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Abstract

The main object of this paper is to provide the solution of an open problem raised by Professor
Ron DeVore concerning constructing interpolating process H,[f, x] satisfying the inequality
(1.11). Results on simultaneous approximation are also obtained.
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1. Introduction and main results

Jackson’s well-known theorem [6] concerning best approximation is of fun-
damental importance in the constructive theory of functions. Subsequently,
Jackson’s theorem has been sharpened by S. N. Nikolskii [10], A. F. Timan
[12]). The essential feature of Timan’s theorem is the improvement of the
order of approximation near the ends of the interval.

For a function f(x) defined on [-1, 1] we put

(L.1) w(f, )= sup  sup |A}f(x)|

—1Lx, x+hr<t ||t

for the rth modulus of smoothness. Timan’s theorem has been generalized
by J. A. Brudnyi [1] and may be stated as follows.

THEOREM A. For every continuous function f(x) defined on [-1, 1] and
for an arbitrary natural number r and n greater than or equal to r — 1
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there exists an algebraic polynomial P,(x) of degree at most n such that, for
-1<x<1,

_ w2\1/2 2
(12) &) - Pl < 4,0, (f, (Q;_>> () )

where A, is a constant depending only on r.

In an earlier work the first author [13] gave a new proof of the inequality
(1.2) for the case r = 1. Here the process is a weakly interpolatory in the
sense that it is uniquely determined by the values of the given function at
the zeros of Tchebycheff polynomial of the first kind.

There is an interesting question that was posed both by G. G. Lorentz and
S. B. Steckin as to whether it is possible to replace the inequality (1.2) by

(1.3) /(%) = P,(0)| < 4,0, (f, —1‘—") .

n

This was shown to be possible in the case r = 1 by S. Teljakovskii [11] and
in the case r = 2 by Ron DeVore [5]. The first author and T. M. Mills [8]
also gave an interpolatory proof of the inequality (1.3) for r = 1. It turns
out the process developed in [8] cannot provide the proof of inequality (1.3)
for r=2.

In a letter to the first author, Ron DeVore raised the problem of obtaining
an interpolatory process which also provides the inequality for r =2 as well.
The main object of this paper is to show that the answer to this interesting
question is in the affirmative. Now we shall turn to describe these results.

Let

(1.4) T (x)=cosnf,cos60=x,-1<x<1,
be the Tchebycheff polynomial of degree n. We denote by

=0 -x )" T (x)

(1.5) L (%)= - x—xkn’k=l’2""’n

the fundamental polynomials of Lagrange interpolation based on the nodes
X, Where

2k — )n

> ,k=1,2,...,n

(1.6) Xy, = COS
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are the zeros of T,(x) in (-1, 1). Write

(1) { D) = (LR} g (x) = (horaluld)
)= k

Loy )20 ()4, ’n(x)
d’kn(x (k 1, k4 et )

and
3
1y p0) = (Reea) - (x) = (Geotalr )
(1.8)
xkn(x) =
Let f € C[-1, 1], we define

(19) Gy %) = 3 S ()i ()
k=1
and
110)  H(, 0 =6, 0~ 326G, )~ )

~L2X6, 01, -0 - 1=y,

Concerning H,(f, x) we shall prove the following.

b1 n () +20,,(X)F by, 1 (%) -
<k._ PR ),k—L3“”,n—L

3]

THEOREM 1. Let f € C[-1, 1]} and H,[f, x] be defined as in (1.10).

Then we have

(1.11) |f(x) - H,(f, x)| £ C,o, (f; Lox ) :

n

THEOREM 2. Let f € C(l)[—l, 1] and H,[f, x] be defined as in (1.10).

Then we have

(1.12) ') - HAS, )| € ey (f’; ( e )+_15) ,

Furthermore if

1+x

Q,(f> %) =H,(f, %)= ——IH,(f, 1) - f'(1)]

(1.13)
RS2 AT TSN
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then

n

(1.14) 10L(f, %) - f'(x)| < ey (f'; ————”"‘) :

The next theorem provides the solution of the problem of simultaneous
approximation of a function and its derivatives through interpolation poly-
nomials (weak interpolation).

THEOREM 3. Let f(x) € C(l)[—l, 1] and

(1.15)
2
J(f %)= H(f, x) “Ini‘) (T, (x) = T,())HL(S 1) - £(1))

2 n+l
U= ED 7 ) - T~ O))HLS, 1) = £(=1)).

