APPROXIMATION IN ALGEBRAIC FUNCTION FIELDS
OF ONE VARIABLE

JOHN COATES
(Received 10 January 1966)

In his paper (4), Mahler established several strong quantitative results
on approximation in algebraic number fields using the geometry of numbers.
In the present paper I derive analogous results for algebraic function fields
of one variable using an analogue of the geometry of numbers.

The main result of this paper states that every fractional ideal of
certain Dedekind subrings of the function field has a basis such that all
the valuations of all the basis elements lie between certain limits which
are given in terms of field constants and arbitrary parameters. This result
is then applied to study the approximation of adeles by field elements, the
approximation of field elements by other field elements, and the properties
of certain classes of divisors. Most of the results obtained are well known,
but it seems worthwhile to derive them from the point of view of the
geometry of numbers.

I wish to thank Professor Mahler for his advice on this work, and also
the referee for his suggestions.

1

In his paper [6], Mahler established various number-geometrical
properties of fields of formal power series. Since I shall be applying some
of these properties here, I begin by stating those needed without proof.

In a notation different from Mahler’s, let %, be a field of arbitrary
characteristic, £ an element transcendental over k,, ¢, = k,[f] the ring of
polynomials in ¢ with coefficients in %,, % the quotient field of 7,, and v,
the valuation of % defined by v (0) = o0, and v (&) = f if £ # 0 is of order
f = degree denominator-degree numerator. Let further %, be the comple-
tion of % relative to v, and thus the field of all formal power series

1\/ 1\/H i
3 =7!(7) +?’f+1(7) + -+, with y, € k.

The valuation vg is extended to %, by continuity, so that v (§) = f if y, # 0.
Next, denote by P* the Cartesian product of %, » times, and thus the
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space of all points & = (&, - -, £,) with components &, € k,. Denote by
A" the set of all Jattice points in P*, i.e. the set of all points with components
in 7,.

The following result was proven. Let 4 = (v,;) be a non-singular
matrix with elements in kq and determinant D, and let for & € P*

F(§) = min vq(jzaﬁfi)'
=

i=1,--,n

Then there exist » lattice points
&= (Epsr 0t Epn) €A™ (k=1 n)

with the following properties:

(1) F&) 2 F&) =+ = FE);

(2) F(&) is the maximum of F(£) for all £ %% 0 in A"; and for each
suffix A =2, - - -, m, F(&,) is the maximum of F (&) for all £ in A" that are
linearly independent of &,, - - -, &,_;;

(3) F(&)+ - -+ +F(E) = v,(D);

(4) the determinant of the components &,; of the lattice points
&, &, is equal to 1.

2

Let K be a finitely generated extension of %, of transcendence degree
equal to one. Assume that K is a separable extension of kZ,. Further,
assume £, is algebraically closed in K.

Choose any separating transcendence basis {{} of K over k,, and, as
in § 1, let % be the field of rational functions in ¢ with coefficients in &,.
Then K is a separable algebraic extension of % of finite degree », say.

In the following, elements of %2 (resp. K) will be denoted by small
(resp. capital) Greek letters, and divisors of %2 (resp. K) by small (resp.
capital) German letters. The letters p and P will be reserved for prime
divisors of 2 and K, respectively. £* (resp. K*) will denote the multi-
plicative group of non-zero elements of % (resp. K). As usual, Z will denote
the rational integers.

All results stated without proof in the following are well known, and
can be found in [1], [2] or [6].

3

The function fields 2 and K have infinitely many prime divisors p and
$§ with the corresponding order valuations
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[3] Approximation in algebraic function fields 343

v, with 9,(0) = o0, and vy with v4(0) = oo,

respectively. We denote the degree of p (resp. B) by @, (resp. dg).

Let &, (resp. Kg) denote the completion of % (resp. K) at p (resp. B),
i, (resp. Iy) the ring of integers of £, (resp. Kg), and I?:p (resp. I?g,) the
residue field of 4, (resp. I).

