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Abstract

Weighted sieves are used to detect numbers with at most S prime factors with S € N as
small as possible. When one studies problems with two variables in somewhat symmetric
roles (such as Chen primes, that is primes p such that p + 2 has at most two prime factors),
one can utilise the switching principle. Here we discuss how different sieve weights work in
such a situation, concentrating in particular on detecting a prime along with a product of at
most three primes.

As applications, we improve on the works of Yang and Harman concerning Diophantine
approximation with a prime and an almost prime, and prove that, in general, one can find
a pair (p, P3) when both the original and the switched problem have level of distribution at
least 0.267.

2020 Mathematics Subject Classification: 11N35 (Primary); 11N36, 11A41,
11N80 (Secondary)

1. Introduction

Classical sieve methods can be used to study integers without small prime factors. In
particular, under certain hypotheses, they can give upper and lower bounds for

SA,z2):={neA: (n,P(2))=1}, (1-1)

where A CN and P(z) = ]_[p<Z p. Among other things, this allows one to detect numbers

that have only few prime factors — if A C [1,x] "N and S(A, x!/v) > 0, then A necessarily
contains numbers with at most [v — 17 distinct prime factors.

Kuhn [11, 12] first observed that if one attaches a weight W(n) to every n € A, with W(n) =
1-— Zp‘ » Wp and suitable coefficients w, > 0, then one can find integers in A with even fewer
prime factors than with the above argument. Weighted sieves have then been developed by
various authors, see e.g. [7, chapters 9-10] and [5, chapter 5] for more information.

We shall reserve the letter p with or without subscripts for primes and the notation Py, for
numbers with at most k prime factors.

As an example, let us consider the twin prime conjecture. Take

A={p+2: pprime,p <x}.

Using the linear sieve (see Lemma 2.5 below), with level of distribution 1/2 — ¢/3 com-
ing from the Bombieri-Vinogradov theorem (for the definition of level of distribution,
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see Definition 2-4 below), one obtains

S(A, x4y > ¢

log® x

for some constant co = co(¢). This implies that p + 2 = P4 infinitely often. The level of
distribution 1/2 — ¢/3 is sufficient to replace P4 by P3 if one uses a weighted sieve with
well-chosen weights w), see for instance [7, theorem 9-2].

Optimal weighted sieve coefficients are not known but there has been some work
surrounding them, see for instance [5, chapter 5].

In 1973, Chen [2] made a breakthrough in the twin prime problem by showing that p +
2 = P, infinitely often. Primes of this form are often called Chen primes. Chen had the
ingenious idea of switching the roles of the variables in some parts of the argument. He first
proved a lower bound for the number of primes such that p + 2 = P3 (with the prime factors
of P3 belonging to certain ranges). He then removed the contribution of products of three
primes by applying an upper bound sieve to the sequence p1pyp3 — 2, thus sieving the prime
p- Later Fouvry and Grupp [3] managed to show that p + 2 = P, infinitely often without
using switching, but a better level of distribution coming from deep estimates for sums of
Kloosterman sums.

There has been some interest in optimising weights in Chen’s set-up, see e.g. Wu [185, 16],
which for instance leads to improved lower bounds for the number of Chen primes.

Chen’s switching idea [2] has also been utilised in finding pairs (p, P;) with k>3 in
various contexts like for instance the ones found in [8], [13] and [14]. However, it seems
like little attention has been paid to the corresponding choice of weights. The aim of this
note is to initiate the study of this subject, and set up the scene for further investigations.
Most of what we do works in a very general setting for detecting pairs (p, Py) using flexible
weights. Nonetheless, we will in particular study the case k = 3 and illustrate the effect of
some weights, which we intend to keep rather simple. Using other weights might lead to
improvements on our results.

The following application demonstrates how one can obtain stronger results by simple
changes to the sieve weights.

THEOREM 1-1. Let Ag € R and let A1, Ay € R\ {0} be such that Li/Ly is negative and
irrational. Then there are infinitely many solutions to

Ao +A1p+2r2P3| <p~”
with p = 0.009.

This theorem improves on the work of Yang [17] that had exponent p = 1/131, which in
turn improved on the work of Harman [8] with p = 1/300. Here, we use the same arithmetic
information as in those previous works, but with different sieve weights — actually Harman
[8] wrote that p could be improved “by using better weights (for example see Section 2 of
[6]) and making more use of Chen’s technique”. What is perhaps surprising about Theorem
1-1 is the quality of the improvement and the fact that it is obtained using simpler sieve
weights rather than more complicated ones. Unfortunately, despite the significant improve-
ment on p, we are not able to replace P3 by P, for any positive p, which would be the most
desired result in this problem.
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We will also show that if one has level of distribution 0.267 in both the original and the
switched problem, then one can find pairs (p, P3). We will state this result formally only upon
stating the needed assumptions precisely (see Theorem 3-2 below). Note that in [13], where
Vaughan’s method [14] was used, a stronger level of distribution 0.34096 was required (see
Remark 3-3 below for more information).

The paper is organised in the following way. In Section 2, we recall some auxiliary results
needed to carry out our work, specially those involving sums over primes and the linear
sieve. In Section 3, we present and discuss the basic set-up and assumptions in our general
sieving situation as well as apply the linear sieve to reduce our task of finding pairs (p, Py) to
the task of finding a positive lower bound for the difference of two expressions X and .
Toward the end of Section 3 we state Theorem 3-2 mentioned above and provide Example
3-4, where we present three important specific choices of weights.

