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Approximating Positive Polynomials
Using Sums of Squares

M. Marshall

Abstract. The paper considers the relationship between positive polynomials, sums of squares and
the multi-dimensional moment problem in the general context of basic closed semi-algebraic sets in
real n-space. The emphasis is on the non-compact case and on quadratic module representations as
opposed to quadratic preordering presentations. The paper clarifies the relationship between known
results on the algebraic side and on the functional-analytic side and extends these results in a variety
of ways.

1 Introduction

Denote the polynomial ring R[X7, ..., X,] by R[X] for short. For any (not necessar-
ily finite) subset S of R[X], let

Xs={tcR"|g(t) >0forallge S}, Ts={f€R[X]|f>00nXs},

and let My denote the quadratic module in R[X] generated by S, i.e., the set of finite
sums of the form ¢ + > _ t;g;, g € S, t, t; sums of squares in R[X].

According to a result of Haviland [4] [5], a linear functional L: R[X] — R which
is non-negative on T comes from a positive Borel measure ;2 on X in the sense that
Vi e R[X], L(f) = fDCs f dp. It is natural to ask if the same is true for any linear
functional L: R[X] — R which is non-negative on Ms. This is the Moment Problem
for the quadratic module Ms. The most interesting case seems to be when S is finite.
A sufficient condition for it to be true is that each f € Ts can be approximated by
elements of M in the sense that there exists an element g € R[X] such that, for all
rational € > 0, f+eq € M (since then L(f)+€L(q) = L(f +eq) > 0 for each rational
€ > 0so L(f) > 0). In this paper we examine cases where such approximation is
possible.

Additional motivation for studying this sort of approximation comes from the
recent work of Parrilo and Sturmfels [13] which compares various methods for min-
imizing a given polynomial function. The results in [13] raise the possibility of ap-
plying approximation results of the type considered in the present paper to develop
efficient algorithms to compute such minimum values.

The present paper is a continuation of joint work of S. Kuhlmann and the author
in [9]. In [9] this same approximation question is considered (in the case where S
is finite) but mainly in the easier case where the quadratic module My is replaced by
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Ts, the quadratic preordering generated by S. In the present paper it is explained
how various results proved in [9] and [10] extend to the quadratic module case. This
involves using Jacobi’s extension of the Kadison-Dubois theorem given in [6] to prove
a variant of [10, Theorem 2.2], and also it involves generalizing the Jacobi-Prestel
criterion given in [7, Theorem 3.2]. Another major feature of the present work is
that it clarifies the relationship between the algebraic results in [9] and [10] and the
analytic results of Putinar and Vasilescu in [17] and also that it extends many of the
results in [17].

The author acknowledges the contribution of Salma Kuhlmann to the present
work.

2 Approximation Theorems for Quadratic Modules

Let A be a commutative ring with 1. For simplicity assume Q) C A. By a quadratic
module in A we mean a subset M of A satisfying 1 € M, M + M C M and a*M C M
for each a € A. A quadratic preordering in A is a quadratic module in A which is also
closed under multiplication. A quadratic module M in A is said to be archimedean if
for each a € A there exists an integer k such that k — a € M.

We denote by > A? the set of all finite sums ) a?, a; € A. > A% is the unique
smallest quadratic module in A. Y A? is closed under multiplication, so 3 A? is also
the unique smallest quadratic preordering in A. The quadratic module in A generated
by a subset S of A consists of all finite sums of the forma =t + > t;g;, t,1; € > A%,
g € S. We denote this quadratic module by Ms. The quadratic preordering in A
generated by S coincides with the quadratic module in A generated by the set of all
finite products of elements of S. We denote this quadratic preordering by T.

For any subset S of A, Xg denotes the set of all ring homomorphisms a: A — R
such that a(s) > Oforalls € S. Fora € A, 4: Xs — R is defined by d(«a) = a(a).
Xs is given the weakest topology such that the functions d, a € A are continuous.
The mapping a — 4 defines a ring homomorphism from A into C(Xs), the ring of
all continuous functions f: Xs — R. We denote by Ty the set of all a € A such that
@ > 0on Xs (ie, a(a) > 0 forall a« € Xg). Tsis a quadratic preordering in A
containing Sso Ts C Ts.

Note: (1) M =M, T=Tsand T = TsthenSC M C T C Tand Xs = Xy =
Xr = Xj.

(2) If Aisthe polynomial ring R[X] := R[Xj, ..., X,] then ring homomorphisms
from A to R correspond to point evaluations f — f(t), t € R", X is identified (as
a topological space) with the set Xg = {r € R" | g(t) > 0 for all g € S} defined
earlier and Ty is equal to the quadratic preordering Ts = {f € R[X] | f > 0 on Xs}
defined earlier.

(3) If M is a quadratic module in A which is archimedean then, for each a € A,
there exists an integer k, > 1 such thatk, — a, k, +a € M (so |a| < k, on Xjy). Thus
X is identified with a (closed) subspace of the product space [ [, eal—ka; kal, s0 Xnr
is compact. The converse is false in general.!

IThe status of the converse in examined in detail in [7] in the important special case where A is a
finitely generated R-algebra and the quadratic module M is finitely generated.
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We record the following special case of the representation theorem of Jacobi [6].

Theorem 2.1 Suppose M is an archimedean quadratic module in A. Then, for a € A,
the following are equivalent:

(1) a>00nXy (ie, ala) > 0forall o € Xpy).
(2) a+ e € M holds for all rational € > 0.

Note: For any elementa € A, (1) is a ‘geometric’ condition on a. (2) is an ‘arith-
metic’ condition on a. The implication (2) = (1) is trivial. The implication (1) = (2)
is non-trivial.

See [12] for an extension of Jacobi’s result in [6]. For readers unfamiliar with the
results in [6] and [12], an easy access to a proof of Theorem 2.1 can be found in [11,
pages 41-43]. The result in [11], although not the most general, covers as special
cases the case of archimedean quadratic modules and also the case of modules over
archimedean preprimes, the result in the latter case being what is commonly referred
to as the Kadison-Dubois Theorem.

We also use the following self-strengthening of Theorem 2.1:

Theorem 2.2 Suppose M is a quadratic module in A and p € A is a unit such that
p— 1 € Mand, for all a € A, there exist integers k, { > 0 such that kp' — a € M.
Then, for any a € A, the following are equivalent:

(1) 4> 00nXy.
(2) There exists an integer k > 0 such that, for all rational € > 0, a + ep* € M.

