ¢ to a regular element in I; @ @j ; Bj by defining a
matrix C with ¢; = ¢, all other diagonal entries are arbitrary regular elements from
the domains Bj; and all non-diagonal entries are zero. A short calculation which can
be found in [14, Proof of Theorem 7.5.1] shows that such C is indeed regular in B.

From the existence of a regular element in the ideal 7; @ P,,; Be;, it follows that the
ideal is essential in B, cf. [12, Theorem 11.13, (2)=(5)]. In particular, the intersection
of I; & €P;, Be; with I} is nonzero if I; is nonzero. But ; @ I} was a direct sum, so
Il = 0 follows.

Altogether, we obtain

Grk (B} /J(@)) = p = number of connected components of («) 5,

where we employed for the last equality Remark 28. The theorem follows.

6.2. Ehrhart theory applied to families of regions (a)z. We have seen in
Remark 28 that () = |JE + 8 +a =J V(b — xi(h)). Here, E' is connected in
the Zariski topology, and the translates do not intersect each other. Therefore, the
connected components agree with £ + §; + «, that is, with V(h — x;(h)). Eventually,
one may calculate the Goldie rank of Bj /J(«) via counting the translates. We reduce
this task now to counting lattice points in an appropriate polytope, which can be done

using Ehrhart quasi-polynomials.

DEFINITION 30. A polyhedron P C R" is given as the intersection of m half-spaces,
P=PA,z)={xeR'|Ax <z, ie. (Ax); < z; V]l <i <m}.

A polytope is a bounded polyhedron. Its dimension is the dimension of the subspace of
R" it spans. The dilation of a polytope P by x is definedasxP = {x-pe R"|p e P}. A
(full) lattice L inside R”" is given by the Z-span of some basis of R”, the standard lattice
is the one generated by the standard basis. For further details, see [17] and [2].

Classical Ehrhart theory states that given a lattice L and an integral polytope P
of dimension 7 (i.e. one with the vertices on the lattice), the number of lattice points
inside dilations xP of P by x € Z.( is a polynomial of degree n in Q[x], see [2, Theorem
3.8] or [7]. This so-called Ehrhart polynomial is denoted by EHP p(x).

The classical concept may be varied for rational polytopes (with vertices on the
Q-span of the lattice). The lattice point enumerator is then a quasi-polynomial in the
dilation factor x, also denoted by EHPp(x) [2, Theorem 3.23]. A quasi-polynomial of
degree n and period m is a polynomial of degree n with coefficients that are periodic
functions with periodicity m. Since we are only interested in evaluating EHPp for
integral x, we may think of a quasi-polynomial as a finite family of proper polynomials.
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How does this apply to our situation? Instead of considering xP as a dilation of
P, one can go one dimension up and interpret xP as the intersection of a cone with
parallel translates of a hyperplane. This should remind one of the intersection of the
cone A, with V(g — x(g)), although we still have to make some effort to tighten the
analogy.

REMARK 31. Notice that in Ehrhart theory one works over R, but due to our
rationality assumptions on the arrangement this does not cause any problem: We can
count the lattice points inside Q" C k" without losing information (and induce from
Q" to R" to apply Ehrhart theory).

So, where do such families of integral or rational polytopes P together with
their dilates xP for x € Z.y occur? We encounter them when counting the connected

components of (&) g, foralla € t* with the same sign configurationJ = J, U J_. Recall

from Section 5.1 the description of (&) g, as the intersection (&), = M; N My, where

forallj € J one has y; € Z,
M; = (v eV(g—x@) yj = 0forjeJ,,

v <0OforjeJ_
My = {y € V(g - x() gymj € jezjamj + sz}.

iel

REMARK 32. The set M is highly appropriate for a description via lattice points
and polytopes, whereas the behaviour of M, can hardly be controlled. The problem is
the missing description of My in terms of lattices: We do not know how M, changes
when changing «.

Since My cannot be controlled, the following considerations concentrate on a
handy special case. From now on, we make the following assumptions:

Assl Fix as usual g and thus V(g) rational, i.e. the coefficients of the defining
equations are in Q.

Ass2 Fix a sign configuration J = J, U J_ for g.

Ass3 Assume that g* = spany {n; | j € J} @ spany {n; | i € I}. This guarantees

My = V(g — x(g)), as can be easily checked, and therefore () = M;.