In Section 4, we find a lower bound for ¥, whereas in Section 5 we find an upper bound
for 3. In Section 6, we illustrate the effect of the weights from Example 3-4 in the context
of Theorem 1-1, and prove Theorem 1-1 in Section 6-3. In Section 7, we prove Theorem 3-2.
Finally, in Section 8 we present a way to deal with more general weights than those needed
for our theorems.

All the numerical calculations have been carried out using Mathematica and are available
alongside the arXiv version of this work.

2. Notation and auxiliary results

For n e N, we write Q(n) for the total number of prime factors of n and w(n) for the
number of distinct prime factors.

2-1. Sums over primes

We will regularly utilise the standard device of using the prime number theorem to
transform sums over primes to integrals. For convenience, we describe an example of this
technique here. Indeed, letting v: [0, 1] — [1,2] be a Lipschitz function, we have by the
prime number theorem that

log p;
W( log x )

2 :

p1p2p3 log
<p1<pr<p3<x'/? p1pap3
34 ppy<a?/

v(llogtl)
= 1 08X dtydtrdts.
(1 +a(D) /.// (t1 log 11)(t2 log 12)(t3 log t3) log —* 1

12 nnts

41720

X1/4<P1P2P3§X

x1/20<11 <h<t3<x

<</t B <3
Substituting #; = x%, the above expression equals

1 1
+—0() //f vi@1) dodaydas.
log x ajazo3(l —ap —an —a3)

1/20<o) <y <az<1/2
1/4<o)+ar+a3<3/4, 201+a2<2/3
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2-2. Sums over rough numbers

We shall need asymptotic formulas for sums over rough numbers. Define first the
Buchstab function wp: R>o — R0 by wp(u) =0ifu € [0, 1), wp(u)=1/uif u e[1,2] and
(uwp(w)) = wp(u — 1) if u > 2.

LEMMA 2-1. Lete >0, x> 2 and 7 € [x%, x}7¢]. Then

Z | — X log x 4o X
“logz 2 \logz (logx)? )"

n<x
(n,P(2))=1

Proof. This follows from an inductive argument and the prime number theorem, see [9,
section 1-4].

For j € N, we define the functions ¢;: R>o — Rx¢ by recurrence as ¢;(f) = 1,>1 and

max{j,t} .. 1
J

a—1

Similarly to the proof of Lemma 2-1, we use the prime number theorem and induction to
establish the following result, which is also stated in [18, section 2] and [1, lemma 2-2].
(Our Lemma 2-2 below corresponds to the special case f =0 and g=a =1 of [1, lemma
2-2]). For completeness we sketch its proof.

LEMMA 2-2. Lete > 0,j e N, x> 2, and z € [x*, x/ log x]. Then

1 log1
Z . cj(ogx>+0<x og 0g2x>.
P log x log z (log x)
(n,P(2))=1
Qn)=j
Sketch of the proof. In case log x/log z <j, the claim is trivial. In case log x/log z > j, we
induct on j. When j = 1, the claim follows immediately from the prime number theorem. Let

us now assume that the claim holds for j — 1 > 1 and establish it for j. We have

=Yy ¥ 1+0(§). 22)

n=x 1j n=x/p
wP@)=1 P Pyt
Qn)=j Qm=j-1

The contribution of the sum over p € [x'///log x, x'/7] to the right-hand side of (2-2) is
O(x log log x/(log x)?). In the remaining range we can apply the induction hypothesis to the
innermost sum. Thus we obtain

X log(x loglog x

Z 1= Z cj_]( a( /P))+0(x g gZ)_
e ; P1ogx/p) log p (logx)

(n,P()=1 2<P=icgx

Qm)=j

The claim follows by first using the prime number theorem to transform the sum over
primes to an integral over ¢ (similarly to Section 2-1), and then substituting # = x'/*,
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We are actually interested in rough numbers with at least a given number of prime factors.

In light of the above, for J € N, we define the function C;: R>; — Rx¢ via

J-1
Cst) = twp(t) = ) ci(0).

j=1
On combining Lemmas 2-1 and 2-2 we obtain the following.

LEMMA 2-3. Lete >0,J € N, x> 2 and 7 € [x%, x!~¢]. Then

X log x X
Y ==l ) o g )
o ogx 0gz (log x)

(£,P(2))=1
QU)>J

2-3. Level of distribution and linear sieve

We define now the level of distribution in case of a linear sieving problem.

Definition 2-4 (Level of distribution of v,.) Let X > 1,x> 2, and 6 € (0, 1). Let (v,)n<x
be a sequence of complex numbers and let g: N — R>( be a multiplicative function such
that g(p) < p for every prime p.

We say that the sequence (v,),<x has level of distribution § with size X and density g if

8(d) X
Z Mz(d) Z Vdn — TX =0 (W) >

d<x? n<x/d
and if we have, for all z > w > 2,

~1
[1 (1—g—(p)> 5(1+0< 1 )) gz @3
p logw /) logw

w=p<z

We extend the definition (1-1) to sequences, by writing, for A = (v,))n<x,

S(A, 7) = Z V.

n<x
(n,P(2))=1

We recall now that the linear sieve functions f, F': Ry — R are the continuous functions
defined through the system of differential equations

sF(s)=2¢" if0<s<3; $F(s)) =f(s—1) ifs>3; (2.4)
sf(s)=0 if0<s<2; (f(s)) =F(s—1) ifs>2.
Note that
2eY .
fls)= e log(s — 1) if2<s<4. 2-5)

Now we are ready to state the linear sieve.
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LEMMA 2-5 (The linear sieve). Let x > z > 2. Suppose that the sequence A = (vp)p<x has
level of distribution 0 € (0, 1) with density g: N — Rx( and size X > 1. Write

log 10
s= :
logz
Then
54,22 (f(s) + 0tClog /%)) - X T (1 _ 87@))
p<z
and

54,2 = (Fis) + 0tog /%)) - x T (1 _ g_@)> _

p<z p

Here the implied constants do not depend on the sequence A itself but they may depend on 6
and the implied constants in Definition 2-4.