Let mek, and ITeKy satisfy v,(w) =1 and wv4(IT) =1, respec-
tively. Then the elements « of £, and 4 of K can be written as series

oo o]

a= Y y;n* and 4 = 3 I'IT¢,
i=u i=p
where 7, 7441, * * * are representatives of k, in k,, and I, I,,,, - - - are

representatives of K in K.
Each prime divisor § of K divides exactly one prime divisor p of %,
which is denoted symbolically by

B | p, or conversely p = p(R).
For the corresponding valuations this means that
(1) vg(e) = euv, () for all wek,,

where ¢y is the ramification index of § over p, and for the corresponding
residue fields that K‘, is a finite extension of kp of degree f”, so that

(2) dy = fyd,.
Further, Kg is then a finite extension of &, of degree ng = ¢y fy.
Conversely
(3) >, Hyg = A,
Blp

and thus at most » prime divisors of K divide a given prime divisor of Z.
Assume that | p. Then there exists an integral basis

er“'r‘Q

p
of Ky over k,. This means that every 4 €K, can be written uniquely in
the form ny
A =i§1a,-.9,-, with «; €k,,

and that further 4 € I if and only if all ¢, € 7, . It follows that
(4) vg(4) = ¢y m‘in v, ()

This estimate is the basis of our subsequent investigations.
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The discriminant
QY ... o) |2
6;3 =
_Q;lv), . QL:”)

of the basis £,, -, Q,,v is an element of k,. The value v, (6”) does not
depend on the particular integral basis of K, over &, .

4

We next consider global properties of the function fields # and K.

For each « € #* and 4 € K* at most finitely many of the values v, («)
and vg(A4) are distinct from zero. These values are linked by the funda-
mental equations

(1) E v,(x) = 0 if « e k*, and zd vg(d) = 0 if AeK*.

An element of the free abelian group generated by the prime divisors of
k (resp. K) is called a divisor of k (resp. K). A divisor U of % can therefore
be written in the form (“‘almost all” means ‘‘except for finitely many”’)

a =T] y%, with [, e Z, and I, = 0 for almost all p,
P

and a divisor Y of K in the form

A = TT Bk, with 4y € Z, and Jy, = 0 for almost all PB.
$

The exponents /, and /; are denoted by v, (a) and v4(%), respectively, and
the degrees of a and U are defined to be

d(a) = gdpv‘,(a) and () = %d“vﬁ(ﬁl),
respectively. The group of divisors of & (resp. K) is denoted by D, (resp. Dg).
A divisor ¥ € Dy is said to be integral if
ve(4) 20 for all B,

and we say that % divides 8 (written U|B) if the divisor A is integral.
With each « € #* and 4 € K* we associate the divisors

(] = TT#*™ and [4] =TT %",
? $

respectively. Such divisors are called principal. By the fundamental equa-
tion (1), the degree of a principal divisor is equal to zero. The set of all
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5] Approximation in algebraic function fields 345

principal divisors of % (resp. K) is a subgroup of D, (resp. Dg), which is
denoted by P, (resp. Pg).
We define the two homomorphisms of injection and norm

i:Dk-—)DK,
N :Dg— D,

as follows. Since D, and Dy are free abelian groups generated by the prime
divisors of % and K, respectively, it suffices to define #(p) and N (). Put

i(p) =TT %%,

Plp
N(B) = p(B).

From this definition and § 3(2), we see that d(¥) = d(N (%)). Henceforth
we shall identify p and ¢(p). With this convention, it follows from § 2(1)
that the same divisor [«] is obtained whether « is considered an element of
k* or K*.

If Bip, let the discriminant dg of the integral basis Q,, - -, Qng be
defined as in § 3. The non-negative rational integer

v, = > v,(dg)
Ble

depends only on p, K and k. We define the local discriminant from K to
k to be the divisor by = p’» of k. Further, as p ranges over all prime

divisors of %, at most finitely many of the ¥, are NON-Zero. We can therefore
define the discriminant from K to k to be the divisor

(2) bK]lc = pr» and put p, = %d(bxue)-
v

5

In what follows, we single out the prime divisor g of % to play a special
role. The valuation vq defined in § 1 corresponds to q. Obviously 4, = 1.
When considered as an element of Dy, q will split into factors
. r
(1) q = [I19%, 17 <)
=1
Here dg, = fg, and the integers n, = I f,, satisfy 37, #, = n.
Henceforth the letter t will denote any prime divisor of % not equal to
q, and the letter R} any prime divisor of K apart from £,, -+, O, ; the
letter O will denote any of Q,, - - -, . As before, p (resp. ) will denote any
prime divisor of % (resp. K). Further, for any divisor a € D,, put
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0o = [Tt"® and a, = q%®,

and similarly for any divisor % € Dy
A =TI ™ ang A =TI Qra(®)