Notice that we only fix the sign configuration J, not « itself, nor even x. We call «
satisfying (Ass1)—(Ass3) of type J if the associated sign configuration is J. We want
to compare () with (o) g, where @' = x -« is a dilation of a with x € Z.( and
x' = > i_1 o;ni. This makes sense as long as xa belongs to the same index set J: If
some of the coordinates of « are rational, then xa might have more integral coordinates
than «. In this case, there are more inequalities activated in the definition of (xa) g,
so the index set J could also change. This we exclude by assuming that xa belongs to
the same index set J. The property My = V(g — x(g)) is conserved under dilation of
aand x:

LEMMA 33. Consider a € t* with My = V(g — x(g)) and its dilation o' = x -«
(x € Z-). Then one also has M}y = V(g — x'(9)) for x' = Y j_; a1k
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From assumption (Ass3), it follows immediately that
L forallj e Jonehasy € Z,
(o)pr =My = 1y € V(g—x(9) vy = 0forje J,
v <OforjeJ_

Counting the connected components resp., the different §; in
L »
@ p = JE + @+ ) (5)
k=1

is equivalent to counting the elements in

foralli € I one has §; = «;,
forallj € Jonehass; € Z,
8 >0forjeJy,
8 <0forjeJ_

D=15eV(g—x(g)

as the following lemma says:
LEMMA 34.

i) 84+ E C {(a)p forall 8 € D (hence, § represents one of the translates).

ii) Every translate of E' in (o) g« has a representative in D.
iii) Let$8,8' € D. Then E' +8 = E' + 68 if and only if § = §'.

Proof.

1) is for free.

ii) Consider an arbitrary element y € () 5,. We can add any element e € E' to
y without leaving (a)p, or even the component where y lives. Define e by
e,=0foralljeJ,e;=a;—yforallie Il Thisisin £’ and y + e € D (use
(05>Bx = MJ)'

iii) Theelements y in £’ + § look like e + & for some ¢ € E’. From the definition
of E’, we know that ¢; = 0 and hence y; = §; forallj e J. It E' + 8§ = E' + &/,
we deduce §; = 8} for all j € J. From the definition of 8,8 € D, we have

8 =8 =qa;foralliel,sod =4
O

COROLLARY 35. The number of connected components of (a) g equals the cardinality
of D.

Now that we have a set of representatives D with fixed coordinates §; = «; for
all i € I, we may project from k" onto k/ = span, {r; | j € J} without changing the
cardinality of D. This projection gives us the final pair of a lattice and a polytope to
which we can apply Ehrhart theory:

LEMMA 36. Denote the projection k" — k' by pr;. Then
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i) pry(D) = pr,(EBx) =P;NL, where L = 77 = span, {mm; | j e J}is the
standard lattice in Q7 = spang {7; | j € J} and Py is the polyhedron defined by

PJ:{dG VJ

=0 forjel,.
d<-1 forjed_ |’

where V; = {v e Q| Zvjnj = xyj ¢ With x; = Zajnj
jeJ jeJ

and oy = (aj)je_] S QJ.
ii) P; = A;NVyhas adescription as the intersection of the cone
Ay ={ve| vi>0forjelJy, vy <—1forjeJ_}
g | M) <0 orje
- Aj(v) <=1 forjeJ_
_ M=y ifjedy
Aj(U) =, lf] eJ_

with the affine subspace V; C Q’.
iii) Py is a polytope, i.e. Py is a bounded polyhedron.

Proof.

i) pr;(D) = P; N L follows from keeping track of the definitions.

i1) P; = Ay NV, follows also from the definitions.

iii) Py is indeed a polyhedron since it has a description via linear inequalities
(given in the definition of Aj;) and linear equalities (given in the
definition of V). Now, let us check the boundedness by showing that the
translated polyhedron P; — ay = (A; — ay) N Vy is bounded. Here, V) =
ve@’] Zje] vjn; = 0} is the image of the projection pr; (V' (g) N Q"). Notice
that pr;(V(g) N Q") = Vo and A;(y) = Aj(pr,(y)) for all y € V(g)NQ".
Thus, the image of A; on V) is determined by A;. By Proposition (21.1)
and the definition of J, for A; € (V' (g) N Q")* there exist rational coefficients
z; > 0 such that

ZZJ')»]‘ = 0
jeJ
For A restricted to ¥, considered as an element of V, this implies
Z ZjAj = 0
jeJ

Using the defining inequalities of A; — «;, we find upper and lower bounds
for all coefficients v; of v € (A; — ay) N Vo:
¢ j € Jy:In this case, v; > —a; and

v = —Aj(v) = ézzkAk(v) = %sz(_ak)'

Tk Tk
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* jeJ_: In this case, v; < —1 —«; and v; = A;(v) = L3 5 A (v)
7 ki

