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Abstract

The authors establish the boundedness on the Herz spaces and the weak Herz spaces for a large class of
rough singular integral operators and their corresponding fractional versions. Applications are given to
Fefferman’s rough singular integral operators, their fractional versions, their commutators with BMO(R")
functions and Ricci-Stein oscillatory singular integral operators. Some new results are obtained.
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1. Introduction

A well-known result of Stein [23] states that if
(1.1) Tf(x)=p.v. | Hx—y)f (y)dy
Rn

is bounded on L9(R") for some g € (1, 00), and if the kernel H satisfies the ‘standard
size’ condition

(12) |H ()| < |_xcl_ forallx € R" \ {0},

then T is also bounded on Lﬁm (R™) fora € (—n, n(qg—1)). Here, and in what follows,
f € Li(R") for any non-negative function w on R” means that f is a measurable
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function and

1/q
Ilfllu;<m>=( If(x)l"w(x)dx) < 0.
nn

Let Q be a homogeneous function of degree zero on R” and 2 € L"(S"™") for some
r €[l,o00]. If T in (1.1) is bounded on L9(R") for some g € (1, 0o0), and H satisfies,
instead of (1.2),

(1.3) |Hx)| <c¢ 152 | (| a2l forall x € R"\ {0},

what then can be said on the boundedness of T on L{/ . (R")? The main purpose of this
paper is to answer this question. Note that the homogeneous Herz spaces are some
kind of generalizations of the weighted Lebesgue spaces. We establish our results in
the setting of the Herz spaces.

Let By = B(0,2") = {x € R" : |x| < 2*} and Ay = B,\By_, for any k € Z.
Denote x4, by x, for any k € Z, where x is the characteristic function of the set E.

DEFINITION 1.1. Leta € R,0 < p < ocoand 0 < g < 0o. The homogeneous Herz
spaces K7 (R") are defined by

K""(R") ={f € L[, (R"™\{OD : lIf lker@mn < 00},
where

o0

¥4 4
If Nke> ey = { DAl T2 l ,

k=—00
and the usual modifications are made when p = 00 or ¢ = 0.

Obviously, K;’-"(R") = L9%(R") and K;’/""’(IR") L} .(R"). We remark that
studies involving these spaces have a long history; and we recommend the references
[9, 14, 17] and [12].

Soria and Weiss [22] give some beautiful generalizations of Stein’s results in [23].
In particular, they obtain the result of Stein in the case ¢ = 1. We generalize the
results of Soria and Weiss in the case g = 1 to weak Herz spaces which are introduced
by the authors in [12].

In what follows, forany k € Zand any o > 0, let m, (o, f) = |{x € A, : If ()| >
o}l.
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DEFINITION 1.2. ([12]) Let e € R, 0 < g < o0 and 0 < p < 00. A measurable

function f on R” is said to belong to the homogeneous weak Herz space WK;’"’ (R*),
if

k=—00

oo 1/p
Il WK (RY) = Sugk{ Z 2kapmk()\’f)11/q} < 00,
A>

where the usual modifications are made when p = o0c.

Clearly, WK;’“’([R") = WLI(R") and WK;’/q'q(R") = WL&F,([R"). Here f €
WL?(R") means that f is a measurable function on R” and

(1.4) sup Alo({x € R" : |f (x)| > AP]VY < ¢ < o0.

A>0

The smallest constant ¢ satisfying (1.4) is denoted by || f || wre(rey-
Let 0 < I < n. Instead of (1.3), if H satisfies

12(x)I

e

(1.5) |[Hx)| < ¢ forallx € R™ \ {0},

what will happen for the operator T defined by (1.1)? We obtain some similar results
to that operator T with a kernel H satisfying (1.5).

Our main theorems are stated in Section 2; and their proofs are also given in this
section. In Section 3, we give some applications. Based on the results of Fan-Pan
{6], Seeger [21], Ding [4], Chanillo-Christ [1], Christ-Rubio de Francia [2], Jiang-Lu
[13] and Pan [19], we obtain some new results on rough singular integrals, fractional
rough singular integrals and oscillatory singular integral operators.

We should point out that some special cases of our theorems have been obtained in
[16, 10], and [15]. Some of the techniques used here are borrowed from Soria-Weiss
[22]; see also [14].

Throughout this paper, ¢ always means a constant independent of the main param-
eters involved, but may be different from line to line. For any power exponent p with
1 < p < oo, we denote the conjugate exponent p/(p — 1) by p'.