Proof. See for instance [4, (12-12), (12-13)]. The lower bound there is stated only for
s > 2 butitis trivial for s € (0, 2). The upper bound is only stated for s > 1 but, when s € (0, 1]
we can estimate S(A4, z) = S(A, x7/%) < S(A, x/2), use the linear sieve with s =2, and then
reach the conclusion by using (2-3) and (2-4).

3. Set-up and assumptions

Let us now formalize the sieve set-up that we will consider. Let x > 2 be sufficiently
large, let S € N, and let A C ([1,x] N 7)?* be such that we wish to find pairs (p, Ps) € A. For
instance, in the case of the twin prime problem, we may take

A={n,n+2)eZ*: n<x—2}
and, in the case of Theorem 1-1, we could take
A= {(n1,m) € Z*: ny,ny <x, |Ao + Any + rama| <n|°},

although, for technical reasons, our choice in Section 6 will be slightly different.
Next we discuss how we apply a weighted sieve with switching to the set A. Let

a, = Z 1, (3-6)
p=x
(p.n)eA

and let v > u > 2. We consider weights W : N — R of the form

Wy=1- Y w, (3-7)

pln
xl/v5p<xl/u

with coefficients w), € [0, 1]. In fact, we will take w, =w (log p/log x) for a Lipschitz func-
tion w: R0 — [0, 1] such that w(x) =0 for « € [1/v, 1/u], and write C,, > 0 for a fixed
Lipschitz constant of the function w.
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We immediately see that there exists some (p, Ps) € A if

Z anW(n) — Z ap,W(n) > 0.

n<x n<x
(mPG/))=1 (n,PxV))=1
Qn)=S5+1
In the above second sum, we may estimate the contribution of n with W(n) < 0 trivially, and
so, writing here and later W+ (n) = max{W(n), 0}, it suffices to show that

T —%,>0, (3-8)
where
Ti= Y a,Wm and Thi= > a,Wim). (3-9)
n<x n<x
(n,P(:Mvy)=1 (n,P(x1V))=1
Q(n)=S+1

Before stating the formal hypotheses (see Assumption 3-1 below), we discuss informally
the assumptions we shall need. Thus (Ai*), i € {1, ..., 5}, will denote an informal assumption
and then (Ai) will be its corresponding formal assumption.

We shall apply the linear sieve (Lemma 2-5) to find a lower bound for X;. For this, we
assume

(A1*) The sequence a;, has level of distribution 0.

One typically chooses the weight W in such a way that X/ does not count too many
numbers. In particular W(n)1, p1/v)—=; Will be positive only when n does not have too
many prime factors. We will assume:

(A2*) The weight is non-positive when w(n) > R:

As we will work with numbers with (n, P(x!/?)) = 1, this always holds for R=[v — 1].
We write now

= ) Inmla W o).
n<x
(n,P(x'/)=1
S+1<Q(n)<R
Note that when Assumption (A2*) holds, the sums in the definitions of Zé and X, differ
only for non-square-free n. Since (n, P(x'/V)) =1 is a condition on those sums, such n form
a very sparse set, and the contribution is typically negligible. Hence we assume:

(A3*) Replacing X} by % introduces a negligible error

With respect to X, we switch the roles of the variables before applying the linear sieve
and also write n = pym, with p; being the smallest prime factor of n. We take out the smallest
prime factor because in some cases the level of distribution of the switched problem depends
on the size of p. Thus

= Y u@IWrm = > ()W (pim)1eep. (3-10)
(p.meA pymeA
n=x, (n,P(x'/")=1 pim=x, py=x'/"
S+1<Q(n)<R plm = p>p1, S<Qm)<R—1
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‘We shall sieve the variable £. We split dyadically according to the size of p;, and so, for any
P e [x!/7, x1/8+D] we define the sequence (bp¢)e<x via

C
bpe= ). (|u<m>|W;(m)+l—W>, (3-11)
ogx
p1m=x
. pimyeA
P<p) <2P
plm== p>pi
S<Q(m)<R—1
where
log P Io
Wp(m) = 1—w | —22 ) — dooow EP ). (3-12)
log x log x
plm
xl/vsp<xl/u

Note that since C,, is a Lipschitz constant for the function w, we have, for every p; € (P, 2P]
and every m < x/p; such that p; {m,

Cy
W(pim) < Wp(m) + ——.
log x

In order to apply the upper bound in the linear sieve (Lemma 2-5) to the sequence
(bp,¢)e<x, We assume:

(A4*) The sequence (bye ¢)¢<y has level of distribution 6,(w).