J

= l D Zko.
k#j

O

Notice that the definition of the polyhedral cone A; is independent of x, the x
influences only ;. Now, we have nearly reached our goal: We have
Grk(B*/J(a)) = number of connected components of (a) z

= cardinality of pr({c) gx)
= cardinality of P; N L,

where P; is a polytope and L is a lattice, which enables us to apply Ehrhart theory. The
only missing step is to describe the set pr;({(o) g,) as ‘dilation” of pr,({a) ), where
a' = xa with x € Z.y. Unfortunately, it is not the case that pr,(mgxr) =xP;NL,
since the centre of dilation is not necessarily the origin. In fact, it is the point z € Q’

with coordinates

0 for jelJ;

6
-1 for jeJ_ ©

Zj:

depending on J = J, UJ_ but not on x. In other words, one has to translate P; N L
by —z, then dilate by an appropriate dilation factor and translate the result back by
z to realize pr;({&') ) from pr,({a) 5. ). The next proposition tells us how x could be
rescaled. It is rather technical, but notice that the rescaling is linear in x.

PROPOSITION 37 (The dilation factor). Let o # z; so the polytope Py consists of
more than one point. The description of pr;({a)p) as intersection Py N L is up to a
linear rescaling compatible with dilation, i.e. for x € 7~ such that xa« induces the same

configuration J of signs,
pry({(xa) ) = (f(x)(P;—2)+2)NL.
Here, we use the notation of Lemma 36,

X —

f0 =T

where ay € Q such that z € ay - ay + Vy
and Vo = {v e Q’ | ZjEJ v;n; = 0} (the analogue of V(g)). The factor ay is rational and
depends only on o and z, not on Xx.

We have ay # 1 because o # z.

Proof. The proof is a straightforward calculation. Notice that o’ = xa and « are
by assumption of the same type. Thus,

forallj € J one has y; € Z,

(@) =M;=yyeV@g—x'@ | y=0 for jeJ,
<0 for jeJ_

https://doi.org/10.1017/5S0017089513000566 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089513000566

GOLDIE RANK OF PRIMITIVE QUOTIENTS 165

Furthermore, by Lemma 36, we have pr, ((«') g ) = P, N L, where

P)= {d ev,

d>0 for jel,, L J’ B o
d <—1 for jeJ_ and Vj=qveQ ZJ:U/U/—XJ:%'],—XJ .
JE je

We have to show that P, = f(x)(P; — z) + z or equivalently
Py —z=f(x)(P;—2).

First, we determine f(x). It should satisfy that multiplication of («; — z) by f(x) with
subsequent translation by z is equal to the original xe; up to addition of some v € Vyy =
ve@ | Z/EJ vjn; = 0}. In other words, we want f(x)(ay — z) + z = xa; 4+ v. Take
ay € Q such that z € ay - oy € Vy, i.e. z = agey + vy with vy € V5. A short calculation
gives

do 1—x

and v =
l—a()

x_
l—do

Jx)=

Vo.

This does the job: One can calculate that

X}‘fﬂli=f (X)~§(04/—Zj)77_/
foP =2 = {ded 7o 0 o jeu,

d<0 for jel_
and

;dﬂ’lj = g(mj =z

J |J€ JE

Pj—z=1deQ di>0 for jelJy
d<0 for jel_

By comparing them, it remains to check whether

[ Y (o= zm =Y (e — 2.

jeJ jeJ
But this holds since f(x)(ay — 2) = (xay —z) +vand v € V, ie } ;. ;vm = 0. [

Luckily, zisitself a lattice point, so that we do not need to translate the arrangement
back by z to count the lattice points. The benefit of the whole construction is the
following theorem:

THEOREM 38. For all regions of the form (xa)gy with x € Z-¢ such that xa has
the same type J, the number of connected components equals #(f (x)(P; — z) N L), where
f(x) is the rescaling of the dilation factor of Proposition 37.

6.3. Goldie ranks using Ehrhart quasi-polynomials. Recall the assumptions Assl—
Ass3 from the previous section. Now choose « € t* of type J = J; U J_ (in particular,
aj € Z for all j € J). We concluded the last section by the insight that the Goldie rank
of the primitive quotient B** /J(xa) with x € Z. such that x« is of also of type J may
be expressed as the number of lattice points #(f(x)(P; — z) N L), where L = Z” is the
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standard lattice in the ambient space Q” and P; is an appropriate polytope, translated
by z (only depending on J, see (6)). It is important to notice that P; is a rational
polytope since due to assumption (Assl) the defining equations in the definition of
P, have rational coefficients, see Lemma 36. The dilation factor f(x) € Q is a linear
rescaling of x, only dependent of the fixed « and z.

