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Abstract

In the field K of formal power series over a finite field K, we consider some lacunary power series with
algebraic coeflicients in a finite extension of K(x). We show that the values of these series at nonzero
algebraic arguments in K are U-numbers.
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1. Introduction

Let K be a finite field with ¢ = p* elements, where p is a prime number and & is a
positive rational integer. Denote by K[x] the ring of polynomials in x with coefficients
in K, by K(x) the quotient field of K[x] and by deg(a) the degree of a nonzero
polynomial a(x) in K[x]. By setting

)
b(x)

where a(x) and b(x) are nonzero polynomials in K[x], a non-Archimedean absolute
value | - | is defined on K(x). The completion of K(x) with respect to |- | is called
the field of formal power series over K and is denoted by K. We denote the unique
extension of | - | to the field K by the same notation | - |.

In 1978, Bundschuh [2] introduced a classification in K, similar to the
classification of real transcendental numbers introduced by Mahler [4]. He divided
the transcendental formal power series into three disjoint classes and called the
transcendental formal power series in these classes S-, T- and U-numbers defined
as follows.

Let P(y) =ag + ajy + -+ + a,y" be a nonzero polynomial in y with coefficients
a; € K[x] (i=0,...,n). We denote the degree of P(y) with respect to y by deg(P). The
height H(P) of P(y) is defined by H(P) = max{|ay|, ..., |a,|}. Let @ € K(x), where K(x)

0]=0 and = gleg(@~deg(h)
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denotes the algebraic closure of K(x), and let P(y) be the minimal polynomial of @
over K[x]. Then the height H(a) of @ and the degree deg(a) of a are defined as the
height and the degree of P(y), respectively. Further, the roots of P(y) are called the
conjugates of @ over K(x).

Given a transcendental formal power series &, that is, £ € K and £ is transcendental
over K(x), and positive integers n and H, define the quantities

wa(H, &) = min{|[P(E)] : P(y) € K[x][y] - {0}, deg(P) < n and H(P) < H},

_1 n H, . n
w(é) = liglj:jp %}{f) and w(¢) = hfiigp WT@

From [2],
wa(H, &) < H™"q"(max{l, [€])".

It follows that w,(&) >n(n=1,2,3,...) and so w(¢) > 1. If w,(&) = co for some
integers n, then u(¢) is defined as the smallest such integer. If w, (&) < oo for every
n, put u(¢) = co. Then £ is called:

e an S-numberif 1 < w(£) < oo and u(€) = oo;
e aT-number if w(£) = oo and u(€) = oo;
e a U-number if w(§) = oo and u(¢) < co.

Moreover, a U-number £ is called a U,,-number if u(£) = m.

In 1980, Oryan [6] presented the first explicit constructions of U,,-numbers. He
considered, in [6, Satz 5], some gap series with coefficients from a finite extension of
degree m over K(x) and he showed that the values of these series for nonzero arguments
from K(x) are U,,-numbers.

THeoreM 1.1 (Oryan [6, Satz 5]). Let L (L C K) be a finite extension of degree m over
K(x) and

f»= i yiy"
i=0

be a gap series in K, wherey; (i =0,1,2,...) is a nonzero element in L, deg(y;) = m for
infinitely many i and {n;} is a strictly increasing sequence of nonnegative rational
integers. Suppose that the following conditions hold:

. Nyl
lim = 00,
i—>oo
. log H(y;
lim sup log H(yi) < o,
i—oo i

and

limsup A |yf.j)| <o (j=1,...,m),

i—oo
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where 71(.1), e ,ygm) denote the field conjugates of y; for L (for i =0,1,2,...). (These
are the conjugates of y; over K(x), each repeated m/deg(y;) times.) Let a be an element
of K(x) with 0 < |a| < R, where
R= min {1/ fim sup % |y§f)|}.
j=1,...m i—00

Then f(a) is a U,,-number.

In Theorem 1.2, we extend Theorem 1.1 to certain lacunary power series with
algebraic coefficients in a finite extension of K(x). We show that the values of these
series at nonzero algebraic arguments in K are U-numbers. (Transcendency of
lacunary power series was first treated by Mahler [5] and later improved by
Braune [1].)