The switching trick can be used in cases where we are able to perform sieving in both
coordinates in A — Assumption (A1*) allows us to sieve the second coordinate whereas
Assumption (A4*) allows us to sieve the first coordinate. In order to be able to compare the
main terms coming from X and ¥, we assume:

(A5*) The main terms coming from sieving (a,),<x and (bpe)¢<x are comparable in a
natural way.
Let us now formalise all our assumptions.
Assumption 3-1. Let § > 0,5 € N and v > u > 2 be fixed and such that v> S+ 1. Let also

x> 2 be sufficiently large in terms of § and the implied constants in Definition 2-4. We
assume that A C ([1,x] N Z)?,

Orel/u+48,1), 06:[1/v,1/(S+1]—[s,1),
X1 =1, Xp:[1/v,1/(S+ D] —[1,00),
w:Rs0—[0,1], g1,82: N—=>R>p

are such that 6, and w are Lipschitz functions, w(a) =0 for o ¢ [1/v, 1/u], and all of the
following hold, with C,, > 0 a fixed Lipschitz constant for the function w,

logp
R ]

pln
xV<p<x

1/u

and Wp(m) as in (3-12).
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(A1) The sequence (a,),<x defined in (3-6) has level of distribution 6; with size X; and
density g;.
(A2) We have W(n)1, p(x1/vy)=; <0 whenever w(n) > R.
(A3) We have

X
PIEED'D “npzf(log—lx)z-

p=xllv p<x/p?
(n,P(xvy)=1

(A4) For every o € [1/v,1/(S 4 1)], the sequence (by« ¢)¢<x defined in (3-11) has level of
distribution 6, (c) with size X,(cr) and density g».
(A5) Forevery @ € [1/v,1/(S+ 1)], we have

C X1
Xo@=(1+o(1) > (IM(m)IW;&(m)Jrl—w)- L
pim=<x 0gx ZPSX
X% <pp <2x¢
plm= p>pi
S<Q(m)<R-1

Now, we can state our general result about finding pairs (p, P3) when the level of
distribution of the original problem is the same as that of the switched problem.

THEOREM 3-2. Let x>2 and AC ([1,x]NZ)? be such that Assumption 3-1 holds with
§S=3,v=20,u=6,w(a)=1/2-1aci1/v,1/u, 61 =02(a) =0.267, some g| =g, and some
X1,X>. Then

The proof of Theorem 3-2 will be provided in Section 7.

Remark 3-3. Li, Zhang and Xue [13] studied Piatetski—Shapiro primes p such that
p+2=P"rs, (3-13)

showing that, when y € (0.9989445, 1), there are infinitely many solutions to (3-13) withp =
|n'/7 | for some n € N. Following Vaughan [14] they used Richert’s sieve with switching,
using a trivial upper bound for W(#n) in the switched term (similarly to Harman’s argument
that we discuss in Section 6-1). This way they required level of distribution 0.34096 which is
a much stronger assumption than we need in Theorem 3-2. Consequently, Theorem 3-2 can
be used to improve upon the result concerning Piatetski—Shapiro primes in [13]. However,
the level of distribution in this problem decreases so quickly with y that the improvement
would be very modest, replacing the range for y by y € (0.996651, 1).

It would probably be possible to make a small further improvement to the range of y using
that the level of distribution of the switched problem is somewhat better for some parts of
the sum, similarly to (A4) and Section 6 where the level of distribution of the switched sum
depends on the smallest prime factor.

Recall from (3-8) that in order to find pairs (p, Ps) it suffices to show that 3| — Eé > 0.
Applying Assumptions (A2) and (A3) we see that in fact it suffices to show that
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X
log x’

X —X>» (3-14)

Before turning to lower bounding X1 and upper bounding X», let us discuss some choices
for w that can be found from the literature.

Example 3-4.

(i) Taking w(a) =0 and u=v, we obtain the trivial weights Wryyia(n) = 1. Hence
(A2) holds with R= [v — 17. Trivial weights with switching were used at least in
[10] and [18].

(ii) Taking v > u and w(x) = % - Lef1/v,1/u1, we obtain the Kuhn type weights

1
Wi =1 = > .
pln
xl/VSp<xl/u
Here WKuhn(n)l(n’ Pet/ry=1 =0 unless n has all its prime factors greater or equal than

x!/V and at most one distinct prime factor in [x!/v, x!/%). Hence (A2) holds with R =
[u(l —1/v)]. Kuhn type weights with switching have been used for detecting P>
numbers, starting from the work of Chen [2].

(iii) Taking w(o) = A(1 — uar) - Lyeqi1/v,1/4) for some A > 0, we obtain Richert’s weights

lo
Wrichert(n) =1 — 4 Z (1 —u gp) )

e log x

xl/L'§p<xl/u

In order to determine R notice that, for n < x with (n, P(x'/")) = 1, we have

1 1
Wichen(n) <1 =43 (1 —u Og”) =1-x <w(n>—u Og")

o log x log x

(3-15)
<1 — AMw(n) — u).

Hence Assumption (A2) holds for R> [1/A 4+ u —1]. Switching with Richert’s

weights was first utilised by Vaughan [14] and then used for instance in [8] and [13].

From now on we assume that Assumption 3-1 holds for some choices of parameters. In
the following two sections we shall lower bound ¥ and upper bound X; in order to be in a
position to prove (3-14).