2. Main theorems and their proofs

To begin with, the following theorem indicates that the boundedness of operator
T on Lebesgue spaces with power weights implies its boundedness on homogeneous
Herz spaces.

THEOREM 2.1. Ifasublinear operator T is bounded on L;ii,, (R™) forall B € (B1, Ba)
and some q € (1, 00), where B, B, € R, then T is also bounded on K ;""’ (R™) provided
thata € (B1/q, P2/q) and 0 < p < o0.

https://doi.org/10.1017/51446788700039318 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700039318

204 Guoen Hu, Shanzhen Lu and Dachun Yang (4]

PROOF. We choose o, a; € Rsuchthat 8,/ < a)/q < o < ay/q < B,/q. Write

fx) = f FOXE) =Y filx),

kz=—00 k=—00

By the condition of the theorem, we then have

0 i/p
ITF Nkge ey = { D 2 x, Tf n‘;.,(m,}

k=~00
e k41 pyli/p
_<. [ { Z 2"“1’ (/Z: ”X‘ Tfj ”L"(R")) }

" o py l/p
+ c[ Z Qkop (Z x. Tf; "L'l(ll")) }
k=-00 j =k4+2
0o s PP
S C[ Z 2k(a——a2/q)P (/Z "Xk Tfj ”quxl"z(nn)) }

k=—00 j =—00

o " py Vi
+ c{ ) e (Z X Tf il (nn)) }
k=-00 j=k+2
I k+1 ryle
< C{ Z 2k(a-uz/¢l)P (/Z ”fJ l'Lle“’Z(W)) }

k=—00 j =~00

o0 o0 py VP
k(o—
+ec Z gkla—ar/g)p Z I les ., ey
k=—o00 j=k+2
o0 k+1 Pylp
. e
= { 2 (Z VY f a2 W) }

k

=—00 \j=—00

c- = pylp
* C{ Z (Z 2ja“fj HLv(mn)Z(k‘j)(“”"l/q)) ] .

k=—0 =k+2

If 0 < p < 1, the above quantity is dominated by

o) ktl ' l/p
3P (Z 2y ||'zqm2“"’<“’“2“'"’)}

=—00 \J=~00

N - t/p
e { Z (Z 2 If; “iv(nn)z(k“j)‘“—al/qw) ]

k=-00 =k+2
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o0 00 1/p
k=j)(e—
=c Z 2| f; ”L'I(IR" Z k=) a—a2/Q)p
j=—x k=j—1
0 j-2 Yp
k—j)(a—
+ec Z Jr\f; ”L‘?(R" Z k=) a~er/q)p
j=—© k=-00
. I/p
<c{ Y 2Z7Ufi 1 amn
J=—00

= cllf lkzr ey

since ¢ —a;/q > 0anda —ay/q < 0.
Now, let 1 < p < 00. By Holder’s inequality, we then have

) k+1
k—j)(a— 2
ITf lgzrmny < € Z Z 2| £ |2 gy 24/ D0
k==-00 \j=—00
k+1 ple' ) VP
x Z k=i )ea~c2/q)p’ /2
=
00 oo
j 4 (k—j)a— /2
el Do D0 YU W2t
=—00 \j=k+2
o p/p' ) P
x Z k=i )a~a1/g)p'/2
j=k+2
o 1p
<c Z 2 f; “Lq(w Z (k=) e—az/q)p/2
j=—00 k=j~1
00 Jj=2 1/p
j k—j)(e— 2
+c Z 2| £ 118 o ey Z yk=j)a=o1/g)p/
j=—o k=—00
1/p
<c Z 2N W acan
j=-00
=c|f "Kf,“"(lk")-
This finishes the proof of Theorem 2.1. O

Let © be a homogeneous function of degree zero on R" and @ € L"(S"!) for
certain r € {1, oo]. The rough Hardy-Littlewood maximal function Mg, is defined by

Mof (x) = sup t— QU (x —y)ldy,

>0 tyl<s
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where y' = y|y|~..
The following result for the boundedness of Mg on the Lebesgue spaces with power
weights can be found in [5, p. 874].

LEMMA 2.1 ([S]). If Qe L' (5" '), 1 <r<oo,1 <q <ooand
max(—n, =1 —(n — 1)q/r) < B <min(n(g —1),q — 1+ (n — Dg/r’),
then Mg is bounded on L} ,(R").