Note: Theorem 2.2 includes Theorem 2.1 as a special case, taking p = 1.
In practice, we will be applying Theorem 2.2 (and also Corollary 3.4 below) in the
case where p € A is not a unit. This will be accomplished by going to the ring

Al1/p] :=={a/p* |a € Ak >0},
the localization of A at the multiplicative set {p* | k > 0}, and
M[1/p*] :={a/p* | a € M,k > 0},

the quadratic module in A[1/p] generated by M.

We examine the condition p — 1 € A abit: If p — 1 € M then it follows that
pP>—p = (p—1?%+(p—1) € M and, multiplying each of p — 1, p> — p by
even powers of p, that p* — p¥~! € M for all integers k > 1. It follows that the set
{kp" | k, £ are integers > 0} is cofinal in the subring Z[p] of A with respect to the
partial ordering associated to M. Thus, in the presence of the condition p — 1 € M,
the remainder of the hypothesis of Theorem 2.2 (that for each a € A, there exist
integers k, £ > 0 such that kp’ — a € M) is equivalent to the hypothesis that Z[p] is
cofinal in A with respect to the partial ordering associated to M.

The proof of Theorem 2.2 follows exactly along the lines of the proof of a similar
result for preprimes in [10, Theorem 2.2]. For the convenience of the reader we give
a complete proof.
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Proof The implication (2) = (1) is trivial. Suppose there exists £ > 0 such that for
all rational € > 0, a + ep’ € M. Then, for any a € Xy, ala) + eoz(p)[ > 0, so
afa) > 0.

(1) = (2). Let

B = {f € A| Japositive integer k such that k + f, k — f € M}.

B is a subring of A [11, Proposition 3.3.3 (2)] and the quadratic module M’ in B
defined by M’ = M N B s obviously archimedean. Also, 1 —1/p = (p? — p)/p* and
1+1/p = (p*>+ p)/p* both belongto M so 1/p € B. Ifa € Athenkp/ —a € M
and kp/ +a € M for some integers j > 0, k > 1. Replacing j by j+ 1 if necessary, we
can assume j is even, i.e., kp?* — a, kp** + a € M for some integer £ > 0. It follows
that, for each a € A, a/p?* € B for some integer £ > 0. This implies that A = B[p]
(the localization of B at the multiplicative set in B consisting of all 1/p’, i > 0).
Thus a ring homomorphism a: B — R lifts to a ring homomorphism a: A — R
iff a(1/p) # 0 and, in this case, the extension is unique. Moreover, if @ € Xy.
Suppose now that (a) > 0 holds for all &« € Xj,. Then, for each a € X/, either
a(l/p) = 0,s0 a(a/p**?) = ala/p*)a(1/p)* = 0, or a(1/p) > 0 and, extending
a, ala/p* ) a(p)**? = ala) > 0, s0 a(a/p**?) > 0. Thus a(a/p**?) > 0 holds
in all cases so, by Theorem 2.1, a/p***2+¢ € M’ holds for all rational € > 0. Clearing
fractions, this yields a + ep***? € M. [ |

Since Theorem 2.1 generalizes to the case where M is an archimedean module
with respect to weakly torsion preprime [12], it is natural to wonder if Theorem 2.2
generalizes in some similar fashion.

3 Representation of Positive Linear Functionals

The results of the previous section have application to the Moment Problem de-
scribed in the introduction. To see this application, we begin by giving a general
criterion for the representability of a positive linear functional as an integral.

Theorem 3.1 Suppose A is an R-algebra, X a Hausdorff space and*: A — C(X) is an
R-algebra homomorphism. Suppose there exists p € A such that p > 0 on X and, for
each integer n > 1, the set X,, := {av € X | p(a) < n} is compact. Then, for any linear
function L: A — R satisfyingVa € A, 4 > 0 on X = L(a) > 0, there exists a positive
Borel measure® jn on X such that, Ya € A,

L(a):/ adu.
X

Theorem 3.1 applies in a variety of cases. It applies, for example, in the case where
X is a closed subset of R” and A is a subalgebra of C(X) containing the projections
t—t,i=1,...,n, taking p(t) = t} + - - - + t2. In particular, Theorem 3.1 extends
the result of Haviland in [4] [5].

2By Borel measure, we always mean regular Borel measure.
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It is possible to deduce Theorem 3.1 from Choquet’s theorem [3, Theorem 34.6].
Rather than attempt to explain how this is done, we prefer to give a direct proof.

Proof For a € X, X, is a neighborhood of « for # sufficiently large, so X is locally
compact. Denote by C’(X) the algebra of all continuous functions f: X — R which
are bounded by some d, a € A in the sense that there exists a € A such that |f| < 4
on X. We begin by proving the existence of a positive linear functional L: C’(X) — R
such that L(4) = L(a) foralla € A. Let Ag = {4 | a € A}. If @ = 0 on X then, by our
hypothesis, L(a) = 0. Thus we have a well-defined linear map L: Ay — R given by
L(a) = L(a). Use Zorn’s lemma to pick a pair (V, L) where V is a subspace of C’(X)
containing Ag and L is an extension of L to V maximal with the property that

VfeV, f>0 onX= L(f)>0.

We claim that V = C’(X). Otherwise, we have some g € C'(X),g ¢ V.If fi, L € V
are such that fi < g, ¢ < f, on X so L(f;) < L(f3). Such fi, f; exist, e.g., pick
fi = —4, f, = dwherea € Aissuch thatd > |g|. Thus there exists a real number e
such that

sup{L(fi) [ €V, fi<gt<e<inf{l(fH) | LEV. fr =g}

Then L extends to V/ = V + Rg via L(f + dg) = L(f) + de, a contradiction.

C’(X) contains all continuous functions with compact support so, by the Riesz
representation theorem [8, page 77], we have a unique positive Borel measure 1 on
X such that L(f) = fx f du holds for all continuous f with compact support. It
remains to show that this is true for any f in C’(X). Suppose f € C’(X) is given.
Decomposing fas f = fi — f—, fs = (|f|+ )/2, f- = (|f]| — f)/2, we can assume
f > 0. Take ¢ = f + p and, for each integer n > 1, set X, = {a € X | q(a) < n}.
X, is closed and X, C X, so X}, is compact. Obviously X; C X/, and J,», X = X.
Using Urysohn’s lemma, we have continuous functions f; with0 < f; < f, f; = f
on X/, f; = 0 off X/,,. Since q > i off X/ we see that q*/i > f — f; > 0 on X, so
L(g*)/i > L(f) — L(f;) > 0. This proves L(f) = lim; o, L(f;) which in turn implies
that

/ fdu=1lim | fidu=lim L(f) = L(). -
x 1— 00 x 1— 00

Corollary 3.2 Assume the hypothesis of Theorem 3.1 holds and M is a quadratic mod-
ule in A such that, for eacha € A, @ > 0 on X = there exists an element q € A
such that a + eq € M for all rational € > 0. Then, for any linear function L: A — R
satisfying L(IM) > 0, there exists a positive Borel measure i on X such that Va € A,
L(a) = [y adp.