4. Lower bounding ¥

In this section we find a lower bound for %;. From (3-9) and (3-7) we have

T = Z a,W(n) = Z ap | 1— Z Wy

n<x n<x p‘n
(n.P(x")=1 (n.P(x!/"))=1 X <p<xl/n
- Y a- X owm X
n<x xl/vfp<xl/u m<x/p

(n,Px'/V)=1 (m,P(x'/V))=1
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Similarly to [4, section 25-2], we can apply the lower bound in the linear sieve (Lemma
2-5) to the first term with s = 61 v and the upper bound in the linear sieve to the inner sum of
the second term with

This way, we obtain

1 1
1=X1 | f(Orv) — gl(p)w OEP Fl6v—v 0P
p log x log x

xl/v§p<xl/u

‘ l—[ (1_81;P)>+0 X, 1—[ (1_81(17))

p<xl/v p<xl/v p

(4-16)

Notice first that since g satisfies (2-3), we have, for any z > w > 2,

2o e (22) v (11 (-52)

w=p<z w=p<z w=<p<z p

logz
< log lo w+ <lo w) Z p (10 w)
g g wep<z P g

Now since w and F are Lipschitz functions in the relevant range, covering [x'/", x!/*] by
<« log x/log log x intervals of the type [y, y log x], this implies that

g1(p) (logp logp
E —w| — |F|6v—v
p log x log x

x1/v<p<xl/u

1 1 1 1
Z -w Ogp Fl6v—v °2P +0 .
p \logx log x log log x

xl/v§p<xl/u

Furthermore, arguing as in Section 2-1, we see that

1 1 1
Z —-w i F|Ov—v OgP
p log x log x

xl/v<p<xl/u

=1+ (1))/ ﬂ)F (v (01 — @) da.

Hence, by recalling the estimation (4-16), we derive

I1 (1 - gl;p)> @17

p<X1/v

l/u
INEED S| (f(91V)— /1/ ST)F v (61 — ) dOl+0(1)>
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S. Upper bounding %,
We now turn our attention to ¥>. By (3-10) and (3-11)

< Y ) beilic.

x'/"ipix'/(s‘*'l) <x
P=2x!/v

Applying the upper bound of the linear sieve with s =26,(log P/log x) € (0,2) and using
Assumptions (A4) and (A5), we derive

2e” log P
S<(+ol) Y TogP)X2<l(c)>ix> 11 (1_82(17))
p<xl/2

/Y < pay /(S 292(‘1ogx p
1;:2_1;51/"
X
— (I +o()="— T] (1 - gz—(”))
ZPSX 1 1/2 p
p<x

1 Cw
Z PWITT2N Z <|M(m)|W;r(m)+@> .

X1/ <p<y 1 /S+D) 02(10gx) pim=x

i 1/v P <2P
p=2 p\mgwm
S<Q(m)<R-1
Since 6: [1/v,1/(S+ 1)] — [8, 1) is Lipschitz we have, for p; € (P, 2P],
log p log P
1 1 _‘02<10gx1)_92(10gx)‘_0 1
log P log - log P log - 2
62 (108x> 02 ( log?) 02 (logx) 6 ( log?) ) <llggg5> logx

Furthermore, since w is Lipschitz, we have, for p| € (P, 2P], W; (m)=WT(pm) +
O(1/ log x). Hence we obtain

5, <e? - I1 (1—%(”))U2+0 xi [] (1—@> , (5-18)

Zpix p<xl/2 p<x1/2 p
where
Wt (pim)
Uri= ) sl (5:19)

pim=x 0a( lo 1)
= 2 X

pr=xt/v

plm == p>p|

S<Q(m)<R—1

Now our main task in upper bounding X is understanding Us.

The most convenient way to evaluate U, depends on u, v, and w. In the following two
subsections we study U in two important cases, first when R is rather small and second when
all prime divisors of m are at least x'/*. In the first case we end up with (R — 1) -fold integrals
that can be numerically calculated whereas in the second case we have W (pym) = W (p;)
and we can evaluate the sum over m using Lemma 2-3. In Section 8, we will evaluate U, in
a way that is useful in some more general cases.

In Sections 5-2 and 8, it is important to make the following observation: for some weights
wp it is helpful to write m = k£, where all prime factors of k are strictly smaller than x/* and

https://doi.org/10.1017/S0305004125000258 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004125000258

Weighted sieves with switching 363
all prime factors of £ are at least x!/“. Noticing that W(p;m) = W(p1k), we see that

Wt (pik)
=Y 6o(oE0L) > 1 (pikO)]. (520)
pik=x, py=x/¥ logx 7 ¢<x/(pik), plt => p=max{x'/* p;}
plk = pe(pr /) S—QUk<Q(0)<R—1-Q(k)

5-1. Evaluating Uy when R is small

We will present a way to calculate U, that holds in general but is most efficient numeri-
cally when R is small, as it involves the calculation of an (R — 1)-fold integral. It should be
compared to the analysis of Section 8.