As a simple corollary of Theorem 2.1 and Lemma 2.1, we have the following
corollary, which will be used in the proof of our main theorem.

COROLLARY 2.1. LetQ e L"(S" "), 1<r<o00,1<q<00,0<p <ooand

n 1 n-1 ) 1 1 n-1
max | ——, —— — — <a<minfn{l-=-),1--+—],
9 4 r q q r

then Mg, is bounded on K;"” (R™).

To prove one of our main theorems, we also need the following two lemmas. The
first one can be found in [18, p. 251] and the second one in [§].

LEMMA 2.2 ([18])). Let Q € L' (S" Y andr € [1,00]. Ifa> 0,0 <d < rand
—n+(n—1d/r < B <o, then

1/d
([ 10 — y)|9Ix|? dX) < cy PN gy
Ix]=aiyl

In fact, when 1 < r < 00, this lemma is just a special case of [18, Lemma 1]. The
case r = 1 is easy to prove using polar coordinates. We omit the details.

LEMMA 2.3 ([8]). Letax e Rand1 < p, g <00. Then f € I'(;"”(IR") if and only
if

< 0

f f(x)g(x)dx
Rn

foreveryg € K 7 '(R") and, in this case,

If ' ke-r gy = sup {

fx)gx)dx
R

. "g”kq‘["'l’/(mn) S 1} .

Now, we are in a position to state one of our main theorems.
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THEOREM 2.2. Let Q € L' (S" V) forr € [1,00] andlet0 < p <00, 1 < g < o0
andmax (—n/q,—1/g—(n—1)/r) <a <min(n(l —1/9),1-1/g+(n—-1)/r").
If a sublinear operator T is bounded on L?(R") and there is a constant c independent
of f such that

Q
.1 Tl < [ SEr oy

for any f € L'(R™) with compact support and x & supp f, then T is also bounded
on K2° (R™).

PROOF. Write

f@=) fOx®= ) fulx)

k=—00 =—00

and

1/p
|| Tf ”K‘;"’(W) = { Z 26w "Xk Tf ”Lv(k )}

k=-00
00 k-2 P i7p
Z okap X"TCZ f,)
=—00 j=—00 La(R")
00 k+1 p 7P
Z okap x.T (Z f,)
k=—o0 j=k—1 La(R")
cel oo ur (32 0)
k=—o00 j=k+2 L)
= D, + D, + D;.
For D,, by the L9(R")-boundedness of T, we have
1/p

k+1

> f,

j=k-1

D, <c Z 2"“”

k=—00

< cllf hkgr@en-

L(R")

For Dy, note that when x € A;, j < k —2,and y € Aj, then 2|y| < |x|. Therefore,

forx € A,
5Cf 12—
. =yl

k=2
T (/Z fj) )
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k-2
c
< — 12(x — y)I fiidy
x| /1;—y|53|x|/2 j=Z—oo ’
k-2
<cMq (Z f;) (x).
Thus, from Corollary 2.1, it follows that
o0 k-2 P 7P
o] $2 e (£
k=—00 j =—00 L3(R")

i ff)

j=—00 k3P @)
k-2
E fi
J=—x k:~7 (R")

< cllf llger @ny-

Now, let us turn to the estimate for D;. We first assume 1 < p < 0o. Note that
whenj >k +2,x € A;,andy € A;, then 2|x| < |y| and

Zf,)(x) f' & y|y")' >

j=k+2 j=k+2

1R(x —y) | &
< _— .
- cv£|x|51y1 Iyl Z 5

j=k+2
EcTo( > fi )(x).

j=k+2
1
T(g)x) = R = y)lg(y) dy.

| " iyl=2lx|

dy

dy

Set

Then by Lemma 2.3 and Corollary 2.1, when 1 < p < 00, we obtain

D3 <c|T; Z f/)
j=k+2 'G-F(Rn)
=c st Z fi
"g“-—ap o= =1 J=k+2
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=c Z fi|s Ti®
B8l g —cr’ gy <1 | \ |5 =22
q
<c Z fi sup  [[Ma(g) “k;,""”(w)
j=k+2 K7 ®) "g"kq—,a.p/(l”)il
< clf llgermn sup "Mﬂ(g)"k";"’(m
hely—ap g, =1 !
"
<clflgermny sup  lgllg—r g
o U8l —a.p" o, <! d
"

< cllf llkz» >

since max(—n/q’, —1/q' — (n — 1)/r) < —a < min(n/q,1/q+ (n - 1)/r').