% o
The results of § 3 may now be applied to each of the prime divisors,
separately. Hence for each suffix /=1, - - -, », there exists an integral basis

Qy, - -an,

of K, over k, . Every element 4 of K , and so in particular every element
of K, can be written uniquely in the form

y
A= izlocu.Q“, with a; € %,.
Moreover

(2) vg,(4) = eg, min v (a;;) ¢=1,"7).

We shall apply these estimates shortly.

To overcome a technical point in the proof of our main theorem, it is
necessary to consider a certain subgroup of the group Dg. More presicely, we
define a ceiling of K (this terminology is due to Mahler [4]) to be a divisor
€ of K satisfying the following conditions:

(3) vo(€) is an integral multiple of eq for all O;
(4) v, (€) may assume arbitrary integral values for all R.

The set of all ceilings of K form a very ‘“large’ subgroup of Dg, which we
shall denote by C,. This subgroup clearly depends on the particular tran-
scendental element ¢ of K chosen initially.

Let
I,=1Ig and 7, =) 1,.
R H

Then I, is a Dedekind ring whose quotient field is K, and, as before, 7, is
the polynomial ring %,{¢], whose quotient field is k. Hence the group of
fractional I-ideals of K is a free group generated by the prime ideals of
I,, and ¢, is a unique factorization domain. In particular, the well known
approximation theorem for finitely many R-adic valuations ([1], [6]) is
valid in K.
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If € is any ceiling, we associate with € the set (€), of all elements
A e K satisfying
vg(4) = v4(€) for all .

(€), is then a fractional I -ideal. Conversely, to any fractional I -ideal there
corresponds in this manner infinitely many ceilings. In particular, I, cor-
responds to the unit ceiling & = TT,, B°.

The ideal (€), has a basis B, - - -, B, over i, as follows. Firstly, every
element 4 e (§), can be written uniquely in the form

4 =3B,
i=1
where &,, - - -, &, are polynomials in 7,. Secondly, the discriminant
BM, ... B

a(By, -+ B,) =

1
BW, ... B

on this basis is an element of &*. Its divisor b,(€) = [d(B,, - - -, B,)] does
not depend on the particular basis By, - -, B,.

In the special case when € =g, then it can be shown that b,(3) = (0 /1) -
For arbitrary ceilings €, the divisor b,(€) is related to the divisor d,(J)
by the equation

0:(€)o = (V€o)?0,(J)o = (NC)® (D )o-

Since the divisors b,(€) and 4,(3) are both principal, and d(€,) = d(N(€,)),
it follows that

) 0,(C)ep = p24(EIdl0xra)

7

All elements 4 of (€), can be written uniquely in the form

A4 = i‘ff B;,
i=1
where §,, - - -, &, are in ¢,. Further, A satisfies the inequalities
(1) vg(A4) = v4(€) for all K.
These inequalities say nothing about the remaining values

vg(4) for all &,

and we shall now investigate how large these can be made if &,- - -, £, are
chosen suitably in 7,. This investigation will depend upon the results from
the geometry of numbers collected in § 1.

https://doi.org/10.1017/51446788700004183 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700004183

348 John Coates (8]

Let the bases
911:"';9111, (l= 1,-.-- 1')

be defined as in § 5. For each suffix I = 1, - - -, », each of the basis elements
B, of (€), can be written in the form

n; . .
B; = _Eiﬂurgu» with ;€ &, G=1---n).

Let oy, - - -, 0, be elements of %, satisfying

V(1) = v4,(C)/eq, =17

Hence, if we put

r

o = [] o, then v (0) = d(€,).

=1
Now
®) 4= 21 ;%ﬂméj u = Z 0,2, (6)2y C=1,-17),
i=

where, for brevity, we have put
n
(3) Z1:(8) =jzl "z_lﬂmér
Since Y7, #, = n, this construction therefore produces # linear forms

gu(&) (l=1"..)'; i=1’°";nl)

in &, - - -, §, with coefficients in £,. We arrange this system of linear forms
lexicographically, and denote its determinant by 8.
A simple calculation with determinants shows that

d(By, -+, B,) = 8g - - - 8 f0%,
whence, in particular, § is non-zero. Further
,(0,(€)) = v,(3g, * - - 85, 6%6%).