We write in (5-19)m=p;---pywithpy>...>pr>prandJ €{S+1,...,R}, sothat

log +
u (1 o ZP|P1"'PJ W(ﬁ))
U2 = Z Z log p1

J=S+1  pi-ps=x 6a( log x )
py>>p=xl/”

>

where (y)* = max{y, 0}. Rearranging, we obtain

+
R
1 logp
Uz = Z Z g(logm) Z - Z W(logx) ' (>21)
J=S+1 prepra=x/piy 72\ Togx ) py<;—— plp1--ps
pi—1>=>p1=x'V pI>pii

Let us show that, now that we have added the condition p; - - - pj—1 <x/pj_1, removing
the condition py > py_; yields an error of size O(x/(log x)?). Indeed by the prime number
theorem and rearranging,

R R
2. PIERE DD D
log x
— x — 2 1
J=S+1 p; ijl§X/p117/1vp151,1_w71 J=S+1 piopya<x/p?_, i<}
Pj—1>>p1=X PI<pi—1 1/v pP1Pj=-2

pi—2>>p1=x

R
X by
<y > < :
1 pj—a(log x)? (log x)?
J=S+1 popra<x/pi_, P b g) g)

pr—a>->py=xl/V

Observe also that p; < x/(p; - - - py_1 log x) makes a contribution O(x/(log x)?) to Uy. On
the other hand, when x/(p1 - - - pj—1 logx) < p;y <x/(p1 - - - pj—1), since w is Lipschitz, we

may approximate
X
, logps o log ;=0 Lo log log x ‘ (5:22)
log x log x log x

Hence, by using (5:22) and then the prime number theorem, the sum over p; in (5-21)
(with the condition py > py—1 removed) equals

(1-% logp) _ (e |\
* plpi--ps—1 W \Togx ) =W log x xloglog x
o ).

p1---pi-1log o—— (log x)°p1 -+ - py-1i
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Substituting the above expression into (5-21) and arguing as in Section 2-1 we obtain that

+
< OtE{Otl Say—1,1— ZJ o w(oz))
Z / / doy - -dayj_q

logx it Or(ap)ery -+ - oy—1(1 — Zf:ll )

C(_] 1> >ap>1/v

o loz]<1 —ay_

0 xloglogx .
(logx)?

We shall use this formula in Section 6-1.

(5-23)

5-2. Evaluating Uy when k=1

Recall that in (5-20) we have p; > x!/¥ and all the prime factors of k are from the interval
(pl,xl/ ). Therefore, in Example 3-4(i)—(ii), W*(p1k) # 0 only when k= 1. In such case,
Lemma 2-3 gives

w+ log =~
Uz = Z 1o(p1) Cs pll/u - x +0( - 2>'
v s 2R \logmax{x /¥, pi} / pylog o (logx)

S[)]SX logx

Arguing as in Section 2-1, we see that

o st (1= w@)Cs (minfu(l - a), 152)) .
U= / doa + O ( > .
log x Or()a(1 — o) (log x)?

In case u > S + 1, we obtain

Uy /w (l—w(oz))CS(u(l—a))da+/1/(5+1) cs(%a)
! 1

log x /v h(a)a(l — @) Ju h(a)a(l —a) *

0 X
( (log x)? ) '

We shall use this formula in Sections 6-2 and 6-3.

(5-:24)

6. Case study: Diophantine approximation with a prime and an almost-prime

In this section we demonstrate what different choices of weights give in the problem
addressed in Theorem 1-1. We will assume p € (0, 1/5) — in any case larger p are out of
reach.

Following Harman [8, section 2], we first rationalise the problem. Recall we want to find
infinitely many solutions to

Ao + A1p + A2P3| <p~*

with Ao € R and A1, A2 € R\ {0} such that A1 /A2 is negative and irrational. By dividing by
—X2, we can clearly assume that A; > 0 and A, = —1 if we increase p by ¢’ > 0. Hence we
look for solutions to

|ho +21p — P3| <p~". (6-25)
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Moreover, let a/g be a convergent to the continued fraction for A; and let X = ¢%/°. We
assume that g is large in terms of Ag, A1, 1/A1. We can write Ag =b/q + v with b € Z and
|v] < 1/q. We set x = max{X, (aX 4+ b)/q} and focus on finding (p, P3) € ([1,x] N 7)? such
that (6-25) holds.

With our choices of parameters |1/q + p/q?| < X % for p < X and thus it suffices to show
that the number of solutions to

X—r
< —

b a
~+-p—P;
9 q 2

tends to infinity with X, where p < X and P3 < (aX + b)/q. Thereupon, we define

X P
<5

A= {(nl,ng)e(Zﬂ[l,x])zz ‘IZJrgm—nz
q 4 2

Let us write now ||y| for the distance from y to the nearest integer(s) and [y] for the nearest
integer to y when ||y|| # 1/2. As our aim is to find a pair (p, P3) € A, we set S = 3. Notice
that

a, = Z 1=

{1 ifn= [“f"] for some p < X with|| 22| < X7
(p.n)eA

0 otherwise,

so that ay, is the characteristic function of the set A introduced in [8, section 2].

We use the letters n and ¢ for arbitrarily small positive numbers and allow implied con-
stants to depend on them. Thus, [8, lemma 9] tells us that assumption (A1) holds with
01=1/3—p—¢e,g1=1,and X; =X"° ZpSX 1.

Let us next verify Assumption (A3). First note that by estimating trivially App2 < 1, we
have

X 1—1 X
Z Z A2 = Z d—2<<x 3 EZ(IO—gx)Z’ (6-26)

Pl p<x/p? d>x1/3
(n,P(x'/"))=1

where we have used that x < X and that p < 1/5. On the other hand

Z Z Anp?

x<p<xlB p<x/p?

(nPG))=1
<

X/ <p<xl/3

<

X1/ <p<xl/3

{(m,n)e([l,x]ﬂZ)z: ‘l—)+gm—p2n
q q

X*P
=2 H

X—ﬂ
<_
m<x: |— +—m
ar*  qp?

Splitting b + am into residue classes (mod gp?), we see that this is
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= 2 X 2, !