Proof Supposea € Aissuch that 4 > 0 on X. By hypothesis, there exists g € A such
that, forall real € > 0,a + eq € M (so L(a) + €L(q) = L(a + €q) > 0). It follows that
L(a) > 0 for any such a, so the result follows from Theorem 3.1. |
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Combining Theorem 3.1 with the results in Section 2 yields additional corollaries:

Corollary 3.3 Suppose A is an R-algebra and M is a quadratic module in A which is
archimedean. Then, for any linear function L: A — R satisfying L(M) > 0, there exists
a positive Borel measure (1 on Xy such thatVa € A, L(a) = fo adu.

Corollary 3.4 Suppose A is an R-algebra, M is a quadratic module in A and p € A is
a unit such that p — 1 € M and, for all a € A, there exist integers k, ¢ > 0 such that
kp' —a € M. Then, for any linear function L: A — R satisfying L(M) > 0, there exists
a positive Borel measure (1 on Xy such thatVa € A, L(a) = fo adu.

Proof Corollary 3.3 follows from Corollary 3.4, taking p = 1, so it suffices to prove
Corollary 3.4. Let X, = {a € Xy | pla) < n}. If a € A there exist integers
k, > 1,4, > 0 such that k,p% 4+ a € M. Then |4| < k,p%, so |a| < k,n’ on X,,. It
follows that X, is identified with a (closed) subspace of [ | ac A[—kunfﬂ, k,n'], so X,
is compact. Thus Theorem 3.1 applies. Suppose a € A is such that 4 > 0 on Xp. By
Theorem 2.2, there exists an integer k > 0 such that, for all real ¢ > 0, a + epk eM
(so L(a) + eL(p*) = L(a + ep*) > 0). It follows that L(a) > 0 for all such a, so the
result follows from Theorem 3.1. [ |

Remark 3.5 The positive Borel measures obtained in Corollary 3.3 and Corollary 3.4
are unique. It suffices to prove this in the case of Corollary 3.4. The corresponding
result for Corollary 3.3 then follows, taking p = 1. Let f € C'(Xy), say | f| < kp’ on
Xu. Define Band M’ as in the proof of Theorem 2.2. Consider g: X+ — R defined
by
gm)_{fmypmV“ if a(1/p) # 0
0 ifa(1/p) = 0.

It is clear that g is continuous so, by the Stone-Weierstrass theorem, there exists
a sequence {b;} in B with {b;} converging to g. Thus, for each rational ¢ > 0,
€ & (g — b;) > 0 on Xy for i sufficiently large, so ep™! £ (f — d;) > 0 on Xy,
for i sufficiently large, where a; := p“*'b;. It follows that
L(f) = lim L(4;) = lim L(a;).
Uniqueness follows using the version of the Riesz representation theorem [8, page 77]
quoted earlier.
We also note the following:

Corollary 3.6 Suppose A is an R-algebra, M is a quadratic module in A, p € A is
a unit such that p — 1 € M and, for all a € A, there exist integers k,{ > 0 such
that kp' — a € M. Define B and M' as in the proof of Theorem 2.2. Then, for any
linear function L: B — R satisfying LIM') > 0, there exists a positive Borel measure
1 on Xy, a positive Borel measure p on Xy and a positive Borel measure v on H =
{a € Xpv | a1/p) = 0} such thatVb € B,

um:/iémz %¢@+/Ew,
Xpyr X H
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where ©: Xpy — Xy is the natural map.

Proof The quadratic module M’ in B is archimedean. We get 1) by applying Corol-
lary 3.3 to M’. 7 induces positive Borel measures p’ and v on ®(Xy,) and H re-
spectively and the integral splits into two parts: fxw bdn = [y, bdn' + [ bdv.
Taking p to be the positive Borel measure on X, corresponding to i1’ via the embed-
ding ®, this yields L(b) = fo/ bdn= [y bo®du+ [, bdv. [

Later, in Example 8.1, we compute B and M’ explicitly in the case where A =
RIX][1/p], p := 1+ > X?. Once this is done it will be clear that Corollary 3.6
extends the result of Putinar and Vasilescu in [17, Theorem 3.2].

4 Application to Finitely Generated Algebras

We consider the application of the results in Sections 2 and 3 to finitely generated
algebras over R. We assume that A is such an algebra. Each presentation A =
R[x1,...,x,] of A determines a unique ideal a of the polynomial ring R[X] :=
R[Xi,...,X,] such that R[X]/a =2 AviaX;+a — x;,i = 1,...,n Ring ho-
momorphisms from A to R are identified with real zeros of the ideal a. For any set S
in A, Xs is identified with the set of real zeros t of a satisfying g(¢t) > 0 forall g € S.
For f € A, we often abuse the notation, writing f > 0 on Xs instead of f > 0 on X
and writing f(«) in place off(a) = a(f), fora € Xs.
We recall the following result:

Proposition 4.1 Suppose A = R[xy, . ..,x,] and M is a quadratic module in A. Then
the following are equivalent:

(1) 3 a positive integer k such thatk — Y .| x € M.
(2) M is archimedean.

Proof Assume (1) and consider the set

B={f€A|Jke€Zsuchthatk — f,k+ f € M}.

By [11, Proposition 3.3.3], Bis a subring of A containing x, . . ., x,,. Since B obviously
contains R, this implies B = A. This proves (1) = (2). The implication (2) = (1) is
trivial. [ |

In [6], Theorem 2.1 is used in conjunction with Proposition 4.1 to give an alge-
braic proof of certain results of Putinar and Vasilescu [17, Theorem 4.2, Corollary 4.3,
Corollary 4.4, Theorem 4.5].°

3To be completely accurate, only the proof of [17, Theorem 4.2] is given in [6] but it is easy to see that
exactly the same method yields [17, Corollary 4.4] and [17, Theorem 4.5]. Of course, [17, Corollary 4.3]
is immediate from [17, Theorem 4.2]. The reader should also note that part of the required hypothesis of
[17, Corollary 4.4] has been omitted in the statement in [17]. The polynomials p1, ..., p., are required to
have even degree.
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Proposition 4.1 extends as follows:

Proposition 4.2 Suppose A = R[x1,...,x,], M is a quadratic module in A, and p is
an element of A such that p — 1 € M[1/p?]. Then the following are equivalent:
(1) Jintegersk > 1, € > 0 such thatkp' — Y"1 x? € M[1/p?].

