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Conjugate Reciprocal Polynomials with
All Roots on the Unit Circle

Kathleen L. Petersen and Christopher D. Sinclair

Abstract. 'We study the geometry, topology and Lebesgue measure of the set of monic conjugate re-
ciprocal polynomials of fixed degree with all roots on the unit circle. The set of such polynomials of
degree N is naturally associated to a subset of RN 1. We calculate the volume of this set, prove the set
is homeomorphic to the N — 1 ball and that its isometry group is isomorphic to the dihedral group of
order 2N.

1 Introduction

Let N be a positive integer and suppose f(x) is a polynomial in C[x] of degree N. If
f satisfies the identity,

(1.1) fx) =2 f(1/%),

then f is said to be conjugate reciprocal, or simply CR. Furthermore, if f is given by

N
fl) =N+ e,

n=1

then (1.1) implies that cy = 1,cy—y = ¢, for 1 < n < N — 1l and, if « is a zero of f,
then so too is 1/@. The purpose of this paper is to study the set of CR polynomials
with all roots on the unit circle. The interplay between the symmetry condition on
the coefficients and the symmetry of the roots allows for a number of interesting
theorems about the geometry, topology and Lebesgue measure of this set.

CR polynomials have various names in the literature including reciprocal, self-
reciprocal and self-inversive (though we reserve the term reciprocal for polynomials
which satisfy an identity akin to (1.1) except without both instances of complex con-
jugation).

The condition on the coefficients of a conjugate reciprocal polynomial allows
us to identify the set of CR polynomials with RN~!. To be explicit, let Xy be the
N — 1 x N — 1 matrix whose j, k entry is given by,

L2 (85 +0n—jx)  if1<j<N/2,
(1.2) Xnlj kI =4 6 if j = N/2,
2 (iGy_jx —id;x) ifN/2<j<N,
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where §;x = 1if j = k and is zero otherwise. For instance,

1o o 01 0 o
210 1 0 2
Xg,:%()l_lio andxﬁzgoo\/ioo
Lo o 01 0 —i 0
1 0 0 0 —i
The 1/2/2 factor is a normalization so that |detXy| = 1, a fact which is easily

checked by induction on N (odd and even cases treated separately).
Givena € RVN~!, Xya is a vector in CN~!. Moreover if c = Xya, then cy_, = G,
for 1 < n < N — 1, and we may associate a CR polynomial to a by specifying that

N—1
ax) = N+ 1)+ chxN*".

n=1

Let A C C denote the open unit ball and let T C € denote the unit circle. Equation

(1.1) implies that there exist oy, ap, ..., ap € Aand &1, &, ..., & € T such that
M L

(13) ax) = [[c—a)x—1/@ [Jx - &),
m=1 =1

where obviously 2M + L = N. We define Wy to be the set
Wy = {w € RV : w(x) has all roots on T},

so that Wy is in one-to-one correspondence with the set of CR polynomials of degree
N with all roots on the unit circle. Figures 1 and 2 (see p. 1151 and p. 1156) show W3
and W, respectively. Elements of Wy will be regarded as either CR polynomials or as
vectors in RV~ as is convenient.

From Figure 1 we see that OW; has a distinctive shape. In fact, it is a 3-cusped
hypocycloid. (A hypocycloid is the curve produced by the image of a point on a
circle as the circle rolls around the inside of a larger circle.) Similarly, the projection
of W, onto the wy, ws plane is bounded by a 4-cusped hypocycloid.

1.1 Statement of Results

The geometric properties of W3 and W, (Figures 1 and 2) suggest many patterns in
the structure of Wy in general.

Theorem 1.1 Wy is homeomorphic to BN~ the closed N — 1 dimensional ball,

We will see that Wy is circumscribed by the sphere of radius (2;}]) — 2. More-
over, the CR polynomials (x+ (y)~, where (y is an N-th root of unity, correspond to
the only points in Wy intersecting this sphere. Given w € Wy, there is a natural way
to define a (cyclically ordered) partition of N, P(w), corresponding to the multiplic-
ities of the cyclically ordered roots of w(x). In this manner, Wy has a finer structure

imposed upon it.
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Figure I: W3, the set of (w1, w») such that X+ (wy +iwz)x* + (W) — iwz)x+ 1 has all roots on T.

Corollary 1.2 Wy has the structure of a coloured N — 1 simplex where the colouring
of w € Wy is P(w).

The polynomials (x + ()N are vertices in the above correspondence. This colour-
ing seems to affect the geometry of Wy. For example, the edges of W, have different
curvatures, depending on their colouring, and one can show that, despite appear-
ances, Wy is not star-shaped with respect to the origin. These geometric constraints
are also evident in the isometry group of Wy, which is a proper subgroup of the
group of isometries of an N-simplex.