Now, let 0 < p < 1. In this case, we consider two sub-cases. First, suppose
1 <7 < g and, therefore, > —n/q. When x € A, and j > k + 2, by Holder’s
inequality, we have

oo oo
120 — )
T(Z fj)(x) <cy / = oy
j =k+2 j=k+2
<c 3 29"yl s
j=k+2
0 .
< cllQlsry Y 27N f Neacwn-

j=k+2

Thus we have

o0 o0 p l/p
D3 < c{ Z 2k(a+n/q)p (Z 2_j"/q||f,- ||La(w)) }

= j=k+2
j-2 l/p
- k

<ec Z 27l £, [ Z yk(a+n/q)p

j=—00 =—00

0o /p

=c{ > 2Nf e

j=—00
=

clf ||K,‘,""(R~)~

Now suppose r’ > q and, therefore,a > —1/g—(n—1)/r'. Lets = 1—r+r/q =
1—r/q. Then(1—s)q’ =randsq = (1—-r)q+r <r. Whenx € Ayandj > k+2,
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by Hdlder’s inequality, we have

(50

=k+2

o0
.y -
<c Z 2 jllfqllQ“L“inq/(sn_l)

j=k+2

1/q
X ( Ifi Q& — I d)’>
Rn

> 1/a
IRII

j=k+2

We choose 8 € Rand0 < € < 1 suchthate > 8/q > —1/g — (n — 1)/r and
a — B/q > (1 — €)n/q. Then, by Holder’s inequality and Lemma 2.2, we obtain

o0
xeT (Z fj)
j=k+2 L9(R")
00 l/q
<c (Z 2—jn(l—e)q’/q>

—k+2

/q
X X|;E —ine (/ |fj()’)|‘7|Q(x_y)‘(l_,)q+,dy):|
[ 4

j =k+2

< 2 kn1-0/q { Z 2*f"‘2_kﬂ/ FFIS21E
R’l

j=k+2

1/q
x ( [ ige -y dx) dy}
Ix1<iyl/2

00 /q
< Cz—k(n(l—e)+ﬂ)/q [ Z 2-jne |fj (y)|qu|ﬂ+n dy]

j=k+2 L

L4(R™)

[o¢]
< (2 Hn(1=+B)/q I Z 2‘j(ns—ﬂ—n)/‘l||fj ||Lv(w)} ]

J=k+2

Thus, in this case, we have

00 00 1/p
k(a—(n(1— i (ne—f—
D; < c[ Z okla—(n(1-€)+8)/9)p (Z =i tne=p ")P/II”fj “imm)]

k=—00 j =k+2
00 Jj=2 1/p
— —J (ne+B—n) 4 k(e—(n(1—-
— Cl Z 2~ (ne+B np/q)"fj 1 e g Z ykla=-(n(1-a)+B)/q)p
j=—00 =—00
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00 1/p
= Cl Z 2%\ f; ”iv(m}

j=—o00

= cllf kg @y

We leave the estimate for Dy with p = o0 to interested readers. This finishes the
proof of Theorem 2.2. O

Note that L] .(R") = K;’/""I(IR"). The following corollary is a consequence of
Theorem 2.2.

COROLLARY 2.2. Let Q € L"(S" " and r € [1,00] and let 1 < g < 00 and

max(—n,—l-—(n—_r/l—)2> <ﬁ<m1n(n(q—1) q_1+(_r¢>

If a sublinear operator T satisfies (2.1) and is bounded on L(R"), then T is also
bounded on L? ,(R").

IxI#

By examining the proof of Theorem 2.2, one can easily prove the following exten-
sion.

THEOREM 2.3. LetO < p <00, 1 <r <00, and

n 1 n—1 . 1 1 n-1
max | ——, —— — — <e@<minin{l—-=),1—-—-+— .
7 49 r q q r

Suppose that Q; € L’(S"™") for j € I (I is some index set) and

2.2) 12 - (sn-1y < €0 < 00,
where cy is independent of j. For sublinear operators T;’s, we define
T*f (x) = sup |T; (f ) (x)I.
jel

If T* is bounded on LY(R") and T; satisfies

12, (x — y)I

g X =yl

(2.3) ()] <o If Nldy

forany f € L'(R") with compact support and x & supp f, then T* is also bounded
on K;’"’ (R™).
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COROLLARY 2.3. Letl < g <00, 1 <r < 00, and
max(—n, —1 — (n—1gq/r) < B <min(n(qg —1),q ~ 1+ (n— Dgq/r).