1

(2) Yf € A[1/p], Fintegersk > 1, £ > 0 such that kp* — f € M[1/p?].
Proof Assume (1) and consider

C={f €All/p]|3q € Zlp] such thatq — f,q + f € M[1/p*]}.

Exactly as in the proof of [11, Proposition 3.3.3] C is a subring of A[1/p] and
X1,...,%; € C. Since

1+1/p=(p+1)/p=(p*£p)/p* € M[1/p],

we also have 1/p € C. Since xy,...,x,, 1/p generate A[1/p] as an algebra over R
and R C C, this implies C = A[1/p]. Combining this with the fact that the elements
kp’, k > 1,4 > 0 are cofinal in Z[ p] with respect to the partial ordering associated to
M{[1/p?] proves (2). This proves (1) = (2). The implication (2) = (1) is trivial. ®

An important point to keep in mind is that the geometric condition

Jintegers k > 1, ¢ > 0 such that kpf - Zx,z > 0on Xy

i=1

does not necessarily imply the arithmetic condition (1) of Proposition 4.2.* For ex-
ample, if Xy, is compact, one would like to be able to choose p = 1, but [7, Ex-
ample 4.8] shows that this is not always possible. Similarly, if x; > 0 on X, for
i = 1,...,n, one would like to be able to choose p = 1 + Z?:l x; but, again, this
may not be possible.

At the same time, it is equally important to realize that it is always possible to
arrange things so that condition (1) of Proposition 4.2 holds. For example, take
p=1+>" xk={0=1orp=1][",(1+x}),k={= 1. Inspecial cases, better
choices for p may be available.

Corollary 4.3 Suppose A = R[x1,...,x,], M is a quadratic module in A, and p is an
element of A such that p—1 € M[1/p?]. Suppose condition (1) of Proposition 4.2 holds
(e.g, take p = 1+ ., x7). Then, for any f € A[1/p], the following are equivalent:
(1) f >0on xM[l/pZ].

(2) There exists an integer k > 0 such that, for all rational € > 0, f +ep* € M[1/p?].

4In the case where the quadratic module M is a finitely generated preordering, the geometric condition
and the arithmetic condition are in fact equivalent [10, Corollary 1.4]. Later, in Section 7, we prove a
stronger version of [10, Corollary 1.4] as an application of the general criterion we develop in Section 6.
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Proof Combine Proposition 4.2 and Theorem 2.2. ]

In [17, Theorem 2.5] Putinar and Vasilescu explain how the Moment Problem can
be solved ‘by dimension extension’. Our next result extends [17, Theorem 2.5] in a
variety of ways.

Corollary 4.4 Suppose A = R[xy,...,x,], M is a quadratic module in A, and p is
an element of A such that p — 1 € M[1/p?]. Suppose condition (1) of Proposition 4.2
holds, and p # 0 at each point of X (e.g, take p = 1+ >, x?). Then for each
linear function L: A[1/p] — R satisfying LIM[1/p*]) > 0, there exists a unique
positive Borel measure ;v on Xy such that for all f € A and for all integers k > 0,

L(f/p") = [, f/p"dp.

Proof By Proposition 4.2 and Corollary 3.4 we have a positive Borel measure p’ on
Xmp1/p2) satisfying L(f/p%) = [ f/p*du’. Take pi to be the positive Borel mea-

M0 /2]
sure on Xy corresponding to  via the natural homeomorphism Xy = X1 /421

Uniqueness is immediate from Remark 3.5. ]

As pointed out already in [9, Corollary 4.4] and [11, Corollary 4.3.7] in the pre-
ordering case, it is possible to avoid ‘dimension extension’ altogether, provided one
is willing to compensate by enlarging M a bit. Namely, we define

M, = {f € A| Jan integer k > 0 such that p** f € M}.

Corollary 4.5 Suppose A = R[xy,...,x,], M is a quadratic module in A, and p is
an element of A such that p — 1 € M[1/p?]. Suppose condition (1) of Proposition 4.2
holds (e.g., take p = 1+ Y, x?). Then for each linear function L: A — R satisfying

L(M,) > 0, there exists a positive Borel measure p on Xy such thatVf € A, L(f) =

f Xt fdp.

Proof Suppose f > 0 on Xj;. By Corollary 4.3 there exists £ > 0 such that, for all
rational € > 0, f + ep’ € M[1/p?] (so f + ep’ € M,). Now apply Corollary 3.2 to
the quadratic module M,,. ]

5 Cylinders

Although Theorem 2.2 is a nice general result, there are cases where it can be im-
proved. Denote by A[Y], polynomial ring in a single variable Y with coefficients in
the ring A. The result in [9, Theorem 5.1] on cylinders with compact cross-section
extends to the module case as follows:*

Theorem 5.1 Suppose M is a quadratic module in A which is archimedean. Then, for
any f € A[Y], the following are equivalent:

(1) f>00nXy xR

The reader may check that the corollary [9, Corollary 5.4] in [9] extends in a similar way.
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(2) Faninteger > 0 such that ¥ rational e > 0, f+e(1+Y?) belongs to the quadratic
module in A[Y] generated by M.

Proof Denote by M the quadratic module in A[Y] generated by M. Suppose f satis-
fies (1). Take ¢ to be any integer such that 2¢ > deg( f). Following exactly the proof
in the preordering case given in [9], we see that f + eq € M holds for any rational
€>0whereq=3+Y +3Y2+Y>+...+3Y% Observing that

(1

1 . , ,

q+5(§ (1—Y)2Y2’+1+Y2‘) =4(1+Y%+---+ Y%,
i=0

it is clear that f + 4¢(1 + Y2)* € M also holds. [

Theorem 5.2 Suppose M is a quadratic module in A and p € A is a unit such that
p— 1€ Mand, forall a € A, there exist integers k,{ > 0 such that kp' —a € M.
Then, for any f € A[Y], the following are equivalent:

(1) f>00nXy xR
(2) Jintegers k,£ > 0 such that ¥V rational € > 0, f + epk(1 +Y?)! belongs to the
quadratic module in A[Y] generated by M.

