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Abstract

In this paper our objective is to study continuous-time Markov decision processes
on a general Borel state space with both impulsive and continuous controls for the
infinite time horizon discounted cost. The continuous-time controlled process is shown
to be nonexplosive under appropriate hypotheses. The so-called Bellman equation
associated to this control problem is studied. Sufficient conditions ensuring the existence
and the uniqueness of a bounded measurable solution to this optimality equation are
provided. Moreover, it is shown that the value function of the optimization problem under
consideration satisfies this optimality equation. Sufficient conditions are also presented
to ensure on the one hand the existence of an optimal control strategy, and on the other
hand the existence of a e-optimal control strategy. The decomposition of the state space
into two disjoint subsets is exhibited where, roughly speaking, one should apply a gradual
action or an impulsive action correspondingly to obtain an optimal or e-optimal strategy.
An interesting consequence of our previous results is as follows: the set of strategies that
allow interventions at time + = 0 and only immediately after natural jumps is a sufficient
set for the control problem under consideration.
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1. Introduction

Continuous-time Markov decision processes (CTMDPs) form a general class of controlled
stochastic processes. These are suitable for formulating many optimization problems arising
in such applications as engineering, computer science, telecommunications, finance, etc. The
analysis of CTMDPs started in the late 1950s and the early 1960s with the pioneering works
of Bellman, Blackwell, Howard, and Veinott, to name just a few authors; see, e.g. [1] and [14].
The analysis has mostly concentrated on control problems where the actions influence the
transition rate of the process continuously in time. This is nowadays a very active area of
research from the point of view of its theoretical foundations, as well as from the applications
perspective; see, e.g. the recent books [8] and [18], and the survey [9].

Another class of models with impulsive actions, when the state of the process can be changed
instantly, received very little attention. The first attempt to study such problems was probably
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due to De Leve [6], [7]. In the 1980s, a systematic study of impulsive control of continuous-
time MDPs, including a deterministic drift between the jumps, were conducted on the one hand
by Hordijk and van der Duyn Schouten, and on the other hand by Yushkevich. Hordijk and
van der Duyn Schouten [11], [12], [13], [19] considered the case where only one impulsive
action at a time is permitted. Given an observed history, the planned time moment for the next
impulse was deterministic. In these papers, the optimization was performed within a special
class of so-called regular and conservative policies. One drawback of this approach is that
the use of the dynamic programming method becomes problematic. Yushkevich [20], [21],
[22], [23] introduced a new class of stochastic models, the so-called T-processes, which are,
roughly speaking, indexed by a parameter representing the natural current time and the number
of impulsive actions at that time moment. The introduction of this new family of processes
was motivated mainly by the fact that it allows us to consider models with multiple impulses
at the same time moment. For a general control model, Yushkevich typically studied the
value functions of such control problems in terms of the related quasivariational inequalities.
We should also mention another class of controlled models closely related to CTMDPs and
called piecewise-deterministic Markov processes for which impulsive control has also been
considered. Without attempting to present an exhaustive panorama, we refer the interested
reader to the book [5], and the references therein to get a rather complete view of this class of
processes.

It is important to point out that impulsive control models are not mentioned in the recent
monographs and surveys on CTMDPs [8], [9], [18]. However, they appear naturally in many
real-life situations.

The main difficulty in dealing with the impulsive control model is that impulsive actions
give rise to a nonstandard path for the controlled process. Indeed, the process may take several
different values at the same time moment. This important property makes the classical theory
of CTMDPs inapplicable.

