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A STRATIFICATION GIVEN BY
ARTIN-REES ESTIMATES

TI WANG

0. Introduction. LetK = R orC.Let U be an open subset of K". Let X be a closed
analytic subset of U and let Z be a proper closed analytic subset of X. Let M(X; Z) denote
the ring of meromorphic functions on X whose poles lie in Z. Let M be the families of
formal power series generated by a finite sequence fi, ... ,f, € M(X; Z)[[ly]l” (For details,
see § 2). We consider the Artin-Rees estimate for M at each point of X—Z. By Artin-Rees
lemma (see [Bou]), for each pointa € X — Z, there exists an integer k, such that for all

leN,

(1) M, N K Iy = il (M, 0 K TP,
or

0 M, N mA Ky} = m' (M, N meK{y}?),

where i (or m) is the maximal ideal of K [[y] (or K{y}). Therefore, there exists an
integer k/, such that forall/ € N,

) M, N kMK [yIP C M,
or
2" M, mH Ky} € miM,.

Equation (1) (or (1)) is called a strong Artin-Rees estimate, and (2) (or (2')) is called
a weak Artin-Rees estimate. It is known that the Artin-Rees number, i.e. the k, and kf,
mentioned above, can be uniformly given for every compact subset of X — Z (see [B-M,
2], Theorem 7.4(3)).

The Artin-Rees estimate is an important subject in algebraic and analytic geometries
(see [E-H], [D-O], and [B-M, 2], etc.). In this article, we investigate the properties of the
stratification given by the Artin-Rees estimates, namely, on each stratum, the Artin-Rees
number is constant. In the case of &, or £, being 0, K [[y]]”/ M, is a flat module over
K [[v]. It has been known that the flatness is an open property (see [B-M, 1]). Therefore,
naturally, one expects that the Artin-Rees stratification is Zariski semicontinuous (for
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the definition of Zariski semicontinuity, see [B-M, 1]) on X — Z. This article gives a
discussion on this issue and figures out that it is not the general case.

Since, by Krull’s theorem, the formal and the convergent versions of the Artin-Rees
estimates are equivalent, we only consider the formal cases (1) and (2) in this paper.
In Section 1, we give a criterion for the Artin-Rees estimate (see Theorem 1). All the
concepts and the properties of a diagram of the initial exponents of a module we will use
have been discussed in [B-M, 3] and [B-M, 2]. In Section 2, with the help of the criterion
given in Section 1, we get the constructibility of the stratifications defined by both strong
and weak Artin-Rees estimates. In Section 3, we use “minimal-bases” (defined in § 2) to
study the openness of the initial strata, which is equivalent to the openness of the flatness
of modules. Finally, some examples will show that in general the stratification discussed
here is not Zariski semicontinuous.

The author wishes to express his sincere thanks to Professor E. Bierstone and Profes-
sor P. Milman for their encouragement and supervision.

1. Special generators and the Artin-Rees estimate. Let 7 C K [[y]” be a submod-
ule. By the Artin-Rees lemma, there exists an integer k such that for all/ € N,
(3) TN K[yl = Al (TN K [y]P).

Also, there exists an integer k¥’ such that for all/ € N,
) TN K[yl C #'T.

We refer the readers to the articles [B-M, 1] and [B-M, 2] for the notations and
properties of a diagram of initial exponents of a module with respect to a given lin-
ear form. Take a positive linear form L: N* — N defined by L(«) = |«|. With respect
to this L, the diagram of initial exponents Ny (7T) is well-defined and we may assume

that (o, j;),i = 1,...,s, are all the vertices of Ny(T). Then, we can get a set of special
generators of T, say, h;(y),...,h(y), satisfying the following three properties:
(5) T = (hO).....h))KIyl:

(6)  Let vi(h;) be the initial exponents of h;,i = 1,...,s, with respect to L. {v(h)}
are the vertices of Ny (T); and

(7) (alvjl) << (aS,jA')'
REMARK. Condition (7) implies that
o] < Jaa] <o < .

A set of generators with the properties (5), (6) and (7) is called a set of special gener-
ators of T. For the existence of such a set of generators, one is referred to [B-M, 1].