Theorem 1.3 The group of isometries of Wy is isomorphic to Dy. As such, Isom(Wy)
is generated by R and C, where for any w € Wy, R corresponds to the action of multi-
plying each root of w(x) by Cy, and C corresponds to complex conjugation of the roots of
w(x). Thatis, ifw(x) = [, (x — &), then

N N
R-wix) = [[r— &) and C-wix)=[](x-E).
n=1 n=1

We will also explicitly compute the volume of Wy by using techniques from ran-
dom matrix theory. By the volume of Wy we simply mean its Lebesgue measure.

Theorem 1.4 The volume of W is given by

IN—1(N=1)/2

vol(Wy) =
N (&)

That is, the volume of Wy is equal to the volume of the N — 1 dimensional ball of
radius 2.

https://doi.org/10.4153/CJM-2008-050-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2008-050-8

1152 K. L. Petersen and C. D. Sinclair

Notice that vol(Wy) is always a rational number times an integer power of 7, since
when M is odd, T'(M) is a rational number times /7.

In Section 1.3 we will prove some preliminary results about Wy. Theorem 1.1 and
Corollary 1.2 will be proved in Section 2. Theorem 1.3 will be proved in Section 3,
and Theorem 1.4 will be proved in Section 4.

1.2 Motivation

Conjugate reciprocal polynomials (and more generally self-inversive polynomials)
have appeared in the literature in the study of random polynomials, random matrix
theory, and, most recently, speculative number theory. Self-inversive polynomials
were first introduced by F. . Bonsall and M. Marden [2]. (See Section 4.1 for the
definition of self-inversive polynomials). Bonsall and Marden give a method for enu-
merating the zeros on the unit circle of a self-inversive polynomial. Other authors, in
particular A. Schinzel, have been interested in necessary conditions for a self-inversive
polynomial to have all its roots on the unit circle [7]. When finding such necessary
conditions, one can without loss of generality restrict oneself to the case of CR poly-
nomials. In this context, necessary conditions on the coefficients of a CR polynomial
to have all roots on the unit circle translate to geometric information about Wy.

The statistical behavior of the roots of polynomials in Wy in the large N limit has
been used in the study of quantum chaotic dynamics [1] and the distribution of zeros
on the critical line of certain L-functions. In this vein, D. Farmer, E Mezzadri and
N. Snaith have studied the zeros of polynomials in Wy as a model for the distribution
of zeros of L-functions which do not have an Euler product but nonetheless satisfy
the Riemann hypothesis [6]. The second author was introduced to the problem of
finding the volume of Wy by D. Farmer.

Likewise, reciprocal polynomials have been of interest in number theory to those
studying Mahler measure [9] and those studying abelian varieties over finite fields.
S. DiPippo and E. Howe use the volume of the set of monic real polynomials of de-
gree N with all roots on the unit circle to give asymptotic estimates for the number
of isogeny classes of N-dimensional abelian varieties over a finite field [4]. A monic
polynomial with real coefficients and all roots on the unit circle is necessarily recipro-
cal and hence the set of all such polynomials of degree N is a set akin to Wy. The set
of non-monic reciprocal polynomials with Mahler measure equal to one and degree
at most N has been used [8] to give asymptotic estimates for the number of recipro-
cal polynomials in Z[x] of degree at most N with Mahler measure bounded by T as
T — o00. The volume of the set of non-monic polynomials in R[x] of degree N with
all roots in the closed unit disk has been used [3] to give asymptotic estimates for the
number of polynomials in Z[x] of degree at most N with Mahler measure bounded
by T'as T — oo.

This paper will be largely concerned with the global properties of the coefficient
vectors of CR polynomials in Wy. As we shall see, the CR condition together with the
condition that all roots lie on the unit circle constrains the geometry and topology of
Wh. Here we study the geometry, topology and volume of Wy, not for any particular
application, but for their own sake.
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1.3 Preliminary Results about Wy

The following proposition gives a useful characterization of elements of Wy based
on their roots.

Proposition 1.5 The vector w is in Wy if and only if
N
wix) = [[x— &),
n=1

where &1, &, . . ., En are elements of T satisfying £,&, - - - &y = (—1)N.

Proof Suppose w is as in the statement of the proposition. Then

N — N N

— = 11— fnx _ _

Nw(1/7) = Hl(T) — (=N Ul(gn x—1) = Ulgn(gn I —1).

It follows that w(x) = w(1/X), and thus w € Wy. The converse is obvious since
every element of Wy is a polynomial with all roots on the unit circle and constant
coefficient 1. [

In order to exploit both the symmetry of the coefficients of polynomials in Wy and
the symmetry of the roots we introduce the map Ey: CN — CV given by Ex(a) = b
where

N N
o+ Z by_nx" = H(x — ).
n=1 n=1

That is, the n-th coordinate function of Ex(«) is given by (—1)"e, (a1, aa, . . ., an).
Clearly, since the coefficients of a monic polynomial are independent of the ordering
of the roots, Ey induces a map (which we also call Ey) from CV /Sy to CV, (where
Sy is the symmetric group on N letters and CV /Sy is the orbit space of CN under the
action of Sy on the coordinates of a.) The torus TV sits in CV, and thus Ey gives a
correspondence between the TV /Sy and the set of polynomials of degree N in C[x]
with all roots on the unit circle. We define 2y to be the subset of TV /Sy given by

On =t{(&1,&, ..., &n) 1 &6 En = (=D}

Ifw = Ex(£), then € will be referred to as a root vector of w(x). Clearly, by Proposition
1.5, the map Ey induces a homeomorphism between (2 and Wy.
We now turn to the structure of Wy viewed as a subset of RV 1.