But, by definition, v, (dg, * - * 05 ) = d(bgs,) and v, (o) =d(Cy). Hence,
combining this result with § 6 (1), it is clear that

(4) %(8) = —n,—d(€),

where the constant y, is defined by § 4 (2).
Hence, putting

F(¢) = min 9 (Z,,(¢)) for £ e P",
l,4

the results of § 1 imply that there exist # lattice points
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9] Approximation in algebraic function fields 349
&= (" &) €4” h=1,--,m),
with determinant equal to 1, such that
(5) F(&) 2 F(&) = = F(&);
(6) F(&) + -+ F(6) = v9(f) = —p,—d(€).
Therefore, if we define
A,,=§:1§,,,B,-. hB=1---m),

then 4,, -+ +, 4, is a basis for the ideal (€),. From (2) we see that, for each

suffix I=1,---,7.

(7) Ay =3 0. L) 2 h=1,--

i=1

and thus by § 5 (2)

o, ).

SR n)’

(8) U, (4s) = vg,(6)+e0, F (&) (h=1,-
Substitute the inequalities (1) and (8) into the fundamental equations

(9) %dgvg(A,,) =0 h=1,-

whence we obtain the upper estimate

(10) F(g,) < % d(g) h=1,---

Next, substitute all but one of the inequalities (10) into (6). This then gives

the lower estimate

1
(11) F(&) = —p,— — d(©) (h=1,+-, n).
Combining (8) and (11), we see immediately that, forh=1,-- -, n,
(12) Ug(d,) = v5(€) — % A(6) —eg s for all D.

Finally, substituting all but one of the lower estimates (1) and (12) into

(9), it follows that, forA =1, - - -, n,

vg(dy) = v4(€)+npu, for all &,

(13)

Combining these results we arrive at the following theorem.
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TuroRrEM 1. If € is any ceiling of K, and (€), the corresponding ideal,
then there exists a basis A, -, A, of (€), such that, for h =1,--- n,

va(€) = vy(ds) = va(€)+np, for all R,

90(6) — 2 d(6) —eg, = 9(d)) = 9a(6) — =2 dE)+(1—eo)u,
for all .

The basis 4,4, * - -, 4, given by Theorem 1 will henceforth be called a
@€-basis. The estimates given for the valuations of the basis elements are
convenient, but not best possible. We shall return to this question after
first giving several applications of Theorem 1.

8

We first apply Theorem 1 to study the approximation of adeles of K
by field elements. We recall that an adele @ = {ag} of K is an infinite family,
where to each prime divisor  of K there corresponds a component ag € K,
subject to the condition that

vg(ag) = 0 for almost all P.

The set of all adeles of K is an abelian group under componentwise addition,
which we denote by &/x. By identifying 4 € K with adele {4}, we see that
K can be embedded in &/g. Finally, the degree of an adele a = {ag} is
defined to be

d(a) = %dgpvg(%)

and hence is either a rational integer or co.
Let a = {agy} be an adele and € any ceiling of K. We first study the
approximation of a by field elements at the prime divisors &.

LEMMA 1. There exists B € K such that
vg(ag—B) = v4(C) for all R.

Proor. The proof is due to Mahler [4]. Let X* be the set of all R for
which either vg(ag) is negative or v4(€) is non-zero, so that X* has only a
finite number of elements. Let M be the set of all prime elements of £ whose
corresponding prime divisors are divisible by at least one prime divisor in
X*. Denote by X and X the sets of all prime divisors R which divide, and
do not divide, a prime of % corresponding to an element of M, respectively.
Denote by It the product of all elements of M.

From these definitions

(1) vg(ag) = 0 = v4(€) = vg (M) for all ReX.
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Choose m to be so large a positive integer that
vg(Mmag) = 0 for all R e X.

The finitely many elements IM™ay, for R € X, are thus R-adic integers. By
the approximation theorem for finitely many %R-adic valuations of K,
there exists C € I, such that

(2) Vg(M™ag—C) = v4(€)+vg(M™) for all R e X.
Choose B = It~ C. It follows from (2) that
Vg(ag—B) = v4(€) for all R e X.