Proof Define B, M’ as in the proof of Theorem 2.2 and denote by M’ the quadratic
module in B[Y] generated by M’. Suppose f € A[Y], f > 0 on Xy x R. Say
f=ag+ - +ayY* a; € A. Choose / so large that a;/p** € B for each i. Then
f/p* € B[Y] and one checks, as in the proof of Theorem 2.2, that f/p**? > 0 on
Xy % R. By Theorem 5.1, f/p**% + (1 + Y2)? € M’ holds for all rational € > 0.
The result follows now, multiplying by p?*2. [ |

In both Theorem 5.1 and Theorem 5.2, the improvement over Theorem 2.2 comes
from the fact that it is unnecessary to invert 1 + Y2. Thus, for example, working with
the quadratic module Y R[X, Y]? in the polynomial ring in two variables X, Y over
R, one only needs to invert 1 + X2. This fact was overlooked in [9].

Corollary 5.3 Suppose A = R[x1,...,x,], M is a quadratic module in A, and p is
an element of A such that p — 1 € M[1/p?]. Suppose condition (1) of Proposition 4.2
holds (e.g., take p = 1+ Y ., x7). Then, for any f € A[1/p][Y], the following are
equivalent:

(1) f >0on xM[l/Pz] x R.
(2) Jintegers k, £ > 0 such that ¥ rational ¢ > 0, f + ep*(1 + Y?)* belongs to the
quadratic module in A[1/p][Y] generated by M.

Proof Combine Proposition 4.2 and Theorem 5.2. ]
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6 The Jacobi-Prestel Criterion Generalized

To be able to apply Corollary 4.3 and Corollary 5.3 properly we need to analyze the
arithmetic condition

n
Jintegers k > 1, £ > 0 such that kp* — Zx,z € M[1/p?]

i=1

in more detail. In case the quadratic module M is finitely generated, it is possible to
carry out such an analysis using tools from real algebra, generalizing what is done in
[7]. ([7] deals with the case where X, compact and p = 1.)

We use the following notation: We assume A = R[xy, ..., x,]. We fix a finite set
S={g,...,4}in Aand set M = Mg, the quadratic module in A generated by S.
Thus M = T+ Tg; + - - - + Tg; where T := > A%,

We fix p € A and work with the multiplicative set P = {{p™ | £, m positive
integers} in A. Wesetxg = 1,50 Y - (xF = 1+x} + -+ + x5

For each prime ideal p in A, F, denotes the residue field of A at p, i.e., the field
of fractions of the integral domain A/p. Recall: p — p[1/p] defines a one-to-one
correspondence between prime ideals of A with p ¢ p and prime ideals of A[1/p].
The residue field of A[1/p] at p[1/p] is the same as the residue field of A at p.

We use notation and terminology from quadratic form theory: A quadratic form
over a field F of characteristic # 2 is an n-tuple ¢ = (ay, ..., a,) withay, ..., a, € F.
@ is regular if each a; is non-zero. For any quadratic form ¢, ¢* denotes the regular
quadratic form obtained from ¢ by deleting the entries of ¢ which are zero. A regular

quadratic form ¢ = (ay,...,a,) over F is said to be weakly isotropic over F if there
exists k > 1 and elements x;; € F,i = 1,...,n, j = 1,...,k, not all zero, such that
L2
ijAixi; = 0.

We aim to prove the following generalization of the result in [7].

Theorem 6.1 There exists k € P such thatk — Y x} € M[1/p*] iff

(1) There exists k € P such thatk — %" x? > 0 on Xpg1/p2) and

(2) There exists a positive integer { such that, for all pairs (p,v) where p is a prime
ideal of A with p ¢ p and F, formally real and v is a real valuation on F), with
min{v(x? + p) | i = 0,...,n} < v(p’ + p), the quadratic form 7 = (1 + p,
g1+ D, ..., g+ p)* is weakly isotropic over the henselization of Fy, at v.

Thus, in order for our arithmetic condition to hold it is necessary and sufficient
that conditions (1) and (2) both hold. Condition (1) is a purely geometric condition
which is quite pleasant and natural. Condition (2) is purely valuation-theoretic and
is in some sense much less pleasant. In the general both conditions are necessary. In
the next section we will consider special cases where the geometric condition by itself
suffices (in the sense that it implies the valuation-theoretic condition).

It is important to note that we do not assume p — 1 € M[1/p?]. On the other
hand, if the arithmetic condition k — Y. x? € M[1/p*] does hold then k — 1 €
M{[1/p?] so we can apply Corollary 4.3, working with k instead of p.

Note: Since k € P, A[1/k] = A[1/p] and M[1/k*] = M[1/p?].
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Proof To simplify notation we work in the ring A[1/p], replacing A by A[1/p] and
M by M[1/p?] (so now A is generated by xy, . .., x, and 1/p).

One implication is elementary. Assume k € P is such thatk— " x? € M. Then
(1) obviously holds. Let kK’ = 2k, f =k’ — Y"1 x?. Since k — 1 = (k S oxt)
Son xf,weseethatk— 1€ Mand2k* — (k+1) =2(k—1)*+3(k—1)+1¢€ M
Thus —1 = 2k* — (k+ 1) + (k — > x7) — 2k* = >°1 yx7) € M — fT. Thus
—1 =ty + > giti — ft, ie, (12 +1t) +>.giti — ft = 0 for some t,ty,...,t €
T so, for each formally real residue field F, of A, the regular quadratic form ¢ =
(I+p,g1+p,...,8+D,—f + p)* is weakly isotropic over F,. Suppose v is a real
valuation on F, satisfying min{v(x? + p) | i = 0,...,n} < v(k’ + p), and H is the
henselization of F, at v. Since

v(k" + p) > min{v(x} + p) |i:0,...,n}:v(2xi2+p),
i—0
1— (k" +p)/( Xl x}+p) isasquare in H so

o () (- wen/ ($5+)

is a non-zero sum of squares in H. Since ¢ is weakly isotropic over H (since it is even
weakly isotropic over F,) this implies that 7 is also weakly isotropic over H. Thus
condition (2) holds, taking £ to be the exponent of p in k’.