For any given A € N, and a set of special generators h, ..., h;, we may define r =
r(A) € N by

[ar [SA, ] o |S A o [> A, ] as [> A,
where r(\)isOifall | o; [> X, anditissifall | a; |[< .
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THEOREM 1. Forany A € N:

[1]: (3) holds for X\ if and only if (\) > land forj=r+1,...,s,
hi(y) € mlol=lalp 4o oplal=lely

[2]: (4) holds for X\ ifand only if r(\) > 1l and forj =r+1,...,s,

hi(y) € iy SRR ALy

PROOF. The proof of [2] is parallel to that of [1]. Therefore, we only give the proof
of [1] here.

IF. Assume that ((\) > 1, and for allj > r = r(}),

hi(y) € 3 mlel=leid .

i=1

Let g € TN m**'K[[y]P. By the definition and the properties of { &},
8= Ztihi»
i=1
where 7; € w1l =1, s. We discuss two cases:
1. If j < r(\), then
thy € mta 1% (T O A K YIP).

2. If j > r(\), then by our assumption,

4y € il A ey Al O AN K ).

i=1
Hence, g € m!(T N m* K [[y]|?). This proves
TN MK [yl C AT N K ([y]?)

forall/ € N.
It is trivial to show that #/(T N MK [ylI’) C TN m* K [y]P.

ONLY IF. Assume that forall I € N, TN @K [yl = #/(T N @ K [y]P).
If (\) =0, i.e.each || > A, then

hy € TN WMHAI2AK Iy c mlal =T n K [yl?).

But h; & mT since hy has the minimal initial exponent. Consequently, r(\) > 1.
For each hy(y), (j > r(A )), we have

hj € TN Ml K [yl € alel = (T 0wt Ky IP).

Thus hj = 3 4|=|a|-r Y Ga,j» Where Go; € TN K [[yll”. So we may assume that

. i i AN— i
Ga,j = Ti_| 8ujhi, Where g, ; € 1t leal
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SUBLEMMA. If(3) holds for X, then for all j > r(\),

8) hj € wlesl=lalp 4o, +m|aj|~|aj—lihj_l.

The “only if” part follows by repeatedly applying the sublemma. ]

PROOF OF THE SUBLEMMA. By induction on s —]
Forj = st hy = | g fay|-2 Y™ 0 & shi, where gi, . € i ~1*|. Then we have:

—1s5—1 X
h=(1- £ &) L T soh
| =[as|—A =1 la|=]a,| =X
Where Y| |a,[—) &hoy® € rill=lel,
We assume that (8) holds for k < j < s. Forj = k — 1(> r(/\)):

By € TO MKy = #9122 (T N m K [y]P).

Our induction hypothesis now implies
j=2
hiy € Zrﬁ!af"l‘la’lh,- + mla-il=A hi 1.
i=1

Hence h;—; € Y_ mlo-11=1ol b, This proves the sublemma. .

DEFINITION.  For any submodule 7' C K [[y]}?, define the strong Artin-Rees number
Ar and the weak Artin-Rees number \}. by

Ar = inf{k € N | (3) holds for k} ;
AL = inf{k € N | (4) holds for k}.

COROLLARY. [11: If A\r < A (orAp < X ), then hy(y), ..., ) (y) generate T.
[2]:
lai| <A <|ay;

len] < A7 <ol

The proofis trivial. -

2. The stratification. Let X be a closed analytic subset of an open set U C K", and
let Z be a closed proper analytic subset of X. Let M(X; Z) denote the ring of meromorphic
functions on X whose poles lie in Z. Let M(X; Z)[[y]]” be the families of formal power
series with coefficients in M(X; Z), and let f1, ... .f; € M(X; Z)[[y]P. For each pointa €
X — Z, let M,, be the submodule of K [y]]” which is generated by { fi(a; y)} over K[y].
Let N, denote the diagram of initial exponents of M,,. For this parametrized families of
power series M(= U,ex—zM,), we have (see [B-M, 1], Theorem 5.5 and Corollary 5.9):
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THEOREM 2. Let M be defined as above. Then we have:
[1]: Let ay € X. Then there is a neighborhood V of ay in U and a filtrationof XM V
by closed analytic subsets:

XNV=XoD2X1D-D2Xponn=2NYV

satisfying: foreach p = 0, ...,w, N, is constant on X, — X,41.