In the paper our objective is to develop a new approach to CTMDPs on a general Borel state
space X with both impulsive and continuous controls. In our framework, the continuous control
influences the intensity of jumps ¢ at all times. This is in opposition to the impulsive control
that intervenes by moving the process to a new point of the state space X at some moment
specified by the controller. In this context, continuous actions, also called gradual actions by
Yushkevich (see, e.g. [21]), take values in the space A€ and lead to natural jumps, in opposition
to an intervention of the controller on the process giving rise to an impulse. In the latter case,
at any time moment, we can apply an action from the set A! of impulsive actions to change
instantly the state of the process according to a prescribed stochastic kernel Q on X given
X x Al An intervention can lead not only to one single impulse but to any finite sequence
of instantaneous impulses at the same time moment. As a result, the controlled process can
take several different values at the same time moment, the intervention epoch. In the works of
Hordijk and van der Duyn Schouten [11], [12], [13], [19], only one impulsive action at a time
was allowed. As a consequence, the trajectory of the process was really a function of time, even
if the intervention occurred immediately after a natural jump. In the works of Yushkevich [20],
[21], [22], [23], the time scale was modified and split in order to make the trajectories a function
of time. Therefore, a new theory of random processes had to be developed. In contrast, our aim
is to use the standard theory of stochastic point processes [4], [15], [16], [17]. In this context, it
is necessary to extend the state space to take into account the fact that the controlled system may
have several different values at the same time moment. Our construction is based on a point
process (®,, Y,),eN, where ©,, represents the sojourn time between two consecutive epochs
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induced either by a natural jump or by an intervention. Here Y, is the new state vector of the
form (xo, ag, x1, at, ..., Xk, ak, Xk+1, A, A, ...), where xo corresponds to a possibly natural
jump or to the value of the process just before the intervention. The pair (a;, x;) (for j > 1)
indicates that the impulsive action a; has been applied to the system, leading to a new location
(jump) of the process denoted by x ;. The special impulsive action A means that the impulses
have terminated and the artificial state A means the same. The space of all possible extended
states is denoted by Y (this set will be precisely defined in the next section). The space of
extended states resulting from interventions is denoted by Y* = Y \ {(xg, A, A, ...), xo € X}.
Observe that y = (x9, A, A, ...) means that no impulsive actions have been applied after a
natural jump to state xg.

We now present an informal description of the mechanism defining the controlled process
(O, Yn)nen. In our framework, the interventions and gradual controls are determined through
probability distributions on the appropriate spaces ¥ and A&. The initial time moment 0 is very
special. The initial state just before 0 is fixed and given by Yo = (xg, A, A, ...), where xg
is the initial location of the process. Moreover, the first sojourn time ® equals 0. Then the
controller chooses a probability measure on Y, generating the random variable Y| which is the
next state immediately after time 0. After this initial procedure, the controlled process can be
constructed iteratively. Having observed the state Y;,, the controller chooses the action u, with
the following components:

e aprobability distribution on ]I_Qi that generates the time of the (possible) next intervention
which happens only in the case when no natural jumps occur earlier;

e a stochastic kernel on A® given R that describes the gradual control influencing the
time of the next (possible) natural jump and its associated location;

e an intervention immediately after the natural jump, in the case when it happens before
the planned intervention, that is, a probability distribution on Y’;

e a planned intervention, that is, a probability distribution on Y*. This last component is
absent in the event that no interventions are allowed in the current state.

If the gradual action a € A is applied at the state x € X then the cost rate is C&(x, a); any
impulsive action a € A’ results in the immediate cost ¢'(x, a). In the present paper we consider
the discounted model on the infinite time horizon. Note that an intervention occurs at one time
moment with a fixed value of the discounting coefficient so that it corresponds to a discrete-time
MDP with a total expected cost.

Our model is closely related to those studied by Hordijk, van der Duyn Schouten and
Yushkevich but presents important differences that we would like to emphasize. In particular, in
[20]-[23] only nonrandomized gradual controls were considered. Moreover, in [11], [12],[13],
and [19]- [23] the authors considered the times of intervention as stopping times with respect
to the filtration generated by the controlled process. In our context the times of intervention
were specified through probability distributions depending on the history of the process. In [5]
and the references therein, the control strategies were past-history independent, deterministic,
and several impulses at the same time moment were forbidden. Our framework is more general
in the sense that we allow randomized policies. Moreover, we allow an instantaneous series of
impulses which is not the case in [5], [11], [12], [13], and [19]. We would like to emphasize
that [22] is the closest reference to our work because a series of impulses is allowed. The author
studied the discounted cost control problem and showed that the value function is universally
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measurable and satisfies the Bellman equation. Moreover, the existence of a e-optimal control
strategy was proved.