The other implication is more subtle. Suppose k € P satisfies the hypothesis of (1)
and ¢ satisfies the hypothesis of (2). k > 1 on X so, replacing k by some multiple of
some power of k, we may assume that f := k*—> ! x7 is strictly positive on X and
that the exponent of p in k is > ¢. The proof breaks into two parts. First we show that
—1 € M — fT. Next we show that this implies the arithmetic condition. For the first
step, by Brocker’s local global principle for quadratic modules [11, Theorem 7.1.1],
it suffices to show that for each formally real residue field F, of A, the quadratic form
o ={1+p,q+D,...,8+b,—f + p)* is weakly isotropic over F,. For this, by
the local-global principle for weak isotropy [11, 6.2.2], it suffices to show that ¢ is
indefinite with respect to every ordering of F,, and that ¢ is weakly isotropic over the
henselization of F, at v for each real valuation v of F,, such that ¢ has at least two
residue forms with respect to v. The fact that ¢ is indefinite at every ordering of F,
comes from f > 0 on Xj in conjunction with Tarski’s transfer principle: If < is an
ordering of F, satisfying g; + p > O foreachi = 1,...,s, then f + p > 0. Suppose
v is a real valuation of F, such that ¢ has at least two residue forms with respect to v.
There are three cases to consider:

Case 1. min{v(x?+p) |i=0,...,n} < v(p’+p). Then T is weakly isotropic over
the henselization of F, with respect to v. Since 7 is a subform of ¢, ¢ is also weakly
isotropic over the henselization.

CaseZ 0> min{v(x +p) |i=0,...,n} > v(p’+p). Then min{v(x? +p) | i =
onp=v(3 X +p) >v(k2+p sof k2+p)(1—(2?:0Xf+p)/(k2+p))
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is a square in the henselization. ¢ is weakly isotropic over the henselization in this
case.

Case3. 0=min{v(x?+p) |i=0,...,n} = v(p’ + p). Since A is generated over
R by x1, . ..,xn, 1/p it follows that in this case the image of A under the g — g+ p
is contained in the valuation ring B, of v. Denote by p’ the kernel of the composite
map A — B, — F’, where F’ is the residue field of the valuation v and consider the
quadratic form ¢’ = (1+p',¢1 +p’,..., &+ p’,—f + p’)* defined over F,s — F’.
Since ¢ has at least two residue forms with respect to v, one of the elements ¢ + p
inthe set gy + p,...,% + P, —f + p is non-zero and also has positive value. Thus
ce€ p’\ p. Thusp ; p’ so the transcendence degree of F,, over R is strictly less than
the transcendence degree of F,, over R. By induction on transcendence degree, ¢’ is
weakly isotropic over Fy.. Since ¢’ is identified with a subform of one of the residue
forms of ¢, ¢ is weakly isotropic over the henselization [11, Proposition 6.2.4].

This completes the first part of the proof. We know now that —1 € M — fT where
fi=k =30 ,x Thustf = 1+ m for somet € T, m € M. Decompose f as
f=t —t)t,t, € Tandlett’ € Tbedefinedbyt’ =t +tt,. Then (1 +1¢')f =
(A+t+t)) f = f+14+m+t,(1+m) = 1+m+t;+1,m € M. Thus, if P := T+ T, then
(1+1t)P C M. By definition of P, f = k* — ", x? € P. In particular, k¥ — 1 € P,
so k* — 1/k* € P. Thus 2k* — (3}_"_ x? + 1/k*) € P. Since x1, ..., x,, 1 /k generate
A, Proposition 4.2 applies to P: There exists k; € P (some multiple of some power of
2k*) such thatk; — (¢/ +2)/2 € P. Thus ki — (1+¢t') =2(1+t")(ky — (t' +2)/2) +
(ki —(1+t")? € Msok*ki =Y 1 xF = (L+¢") f+1' Y0 a7 +k2 (ki — (1+1')) € M.
Since k*k? € P, this completes the proof. [

7 Applications

We continue to assume that A is a finitely generated algebra over R, say A =
R[x1,...,x,] and that S = {g1,..., 4}, a finite subset of A. Denote by S’ the com-
plete set of (2° — 1) products

8151881825+ -3 85—18sy -+ -5 81 - 82+

Also, denote by S the set consisting of the first 2°~! products in this list. (Convention:
if S = @, then S = S.) Thus My C Ms C Mg and Xg = X5 = Xg/. Mg/ is equal to
Ts, the quadratic preordering in A generated by S.

Note: Ifs < 2thenS=S.

For p a prime ideal of A with p ¢ p and F, formally real, denote by 7’ and 7 the
quadratic forms over F,, determined by S’ and S respectively. 7/ is a Pfister form of
dimension 2 for some ¢ < s (¢ is the number of indices i with g; ¢ ) and, as pointed
outin [7] [11], 7 is a subform of 7/ of dimension > 2/~! + 1 ift > 1. Ift = 0, then
F=7"=7=(1+0p).

Fix integers k, ¢ > 1 such that the geometric condition holds, i.e., f := kpé —
Yt o,xt > 0on{a € Xs | p(a) # 0}. By the Tarski’s transfer principle, for any
ordering < onF,, (gg+p>0and---andg +p>0)= f+p>0.Letvbeareal

valuation of F, such that V(Z?:O X2+ D) < v( pé + p) and let H be the henselization

https://doi.org/10.4153/CMB-2003-041-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2003-041-9

Approximating Positive Polynomials 413

of F, at v. Then, for every ordering < of H, f + p < 0,50 g + p < 0 for some i.
Consequently, the Pfister form 7’ is indefinite at every ordering of H, so 7/ is weakly
isotropic over H. (This follows from the signature criterion for weak isotropy [11,
6.3.2] since 7/ ~ 0 over H.) By [11, Corollary 6.4.3], the quadratic form 7 is also
weakly isotropic over H.

This proves that, for the derived set S, the valuation-theoretic condition (2) of
Theorem 6.1 is implied automatically by the geometric condition (1). In particular,
we obtain the following:

Corollary 7.1 Suppose there exist positive integers k, £ such that kp* — Y"1 x? > 0
holds on the set {a € Xs | p(aw) # 0}. Then, for f € A[1/p], the following are
equivalent:

(1) f>00n{aeXs| pla) # 0}
(2) 3 an integer £ > 0 such that ¥ rational e > 0, f + ep’ € Ms[1/p?].

Proof Immediate from the above analysis, using Corollary 4.3 and Theorem 6.1. H

Note: This extends the result in [10, Corollary 3.1]. It also extends the correspond-
ing result of Jacobi and Prestel for p = 1 in [7, Theorem 4.4]. Both of these latter
results, in turn, extend the basic result of Schmiidgen [19] [21].

Using Corollary 5.3 instead of Corollary 4.3, we also have a corresponding result
for cylinders:

Corollary 7.2 Suppose there exist positive integers k, £ such that kp* — Y"1 x? > 0

holds on the set {a« € Xs | p(a) # 0}. Then, for f € A[1/p]lY], the following are
equivalent:

(1) fz00n{aeXs|pla) #0} xR
(2) 3integers k,£ > 0 such that ¥ rational ¢ > 0, f + ep*(1 + Y?)’ belongs to the
quadratic module in A[1/p][Y] generated by Mj.