[2]: Foreach p = 0,...,w, there exists £'(x;y),...,E%(x;y) € MX,; XD 1P
such that for all points a € X, — X1, £'(a;y), ..., & (a; y) generate M,, and
moreover, they are a set of special generators of M, for eacha € X, — X,+1.

[3]: Let Ny(M) = N, ifa € X, —X,11. Then N,(M) < Nyq(M) forallp = 0,...,w.

]

Let R, C K[yl be the relations among {f,-(a;y),i = 1,...,q} over K[[y]?, and

let R(M) be the parametrized families of the relations R,. Then we have (see [B-M, 1]
Theorem 6.3):

THEOREM 3. Let R be defined as above. It follows that:
[1}: Let ay € X. Then there is a neighborhood V of ag € U and a filtrationof XN 'V
by analytic subsets:

XNV=X2X;D--DXyyy=2ZNYV
satisfying: foreach p = 0,...,v,N, is constant on X;, — X, ,1.
[2]: Foreachy = 0,...,v, there exist( '(x;y), ... ,C’:‘(x;y) € M(X,; X, )N such
that foralla € X, — X,,11, §1(a;y), - ,C’L(a;y) generate R,, and they are a set
of special generators of R, for each a € X, — X,,41.
[3]: Let Ny(R) = Nu(Ry) ifa € X, — X,11. Then N,(R) < N, (R) forall p =
0,...,v. -

We now discuss the Artin-Rees estimates related to M, namely,

9) M, N MK Y = @M, 0 @ K [Y]IP)
and
(10) M, N MK Iy C M.,

DEFINITION. For each A € N, define
M ={acX~-Z| @O holdsforalll € N ata};
Iy ={a€eX~—2Z]| (10)holds foralll € N ata}.

It is easy to see the following properties:

) Mcry;vaeN; =T,
(12) I cr™, Iy ca; VA EN.
(13) X—Z=U2 ™ X—-Z=uX .

DEFINITION. A set Y C U is a constructible set if it is a union of differences of
analytic subsets.
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THEOREM 4. Both {U —T*} and { U — T, } are constructible sets.

PROOF. The proof for U—T) is similar to that of U—T™ . Therefore we only discuss
the constructibility of U — I'* here. The proof is local. So, we consider the question at a
pointa € X — Z:

By Theorem 2, there exists a neighborhood V of a such that

XNV=XyD2X|D---DXpnn=2ZNYV

with the properties:
(i) N(M)is constant on each X, — X1, 4 =0,...,w.
(ii) Foreach p, there exist£!,..., &% € M(X,; X,,.1)[Y]IP which are a set of special
generators of M, for each pointa € X, — X,,,,.

For a fixed A € N, and for each 4 = 0,...,w, we have a well-defined r, = r, ().
Foreachj > r, , let us consider the relations among £/ and {y“'f|_|""| EYG=1,...,r)
which is denoted by R, = R(&/, yl/I=le'lg 1 yle/I=la™l¢ ) on each X, — X,.41. By
Theorem 3, withoutloss of generality, we may assume that on X,, —X,, ., R; has a constant
diagram foreachj > r,,and (..., ¥ are a set of special generators of R; at each point
a€X, —X,4.

Each ¢ is a vector (¢/,...,¢! ). It is easy to see that at one point b € X, — X,..1,
¢/ g sk mlil=lel if and only if ¢;' (b; 0) = 0. This is a closed condition. By Theorem 1,
now we conclude that (U — ) N (X, — X,+1) is constructible. As a result, U — ™ is
constructible. n

COROLLARY. By Theorem 1, we have the following results:

[1): In a particular case, the sets U — T and U — Ty, defined by a coherent sheaf of
O- modules are also constructible.

[2]: For any compact subset of U (or X — Z), we have a uniform Artin-Rees estimate
for a parametrized families. u

3. Minimal-bases and the openness of I'%. For a submodule M C K[y]” (or
K {y}?), a set of generators hy,...,h, is called a minimal-basis of M if g is the mini-
mal size of all generators of M. We denote this integer by ny,. It is also known that:

ny = dimg M®K“y]] K.