Suppose {2;};c; and {T;};¢; satisfy the conditions of Theorem 2.3. If T* is bounded
on Li(R™), then T* is also bounded on Llrlf’(R")'

Now, let us turn to the fractional rough singular integrals. We first have the
following theorem similar to Theorem 2.1.

THEOREM 2.4. Let 0 < | < n and T, be a sublinear operator. If T, is bounded
from Li}eq (R") into L., (R) for all o € (ay, 03) and some qy, g; € (1, 00), where
o, o € Rand 1/q, = Y/qi — I/n, then T, is also bounded from K;’;’"(R") into
Kfl’l"’z([R") provided that a € (a,, ;) and 0 < p; < p; < 00.

PROOE. Note that if p; < p,, then K;‘;”' (R™) C kt‘;’:"’z(ﬂk"). We only need to prove
the theorem in the case p; = p,. Choose 8, 8; € Rsuchthata; < 8) < a < B, <
a>. Write

f) = i fOx )= i fr(x),

— [ ——
it follows that
o 1/p
WTf Mk ey = [ Z 2 x, Tof W ey ]
o K+l e
l Z phd (Z 1 Tifj oz e )) I
c[ Z 2kom (Z ix. T.f; “UNW)) }
k=—oco j=k+2
k+1 pyle
Z kla=p2)p, (Z Ix, T.f; "L" (Rn)) ]
= .

Py U
[ Z pAlll (Z "X. If; "L" (um> }
k=-00 =k+2
k41 pry tm
[ Z 2"(01 Bp (/Z “fj "L;”ﬂq (Rn)) ]

k=-~o00

[Z QHe=pop (Z Wil oo ) l]w]

k=—00 =k+2
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0o k+1 piy t/p)
¢ Z 2k(a—ﬂ2)Pl Z "f] “L‘h(k,.)zlﬂz

k=—o0 P
3 > iy /e
c Z gk(a~pp: (Z 5 "qu(w)zjﬂn
= j =k+2
3 - piy l/p
<c Z Z 2’0‘“fj ”L"I(IR")ZJ (Br—a)
e i
. > piy /Py
+c Z (/Z 2|f; Iqu.(Rn)zj(ﬂl-a)) }
k==00 \j=k+2
1/p
Z 21T e ]
Jj=—00

=clfl KaPt(Rn)y

where in the second-to-last inequality, we have employed the facts 8, — @ > 0 and
B — a < 0. This finishes the proof of Theorem 2.4. O

The following lemma can be found in [18, p. 250].

LEMMA24. LetO <l <n 1 <q <n/L1/ga=1/qi~1l/n,n/(n—=1) <r <0
and Q € L'(S""). If there is a constant c independent of f such that the sublinear
operator T, satisfies that

12¢x — )

-yl

24 () <c lf Wl dy

R X

for any f € L'(R") with compact support and x & supp f, then T, is also bounded
from LY ., (R") into L. ,,,(R") provided that

n 1 n-1 . (n 1 n-1
[+max | ——, —— — — <p<-=l+mn{—,—+— .
D 4 r o D r

As a simple corollary of Theorem 2.4 and Lemma 2.4, we have

COROLLARY 2.4. Assume that 0 <1 < n, 0 < p; < p, 00,1 < q1 < n/l,
/gy =1/q,=1/n,n/(n—1) <r <ocoand 2 € L' (S""). Ifa sublinear operator T,
satisfies (2.4), then T, is also bounded from K3 (R™) into K;’Z'PZ(R"), provided that

n 1 n—1 . (n 1 n—1
I+ max | ——, —— — — <p<-l+mn|—,—+— .
Q. q r O D r
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Now we come to consider the end-point cases of Theorems 2.1, 2.2 and 2.4. First,
we will establish the boundedness of Mg on weak Herz spaces.

THEOREM 2.5. Let Q € L' (§S" Yandr € [1,00)andlet0 < p < o0 and
—n+nm—-1/r<a<0.

If ro> 1, or r = 1 and Mg is of weak type (1,1), then Mg, is type (Kf"p([RZ."),
WK (R")).

PROOF. Write

f@ =) fox@= )Y fi(x)

j=—00 j=—00

and

o \/p
A{ Z 2%Pi{x € Ayt Mof (x) > )»}l”}
k=—00

) k+1 pyl/p
< c,\[ > 2k {x € Ar: Mg (Z f,) )| > x/z} }
k=—o0c j =—00
0 00 pylp
+ck{22"“" {x € Ay (Mg Zf,-)(x) >A/2} }
=—00 j =k+2

_=_E1+E2.