When compared to the literature, our main contributions can be summarized as follows.
Our main objective in this paper is to study the Bellman equation associated with this control
problem, and to establish the existence of optimal and e-optimal control strategies. We first
show that, under some hypotheses, the continuous-time controlled process is nonexplosive.
We provide sufficient conditions that ensure the existence and the uniqueness of a bounded
measurable solution to the Bellman equation. It is proved that this solution can be calculated
by successive iterations of the associated Bellman operator. Moreover, we show that the value
function of our optimization problem satisfies this optimality equation. Two different sets of
sufficient conditions are presented to ensure on the one hand the existence of an optimal control
strategy, and on the other hand the existence of a e-optimal control strategy. An interesting
consequence of our previous results is as follows: the set of strategies that allow intervention at
time ¢ = 0 and only immediately after natural jumps is a sufficient set for the control problem
under consideration.

The rest of the paper is organized as follows. Section 2 is devoted to the construction of
CTMDPs on a general Borel state space X with both impulsive and continuous controls. In
Section 3 we introduce the infinite-horizon performance criterion and several different classes
of admissible strategies. Several preliminary results are also formulated here. The analysis of
the Bellman equation and the existence of optimal and e-optimal control strategies are discussed
in Section 4.

2. The continuous-time Markov control process

The main goal of this section is to introduce the notation, as well as the parameters defining
the model, and to present the construction of the controlled process. In particular, a measurable
space (€2, ¥) consisting of the canonical sample paths of the multivariate point process (®,,, ¥;)
is introduced. Having defined the class of admissible strategies, we show the existence of a
probability measure P with respect to which the controlled process (®, ¥y) has the required
conditional distributions.

The following notation will be used in this paper: N denotes the set of natural numbers
including 0, N* = N—{0}, R denotes the set of real numbers, R denotes the set of nonnegative
real numbers, R} = R, — {0}, R4 = Ry U{+00}, and Rj_ = R} U{+o0}. Forany g € N,
N, is the set {0, 1, ..., ¢}, and, for any g € N*, NZ is the set {1, ..., g}. The term measure
will always refer to a countably additive, R -valued set function. Let X be a Borel space,
and denote by B(X) its associated Borel o-algebra. For any set A, 14 denotes the indicator
function of the set A. The set of measures defined on (X, 8(X)) is denoted by M((X), the set
of probability measures defined on (X, 8(X)) is denoted by & (X), and # (X | Y) denotes the
set of stochastic kernels on X given Y, where Y denotes a Borel space. For any point x € X, §,
denotes the Dirac measure defined by 5 (I") = 1r(x) for any I' € B8(X). The set of bounded,
real-valued measurable functions defined on X is denoted by B(X). Finally, the infimum over
an empty set is understood to be equal to +oo.

2.1. Parameters of the model

We will deal with a control model defined through the following elements.

e X is the state space, assumed to be a Borel space (i.e. a measurable subset of a complete
and separable metric space).
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e A is the action space, also assumed to be a Borel space. We denote by A' € B(A) and
A® € B(A) the set of impulsive and gradual actions, respectively, satisfying A = A'UA®
with A'N A8 = o

e The set of feasible actions in state x € X is A(x), which is a nonempty measurable
subset of A. Admissible impulsive and gradual actions in the state x € X are denoted
by Ai(x) = A(x) N A" and A2(x) = A(x) N AZ. We suppose that K& = {(x,a) €
X x A:a e A%(x)} € B(X x A®), with this set containing the graph of a measurable
function from X to A (necessarily A%(x) # @ for all x € X), and that K'={(x,a) €
X x Al:a € Al(x)} € BX' x A), where X' = {x € X: A'(x) # @} € B(X), with
the set K' containing the graph of a measurable function from X' to A.

e The stochastic kernel Q on X given K' describes the result of an impulsive action. In
other words, if x € X' and an impulsive action a € A'(x) is applied, then the state of the
process changes instantly according to the stochastic kernel Q.

e The signed kernel g on X given K is the intensity of jumps governing the dynamic of
the process between interventions. It satisfies g(X | x,a) = 0andg(T"\ {x} | x,a) >0
for any (x,a) € K& and I' € B(X).