Let Z C X C U C K", where U is an open subset and X, Z are closed analytic sub-
sets. Let fi,...,f; € M(X; 2)[y] and let M be the parametrized families of submodules
generated by fi(a;y), ..., f,(a;y) at each point a € X — Z. For M,, abbreviate ny, by n,.
This procedure defines a function:

nX—-Z7Z—N.

In general, n is not upper semicontinuous. Consider the following counterexample,
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EXAMPLE 1. Letf),f> € (K[x])[y]* be defined by:

0
filey) = <xlv) fz(x;y):< )
Xy

where x € X = K. Thenat x = 0,
0
My = (<1>)

and it has only one generator. If x # 0,

e ()0)

so it has at least two generators. n
However, in the case of coherent sheaves, where we assume that X = U and M is a
coherent sheaf of O-modules, we have:

PROPOSITION 5. If M is a coherent sheaf of Ox-modules, then n is a Zariski upper
semicontinuous function.

PROOF. Leta € X, and let M, be generated by s,...,s,, where ¢ = n,. Then, in a
neighborhood V of a, M is generated by s1, ..., s, as well. Thus n, < n,forallb € VN X.

Let M; be the coherent sheaf generated by {si,...,sj—1,8j+1,...,5¢f.J = 1,....q.
For a point b € X, let M;;, and s;;, denote the germ of M; and the germ of s; at the point
b respectively. We have:

CLAIM. The subset {b € X | sj & M} is a closed analytic subset.

PROOF OF THE CLAIM. The relations among si,...,s, is a coherent sheaf of OX—
modules. The condition of s;;, & M; is equivalent to all the j-th components of the gen-
erators of the relations among {s,, .. ,sq} vanishing at b. This is a closed condition. =

Let X; (C X N V) denote the subset consisting of all b such that n, = i. Then,

Xy =Xy, =L {beEX] 50 Mjp}
is a closed analytic subset by the above claim. This proves Proposition 5. L]

LEMMA 6. The following statements are equivalent:

(14) M, N w'K [yl = m'M, forall 1 € N;

(15) M, N K [y]IP = mM,,.
For the proof, see [Bou] or [Mat]. .
For M,, we may have such a minimal-basis ky, ..., h, with the following property:

t

(x) If Y &h € MK[y]P, and if for some k, & ¢ ra, then by must be in MK [y]”.

i=1
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In fact, to get a minimal-basis with the property (x), one needs only to repeat the
following procedure on a given minimal-basis:

For a given minimal-basis, say Aj,...,h, if there exists a combination g =

&k € MKY]P, with some & & i, then Eehy = g — oy by, ot by = €7'g —

¢! Yizk &ihi- By replacing by by ¢ € mK[y]”’, we get a new minimal-basis. After
finitely many replacements, we will get such a minimal-basis with the property (x).

PROPOSITION 7. That a point a belongs to TV is equivalent to the statement:
(1) For any minimal-basis of M,, say h(y), ..., h(y), each h; € AK[yIP,i = 1,... ¢

PROOF. We will prove the following statement:
M, N AK [yl = mM, is equivalent to (1).

Then by applying Lemma 6, Proposition 7 follows.

Ir.  We assume that M, N mK [y]]? = mM,. If there exists a minimal-basis k,, ..., h;
with some h; € mK [y]”, then h; € mM,. Thus

t
hi =" &k, for some &; € .

i=1
Hence we have iy = (1 — &)~ Lik §ihi which contradicts the fact that hy,.... 4 isa
minimal-basis.

ONLY IF, If all minimal-bases of M, satisty (}), then take a minimal-basis of M,
with the property (), say Ay, ..., h,. Forany g € M,NmK[y]", g = ¥}, &h; with each
& € K[Iy]l. By the property (1), it follows that all £; € s This proves that g € mM,. =

REMARK. Applying Theorem 1 and the if part of the proof of Proposition 7, we
obtain a new proof of Lemma 6:

Take a set of special generators of M, say hy, ..., h. If M, N mK[yll’ = mM,, then,
by the proof of Proposition 7, there is a minimal-basis of M, which can be obtained from

hy,...,h, namely, hy,...,h,, and each h; & mK[ylIP (i = 1,...,r). Without loss of
generality, we may assume that

fi
hi=|fi |, wherefi€m,j=1,...,i—1, andf; € rh.

v
It is easy to see that the following relations must hold:
hj € 3wl forallj > r.

i=1

By Theorem 1, Lemma 6 now follows. n
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PROPOSITION 8.  For a coherent sheaf of O-modules M, T is open.