In [2], Christ and Rubio de Francia have proved that when r > 1, Mg is of weak type
(1, 1). By this and the hypothesis in the case r = 1, for E;, we have

I/p
k+1
E <c Zz“"’ Zf,
k=~00 J=—00 LI(R")
k] py e
{Z 2"“"(2 £l e )) } :
k=-00 J =—00

Note thatw < 0. If 0 < p < 1, then

00 i/p
E, < c[ >IN g (kzl w)}
e

j=—00
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. 1/p
= cl > 2 n’;l(w)]

j=—00

=cllf ||K;’~”(ux~)-

Now, let | < p < oo. By Holder’s inequality, we then deduce

k+1 e+l p/p’
E <c Z pdh (Z el f, ”Ll(w) </Z tk=j)ap’ /2>

1/p

k=—00 =0
s I/p
<c I Z 2J<!P/2”fl ”LI(W (/Z 2kap/2>]
j==00 » k-1
{ 3 21 }
j=—00
= cllf llgzo e

To estimate E,, note that —n + (n — 1)/r < a < 0. We can choose «, € R such that
O<a<a+n—(m—1)/r. Whenj > k + 2, by Lemma 2.2, we have

x. Mg (Z f,~>
=k+1 LI(R")
c Z 2""/ (/ |€2(x —y)llfj(y)ldy) dx
J=k+2 A A
c Z 2~jn+k(u1—a)/ If; I (/ [Qx — y)|x|*™ dx) dy
A bel<ivl/2

j=k+2

A

IA

IA

00
c Z 2——jn+k(m-a)f If] (y)‘lyla—a|+n dy
Aj

J=k+2

o
k—j )y —
¢ Y 28O £l gy

=<
J=k+2
Thus,
1
o o p /p
k

Ersci > 27 |xMal 2 f;
k=—00 j =k+2 LR
) o0 pyl/p

sed 2o D 2ol 2

k=—co \j=k+2
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Note that oy > 0. If 0 < p < 1, then

0 j-2 1/p
E: < c[ > 2 W ( )3 z<k—nam)]

j=—00 k=—o00
i/p
Z 2N 1
Jj==—00
= cllf ke @o-

If 1 < p < o0, then by Holder’s inequality, we obtain

o pip’ 1/p
E;<c Z (}: Jep ILf; ”LI(IR" 2(k—j)a1p/2> (Z 2(k-j)a1p’/2>
k=—00 \j=k+2 =
kad j-2 1/p

<c [ > 2 Wy (Z 2(k—j)a1p/2>}

j=—00 k= —o0

1/p
{ Z Zjup ”f] IlLl(R" ]

Jj=-00

= C”f "K‘:"’(Rn).
This finishes the proof of Theorem 2.5. 0

By a proof similar to that of Theorem 2.5, one can prove the following

THEOREM 2.6. Suppose that 2 € L'(S" Y and r € [1,00] andlet 0 < p < 00
and —n + (n — 1)/r < a < 0. If a sublinear operator T is ofweak type (1, 1) and
satisfies (2.1), then T is also bounded from K" (R") into WK}"” (R").

Note that K xRy = L|X|G(IR"). Thus, Theorems 2.5 and 2.6 with the case p =1
are the same as [22, Proposition 8] with the power weights. In addition, Theorem 2.6
is also true for the maximal singular integrals. That is,

THEOREM 2.7. Let 1 < r < 00,0 < p <ocoand —n+(n—1)/r < a < 0.
Suppose {Qj}er, {T;};e1 and T* are the same as in Theorem 2.3 and sansﬁes 2.2)
and (2.3). If T* is of weak type (1,1), then T* maps continuously K" (R") into
WK (R™).

For fractional singular integrals, we have some theorems similar to Theorems 2.6
and 2.7.
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THEOREM 2.8. LetO <l <n, 0O < p, <p; <00, qu=nf/(n—-1) <r <00,
l—-n4+Mnm-1D/r<a <0,

and Q € L"(S""). Ifa sublinear operator T, satisfies (2.4) and is of weak type (1, q,),
then T, is also type (K{""' (R"), WKZ:P:(R™).