4n?

Then we have

(116 @) IO, 0 <Xy (f', ﬂ) r=0,1.

n

2. Representation problem

Let =, be the set of all polynomials of degree at most n. We shall prove
the following formula for P,_, €=, _,.

LEMMA 2.1. Let P,_, €m,_,. Then we have (x = cos@)

(2.1)
G,(P

12 %)
= %{Pn_l(cos(ﬂ +2mr/n)) + 4P,_,(cos(0 + m/n)

+ 6P, _ (cos@)+4P,_,(cos(6@ —n/n))+ P,_,(cos(6 —2n/n))}.

Since G,(f, x) is a linear process, we only need to verify if (2.1) is valid
for

P _,(x)=cosvl, v=0,1,...,n—1.
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From the definition of G,(f, x) we have

n
(2.2) Go(Py_ys X)) =D cOsU0,, 2, (X;,).
k=1

From (1.7) and (1.8) we have
2.3) 10,(x) = 10/,,(x) + Slf%(X) +1; (%) ,
Xan(X) = (51}, (x) + 61,,(x) + 415, (x) + 1, ,(x))16,

lk_z,n(x) +4l _, ’,,(x) + 6, (x)+ 4l _, ,n(x) + lk+2,n(x)
an(n) = 16 4

k=3,4,...,n-2,
o o Bl )
o ) = )+ o) + o o)
Denote by I, (P,_,,x) the right hand side of (2.1). For j = 1 we
have

(P,_(x)=cosvl, cosO = x)G,(P,_,, x;,)
= (10/16) cosv@,, + (5/16)cosu02n +(1/16) cosvb,,

and
n

1 2n n n
IL(P,_,, x,,,)=ﬁ [cosu (0 + —)+4cosu (Gln + ;)+4cosy (01,. + E)

+6cosvf,, + 4cosv (91,, - %) + cosv (01n - 27”)]

2n 2n
= Gn(Pn—l ’ xln)'

1 3n hY4
=16 [10cos + Scosv— +cosu2n]

Similarly, we can prove that G, (P,_,, X 2 = L(P,_,, x; ,) for j =
2,3,...,n. Now we note that G( _y»X) and I( _y» X) are both
polynomials of degree at most n — 1 and agree with each other at x=x,,
j=1,2,..., n. From this it follows that

Gn(Pn—l 4 x) = In(Pn—l ’ x)

and the lemma is proved.
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3. Estimates of 4 (f, x)
Put
Af.30) =2 [ (xe0s 22) = )] +8[f (xeos ) - )]
(3.) — (1) [f (cos2) a7 (cos ) - 571)]
— (=) £ (~cos2) 4 af (~coos T) = 57(-1)] .

We shall now prove the following.

LEMMA 3.1. Let f € C(Z)[—l, 1] then we have

—-1<x<1

2
(32) 14, (f, %) < e L= = X p,, M= max £ (),

where ¢ is an absolute constant independent of n, x and f.

PROOF. A simple calculation shows that

f(cos%)+4f(cos )—5f( )

(3.3)
= (cosz% - 1) () +4 (cos% - 1) f'(ny)
and
2n
f Z)+4f -5f(-1)
(3.4) ( cos ) ¥ ( ©n )

1 n 1
= (1 —0057)f (113)+4(1—COS;)f (1)
where —1 <n,,n,, 15, n,, < 1. Also note that

(3.5) A(f, £1)=0
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290 A. K. Varma and Xiang Ming Yu (71
From (3.3), (3.4) and (3.1) we have
4752 () 5 (xe 22) - )
a2 (seos ) - 0]
~ (cos 2 1) ')~ 4 (cos E - 1) 7'ty
+ (l —cos7>f' '13)+4(1 —cosn)f (ny)
“sfon2 (7 (s ) - )t o )
oo (7 (v Z) - ) 0 e 1)
(cos— - 1) (n,) — cosz - 1) f(ny)
+ (1 — cos _2n£) f'(ny)+4 (1 — cos ;) f'(ny)
= 2xcos 2% (cos . 1) £"(15) + 8xcos = (05 =~ 1) 1" (n
+ (cos27 ~1) @f'e) - 1) - £'(ny)
+4(cos =~ 1) 21" (x) = ' (m;) = f (1))
Therefore, by the Mean Value Theorem we have
(3.6) |4,(f, x)| < 32sin’ (%) M,
Next, let 0 < x <1 then by (3.5) and (3.6) we have