Now, one would like to compute the Goldie rank via the Ehrhart quasi-polynomial,
ie.

#((x)(P; —z)N L) = EHPp,_-(f(x)).

Unfortunately to apply the classical Ehrhart theory, we need f(x) € Z. Alternatively,
we can work with Ehrhart quasi-polynomials for rational dilation factors as defined in
[13]:

THEOREM 39 (Goldie rank of B* /J(«), first version). Let o € t* of type J = J U
J_ be given. Let x € 7. such that xa is also of type J. Assume conditions (Assl)—
(Ass3) are satisfied. The Goldie rank of the primitive quotients B*X /J(xa) is then a
quasi-polynomial in x given by

Grk(B™ /J(xa)) = EHP§,_(f(v)),

where EHP%FZ(/‘ (x)) is the rational Ehrhart quasi-polynomial of the rational polytope

P; — z with respect to the standard lattice L = 7’ composed with the linear rescaling
f(x) € Q from Proposition 37.

Proof. By Theorems 20 and 38, we know that Grk(B** /J(xa)) equals the number
of connected components of (xa)g, which is equal to #(f(x)(P; —z)NL). By
[13, Theorem 1.2], this is given by the rational Ehrhart quasi-polynomial EHPSM

g

in f(x).

In particular, for fixed o, we have a finite family of genuine polynomials that
compute the Goldie ranks of B** /J(xa).

However, we do not need to use the Ehrhart quasi-polynomial for arbitrary rational
dilation factors. Instead we may modify the polytope in such a way that precomposition
with 1 is encapsulated in the definition of the ‘better’ polytope. In our special situation,
the dilation factor is of the form T:—ZE with ap = % € Q. From the construction of
we read off that ¢y < 1, i.e. ay — az > 0, and one gets

X — ay anx +az

1 —a ay —ay

Since @y was independent of x, so are ay and az. Define the new reference polytope
0= ——(P; —z). Hence

an—dz

SX)-(Py—z2) = (anx+az)- 0,
converting the rational dilation of P, — z to integral dilation of Q. This gives

THEOREM 40 (Goldie rank of BX /J(«), second version). Let a € t* of type J =
Jy UJ_andx € 7. suchthat xa is again of type J. Assume conditions (Ass1)—(Ass3) are
satisfied. Then the Goldie rank of the primitive quotients B** | J(xa) is a quasi-polynomial
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in x given by
Grk(B** /J(xa)) = EHPg(anx + az),

where EHPo(anx + az) is the classical Ehrhart quasi-polynomial of the rational polytope
0 = —L(P; — z) withrespect to the standard lattice L = 7’ composed with the integral

ay—dz
linear rescaling ayx + az.

REMARK 41. Let us briefly analyse the condition that x« is of the same type J: It
assures that the inequalities for the description of (xa) ., are the same as for (o) .
Therefore, we work inside the same cone Aj. This means that we only admit those x
that are not divided by the denominators of the rational coordinates of «. In particular,
if o is integral, then xo is of the same type and satisfies (Ass1)—(Ass3) automatically.
On the other hand, using this assumption, we can drop the requirement x € Z.( and
instead formulate the result for any x € Q as long as the sign configuration remains the

same for xa.

REMARK 42. Note that in the construction more than one different quasi-
polynomial occurs, but only finitely many altogether. Notice that we have one quasi-
polynomial per cone A; (of which there are 2”!) and at most 2" different index
sets J. For given «, which of the quasi-polynomials occur can be expressed by the
denominators of the rational coordinates of « that divide x. There is only one caveat:
Assumptions (Ass1)-(Ass3) must be satisfied for xa.

REMARK 43. A result similar, but in fact easier, to Theorem 40 holds for the
primitive quotients of a central quotient of the hypertoric enveloping algebra [3,
Proposition 7.4, Remark 7.5].

Using well-known results about Ehrhart quasi-polynomials (see e.g. [2]), one may
deduce further properties of the Goldie rank quasi-polynomials:

1) The degree of the Goldie rank quasi-polynomial is at most |J|, see [2, Theorem
3.23].

il) The period of the quasi-polynomial, i.e. the number of genuine polynomials
forming the Goldie rank quasi-polynomial, always divides min{d €
7. | dQ is an integral polytope}, see [2, Section 2.7, Theorem 3.23].

iii) There are polynomial-time algorithms for the computation of the coefficients
of an Ehrhart quasi-polynomial (in fixed dimension) available [1, Chapter 5].
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