PROOF. Note that if p, < p,, then WK (R") C WK22(R"). We only need to
prove the theorem in the case p; = p,. Write

fO =Y fOx@= > f@

j=-o00 j=—00

and

) t/p
A{ Y 2ix € A s 1T > x}v"’“']

=-00

0 i+l pa ) VP

<ch Z kap, {x €A, | T, (/Z fj> x)| > A/2]
k=-00 j =—00
00 00 Pi/q 7
+aad S 2 ixea: |n{ ) fj> DI A/Z]

k=—00 f=k+2

= F| + F2

Since T; is of weak type (1, ¢;), for F;, we then have

P 1/p
oo k+1
Rzel oSy,
k=—00 j=—00 LU(R™)
00 k+1 Py e
=c Z sza"fj”u(mz(k_})a
k=—00 \j=-00
00 1/ps
<ci Y 27U e
j=—00

= cllf Ngrr e

where we have used that ¢ < 0 and some similar estimates used for the estimate of
E,. For the estimate of F,, note that/ —n + (n — 1)/r < a < 0. We can choose
Bi € R such that

O<Bi<a+n—(n-10/r—1
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When j > k + 1, by Lemma 2.2, we have

x. T Z f;)

j=k+2

L9 (R")

o0 q 1/q
se 2| [ ([ w-ninoia) ]
j=k+2 Ay Aj
o0 Yaq
¢ 3 2emb-wa / If,-(y)l( / IQ(x—y)I"‘IXI”dX> dy
Aj Ay

j=k+2

IA

o0
<c Z 2—j(n—1)—kﬂ/q1f If; (y)”yl(ﬂ+n)/q1 dy
j=k+2 Aj
o0
<c Y 20 f e,
j=k12

where we choose 8 € Rsuchthate > B8/q, > —n/q+(n—=1)/r=(n—-1)/r—n+l.
Since ¢ > (n — 1)/r — n + [, this is possible. Therefore,

w5 7)
=kt L9 (R™)
3 - piy V/p
= C{ Z (Z 2ja‘|fj ”’-'(R")z(j_k)(ﬂqz—a)> }
k .

=k+2

oS 1/p1
< c[ > P uizm)]

j==o0

1/py
) P

FE<c Z Qkep

k=-—00

= cllf lgen ary

by some similar estimates to those used for E;. This finishes the proof of Theorem
2.8. a

If we take p, = 1 and p; = ¢ in Theorem 2.8, we then obtain

COROLLARY 2.5. Let O <l <n,qy=n/(n=0) <r <00, —n+(n—-1)/r<a <0
and 2 € L"(S""). Ifa sublinear operator T, satisfies (2.4) and is of weak type (1, q1),
then T, is also of type (L, (R™), WL;L‘I,,,," (R™).

We remark that Corollary 2.5 is the end-point case of [18, Theorem 2].
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3. Some applications

In this section, we will give some applications of the theorems in Section 2. Let us
begin with the following singular integral operators of Fefferman [7]:

(3.1 T}.f(X)=p-V-/ h(x —y) I( f( )dy,
.

where h is a bounded radial function, €2 is homogeneous of degree 0 and belongs to
L'(8"'). A result of Fan-Pan [6] states that if Q € H'(S""!), the Hardy space on
S*=! (see [3] or [6] for the definition), then this operator is bounded on L(R") for all
q € (1, 00). As a consequence of this result and Theorem 2.2, we have

COROLLARY3.1. Let 0 < p <00, 1 < g < oo0and —l/qg <a < 1-1/q.
Suppose T is defined as in (3.1). If h is a bounded radial function and Q2 € H'(S"™"),
then T, is bounded on K;""(IR").

From [18, Theorem 1] and Theorem 2.1 or {18, Theorem 1] with & = 0 and
Theorem 2.3, we deduce the following.

COROLLARY 3.2. Suppose that when r € (1, 00},
QelL (")

orwhenr=1,Q e Llog" L(S""). If 0<p <00,1 <q < 00,

( no1 n—l) . ( ( 1) 1 "—1)
max | ——, —— — — <a<min{n{l--),1—-+4+—
q q r q q r

and 2 has mean value 0 on S"*~!, then

Q
/. (y)f(x—y)dy‘

n
y|>€ I I

T'f (x) = sup

€>0

is bounded on f(:"’ (R™).
We point out that the conditions of [18, Theorem 1] require
Qe Llogt L(S"™Y

whenr = 1.
When g = p, Corollary 3.2 is just [18 Theorem 1] and is sharp in this case; see
(18].
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Now, let us consider the following commutators of high order defined by

m m Q(x - )
(3.2) Tf () =p.v. | (b(x) = bO)"——22f (y) dy,
R” Ix ~ y|
where 0 < | < 00, b € BMO(R") and m € N.
From [11, Theorem 1], [4, Theorem 4.3], Theorems 2.1 and 2.4, we deduce