A (f,x)=A4,(f, x) = A,(f, 1) = (x = DA, (f, &)
Hence

2\ 2
(3.7) 4,0/, ¥)| < (1 - x)32M,sin” = < M1 —x )

n

Similarly if —1 < x <0, we obtain

(3.8 4,(f, 01 < 20 2Ly

From (3.7) and (3.8) we obtain the required result.
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4. Main estimates

We shall now be able to prove the following.

LeEMMA 4.1. Let f € C(Z)[—l , 11 and let q,_,(x) be the polynomial sat-
isfying the inequality, for -1 < x <1

1- x2 ’
@1 &) =g () S ——My, My = max |f(x)].
Then we have
(4.2) \H,[g,_, X]—4,_,(x)| < &,(8,(x))’M,, -1 <x <1,

where c,, ¢, are absolute positive constants independent of n, x, f, and

A, (x)= (l_n—x_zl + (%)2 .

Proor. From the definition of H,(f, x) as given by (1.9), (1.10) and
Lemma 2.1 we have

16(H,(q,_,, x) —4q,_,(x))=4,_, (cos <0 + 2%)) +4q,_, (cos (0 + %))

40, (008 (0 7)) 108,y (c0s0) ., (cos (0~ 7))

(4.3) —(1-4—x){qn_l (cos2—)+4q (COS ) 5q,_ 1(1)}

2n
—(1-x) {qn_1 ( cos—) +4q,_ ( cos—) 5, (- 1))}
= An(qn—l ’ X) + Bn(qn—l ’ )
where 4,(q,_,, x) is defined by (3.1) and B,(g,_,, x) is stated as follows.

B 0=a (o202 57)) v (0= 7))

-2q,_, (cos 6 cos 27”)

+4[g,., (cos (6+ %)) +a,_, (cos (8- X))
-2q,_, (cos 6 cos %)] .

If we set o, = cosfcos 2, B =sinfsin2, a, = cosfcosZ, and B, =
sinfsin Z then

B,(4,_y» X) = Ap 4,_y(a)) + Ag q,_(ay)
(4.5) = A5 (d,_ (@) = f(0,)) + A (4,_,(2y) = flay))
+ 85 flay) + A flay).

(4.4)
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Since f,, B, = O(¥=2) and 1 —a? = O(1 - x* +n%) and 1 - o’ =
O(1 — x* + n™?) it follows from (4.1) and (4.5) that

1-x* 1
(4.6) B,(q,_,,x)=0 (-——2— + —4) M,.
n n
Furthermore by (4.1) and (3.1) we have
1-x> 1
(4.7) |4,(q,_, —f,x)|=0 <—n—2 + ;‘;) M,.

Next by (4.3), (3.2), (4.6), (4.7) we have

(4.8) 16[H,(q,_,, X) — q,_,(x)]
= A"(qn - f3 X) +An(f’ x) + Bn(qn—l 9 .X)

1-x2 1
=0 +—= | M,.
( 02 n4) 2

This proves Lemma 4.1.

We also remark that if f € C?[—1, 1] then

—1<x<1

2
(49) |H,lq,_;,x1-q,_,(x)| =0(1 ;2" )MZ,M2 = max |f(x)].

Let 0<x <1, then

(4.10)  Hlq,_,,x]—-q,_,(x)
=H,lq, ,x]1-q, ,(x)-(H(q,_,,1)-q,_,(1))
= [H,14,_,,¢) - g, (11~ x)
where x < &< 1.
If V1 —x > 1/n then from (4.2) it follows that |H,[q,_,, X]—g,_,(x)| =

0(1—;5‘—2)M2. When /1 —x < 1/n we use (4.10) and

’ ' l—xz 1 !
(4.11) |Hn[qn_1,x]—q"_1(x)|=0< m +?> M2=0<?) M,.

(This is immediate from the result of V. K. Dzyadyk [3] and the fact that

H (q,_,,x)—q,_,(x) is itself a polynomial of degree at most n—1.) Com-

bining the results of (4.10) and (4.11) we have

1-x 1—x?
|H1q,_,,x]—¢q,_(x)|<C " M,<C, 2 M,.