In our model, an intervention consists only of a finite sequence of pairs of impulsive action
and associated jump. Actually, this finite sequence can be equivalently described by an infinite
sequence of pairs of state and action, where the pairs are set to the fictitious action and state
after a finite step. As a result, an intervention is an element of the set

Y = U Y, with Y= (X x A)* x (X x {A}) x ({A} x {AD™,
keN

where A will play the role of the fictitious state and action. The dynamic of such sequences is
governed by the Markov decision process (MDP) M defined by M= (X4, AiA, (A'A (X))xexys
Oa) where XA, A‘ , and (A A(x))xE x, are the new state and action spaces augmented by the
fictitious state A: XA =XU{A}, A, = = ATU{A}, and A A(x) = Al(x) U{A}forx € X and
A‘A(A) {A}. The dynamic is given by Qa (- |Ax a) = Q( | x,a) for any (x,a) € K' and
OA({A} | x,a) = 1 otherwise. For the model M, according to Ionescu Tulcea’s theorem (see
Proposition C.10 of [10]), there exists a unique strategic measure ﬁb( | x) on (XA x Al W)
associated with the policy b and the initial distribution §,. Here and below, we use the standard
terminology for MDPs: a policy is a sequence of past-dependent distributions on the action
space; a Markov nonrandomized policy is a sequence (<p}) jeN of A' -valued mappings on
X A, and so on. Observe that ,Bb is in fact a stochastic kernel on (XA x Al )°° given X; see
Proposition C.10 of [10]. Since we only consider intervention as an element of Y, we restrict
the admissible policies to the set & satisfying (Y | x) = 1 for b € &. In fact, we consider
randomized interventions , consequently, an intervention is an element of

Y={/3 e PY | X): B( | ~):ﬁb(- | ) for some b € E},

and
PYx)={pePX): p(-) = B( | x) for some b € E}

is the set of feasible interventions in state x € X. Observe that if an intervention is chosen
in Yy, it actually means that the controller has not intervened on the process through impulsive

https://doi.org/10.1239/aap/1427814583 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1427814583

Continuous-time Markov decision processes 111

actions. For technical reasons, it appears necessary to introduce the set Y* of real interventions
given by Y* = (72| Yk. The associated sets of real randomized interventions are defined by

PV ={Be P | X): B(-|) =P forsomeb € E
and B2 (Y* | x) = 1 for any x € X}

and
PY (x)={p e PX): p(-) = B°(- | x) for some b € E and B2(Y* | x) = 1}

for x € X. Note that PY"(x) = @ if x ¢ X

Finally, we end this subsection by introducing a projection mapping that will be used
repeatedly in the paper. If y € Y then there exists a unique k € N such that y € Y. The
X -valued mapping x on Y is defined by

X(y) = Xg41-

2.2. Construction of the process

Having introduced the parameters of the model, we are now in position to construct the
Markov controlled process. Let Yoo = ¥ U {yo} and 2, =Y x (R} x ¥)" x ({oo} x {yoo D™
for n € N. The canonical space 2 is defined as Q = U;’lolen U (Y x (RY x Y)*) and is
endowed with its Borel o-algebra denoted by & . For notational convenience, w € €2 will be
represented as

o = (Yo, 61, 1,62, y2,...).

Here, yo = (x0, A, A, ...) is the initial state of the controlled point process & with valuesin Y,
defined below; ) = 0 and y; € Y is the result of the initial intervention. The components
6, > 0 for n > 2 denote the sojourn times; y, denotes the result of an intervention (if y,, € Y*)
or corresponds to a natural jump (if y, € Y \ Y*). In the case in which 6,, < coand 6,41 = o0,
the trajectory has only n jumps and we put y,, = yoo (artificial point) for allm > n + 1.

The path up to n € N is denoted by h,, = (yo, 01, ¥1, 62, ¥2, ..., Bn, y») and the collection
of all such paths is denoted by H,. For n € N, introduce the mappings Y,: 2 — Y. by
Y, (w) = y, and, for n Z_%, the mappings ®,: Q — Ei by ©,(w) = 6,; O1(w) = 0.
The sequence (7;,)en+ of R, -valued mappings is defined on Q2 by T, (w) = Z?:l O;(w) =
Z?:l 0; and T (w) = lim,_~ T, (w). For notational convenience, we denote by H, =
(Yo, ®1, Y1, ..., Oy, ¥,) the n-term history process taking values in H, forn € N.