Of course, it is important to keep in mind that S=S8ifs<2.

Remark 7.3 (Compare to [7, Remark 4.7]) If A[1/p] has real dimension < 1 (i.e.,
F, has transcendence degree < 1 over R for each prime p of A with p ¢ p, F,
formally real) then the valuation-theoretic condition (2) of Theorem 6.1 is automat-
ically implied by the geometric condition (1). The geometric condition (1) and the
hypothesis of the valuation-theoretic condition (2) force the quadratic form 7 =
(14+p,21+D,...,8+P)* to be indefinite over H. Since H has transcendence degree
1 over R, H is SAP by [15, Theorem 9.4], so 7 is weakly isotropic over H. Thus in the
case where A[1/p] had real dimension < 1, one can improve on Corollary 7.1 and
Corollary 7.2, replacing S by S in the statements of these results.
It is not clear how to generalize [7, Theorem 4.1] to the non-compact case.

8 Two Examples

In the case where the ring A is a finitely generated R-algebra, one would like to under-
stand the geometric meaning of the ring B and the quadratic module M’ in B defined
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in the proof of Theorem 2.2. We work out two examples in detail. In both of these
examples the quadratic module M we consider is in fact a preordering.

We introduce some convenient notation: We define R-subalgebras B; of A[1/p]
inductively by By = A[1/p] and B;;; = the ring of elements of B; which are geo-
metrically bounded on X,;, where M; := M[1/p*] N B;. The B; are a certain ‘poor
man’s version” of the iterated holomorphy rings defined in [1] and [20].¢ Also, as in
the proof of Theorem 2.2,

B:={f € A[1/p] | Jan integer k such that k — f,k+ f € M[1/p*]},

the ring of arithmetically bounded elements, and M’ := M[1/p*] N B. Thus

All/p]l=By 2B, 2---2B
and there are canonical restriction maps
f)CM = :X:M[l/pz] = .')CMO — :X:Ml — s JCM/.

Since B[p] = A[1/p], these various R-algebras all have the same transcendence de-
gree over R.

Example 8.1 (Compare to [17, Theorem 3.2]) Take A = R[X] = R[Xy,...,X,],
the polynomial ring in n variables, M = > A% and p = 1+ >."  X?. Thus
M[1/p*] = Y A[1/p)?* and Xy and Xy are naturally identified with R” (as-
sociating to each t € R" the ring homomorphism f — f(t)). Clearly

pEtl1eM,ptX €M, andp£2X;X; €M fori# j

(since X} + 2XiX; +X12~ = (X; £ X;)* € M). Multiplying by 1/p = (1/p)*p €
STA[1/p)?, this yields 1 £ 1/p, 1 + X?/p, 1/2 £ XiX;/p € S All/pl% i # j.
Aswell, 1 — (X;/p)* = (1 = 1/p) + (1 = X7 /p)/p € YSA[1/p)*, 501 £ X;/p =
(Q1£X;/p)?+(1=X?/p*) /2 € 3 Al1/p]*. In particular, the elements 1/p, X? /p,
Xi/p and X;X;/p, i # j belong to the subring B of A[1/p] defined in the proof of
Theorem 2.2.

We introduce some notation: Let Y;; = X;X;/p,i,j = 0,...,n where X, := 1.
Thus ]R{[Yi]‘ | 1,] = 0, ey 11] Q B, Yij = in, Y,‘jYiljl = Yii'ij’: and Z?:O Y,‘,‘ =1.

Claim: For f € A of degreed € {2k,2k — 1}, f/p' € R[Y;; | i,j = 0,...,n]if
i >k Ifi < kthen f/p' ¢ B. For let iy,...,i4 be in the set {0, ..., n} with
d = 2kord = 2k — 1,k > 1. Then it is clear that X;, - - - X;,/p* is expressible as a
product of elements Y;;. It follows that if f € A has degree d € {2k, 2k — 1} then
f/p* lies in the R[Y;; | i, j = 0,...,n]. Since 1/p = Yy, the same is true for f/p’,
i > k. It remains to show f/p’ ¢ B, ifi < k. Decompose f as f = fo+- - -+ f; where

6As long as the R-algebras B; and the quadratic modules M; remain finitely generated, the two defini-
tions will coincide, by the Tarski transfer principle.
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fi is homogeneous of degree i. Since f; # 0, there exists x € R” such that f;(x) # 0.
Then, for any integer ¢ and any real A > 0, one of

pu SO0 J%+Af1(x)+~~~+Adfd(jc)
p(Ax)’ (1+2202 +- - +x2))

approaches —co as A — oo if i < k. Since this holds for any integer ¢, this proves
that f/p’ is not bounded on R”, i.e., f/p' ¢ By ifi < k.

It follows from the claim that By = B = R[Y;; | i, j = 0,...,n]. It also follows
from the claim that M’ = BN M[1/p*] = BN > A[1/p]?* is equal to >_ B*. For
suppose f/p* = S(f;/p*)? € M'. Since f/p* € B our claim implies that 4k >
deg(f). Since f = >_ f2, this implies 2k > deg( f;) for each i so, again by the claim,
f;/p* € B. This proves M’ = 5" B

Since B[p] = A[1/p], B has Krull dimension n. On the other hand it is known
from the theory of Veronese varieties that the polynomial ring R[Z;; | i, j = 0, ..., n]
factored by the ideal generated by Z;; — Z;;, Z;;Z;1 j» — Z;i» Zjjs, and Z?:o Z;—1lisan
integral domain of Krull dimension n. It follows that the only relations relating the
Y;; are the Veronese relations Y;; = Yj;, Y;;Yir;» = Y;;:Y;;s and oo, Yii = 1. Thus
X 1s identified with the Veronese variety

V.= {y = (yij) € R*D ‘ Yij = Yiji, Yijyi'jr = )’ii’)’jj/az}’ii = 1}.
i=0

The map from Xy to Xy is identified with the map x — y = (y;;) from R" to V
where

y00:1/<1+2xi2),in:yiO:xi/(l+Zx,-2),
}’ijzxixj/(Hfo) i,j>1.