The proof of (4.9) for the case when —1 < x <0 is similar.
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5. Fundamental estimates

Here we shall prove the following.
LEMMA 5.1. Let f € CP[-1,1] and let 4,_,(x) be the polynomial of
degree at most n — 1 satisfying (4.1). Then we have

l—x2
(5.1) H,(f = 41> ¥)| S Cm—— M.

ProoF. First we give a corresponding estimate for G,(f, x). From the
definition of G, (f, x) as given by (1.9) we have

n
(5.2) G, (f = @y X) = D ([ (%) = Gy (X)) X (X))
k=1
From (4.1) and [13] (C is an absolute positive constant) we have

(5.3) St C
k=1

and it follows that 1 — xlz,l = O(n_z) , 1 — x:n = O(n_z) ,

(54)  1(fXn) = oy e Xn () = O™ HM,  k=1,2;n—1,n.

Next we consider the sum

n-2
(5.5) (%) =3 (F %) = Gy y (X)) X (X) -
k=3
Clearly
n—2
le(x)] € =52 3 (1 = X ) Xpen ()]
k=3
M. n-2
(5.6) < i - { (1= x2 )|y, (%) + 6 (%)]
n .
n-2
+37(1 = x7 )b, (x) + ¢k+1(x)l} :
k=3

Next, we note that for k=2,3,...,n -2 (see[13]),

_ 1k -3 5
(57 b x)+ by () = LSO By () 4 g -6
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where
2cos & +cos(@,, + 0+ £
(5.8) 1,(0) = 9+8 2 6+6 ( kna+o 2_(3+49
sin —5= sm—ksm—imm —z"ﬁ

From these observations it follows that

n-2 n-2
(5.9) Z(l—xk,,)l¢k(X)+¢k+1( x)| < E|¢k(x + & (X))
k=3 k=3
+Z|(x an )by (x )+¢k+1(x)'
n-2
< Cy(1=x) + 237 Ix = x| 185 (x) + by ()]
k=3

By (5.7), (5.8), (5.9) it follows that

-2

ZIX Xl (x) + @y (X)) =O0(n 7).

Hence

2 2 2 2
(5.10) Z(l—xkn)|¢kn(x)+¢k+l,,,(x)[=0(1—x +n ).

k=3
From (5.10) and (5.6) it follows that
(5.11) IC(x)| < ?fzu—x%n‘z).
Therefore we have

1-x* 1

(5.12) |G,,<f—q,,_,,x)a=0( = +;;) max |(x)

(Here we have used (5.2), (5.4), (5.5) and (5.11)). Now from the definition
of H (f, x) as given by (1.10) and (5.12) it follows that

2
(5.13) |Hn(f—qn_lx)|=0(l—;2x—+%) max_|f"(x)|.

—-1<x<1

Let 0 < x < 1. We have two cases to consider, First, if +/1 —x > 1/n then
from (5.13) we have

2
(5.14) |H (f~4a,_,,%)|=0 (I——ZX) M,.
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Next, consider V1 —x < 1/n. Since H,(f —q,_,, 1) =0 we have
(515) H,(f—4,_,x)=H,(f-q,_, x)-H,(f-4q,_;,1)
=(1-x)H,(f -4, ,,&),x<E<1,

Next, we note that H,(f —gq,_,, x) is itself a polynomial of degree at most
n — 1 and satisfies the inequality (5.13). Therefore, using the Dzyadyk in-
equality [3] we obtain

Vi-x2 1 1
(5.16) IH,',(f—q,,_,,x)|=0( Tt M2=0(;) M,.
Therefore from (5.15) and (5.16) we have

1-x l—x2
|Hn(f_qn_]sx)|=0( n2 M2)=0( 3 MZ) .

n

Therefore for 0 < x <1 (similarly also for -1 < x <0)

2
(5.17) H(f -4, ,,%)|=0 (1 ;2" M2> .

This proves the lemma.

6. Proof of Theorem 1

Here we will provide the proof of Theorem 1. Let fe C 2[—1 , 1]1. Then
f(x)-H|[f, x]
=f(x)~q,_(x)+q,_ (x)-H]lq,_,,x)1+H]lq,_, - f, x]

where g,_,(x) is the polynomial of degree at most n — 1 satisfying (4.1).
By (4.1), (4.9) and (5.1) we have

(6.1)

2
(6.2) If(x)—H,,[f(x)]|=0(l;2x) max |f"(x)|.