Further, the inequalities (1) imply that
vg(ag—B) = min {vg(ag), v4(B)} = 0 = v4(€) for all Re X.

Hence B satisfies the assertions of the lemma.
The system of inequalities
Vg(ag—A) = v4(€) for all &,

has not only the solution 4 = B constructed in the last paragraph, but it is
more generally satisfied by all elements of the form

(3) A = B+x, A+ +2x,A,
where 4,, - -+, 4, is any @-basis, and «,, - - -, z, are arbitrary polynomials
in 7,.
We now choose the polynomials z,, -+, z, in such a way that also
vg(ag—A4) for all O,

allow simple lower estimates. To this end, we note that, by § 7(7), for each
suffix I=1,---,7,

;.—Zaz ul£n)2 h=1,---mn),

where the matrix formed from the ¢,#,,(,) has non-zero determinant.
Further, there exist # elements «;; € &, such that

o, —B = 3 s C=1"%7)

i=1

There exist then y,, - - -, y, in %, such that

Zal leh (i=‘1:.")nl; l=1,"',7).
We now choose the polynomials #,, - - +, #, to satisfy the inequalities

vQ(yh_xh) g 1 (h == 1: °t n)‘
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Obviously
an,—B = (yl_~x1)A1+ tt +(yn_xn)An (l =1--- 7),

so that by Theorem 1
e
Ug(@5,—B) Z v5,(€) — > d(€)—eq (u—1)  (=1,--17)

We have therefore proven the following theorem.

THEOREM 2. If a = {ag} is any adele and € any ceiling of K, then there
exists A € K such that

vg(ag—A) = v4(€) for all R,
Vg (ag—A) = v (6) — % () —eg (u,—1) for all Q.

CoroLLARY. To every adele a there exists A € K such that the degree of
the adele a—A is at least n(l—u,).

This theorem is essentially equivalent to the Riemann-Roch Theorem
(see [1] or [3]). In the next section we shall indicate how to derive the
Riemann-Roch Theorem from it, and conversely, we can deduce a slightly
improved version of it from the Riemann-Roch Theorem, although we do
not give the details here.

9

We next give one application of Theorem 2. If % is any divisor of K,
we define 4 () to be the set of all adeles @ = {aq} of K satisfying

Ug(ag) = v(¥) for all PB.

Both &k and A4(Y) are vector spaces over kg, and we now investigate the
ky-dimension of the quotient space &/g/A(U)+K.

THEOREM 3. If U is any divisor of K, then the ky-dimension of the
quotient space A g|A(N)+K is at most max {0, d(U)+n(u,—1)}.

Proor. For this paragraph only, let us choose the transcendence basis
{t} of K over k, so that g is unramified in K, ie. ey ='-+=¢, =1L
This is always possible since only a finite number of prime divisors of a
given rational subfield of K ramify in K. With this choice of transcendence
basis, the ceiling group C, is equal to Dg.

If z is a real number, [z] denotes, as usual, the integral part of z.

If A is any divisor of K, put s = max{0, [(1/n)d(N)+u,—11}. By
Theorem 2, for every adele a = {ag} of K, there exists 4 eK satisfying
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vglag—A) = vg (%) for all R
vo(ag—A) = v () —s for all &
Hence, if = € £, satisfies v, (#) = 1, and if, for each suffix I =1,---, 7,
wy ¢ **, Wy, are representatives in Ko of a basis of Kn, over %, then there
exist a;; € ky such that
s—1 fy )
‘l)nt(aal—A— 2 ah-jwun'vnx(A)‘S*") g vD‘(QI) (l = 1, o .’ r).
i el
Thus the images of the adeles
wynate(¥-sH if P =g,

0 if P#£8,
(=17 8=0-,5=1;7=1--f3)

bii; = {bum}, where by g = {

under the canonical homomorphism &g — fx/A(N)+K generate
A/ A)+K over ky. Since the number of these adeles is at most
max {o, d(A)+n(u,—1)}, this completes the proof.