PROOF. Assume thata € I'°. Let hy, ..., h, be a minimal-basis of M, . By Proposi-
tion 7, each |v(h;)| = 0. After a linear transformation, we may assume that

0
16 hi = 0 here h 0
(16) i = | py | o Where hida) # 0.
hyp,i(x)
Then in a neighborhood of a, hy, ..., h, are in the same form as (16). This implies that
hi, ..., hq are still a minimal-basis for M,, at any nearby point b. From the form (16), all
minimal-bases of M, must satisfy the condition of Proposition 7. Thus I'V is open. L]

REMARK. Proposition 8 is false if M is not a coherent sheaf. A typical counterex-
ample is Example 1, where T? = {0}.

4. Some examples. In the last two sections, we have seen that ¥ = I is open if M
is a coherent sheaf, and U — T and U — I’y are constructible sets if M is a parametrized
family. Here we give more examples to show all the possibilities that U —T* (or U—T))
may have.

EXAMPLE2. For any coherent sheaf of O-modules generated by one function, all T*
and Iy are open sets. ]

EXAMPLE 3. Let n = 3, p = 2. Consider the coherent sheaf of O-modules M gen-
erated by

f](Xl,X2,X3) = <g>7 f2(x1’x2’x3) = <x§>’
X3

where A > 0 is a fixed integer.

CLamM 1. At 0 = (0,0,0), My has a set of special generators as follows:
X1 X2 0
, d .

PROOFOFCLAIM 1. Consider the diagram N generated by ((1,0,0); 1), ((0,1,0): 1)
and ((1,0,1);2).

Let g = &1fi+&afh, where €1, &, € K{ x1,x2,x3}. We may assume that £5(x;, x,X3) =
&€3(x2,x3) + x1§4(x1, X2, x3). Then

g=& (’3) +§2(§> *53@) +x,£4<§>.
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It is easy to see that
Xy X2 0
support(¢; 0 ) C N, support(&; 0 ) C N, and support(x; &4 P ) CN.
3

If the initial form of g is a term of &3 (3), ie.

. (0
mt(g>=kxgxg~<x;),

()
X2 0
Aoper(a)

But this is impossible because each term of

()

is divisible by x;. Therefore int(g) must be a term of

0
3 (’;‘) +& (ff) +£4(m§>.

i.e. v(g) € N. This proves Claim 1.
By Theorem 1, it follows that 0 € T'y, since

0 - X2 _ X1
xw%\ = X )C% +(—x2) 0)

CLAIM 2. At any point a = (0, yo,0), where yo # 0, a set of special generators of

M, can be given as the following:
Yo 0
x ) \axy )

_ e [¥ 0
“ai) e lo)

We may assume that £; = £3(x2, x3) +x1£4(x1, X2, X3).

which implies that the term

has been eliminated since

PROOF OF CLAIM 2. Let
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Then

_ Yo 0 0\ Yo 0
g—§3<0) +§4<X1x§\>+§2<x1x3\> —€3<0) +(€2+€4)<x1x3\>.

We may prove directly that v(g) is inside the diagram generated by the initial forms

0 and 0
5 Xy )
Therefore, Claim 2 is true.

Then by Theorem 1, (0, yy, 0)€ T’y since

0 Yo
(x1x§> ¢ <x3\>K{xl,X2,X3}.

Consequently, for each A € N, there is an example that 'y is not open. L]

EXAMPLE4. Letn = 3,p = 2. Let M be a coherent sheaf of O-modules generated

by
A
filxr,x2,x3) = (x(;) folxr,x2,x3) = <XZ>,
X3

where A > 0 is a fixed integer.
As we discussed in Example 3, we may prove the following:
At 0=(0,0,0), a set of special generators of M, can be given as

(o) (o))

At any point a = (0, yo,0), where yy # 0, a set of special generators of M, can be

<yo>and < AO )
X3 X] X3

0 . xi‘ \ (X2
() = (3) 4 (2)

implies that 0 € ™ . Finally, if yy # 0,we have

0 A
P

which implies (0, yo,0) & T™. So for each A € N, there is an example that I is not
open. [

given as

By Theorem 1,
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