The image of Xjs in Xy is identified with the set of y € V with ygo # 0.
The reader will note that the Veronese variety V' is just an affine version of real

projective n-space. V and P(R") are identified via (uo, ..., u,) — y = (y;;) where
yii = wiu /(Y u?). The composite map from R" to P(R") is just the standard em-
bedding x — (1,x1,...,x,). [ |

The fact that the presentation of B given in Example 8.1 coincides (essentially)
with the presentation of the algebra Qy considered in [17, Theorem 3.2] shows the
promised connection between Corollary 3.6 and [17, Theorem 3.2].

Unfortunately, the assumption that the R-algebra A is a finitely generated does not
necessarily imply that the R-algebra B is finitely generated. Also, even if the quadratic
module M in A is finitely generated, the quadratic module M’ in B may not be finitely
generated. Our next example illustrates this.
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Example 8.2 Consider the polynomial
aX,Y,2) = X*(1-2%) — (X" +Y");

see [2, page 54]. Let A = R[X,Y, Z][1/q], let M be the quadratic module (equiva-
lently, the quadratic preordering) in A generated by 1/g — 1. Since 1 — q = 3/4 +
(1/2 - X*)?+X*Z*+Y* € Y R[X,Y, Z]%, Xy is identified with the set

W= {(x,y,2) € R’ | qlx,y,2) > 0}.

Take p = 1/q (so A[1/p] = A). We compute the subring B of A and the quadratic
module M’ = M N B defined in the proof of Theorem 2.2.

Claim 1. B, = R[X,Y,Z]. Since the set X3; = W is bounded, one inclusion
is clear. For the other, suppose ¢ € B;. Write ¢ = f/q* with f € R[X,Y,Z],
k > 0 minimal. If k > 1 then, choosing a sequence of points (x,, yy,2,) € W
approaching a boundary point of W, and using the fact that g is bounded on W, we
see that f vanishes on the boundary of W. Since the boundary of W is Zariski dense
in the set V. = {(x,5,2) € R® | q(x,y,z) = 0} and the prime ideal (g) is real [2,
Theorem 4.5.1], this implies that g| f. This provesk = 0sog = f € R[X,Y, Z].

Claim 2. M, is the quadratic module in B, generated by q.  Since q = 1/p €
M NR[X,Y, Z], one inclusion is clear. For the other, suppose g = s+t(1/p — 1) =
s+tq(1 — q) with g € R[X,Y,Z],s,t € > A% Writes = s'/g*, t = t'/q* with
s'.t" € S.R[X,Y, Z]% k > 0 minimal. Then g*¢ = s" +t'q(1 — q) so, if k > 1, then
q divides s’. Since q is irreducible in R[X, Y, Z] and the prime ideal (¢) in R[X,Y, Z]
is real, we see that s’ = g%s”’, s’ € >_ R[X, Y, Z]2. Substituting and dividing by g, we
see that q also divides t’ and that t' = g*t"’,t'" € > R[X,Y, Z]?. This contradicts
the minimal choice of k. Thus k = 0. Since 1 — g € Y R[X,Y, Z]?, the proof is
complete.

It follows from Claims 1 and 2 that
Xy, = WUV = {(x,y,2) € R’ | q(x, y,2) > 0}.
Since V contains the Z-axis, this set is unbounded.

Claim 3. The elements XZ',YZ',i > 0 belongto B. =~ We know that ¢ € M. Adding
(1—X2)?+X%Z%+Y* to g, we see that 1 — X?> € M. We claim that 1 — X?>Z% € M for
all i > 0. Adding X* + Y* to g, we see that X> — X?Z% € M. Multiplying by Z% this
yields X2Z% — X272+ ¢ M. Thus, if we assume inductively that 1 — X2Z% € M,
then, adding, we see that 1 — X2Z2(*) ¢ M. This proves the claim. Adding X?>22+ X*
to g, we see that X?> — Y* € M. Multiplying by Z* and adding 1 — X?>Z*, this implies
that 1 — Y*Z% € M. Adding (1 — Y2Z%)2, this implies 1 — Y2Z% € M. Adding
(1+£XZ)? to1—X?Z% and (1£YZ))? to 1 — Y2Z?%, we see, finally, that 1 + XZ' € M
and1+YZ € M,s0oXZ'YZ' € Bforall integers i > 0.
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Claim4. B, =B=R[XZ,YZ'|i>0]. Forsupposeg € B,. Using the fact that
V' contains the Z-axis, we see that g is bounded on the Z-axis, i.e., the polynomial
£(0,0,Z2) is constant. This proves g € R[XZ',YZ' | i > 0]. This completes the
proof.

X 1s obtained from X = W in two steps: First adjoin the points in V to W to
obtain Xp;, = W U V. Then collapse the points in V lying on the Z-axis to a single
point to obtain Xy, = Xpr. If & € Xpys is not in Xpy = W then a(g) = 0. If
a(X) = 0, this forces a(XZ") = 0 (using X>2% — X?2?*1) ¢ M and induction) and
a(YZ") = 0 (using X2Z* — Y*Z* € M) for each i > 0. There is a unique such a. If
a(X) # 0, then « extends to R[X, Y, Z] via a(Z) = a(XZ)/a(X) and « corresponds
to a point of V which is not on the Z-axis.

It is clear from Claim 4 that B is not finitely generated. If B is finitely gener-
ated then finitely many of the X7 YZ! would generate B, say XZLYZ0 <i<
k. In particular, XZ**! would be expressible as a polynomial in X, XZ, ..., XZF,
Y,YZ,...,YZ But this is impossible.

Claim5. M, =M’ =Y B*+ Y Blq. Ifg € M’ then, by Claim2,g = s+1tq
with s,t € >~ B}. From the definition of q and Claim 4, we see that tq € Bso s € B,
ie., s(0,0,Z)is constant. Says = Y . Thus > f;(0,0, Z)? is constant. This implies
each f;(0,0,7) is constant, i.e., f; € B.

It follows that the quadratic module M’ in B is not finitely generated. Other-
wise, M" would be generated by finitely many elements f?q, f; € B, 1 < i < t.
Choose f € By so that f(0,0,2) has degree greater than the maximum of the de-
grees of the f;(0,0,2). Then f?q = > ¢; + g/ f’q with gj,g;; € B. Thus
g = hjg, hj € B, and f> = 3"hiq+ Y g f?. Evaluatingat X = 0,Y = 0
yields £(0,0,2)* = 3 g(0,0,2)*f;(0,0,2)*. Since the g;(0,0,Z) are constant,
this contradicts our assumption. ]

Example 8.2 also settles a question of E. Becker. Becker asked if B = B. Exam-
ple 8.2 shows that this is not always the case.
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