V<p<xlB | cpn2. X722 =X
|k|_qp 2[)2 b+am=k (mod qu)

< ¥ (qx—f’+1)<#+1)+ 3 Zg

xl/b'§p<xl/3 xl/vsp<x1/3 |k‘<qX;p

pla pla plk—b

<2 ¥ <x§2p+qx—/’>+ 3 (qXp+1)

X/ <p<xl/3 p

Q| =

xl/v5p<xl/3
pla

le—l/vX—p +qxl/3x—p+vxl—l/vx—p +v3_€ < 2(1X1 o
q ogx

Now Assumption (A3) follows by combining this with (6-26).
On the other hand, we write, for @ € [1/v, 1/(S+ 1)] and n < (aX + b)/q,

if n=pim with x* <p; <2x%,
|4 | W () + & o=

@), = logx plm= p>p,S<Qm) <R-1;
0 otherwise,
so that
+ Cw
bar= ), [ W (m) + == | = Ly oea) gl <x-r 2 VO1G+ta)/q)-
ogx
p1m=x

(Lpim)eA
x*<pp <2x“

plm = p>p;

S<Q(m)<R-1

Now bye ¢ is a slight variant of A*(«) in [8, lemma 10] — the difference is that instead of
the set /(@) in [8], we have a sequence (v(c),). However the structure is similarly bilinear,
with support on numbers n = pym with p; € (X%, 2X*] and coefficients of the type

v(a), = V(“)p]m = lp] ePN(X*,2X*0m

with a,,, < 1 (as in [8], there is additionally a mild cross-condition p | m = p > p; but it can
be easily removed for instance by using Perron’s formula, see e.g. [9, section 3-2]). Hence,
similarly to [8, lemma 10], we have that (A4) holds with 6,(«) = %(1 —a)—p—2n,8=1.
Also,

X P
X@="23" v

a
<aX+b
="y

and by the prime number theorem, we see that

g 3 v =1 +o0(1) Y v@,

n< aX+b n<X
=7y

since X is large in terms of the size of a/q. Thus, we see that Assumption (AS5) holds.
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Next, recall that our aim is to show that

X
Y1—2>»> — (6-27)
log x
with p < 1/5 as large as possible. In the following sections, we are going to experiment with
different weights, inspired by Example 3-4.

Before dealing with (6-27), observe that (4-17) gives

1/u
s> X, (f(@lv)—/ Y@ b v 6y — ) da+o(1)> (6-28)
1ng 1/v o

where we have used Mertens’ third theorem ]_[p gy (1 - ) = fogy;(l o(1)).

6-1. Richert’s weights and Harman’s argument

Harman [8] used Richert’s weights (Example 3-4(iii)) with parameters
4 1 1
o u= + n ) )\' =
61 61
where 7 >0 is small. With the above choice of parameters, we have 6;v=4 and

v(0h —a) <3fora €[1/v,1/u]. Thus, by applying (2-4) and (2-5) and recalling that w(c) =
A — uax) - Lye[iv,1/u), We derive from (6-28) that

2x log 3 w1 —
ol Y —/ M ) o)
logx 0 1y a —a)

V=

_— 6-29
p— (6-29)

According to Example 3-4(iii), we can take R = f% + u — 17 =4. Thus, upon using (5-18)
and (5-23), we obtain

+
o — () = wloo) = wies) — w(l = SL, @)
< /f/ 3 dodoydas

logx Oa(an)oonas(l — 3 5y o)

az>ap>ap>1/v / ’

o) +on+203<1

(1es)
+o0 .
log x
(6-30)

Instead of evaluating this integral, Harman [8, section 3] bounded X, using a point-
wise upper bound for Wrichert(72), so his treatment of 3, corresponds to the use of trivial
weights (Example 3-4(i)). Harman obtained the pointwise upper bound by noticing that
(3-15) implies that, when n < x is square-free and such that (n, P(xV) =1 and Qn) =4,
we have

1
Wrichert(n) < 1 — A(2(n) —u) = A <X — (4 - M)) =A(1—n).

Harman [8, section 3] used this pointwise upper bound to obtain alternatively

o / / /
2 <
log x Or(a)aaz(1 — Z

az>ap>a>1/v J=
ooy +2a3<1

X
daldozzda3+0< 1 2). (6:31)
) (log0)
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This way, he obtained that (6-27) holds when p =1/300 and in fact p =1/150 would be
still admissible.

By using the formula (6-30) instead of (6-31), thus using Richert’s weights instead of the
trivial ones also for X5, one obtains that (6-27) holds when p = 1/25 keeping the choice of
parameters (6-29). It turns out to be better to choose

1

v=192, u=4.1, and A=_—7-—.
55—u—n

With these choices, we have that (S, R) = (3, 5) instead of (3, 4), so that the upper bound
for ¥, following from (5-18) and (5-23) contains now a four-dimensional integral, and we
obtain p = 0.075.

6-2. Trivial weights
As per Example 3-4(i), we have u = v and w(a) = 0, so that by (6-28)

X _
2> e v (f(O1v) +o(1)) .
log x

Suppose now that v > S 4 1 = 4. Then, by using (5-18) and (5-24), we derive
1—
2X1 174 G (Ta) X1
Yp<— ———~ da+o|—|.
logx J1, O2(@)a(l —@) log x
Evaluating the integrals shows that (6-27) holds when p =1/16 and v =10.8.