Proposition 1.6 Wy is a closed path connected set with positive volume. Moreover,

the boundary of Wy is given by OWx = {w € Wy : disc(w) = 0}, where disc(w) is
the discriminant of w(x).
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Proof Supposea € R¥N~!, and a ¢ Wy. Then, by (1.3), there exists & € A such
that (x — «)(x — 1/@) is a factor of a(x). Since the root vector of a polynomial is a
continuous function of the roots, there must exist some open neighborhood U of a
such that U N Wy = @. It follows that Wy is closed.

Now suppose w € Wy has a double root, that is, there exists 1, &, ..., En—1 € T
such that w(x) = (x — £)%(x — &) -+ (x — ény_1). If U is an open neighborhood
of w, then, since the coefficients of a polynomial are continuous functions of the
roots, there exists ¢ > 0 such that (x — e£;)(x — 1) (x — &) -+ (x — En_1) is
a CR polynomial in U \ Wy. That is, w € OWy. It follows that OWy consists of
polynomials with discw = 0.

To see that Wy has positive volume, let v be in WN, the interior of Wy. Then
disc(v) # 0 and since the discriminant of a polynomial is a continuous function of
the coefficients, there must exist an open neighborhood U of v such that all polyno-
mials in U have non-zero discriminant. Thus U C WN and Wy has positive volume.

To see that Wy is path connected, let w; and w, be two points in Wy. Marking
N — 1 roots in each wy and wy, it is clear that there is a continuous map between the
N — 1 dimensional root vectors where all roots are in T. By stipulating that the final
roots are assigned to satisfy the CR condition, we see that this extends to a continuous
map with image in Wy from w; to w,. ]

We now turn to the geometry of Wy. Our first result in this direction is identifying
those points in Wy which are farthest from the origin. (The origin corresponds to
the CR polynomial xV + 1.)

Proposition 1.7 Ifw € Wy, then ||w|> < (%)) — 2. Moreover, there is equality in
this equality if and only if w(x) = (x + (n)N, where Cy is an N-th root of unity.

Proof Suppose w € Wy and that w(x) = Hle(x — &), for &, &, ..., &y €T Let
b = Xyw and notice that

2
’

|ba|* = ‘ { ﬁ &,,,}

i€I(Nn)  m=1

where J(N,n) ={i€7":1<i; <i, <--- <i, <N} Clearly then, |b,|* < (IZ)Z
with equality when []) _ &, = [1._, &, for every choice of i,j € J(N,n). That

is, there is equality exactly when &, = & = -+ = {y. In this case, Proposition 1.5
implies that €Y = (—1)N, which is only satisfied when £, = & = -+ = &y = (y for
some N-th root of unity.

It follows that

N—1 2
N 2N
2 — b 2 < — _2
Iwl? = 1] }() (%) -2

where the last equality comes from the well-known formula for the sum of the squares
of binomial coefficients. By our previous remarks, equality is attained in the inequal-
ity only when w(x) is a polynomial of the form (x + (y)N. [ |
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This proposition gives us a hint of the geometric structure of Wy. Let {y =

/N and let vi, vy, ..., vy € RY™! be determined by setting v,,(x) = (x + ¢&)N.
In particular, vy(x) = (x + 1)N. For reasons which will become clear, we will call
V1, V2, ..., Vy the vertices of Wy. As we will see, every isometry of Wy must fix the

origin. This together with Proposition 1.7 implies that the set of isometries of Wy
must permute its vertices. We will also prove that the vertices span R¥N~!. It follows
that if two isometries T; and T, induce the same permutation of the vertices, the
isometry T, T, ' fixes every vertex. Therefore, since T T, ' extends to an isometry
that fixes a spanning set for RN 1, it is the identity. Therefore, the group of isometries
of Wy is isomorphic to a subgroup of Sy, as each isometry is uniquely determined
by the permutation it induces on the set of vertices. In fact, Theorem 1.3 shows that
this group is isomorphic to Dy, the group of isometries of a regular N-gon.

At present, for R and C defined as in Theorem 1.1, we will demonstrate the fol-
lowing.

Proposition 1.8 R and C are isometries of Wy.