COROLLARY 33. LetQ < p, < py <00, 0<l <n 1l <gq <n/l,l/qp =
/gy —1/n, 1 =1/r > 1/qy > l/nand —n/qy +1 < o < n(1 — 1/r — 1/qy).
IfQ € L"(§" '), b €« BMO(R") and m € N, then Ty, in (3.2) is bounded from
K2P (R") into K272 (R").

We now turn to the boundedness of 7, in (3.1) on weak type Herz spaces. By the
proposition in [21] and Theorem 2.6, we obtain

COROLLARY 3.4. Let 0 < p <ooand —1 <a < 0. IfQ € Llog* L(5"") and
has mean value zero, then T, in (3.1) is bounded from K"* (R") into WK{"* (R").
Similarly, for the following fractional singular integrals 7' defined by

Q(y)

(3.3) T'f (x) = p.v.
g Y™

fx~y)dy,
we have the following corollary.

COROLLARY 3.5. Let0 < p, < p, <00, 0<l<nq =n/n—-10) <r <o
andl—n+(n—-1)/r<a <0. IfQ € L"(S""), then the operator T' in (3.3) maps
continuously Ki"'(R") into WKP*(R").

In [4], Ding proved that if 2 € L' ($" ") and ¢, = n/(n — I) < r < 00, then the
operator T in (3.1) is of type (1, g;). This result and Theorem 2.8 imply Corollary

3.5.

Now let us turn to the boundedness of oscillatory singular integral operators defined
by
(34) Tf (x) = p.v. / "V H(x — y)f (y)dy,

where P(x, y) is areal polynomial on R" x R”, and H (x) = Q(x)|x|™" forall [x| # 0,
and € is homogeneous of degree zero. If H is a standard Calderén-Zygmund operator,
the operator T in (3.4) was introduced by Ricci-Stein in [20]. Jiang and Lu in [13]
proved that if Q € Llog*L(S"") and 2 has mean value 0 on $"~!, then T in (3.4) is
bounded on LI(R") for g € (1, 0o). The following corollary is a simple application
of Theorem 2.2.

https://doi.org/10.1017/51446788700039318 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700039318

[21] Singular integrals in Herz spaces 221

COROLLARY 3.6. Let0 < p <00, l <gq <ooand-1/g <a <1-1/q. If
H(x)=QM)x|™ Qe L log™ L(S"') and Q has mean value 0 on S*', then T in
(3.4) is bounded on K;'? (R") with the operator norm independent of the coefficients
of P.

Chanillo and Christ in [1] showed that if H is a standard Calderén-Zygmund kernel,
then the operator T in (3.4) is of weak type (1, 1) with the operator norm independent
of the coefficients of P. Combining this with Theorem 2.6, we have

COROLLARY 3.7. Let 0 < p < oo and —n < a < 0. If H is a standard
Calderon-Zygmund kernel, then the operator T in (3.4) is bounded from K{"¥ (R")
into WK{"* (R") with the operator norm independent of the coefficients of P.

Pan in [19] also studied the uniform weak (1, 1)-boundedness of the following
oscillatory singular integral operators defined by

(35) Bf ) =pv. [ MR = Yo f 0)dy,
Rn

where A € R, ¢ € C°(R" x R"), ® is a real-valued smooth function on R” x R” and

H is a Calderén-Zygmund kernel. By Pan’s Theorem 4 in [19] and Theorem 2.6, we

obtain

COROLLARY 3.8. Let O < p < 00, —n < a < 0 and H be a Calderon-Zygmund
kernel. If ®(x,y) = ¢(x — y) with ¢ € C*(R") and there exists an a € N" with
la} > 1 suchthat 8*¢(0)/9x® % 0, then the operator T, in (3.5) is uniformly bounded
in A € R from K" (R") into WKF (R™).

Before we end this section, let us remark that more applications can be given to the
(fractional) Hardy-Littlewood maximal operators related to 7; in (3.1) and 7" in (3.3),
the two-dimensional Marcinkiewicz integrals and the commutators of the oscillatory
singular integral operators with BMO(R") functions; see [10, 21] and [4]. We omit
the details.
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