6-3. Kuhn's weights and the proof of Theorem 1-1
As per Example 3-4(ii), we have w(a) = % - Lye[1/v,1/u], SO that by (6-28)

> e vy f(@lv)—/ —F W@ —a))da+o(l)].
logx 1/v 20

Further, by (5-18) and (5-24), we have, whenu > S+ 1 =4,

]_
2X, /1/“ C3(u(l — @) da+/1/4 G (T“)
1 1

Yo < — —_—
log x v 20(a)a(l —a) o (a)a(l —a)

doa +o(1)

Evaluating the above two integrals and taking u = 6.6 and v = 23 shows that (6-27) holds
when p = 0.092, which implies Theorem 1-1.

7. Proof of Theorem 3-2

Write 6 = 0.267 and let parameters be as in Theorem 3-2 (in particular we apply Kuhn’s
weights). Similarly to Section 6-3

Xi
X >
log x

1/u
e Vv (f(@v)—/ iF(v 6 —a)) da+0(1)> ,
1/v 2a
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and (since u > S+ 1 =4),

1—«

2X lu ¢ 1 — 1/4 C3 | ==

% 1 / Mda—l—/ Mdoc%—o(l)
logx 1y 20a(l —a) 1 ol —a)

Evaluating the integrals with u = 6 and v = 20 we see that (3-14) holds.

8. Evaluating U, in general

We return once more to evaluating

w+
V= Yl Dim)

logp;
pim=x 02(Toax log x )
p1=xv
plm == p>pi
S<Q(m)<R—1 . (832)
W™ (pik)
= > e 3 |(p1kO).
prk<x 02( Togx ) £<x/(p1k)
p1=x!/v ple = p>max{x!/“ p}
plk== pe(pr.x'/*) S—Q(k)<Q(t)<R—1-Q(k)

The analysis in Section 5-1 was most efficient when R is quite small. In Section 5-2 R was
allowed to be large as long as only k =1 is contained in the sum. Here we consider the case
when k might have a few prime factors, and work under the following extra assumption.

(A6) We have W(n)1, p(1/v)—1 <0 whenever n has more than Ry prime factors in the
interval [x'/V, x1/%).

Now Section 5-2 handles the cases Rg € {0, 1} whereas the analysis in this section stays
efficient as long as Ry is rather small, which is often the case when we look for Pg numbers
with a small S.

Using Lemma 2-3 to the inner sum on the right-hand side of (8-32) and separating the
contribution of £ =1, we have Uy < U1 4+ U3 2, where

W+ (p1k)
Uz = E TN L
prk<x 92( logx)
1/v<p1<x1/u

plk== pe(p1.x'/")
S<Q(k)<Ro—1

(P k) log - pik X
Usyp =
22 Z P1R)l - —5g 5 Cs—am) log max{x!'/%,p1} | piklog

P 0 ( log x ) pik
pr=x!/v
plk=> pe(p x'/")
Qk)<Ro—1
X
2
p1k<x, p le/v plk(log x)

plk = pe(p x'/")

In principle we could evaluate also the sums over k by looking for a recursive asymptotic
formula for the number of integers with all prime factors in a given interval, and using
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partial summation — however, the outcome would look quite formidable. Instead, we recall
that the functions Cs_gqx) are defined through recursion in Section 2.2 and can be evaluated
quite fast. With that numerical remark at hand, we may work out an asymptotic formula
via splitting Uz 1 and U; > according to the number of prime factors of k and then using the
prime number theorem.

We write k = p; - - - p; and obtain

+
R — logp
0 (1 ZP\PI"'PJ W(logx)>
Uri= ) > 1
(loepiy
J=5+1 P1PI=X log x
x<pi<..<py<xl/t
Ro +
1 logp
=2 > DR R DI
(IOgPl) ‘ logx
J=S+1  pr-pi-1=x/pi-1 logx 7 pr<gmp— pip1---ps
M <pi<..<pjoy<x/t D1 <py<x\/e
Here adding the condition py - - - pj_1 > x!=1 introduces an error of the size

< Z Z (log x)2

nle 1/u pj<x1/”
(n.P(x'"))=1

Using similar arguments to Section 5-1 it is not difficult to see that we can, with a negligible
error, also remove the condition py_ < p; and make the approximation (5-22). Hence, Us ;
equals

Ro

Z Z (1 —F(@1,...pj—1))" Z 1+0< x

log pi logx)’

J=SHL =iz py 1 <x/py_ 0a log x ) PIS5 g
xM<pi<..<pj_<x!/t

where

F(p PI_1) = Z W log p T logl’l"‘);fj—l
b PI=10 log x log x )

plp1pr-1

Arguing as in Section 2-1 we see that

X
Uz = ——M; +o(1)),
log x

where M| equals

+
& (R )
— dal"‘daj—l-
S Or(o)ory - - - og—1(1 — Zf:f ;)
1<oz1< <ay— 1<*

J-1

1
1—175 = 10[]<1 aj_1
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In U, we separate the case pj > x!/* (in which case k= 1) and argue similarly. We
obtain
X
Usp=——(M>+ o()),
log x
where

+

1/s+1) Cs (5(1 —a))
Mz Z—/
1

Ju Or(apar(1 —ay)

doy---day.

+ J
fﬁ / / (1= Cactoran W @) Csprmsul = X @)
=t Oa(an)ort -y (1= Yo )

1 1
s <o <.<aqj<;

J S—J
21 9=1=

Note that our work in Section 5-2 corresponds to the case Ryp = 1 and, naturally, the result is
the same in this case.
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