We defer the proof that they generate the complete group of isometries until Sec-

tion 3.2.
Proof We use || - || to denote the usual 2-norm on both RN~! and CN~!. Given
Wi, Wy € Wy, it is easily verified that || Xyw: || = ||wi||. Thus, since Xyw; — Xyw; is

the coefficient vector of a polynomial, Parseval’s formula yields
2 2 L i0 i0y|%
(14) HW1 —W2|| = ||XNW1 _XNWZH = E |W1(€ ) — Wz(e )| do.
0
Notice that R - w;(x) = wi((y %), and hence

1 2T . .
IRew = Reswlf = o= [ (R wile) = Rt o
0

1 27 L L 2
5 [ G [ d = i~ vl
™ Jo

where the last equation follows from an easy change of variables. Similarly,
C - wi(x) = wi (%) and thus,

1 2T ) 0
IC-wi —C-wy* = E/ C-wi(e”) = C - wa(e”)|" df
0
1 27 i _i P 2
= W) —wi(e)[" dt = [wi —w*.
0

It follows that R and C are isometries of Wy. [ |
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1.4 The Colouring of W,

As mentioned previously, every w € Wy uniquely determines a partition P(w) of
N up to cyclic ordering, corresponding to the multiplicities of the cyclically ordered
roots of w(x). That is, we may decompose Wy into regions, faces if you will, deter-
mined by partitions of the integer N.

Figure 2: The faces of W,

For example, Figure 2 demonstrates the decomposition of W, into a coloured
simplex. The interior is associated with the partition (1, 1, 1, 1). The four vertices,
given by vi(x) = (x — i) for1 < k < 4, each correspond to the partition (4).
Likewise, there are four faces, each associated with the partition (2, 1, 1). In contrast,
there are two different partitions of 4 of length two: (2,2) and (3, 1). Each of these
partitions corresponds to faces of codimension 2, that is, edges of W,. There are six
edges, four of type (3, 1) (black curves on the right in Figure 2) and two of type (2, 2)
(gray curves). One of the (2, 2) edges joins v, with v4 and the other joins v; with v;.

To illustrate the difference between edges corresponding with the partition (2, 2)
and edges corresponding to (3, 1), consider a path starting at v, and traversing an
edge to another vertex. The polynomial corresponding to v4 has a root of multiplicity
four at x = 1. The edge associated with the partition (2, 2) consists of polynomials
with two double roots. If we imagine one of these double roots starting at x = 1 and
traversing the unit circle in the counterclockwise direction, then the other double
root must traverse the circle in the clockwise direction. Moreover, these double roots
must traverse the circle at the same rate so that each intermediate polynomial on the
(2,2) edge has constant coefficient equal to 1. A moment’s thought reveals that the
only other vertex which can be reached from v, via a (2, 2) edge corresponds to the
polynomial with a root of multiplicity four at x = —1, i.e., v,. The other (2, 2) edge
connects v; with v3. On the other hand, if we look at an edge starting at v4 formed
by dividing the root of multiplicity four into a root of multiplicity three traversing
the circle in the counterclockwise direction and a single root traversing the circle in
the clockwise direction, the single root must traverse the circle at a rate three times
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that of the triple root so that the intermediate polynomials have constant coefficient
equal to 1. We see that when the triple root has reached x = 1, then the single root,
too, is at x = 7 and thus a (3, 1) edge connects v, with v;. Similarly, when the triple
root reaches x = —1, then so, too, has the single root, so that a (3, 1) edge connects
v, with v,. Continuing in this manner, we see that any two vertices can be connected
via an edge consisting of polynomials with a triple root and a single root.

The group generated by R acts transitively on both the set of (2,2) edges and the
set of (3, 1) edges. This, coupled with the action of C, demonstrates that there is an
isometry sending any edge to itself which interchanges the vertex endpoints. Thus
the curvature of each edge is symmetric. No isometry of Wy carries a (2,2) edge to a
(3, 1) edge. Indeed, the curvature of the (2, 2) edges differs from the curvature of the
(3,1) edges. This reflects the fact that som(W,4) = Dy, not the full symmetric group.

2 The Topology of Wy
2.1 The Proof of Theorem 1.1

Recall that Wy is homeomorphic to 2y where Qy is the subset of TV /Sy given by

On ={(&,&, ..., &n) 1 && &y = (DN}

Let c = 0if N is even and ¢ = 1/2if N is odd. After reparametrization by ¢, = ¢*™»
we have

2.1) WN%{(ﬁl,ﬁz,...,ﬂN):{éﬂn}:c},

where ¢, € R/Z, for 1 < n < N, and in this context {x} denotes the fractional part
of x. We will denote the set on the right-hand side of (2.1) by ©y, and the interior
of this set by éN. Throughout this discussion, we will continue to refer to the ¥,
as roots, and we will denote the reparameterized torus R/Z as T,. (The subscript
reflects the fact that in this context we are working with the additive torus.)

First, we will prove that the interior of Wy is homeomorphic to an open N —1 ball.
Define ®: (2)1\] — Tf_l/SN_l as follows. Fix a basepoint ¢y = (¢1,...,9N) € éN.
Since % corresponds to a polynomial in the interior of Wy, by Proposition 1.6,
all coordinates of ¢ are unique. Fix some n € {1,...,N}. We define ®(¢p) =
(1, ..., 1y, ... 1bn), where ), means that ¢/, is omitted. We can extend ® in a neigh-
borhood of ¢ since the roots vary continuously. Specifically, for ¥ = (9,,...,9y),

(W) = (V1,...,Y,...,0y) where ¥ is the closest root to ¢, on T.. In fact, for any

¥ € O, given a path in Oy from ¥ to 9, we can extend P to ¢ due to the continuity
of the roots and the fact that there are no multiple roots in the interior of Wy.