TueoreM 1.2. Let L (L C K) be a finite extension of degree m over K(x) and

F@) = o
h=0

be a lacunary power series in K, where c, € L(h=0,1,2,...), satisfying

=0, rm<h<s, (n=1,2,3,..)),

c,#0, h=r, (n=1,2,3,..)),

c,#0, h=s, n=0,1,2,...),
where {s,}>" , and {r,}>" | are two infinite sequences of nonnegative rational integers
with

O0=50<r<851<Mm<s$<r<s3r<s4<---.

Suppose that the following conditions hold:
log H(cy,)
— <

li , 1.1
L (D
. Sn
lim - = (1.2)
n—oo r-
and
lim sup + |c2j)| <o (j=1,...,m),
h—c0
where czl), e cg") (h=0,1,2,...) denote the field conjugates of cy for L (for h =
0,1,2,...). Let @ € K be algebraic over K(x) with deg(a) = g and
0<lal <R, (1.3)
where |a| = max{laV),...,|a®|} and

R = min {1/limsup . Ic;j)l}.
j=l...m h—o0

Furthermore, assume that Pi(a) # 0 and deg(Pi(a)) = t for infinitely many k, where
Pi(2) = Z‘:;k cnd (k=0,1,2,...) and t is the degree of L(a) over K(x). Suppose that
p does not divide t. Then F(a) is a U-number with u(F(a)) < t.

https://doi.org/10.1017/S0004972719000832 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972719000832

[4] U-numbers in fields of formal power series over finite fields 221

We prove Theorem 1.2 in Section 3. In the next section, we cite the lemmas we
need to prove Theorem 1.2. Finally, in Section 4, we give some examples to illustrate
Theorem 1.2.

2. Auxiliary results

We need the following three lemmas to prove Theorem 1.2.

LemMma 2.1 (Oryan [6, Hilfssatz 4]). Let L be a finite extension of degree m over K(x)
and let ay,...,qa, be in L. Then

H(ay + -+ + ) < H@)™™ - H(a)*™

and , ,
H(ay - ay) < H(a)™™ - H(a,)™™ .

Lemma 2.2 (Oryan [6, Hilfssatz 3]). Let a; and a; be two distinct, conjugate elements
in K(x) and denote their degree by n and their height by H. Suppose that p does not
divide n. Then

lay — an| > H™12,

LemMma 2.3 (Oryan [6, page 46]). Let L be a finite extension of degree m over K(x) and
let a be in L. Then
ol < H(a)™.

3. Proof of Theorem 1.2

We prove Theorem 1.2 by making use of the methods of the proofs of Satz 4 and
Satz 5 in Oryan [6], Satz 2 in Zeren [7, pages 120—129] and Satz 1 in Giirses [3].
We can write

F(@) = 1 + Vs
where - .
My = ZPk(a') = Zchah n=1,2,3,..))
=0 h=s
and . -
- ZPk(a) = Z e (n=1,2,3,..)).
k=n h=s,

Since i, € L(a), it follows that deg(n,) <t forn=1,2,3,....
Note that 0 < R < c0. If 0 < R < o0, then, by (1.3), there exists a positive real number
& such that
O<Ja|<R-¢

and so _
I <®R-e" (j=1,....m) 3.1)
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for sufficiently large & and

o] \*
ol < () (3:2)
for sufficiently large n. If R = oo, then we choose an element p of K such that
@l < [ol.
In this case, the series ), (])zh (j=1,...,m) converge for z = p, so that
<™ Gi=1,...,m) (3.3)

for sufficiently large £ and it follows that

lal \*
vl < (1) (3.4)
lol
for sufficiently large n. Whether R is finite or infinite, we infer from (3.1) and (3.3)
that _
< (=1, ,m) (3.5)

for sufficiently large % and from (3.2) and (3.4) that

lyal < (|r|)sn <1 (3.6)

for sufficiently large n, where » = min{R — &, |p|}. (Note that 0 < [a|/r < 1.)
We deduce from Lemma 2.1 that

H(p,) < l_n[(H(ch)H(a)hz’Z)“’A (n=1,2,3,..).

h:S()
By (1.1), there exists a real constant dy > 1 such that
H(cp)<dp (h=0,1,2,...)

and it follows that ,
Hm) <d™ (n=1,2,3,...), 3.7)

where d; > 1 is a real constant.