It is a routine matter to deduce the indefinite form of the Riemann-
Roch Theorem from Theorem 3 (see (1), (3)). We omit the details. The
definite form of the Riemann-Roch Theorem implies that the constant
n(u,—1) appearing in Theorem 3 can be improved to the best possible
value 2g—1, i.e. 2(u,—n)-}1, using the classical formula g = p,—~n-+-1 for
the genus of K. The above estimate is therefore quite good, despite the bad
estimates of § 7.

10

As a second application of Theorem 1, we study the approximation of
elements of K by elements of K. The Thue-Siegel-Mahler-Roth Theorem
shows that this approximation cannot be very good. The following theorem
isin the opposite direction.

THEOREM 4. If A is any element of K*, then there exists an infinite

sequence By, By, - + + of distinct elements of K* such that
lim d([4 — B,]..) = o,
h~>00

and

A([A—Bla) = d([Bilo)+n(l—p)  (h=1,2,-+").
Proor. Let €, be an ceiling of K such that
1) —a(Cy0)+n(1—p,) < d([4]x),

and let 4,,---, A, be a @,-basis. 4 can be written in the form
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A=y A+ -+ +y,4,, where g, -, y, are in k. Thus, if we choose
polynomials z,, - - -, 2, to satisfy
v (yi—a;) = 1 (t=1,m),
then, by Theorem 1, the element B; = z,4,4 - - - 2,4, of (€,), satisfies
d([A—B1)w] = —a(C10)+n(l—p,).

But by the choice (1) of €,, we see that B, is non-zero, and therefore, by
the fundamental equation Y, dgvg(B;) = 0, it follows that

(2) A([A—Bi]y) 2 4([B)eo) +n(1—p,).
Now choose any ceiling €, satisfying
(3) —a(@go)+n(1—p,) > d([A—B]y),

and construct the approximating element B, just as B, was constructed
for the ceiling €,. By (3) it is immediate that

d([4—B,le) > d([A—B1]w)-

Continuing in this manner, it is clear that we can construct the required
sequence By, B,, - - -. This completes the proof.

11

As a final application of the results of § 7, we derive an analogue of
a theorem of Minkowski. Let Dg, be the set of all divisors of K of the
form 9, for some divisor % € Dy, and let Pg, be the subgroup of Dg,
consisting of all divisors of the form [4], for some 4 € K*. The elements of
the quotient group Dy, Px, are called divisor classes.

THEOREM 5. In every divisor class of the group Dyo/Pgq there is an
tntegral divisor W, satisfying 0 < d(Wy) = p,.

Proor. As mentioned before, the estimates given in Theorem 1 are
not best possible. In particular, taking § 7(5) and § 7(6) together, we can
immediately give the better estimate F (&) = —u,/n—1/n d(€), whence
the basis element A4, defined in § 7 satisfies.

vg(dy) = g (€) — f’;—”‘ — % d(6) for all £

Hence we have shown that, for every ceiling €, there exists a non-zero
element 4 of (€), satisfying d([4].) = —d(Cy) —p,.

Now let 8B, be any divisor in Dg,. Then, by the remark just made,
there exists a non-zero element A e (B;), satisfying d([A]o) = —4(Bs) — ;.
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The fundamental equation 3gdgvg(4) = O therefore implies that
d([A]y) = d(B')+u,. Hence the divisor Uy = [4],%B, is an integral
divisor in the same class as B, satisfying 0 < d(%,) < p,. This completes
the proof.

In the case when the constant field %, is finite, there are only finitely
many integral divisors having degree at most u,. Thus Theorem 5 implies
the classical result that the group Dg/Pg, is finite and, in addition, gives
quite a good estimate for the order of this group.

One can make further application of Theorem 1 when the constant field
ko is finite (e.g. many of Mahler’s results for algebraic number fields carry
over verbatim to function fields over £,). We omit the details.

Finally, I note that Eichler has also used an analogue of the geometry
of numbers for fields of formal power series to obtain the Riemann-Roch
Theorem for function fields of one variable. However, he uses an analogue
of Minkowski's theorem on linear forms, rather than an analogue of
Minkowski's theorem on the successive minima of a distance function, as
we have done. Naturally, both methods give substantially the same result
when applicable. Eichler’s results can be found in his book. “Einfithrung
in die Theorie der algebraischen Zahlen und Funktionen™.
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