To define ® on all of © N it is enough to show that ® does not depend on the choice

of path. It suffices to show that if y: [0,1] — éN is a continuous loop based at ¥,
then ® o y(0) = ® o y(1). Since there are no double roots in y(¢), the continuous
orbit of the roots of ¥ on T, by v is homotopic to a rotation. As such, there are
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continuous functions 7,,: [0,1] — R such that v(t) = (¢; + 71 (¢t), ..., On + ™n(t)).
The conjugate reciprocal condition translates to the condition

N
{;wn s} =

where c is as before. As {3-" | ¥, } = ¢, we conclude that {ij:l (t)} = 0.
Fixing representatives ¥y, . .., ¥y in [0, 1), we define o: [0,1] — R by

N
a(t) =Y (W, +7a(t)).

n=1

The continuity of o follows from the continuity of the 7,,. Since ~y is homotopic to a
rotation, there is a unique 1 < k' < N such that y(%) = Pk’ mod N for 1 < k < N.
It follows that (1) = o(0) + |k’|. As{o(t)} = 0 forall t € [0, 1], this contradicts
the continuity of o, unless k” = 0 mod N. Hence ® is well defined on éN and can be
extended to all of ©y. Moreover, ® is injective, since if ®(9) = ®(1)), then ¢ and ¥’
share N — 1 roots and by the conjugate reciprocal condition, 1 = 9J’. The conjugate
reciprocal condition allows us to define an inverse of ® and, as ® is continuous, we
conclude that © N is homeomorphic onto a subset of ™! /SN—1.

We now shift our attention to JOy; first we introduce some notation. Given pos-
itive integers M, m and n such that 1 < n < m < M, define

M
Lff—{(191,...,19M)61Fﬂ‘f:{zﬁn+l§mﬁl} :c},

K, ={@,...,0m) € T} : 0, =9}

We then set

M, and JM=IMUK™.
1<n<m<M i

M
p- U kM- Uy K
m=1

Clearly LM, KM and JM are stabilized by Sy, and thus (for instance) (T \ /™) /Sy =
(TM/Spr) \ (JM/Sur). Returning to @, if a point in JM~!/Sy_; is in the image of
®, then its preimage necessarily has multiplicity at least two. Therefore fIJ((i) N) is a

subset of (TY ™'\ N=1)/Sy_; and ® maps the boundary of Oy into JN~! /SN~
For any positive M, the removal of a hyperplane from T corresponds to the re-
moval of a generator in the fundamental group. Since the hyperplanes L}/, are lin-
early independent, the fundamental group of T \ LM is trivial. We conclude that
the set T \ LM is homeomorphic to a disjoint union of open M-balls. Therefore,
the deletion from T \ LM of the set of hyperplanes KM is also homeomorphic to a
disjoint union of open M-balls. Figure 3 shows one of these open balls in T2 \ J2.
The action by Sy on T is given by reflections through the K}/,. As such, since K
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U,

\ ~ \ 191

Figure 3: An open 1-ballin T3 \ J*

and L™ are stabilized by this action, any reflection through K}/, must map a ball

onto another ball. The image of Oy under ® must therefore be one of these balls
as 9Oy maps into J¥ !, and we conclude that ®(Oy) is homeomorphic to a closed
(N — 1)-ball. Since ® is a homeomorphism, we conclude that ©y and therefore Wy
is homeomorphic to a closed (N — 1)-ball.

2.2 The Proof of Corollary 1.2

Let P be a partition of N, i.e., P = (ny,. .., np) is a vector of positive integers such
that n; +ny + --- + nyy = N. Let |P| = M denote the length of the partition. By
associating the cyclically ordered roots of w(x) with their multiplicities, w € Wy
determines a partition P(w) of N which is well defined up to cyclic ordering. (We
will consider all partitions only up to cyclic ordering.) If P = (ny,...,ny) and
P’ = (n1 +ny, ..., ny), then we say that P’ is obtained from P by reduction. Notice
that reduction gives a partial ordering on the set of cyclically ordered partitions, and
if the partition P’/ is obtained from P by a series of reductions we will write P’/ < P.
We call each partition of N a colouring, and colour Wy according to the partition
type of each w € Wy.