—1<x<1

Now applying the theorem of Ron DeVore [5] (Theorem [2.4]) it follows that
if fe C[-1, 1] then

n

1-x?
(6.3) |f(x)-H,(f(x)| < Co, (f, ) .

This proves our main theorem.
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7. Proof of Theorem 2

Here we provide the details of the proof of Theorem 2. Let feC (2)[— 1,1].
First we note that

1) = H(f, x)=f'(x)=P,_(x)+ P,_(x) - H)(P,_,, x)
(7.1) +H(P_,,x)—H(f,x)
=J,+J,+J;.

Here we have chosen P,_,(x) to be the approximating polynomial of f(x)
on [—1, 1] such that

2
(7.2) |f(x)—Pn_1(x)|5C5(l;2x +i4) M,, M,= max |f"(x)|

n —1<x<1

and

(7.3) If'(x) = P,_,(x)| £ C,

S

The existence of such a polynomial is well known (see [11, Theorem 1, p.
164]). Clearly

(7.4) [ =1f"(x) = P,y (X)) = O

=M

+ R
n2
Following as in the proof of (4.2) it follows that
1-x* 1
(7.5) |P,_(x)—-H,/(P,_,x)|=0 7 + s M,.

Now, we note that P,_,(x)—H, (P,_,, x) is itself a polynomial of degree at
most n — 1 satisfying (7.5) and from Dzyadyk inequality [3] we obtain

’ ' V1-x

(7.6) Py y(x) = H,(P,_y, X)| = C, (T + %) -

Similarly we also obtain for f € C 2[—1 , 1]

1-x? 1
(7.7) IH,,(P,,—f,x)IsCS( — +?>M2,—13x51

and

2
(1.8)  |H.P,_,—f,%)|<C, (%Jr;li) M, -1<x<1.
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Therefore for f € CP[~1, 1] we obtain from (7.1), (7.4), (7.6) and

———M+—15)M2,—1_<_x§1.
n n

(7.8)  If'(x) = H(f, x)| S Cyq (
Therefore applying DeVore [Theorem 2.5] we have for f' € C[-1, 1]
1- 1
If'(x) = Hy(f , x)| < C} (f', Y x _2) .

The proof of (1.14) is easy and so we omit the details.

8. Proof of Theorem 3

PrOOF OF THEOREM 3. From Theorem 2, we have
(8.1) \H,(f, £1) - f'(£D)] < Ca(f', 1/n).

Also, we note that

T,(x) ~ T,,(l)}

n2

<

2
v E

" GRS AP

Combining (8.1) and (8.2), we obtain
T,(x) - T,(1)
2

n

(L +x)H(f, 1) - £

SCmin{l/nz, 1-x, l+x)}a)(f', 1/n2).

|7,(x)] :=

If 1-x° > 1/n2, then we have

2 —
I, (%)) < c%w (f', %) <c¥l=x, (f', 1—"—) .

n n

If 0<1—x2<1/n2,wehave l—xzsg,

1,(x)| < C(1 - x*)o (f', Lz) <cVd —xiw(f,’ V1 _x§> .
n n n_

Moreover, we have I,(£1) = 0. Hence for x € [~1, 1] we obtain

2, (p, ),

(8.3) 1,00 < ¥ -

https://doi.org/10.1017/51446788700034248 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034248

298 A. K. Varma and Xiang Ming Yu [15]

Similarly we have

n n

2 ! !
R A A AR A (—mt
\/l—xiw(f, \/l—xj)

|12(x)| = M

(8.4)

<C
n n

Thus, from Theorem 1, (8.3), (8.4) and (1.15), we get

|f(x) = J,(f > )| £ c¥l=x, (f', ———'ln_x) :

n

By (8.1) and the definition of I,(x) we have

H@isco (s =) nmlsco(r ).

n
Then from Theorem 2, and the above estimates

Vi-x’ 1)
o

1f'(x) = Jo(f, %) < Cw (f’, — 5

n
On the other hand it is easy to verify that f'(£1) - J/(f,
using similar arguments as before, we can prove that

ery)

n

If'(x) = J(f, %) < Caw (f',

This proves Theorem 3 as well.
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