We now wish to prove that deg(r,) = ¢ from some n onward. If r=1, then
deg(n,) =1m=1,2,3,...). If t > 1, then we shall show that the field conjugates of
n, for L(@) are distinct from each other from some n onward. Lets > 1,i,j€ {1,...,1}
and i # j. We proceed by proving the following two claims.

Claim 1: If 0 # 3, then 1 £ 1" from some n onward.

n+1 n+1

Suppose that 775,') # 1. Then

Tn+1

Oy =02 = @0 =)+ Y (@@ - @y, (3.8)

h=s,
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From Lemma 2.2 and (3.7),

i —(t—1 2r,2,
|n() (j)l > H(T] ) I+1/2 dl (t-1/2) . (39)

< (B o

By (3.5),

Tn+l

Z(cg)(a(i))h (j)(a(J))h)

h=s,

for sufficiently large n. By (1.2),

(@) <d[7V 3.11)

,
for sufficiently large n. We infer from (3.8), (3.9), (3.10) and (3.11) that

() )]

( )
|nn+l n+1| = |n(l) / |

for sufﬁmently large n. Hence, for sufficiently large n, it follows from 775,') * 775,’ ) that
(@)
]7n+1 # nn+1

Claim 2: For any posmve integer N, there exists an integer n with n > N such that

@)
) #mi ormy, £l

Let N be any positive integer. By the hypothesis of the theorem, there exists an

integer n with n > N such that deg(P,(«)) = t. Assume that n(’) = nf] ) and 17531 = 17;’21.

Then (P,(a))?” = (P,(a))", but this contradicts deg(P,(a)) = t.

Combining Claims 1 and 2, we conclude that the field conjugates of 5, for L(@)
are distinct from each other from some n onward. Hence, deg(1,) = ¢ from some n
onward.

Let B,(y) = bug + b1y + - - - + byy' be the minimal polynomial of 7, over K[x] for
sufficiently large n. Then

Bn(F(a')) = yn,Bn,

where

B\ 1 [(T) 2 -1

,Bn = bnl + an(znn + 7n) +eeet bm ((1)77” + (z)ﬂn Ynt oot Yn

It follows from Lemma 2.3, (3.6) and (3.7) that

}’2

1Bl < dy

for sufficiently large n, where d, is a real constant with d; < d,. Hence, using (3.6),

|Bn(F(a'))| = |7n||Bn| < d;nd;;
for sufficiently large n, where d3 = |a|/r < 1. Then, using (3.7),

|B,,(F())| < H(1,)™" (3.12)
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for sufficiently large n, where

s, log d3_1

=— -1 d lim 6, = co.
"2 logd, an¢ I =0

The sequence {B,} has a subsequence {B,,} such that B,,(F(a)) #0 (i=1,2,3,...),
deg(B,)=t(i=1,2,3,...)and

1 < H(By,) < HBp,) <H(By) <---, lim H(B,,) = co.
1—00

We infer from (3.12) and H(n,,) = H(B,,,) (i=1,2,3,...) that
0 <|B,,(F(a))| < H(B,) ™™ (i=1,2,3,...).

This implies that F(@) is a U-number with u(F(a)) < t.

4. Examples
We give two examples to illustrate Theorem 1.2.

ExampLe 4.1. Let F(z) = 3,7, cxz" be a lacunary power series in K with

c, =0, r,<h<s, (n=1,2,3,..)),
Cp = 1’ snshgrn-H (n:()’ 1’2"")’

where 1 denotes the identity element of K and {s,},”, and {r,} >, are two infinite
sequences of nonnegative rational integers determined by

50=0, s,=(m+ D™D and r,=2-#" =1,2,3,..).
Then, by Theorem 1.2, F(1/x) is a U;-number.

ExampLE 4.2. Let ¢ be any positive rational integer provided that p does not divide ¢
and let F(z) = 37 cx2" be a lacunary power series with

c, =0, ra<h<s, (n=1,2,3,...),

Ch:\yx, Snshsrn+1 (n:0,1,2,...),
where v/x is defined as a root of the polynomial y' — x and {su}yr, and {r,} >, are two
infinite sequences of nonnegative rational integers determined by

s0=0, s, =(m+DH™Y" and r,=2-GH" (=1,23,...).
Then, by Theorem 1.2, F(1/x) is a U-number with u(F(1/x)) < t.
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