Ifw € OWy and P(w) = (n1,n,,...,ny), then there exist distinct 91,95, .. .,
I € Ty such that w(x) = (x — ™)™ (x — 2™2)% ... (x — ™M) Letting the
¥ vary, the continuity of the elementary symmetric functions implies that

{(191,192,...7’L9M) : {fl1191 +1’12’l92+ e +I1M”L9M} = C}

locally parameterizes an M — 1 dimensional ball in 0Wy containing w. Let F(w)
be the maximal connected subset of 0Wy containing w such that if x € F, then
P(x) = P(w). We fix 1 < n < M and define &(9) = (¥1,...,0,,...,0%y). Asin
the proof of Theorem 1.1, ® has a unique extension to F and we conclude that F is

homeomorphic to a closed M — 1 dimensional ball.
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The proof of Theorem 1.1 shows that ®(Oy) is homeomorphic to a simply con-
nected subset of T ! bounded by hyperplanes. This is, in turn, isometric to a
subset U of RN~! bounded by hyperplanes, the boundary of which corresponds to
(®(On) N JN71)/Sy_1. It follows that U has the geometric structure of a polytope,
and hence each u € U lies in the interior of a face of U. Moreover, the points in
the boundary of U correspond to w € Wy with disc(w) = 0. If u € U is in the
intersection of M of these hyperplanes, i.e., u is on a codimension M face, then u
corresponds with aw € Wy with |P(w)| = N — M. In fact, this face is the image of
F(w) as defined above. Under this correspondence, we see that there are N vertices
of the polytope, confirming that U has the structure of a simplex. It follows that Wy
has the structure of a coloured simplex. Moreover, given any w € Wy in the interior
of a face F, and any u € JF, P(u) < P(w).

3 The Geometry of Wy

Before proving Theorem 1.3 we need some results about the vertices of Wiy.

3.1 The Vertices of Wy

Lemma 3.1 The vertices of Wy span RN 1,

Proof Let U bethe N —1 x N — 1 matrix whose rows are given by v, v, ..., Vy_1.
From the definition of v,, it is seen that the m, n entry of U is given by

\/E(l:)cos(“%) ifl <n<N/2,
Ulm,n] = 4 (g7,) (=)™ ifn=N/2,

[3pt]V2(Y) sin(ZE=m) i N/2 < n < N.
Hence,
IN/2) L(N—1)/2]
B N N ,
(3.1) detU—<H (n)>( 1:[1 <n>) detU’,

where U’ is the N — 1 X N — 1 matrix whose m, n entry is given by

V2 (g m) 4 o Wmim)) ifl <n<N/2,
U'lm,n] = { e(m) ifn =Ny/2,
[3pt] 2 (ie( ) —ie(N2™)) ifN/2<n <N,

and e(t) = ™. That is, if we define the N — 1 x N — 1 matrix V by V[m, n] =
e(mn/N), then

(3.2) U' = X%V,
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where X}; is the conjugate transpose of Xy as defined in (1.2). This is convenient,
since |detXy| = 1 and |detV| = |detV’| where V' is the N — 1 X N — 1 matrix
given by

2mimn _q

Viimn] =en
That is, V' is the Vandermonde matrix formed from the complex numbers

e(1/N),e(2/N), ... e(N = 1)/N).

The well-known relationship between Vandermonde determinants and discrimin-
ants implies that | det V’| = | disc((x" —1)/(x— 1))|"/2. This together with (3.1) and

(3.2) yield
[N/2] L(N-1)/2]
N N N =1y (12
detU|—<E (ﬂ>)< L[l <n>)‘dlsc(x_l)

Since the discriminant of (x¥ — 1)/(x — 1) is nonzero, we conclude detU # 0 and
that the vertices of Wy span RN~1. ]

Lemma 3.2 vi+vy+---+vy =0.

Proof We use the fact that if  # 1 is any N-th root of unity, then ( + (> +- - -+ (N =
(N —=1)/(¢—1)=0.If0 < M < N, then the coefficient of xM = in v, (x) is given
by (Al\;) CEM Tt follows that

N N
> () = (o) Sk =o.
n=1 n=1

And since this is the coefficient of XN = in the polynomial v (x) + v, (x) + - - + vy (x),
we conclude that %(vl +vy 4 - +vy)(x) = xN + 1 = 0(x), which establishes the
lemma. u

Lemma 3.3 Let1 < mym’ < N. Then ||v,, — vy |*> = |lvw — vi||* where k =
|m' — m|. Moreover,

2N
v = vall? < vy = Vall2 < -~ - < [[vy — vaal* < z(N),

2N
v = vl > vy —vall2 > = > vy = vagr |2 >2(N),

where M is the greatest even integer not exceeding N /2 and M’ is the greatest odd integer
not exceeding N /2.

HZ —

Proof First we notice that ||v,, — v,/ [|* = ||viy — vi||* since the isometry RN~ takes

v, to vy and v/, to vi. By (1.4),

1 o .
(3 o =l = o [0 = @ | .
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Now, if —7 < 6 < T, then arg(e’ + 1) = 0/2, and thus

- : 0k
arg(e” + () = arg(C(1 +€"¢31) = 5 + T

It follows that arg ((e’ﬂ + Cﬁ,)N) = (=1)k arg((ei(’ + 1)N). That is, for fixed 6,
(€ + ¢&)N and (e + 1)N lie on a line passing through the origin, from which we
conclude

B4) @+ DN = (@ + N = (1 + DN+ (=D + V)

Squaring out the right-hand side of (3.4) and substituting into (3.3), we find

1
(3.5) |lvn —ka2 = —

/|(e"9+1)N|2d9+2i/ (e + Ch NP do
™ —T

2 J_,
ket (L 70 N0 4 kN
0P (I o an)
2N 1 [7 . .
6:6) =2 () e (5 1 VI o o).

where the binomial coefficient in (3.6) arises from an application of Parseval’s for-
mula to the first two integrals in (3.5) together with the familiar formula for the sum
of the squares of the binomial coefficients.

Next we define f(8) = |(¢ + 1)N|, and we notice that f(—0) = f(6) and
fQrk/N — 0) = |(? + ¢5)[N. Consequently, we can write the integral in (3.6)
as [ f(2wk/N) where

f*flt) = % &) f(t—0)ds.

The continuity of f implies that f * f is itself continuous, and likewise the fact that
f is even gives f * f(—t) = f * f(t). The lemma will be proved by showing that
f = f(¢t) is increasing on (—, 0) and decreasing on (0, 7). In order to do this, we use
the elementary fact that f(0) = (2 +2 cos 6)N/2 and hence f is increasing on (—, 0)
and decreasing on (0, 7). Moreover, f is differentiable on (—, 7). Consequently, we
may write

N N R B
(o= [ Fore—oam-- /0 FOLf(E—6)— Flt+0)} db,

where the latter equation holds since f is even.

Notice that for fixed ¢, f(t — ) — f(t +0) = Oifand onlyif @ = 0 or 6 = ,
and f'(6) < 0 on (0, 7). It follows that, for fixed #, the integrand never changes sign.
When 0 < ¢t < 7 and 6 = ¢/2 the integrand is negative. From which we conclude
that (f* f)/(#) < 0on (0, 7). Similarly (f* f)'(t) > 0 on (—, 0), which establishes
the lemma. [ |
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3.2 The Proof of Theorem 1.3

We begin by proving that every isometry of Wy fixes the origin.

Let D be the distance between 0 and a vertex of Wy. Let B denote the ball of radius
D centred at 0 in RN~!, and let S = AB. Therefore S is the smallest sphere in RV !
centred at 0 that circumscribes Wy. Notice that by Proposition 1.7, |[w — 0|| < D for
all w € Wy, with equality precisely when w is a vertex. Let T be an isometry of Wy
If T(0) = w for some non-zero w in Wy, then ||w — w’|| < D for allw’ € Wy, and
in particular, |[w — v,|| < Dfor1 < n < N. T(B) is the ball of radius D centred at
w, and Wy C BN T(B). Moreover, the vertices of Wy must lie in SN T'(B), and since
SN T(B) lies in the half space {u € R¥"! : w-u > 0}, we must have w - v, > 0 for
1 < n < N. But this is a contradiction since, by Lemma 3.2,

N

N
0=w- (ZV") :Zw-vn>0.
n=1

n=1

We conclude there is no such w, and that every isometry of Wy fixes 0.

Since every isometry fixes the origin, Proposition 1.7 implies that any isometry
must permute the vertices of Wy. Since R is transitive on the vertices, composing
T with the appropriate power of R fixes vy. By Lemma 3.3, v; and v,_; are the
unique vertices farthest from vy. Therefore, either v; is fixed or it is exchanged with
vn_1. Recall that v,, corresponds to (x+¢7)N, so conjugation exchanges v, and vy _;.
Composition with C, if necessary, results in an isometry S that fixes vy and v;.

We will now show that any isometry that fixes both vy and v, is the identity. As R
and C are in Dy, this will imply that T € Dy, establishing the result. As the farthest
vertices from v; are vy and v,, and S fixes v, we conclude that S(v,) = v, as S fixes
vy. Continuing in this fashion, we see that S fixes all vertices. S fixes the origin, and
therefore, if we let £, be the line segment connecting 0 and v, S fixes £,, pointwise. As
a result, S fixes the span of the vertices, which is RN ! by Lemma 3.1. We conclude
that S is the identity.

4 The Volume of Wy
4.1 w-Conjugate Reciprocal Polynomials

We will appeal to results and methods from random matrix theory in order to deter-
mine the volume of Wy. If Ay_; is Lebesgue measure on RN=1, then

(4.1) Vol(Wi) = A1 (W) = / D (w).

Wy

Our basic strategy will be to view elements of Wy as polynomials and employ a
change of variables so that we are integrating over the roots of CR polynomials as
opposed to the coefficients.

Along these lines, we must enlarge the set of polynomials under investigation.
Given a fixed w € T, we say the degree N polynomial f(x) is w-conjugate reciprocal
(or w-CR) if f(x) = wxN f(1/%). If a polynomial is w-CR for some w € T, then it is
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also called self-inversive. In analogy with CR-polynomials, we definethe N—1x N —1
matrix Xy ., by

V(i twdy_jp) 1< j<NJ2,
(4.2) Xnwlj, kl = § Vwdijx ifj=N/2,

V2(igy_ i —iwdjy) ifN/2< j<N,

for a fixed branch of the square root. It follows that ifa € RV ! and ¢ = Xy ,a, then
(N +w) + SN 6N is w-CR. We then define Wy to be

n=1

N—1
WNw = {a eRN (N +w) + Z ¢,x¥ 7" has all roots on T, where ¢ = XNﬁwa} .

n=1

Now consider the map Ey,: TN™! — Wy specified bya = Ey,(§) = X;Lc where

¢ is obtained from & by
(—1)Nw N-1 - N-1 »
(43) (x— m) E(x—fn) = (XN+W)+ 2 CnXN .

In order to determine the volume of Wy we need to compute the (absolute value
of the) Jacobian of the map Ey ;. It shall be convenient, and no more difficult, to
compute the Jacobian of Ey , for arbitrary w.

Lemma 4.1 Letw € T. The absolute value of the Jacobian of Ey , is given by

(4.4) JacEnu(& 6ol = ] 16— &als
1<m<n<N
where
ey = (—DNw
YT ag ey
Moreover,
(4.5) |JTacEnw(&1,&2, - -, En—1)| = [JTacEn1(&1, &2, - - - EN—1)]-

Proof By (4.3),
(4.6) &= (=1)"es(&1, &2, - -, EN)
= (=" (ea(&1, &, s En—1) +Enen1(&1, & - En1))

where e, is the n-th elementary symmetric function. The Jacobian of Ey , is given by

Oa,
Im

N-1
} = det Xy ., det [

n,m=1

dc :|N—1

Jac Ex,, = det { %,

n,m=1
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From (4.6) an easy calculation reveals

g =0 (1= e

wheree,_1 = ep—1,m(&1,&2, ..., En—1) is the (n—1)-st elementary symmetric func-
tion in all variables except &,,, and we use the convention that e; ,, = 1. We conclude
that

N—1

(4.7)  JacEy, = detXy), ( I e - fz)) det[ (—1)" " ey—1.m]

=1

N—-1

nm=1"

Let U be the N — 1 x N — 1 matrix [(—1)’1_16,,_1’7”]1\];;1 and notice that the m-th

n,
column of U is comprised of the coefficients of the polynomial

N—1 N-1
fn(x) = H(x —&) = Z(_l)n_lenﬂ,mxl\]_l_”,
(=1 n=1

élszm
and clearly
N-—1
Fn(€e) = G [ ] (& — &0)-
b

Thus, if we set V = [fﬂn]%;i | (thatis, V is the Vandermonde matrix in the variables

&1,&,...,EN—1), then VU is a diagonal matrix, and

detvU = (D) [ @ -

1<m<n<N

Using the familiar formula for the Vandermonde determinant, we see

detU = (-D2) I 6 —&w).

1<m<n<N

It is easy to verify from (1.2) and (4.2) that det Xy, = (v/w)N det Xy and hence (4.7)
leads us to

JacEnu|= ] 16— &ul-

1<m<n<N

To prove (4.5) we note that
N N
(=N Hw_l/an =w! ((—I)N an) =wlw=1.
n=1 n=1

Thus we may transform an w-CR polynomial into a CR polynomial by multiplying
each of the roots by w™/N (for any fixed branch of the N-th root). But this corre-
sponds to multiplying Jac Ey ., by a complex number of modulus 1. ]
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4.2 The Proof of Theorem 1.4

Given w(x) = Hle(x — &) € Wy, there are N! different choices of root vectors
& € TN~ associated with w. That is, since one of the roots is determined by the
others, there are (NIL] 1) ways of choosing N — 1 independent roots, and then (N — 1)!
ways of ordering them. Setting &, = ¢/, it follows from (4.1) that

1 2T 2T ) ) )
vol(Wy) = ﬁ/ / [Jac En 1 (¢, ¢, ..., é=1)| df) - - dOn_,
*Jo 0

1 2T 27 1 27 ) ) )
:ﬁ/ / (E/ |JacEN,1(e'91,e192,...,e'eNfl)\dﬁ)dal...deN,l.
= JO 0 0

By (4.5) we may replace |Jac Ey,1| with |Jac Ey .|

vol(Wy) =

1 2 2T 1 2w ) ) )
ﬁ/ / (2—/ ‘]acEN@m(e’el,e’ez,.‘.,6’9”*1)|dﬁ) 9, - doy_,.
+Jo 0 ™ Jo

By the change of variables Oy = N7+ ¢ — (6; + - - - + Oy_1) and (4.4), we discover
that

1 2 2 2T ) )
vol(Wy) = NI / / e / H ‘elon — e’a”'| do, do, - - - doy.
*Jo o Jo 0

1<m<n<N

The value of this integral has been calculated by F. Dyson in the context of random
matrix theory [5]. Using Dyson’s value for this integral, we have

IN=1(N=1)/2

vol(Wy) = ",
N (M)

which is the volume of the N — 1 dimensional ball of radius 2.
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