The random measure p associated with (®,,, Y,),en is a measure defined on R*+ x Y by

p(w; dt, dy) = Zl{Tn(w)<oo} 8(T, (@), Yo (e (d1, dy).

n>2

For notational convenience, the dependence on w will be ignored: instead of u(w; dt, dy) we
write w(d¢, dy). Define & = o{Hi} VvV o{u(0,s] x B):s <t, B € BY)} fort € R,.
Finally, we define the controlled process {&;};cr, by

Yo(w) ifT, <t < T,4 forn € N*,

&i(w) = {

and & (w) = Yo = yo with yo = (x0, A, A, ...). Obviously, the controlled process (&:);ecr,
can be equivalently described by the sequence (®,,, ¥,),eN.

https://doi.org/10.1239/aap/1427814583 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1427814583

112 F. DUFOUR AND A. B. PIUNOVSKIY

2.3. Admissible strategies and the conditional distribution of the controlled process
An admissible control strategy is a sequence u = (i, ),eN such that ug € PY (x0) and, for
any n € N*, u,, is given by
tn = (Yns s Vs Vs

Where Y, is a stochastic kernel on ]R given H, satisfying ¥, (- | hp) = 8400(:) for any
hy = (30,01,...,6h, yn) € Hy w1thx(y,1) ¢ X!, 7, is a stochastic kernel on A& given H, XR*

satisfying nn(Ag(x(yn)) | hy,t) = 1foranyt € R* , with hn = (30,01, ...,6u, yn) € Hy, yn
is a stochastic kernel onY given H, x R} x X satisfying y, OC | iy, t, ) € J Y forany h, € H,
andt € Rj_, and yn is a stochastic kernel on Y given H, satlsfylng yn( | hp) € PY x(vn))
for any h, = (¥0,61,...,6n, yn) € H, with Xx(y,) € Xi; if X(y,) ¢ X' then yn( | hy) =
S, a,A,..) ()-

The above conditions apply when y, # y~; otherwise, all the values of v, (- | hy),
7, (- | By, t), yn( | hy,t, ), and yn( | h,) may be arbitrary.

The set of admissible control strategies is denoted by U. In what follows, we use the notation
Yo = s Va)-

Suppose that a strategy u = (4,)nen € U is fixed with u, = (Y, 7y, y,?, ynl) for n € N*.
We introduce the intensity of the natural jumps as

An(Dx, by, 1) Z/ gy | X(yn), a)mp(da | hy, 1),
A8

where g(Ty | x,a) = q(Tx \ {x} | x, a) for (x,a) € X x A%, and the rate of the natural jumps
as

An(F)mhnat)Z/ An(Lx, hy, s)ds
0,7]

forany n € N*, 'y, € 8(X), and hn = (y0, 01, Y1, ..., 6y, yn) € H,. Now, for any n € N*,
the stochastic kernel G, on Yo X R’ 4 given H,, is deﬁned by

Gn({+00} X {Yoo} | hn) = 8y, ([yoo)) + 8y, (¥)e ™ A&ty (1400} | hy)
and
G,(Te x Ty | hy)

=3,,(Y) [y,}(ry | n) fr e M XDy (dt | hy)
0

+ / f Yn(lt, 001 | hy)y, (T |hn,r,xm(dx,hn,r)e—An<X~hm’>dr],
Iy JX

2.1
where 'y € 8(Y), F'e € BRY), and h, = (Yo, 01, y1, - - - 0n, yn) € H,. Note that the
kernel yn does not appear in the equation for G, if x(y,) ¢ X"

Consider an admissible strategy # € U and an initial state xyp € X. From Theorem 3.6 of [15]

(or Remark 3.43 of [16]), there exists a probability P on (€2, ) such that the restriction of
IE”?(O to (2, Fp) is given by

P ({Yo} x {0} x Ty x (R} x ¥o0)®) = uo(Ty | x0) 2.2)
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forany I'y € 8(Y), and the positive random measure v defined on R*} x Y by

Go(dt — Ty, dy | Hy)
dt, dy) =
v(dr. dy) Z Gl — T, +00] x Yoo | Hy)

Y7, <i<t00) (2.3)

is the predictable projection of 1 with respect to P .

Remark 2.1. Observe that ¥7, is the o-algebra generated by the random variable H, for
n € N*. The conditional distribution of (Y+1, ®,+1) given F7, under P} is determined by
G, (- | Hy), and the conditional survival function of ®,4; given ¥7, under Pﬁo is given by
Gu([t, +00] X Yoo | Hp).

3. Optimization problem and preliminary results

The objective of this section is to introduce the infinite-horizon performance criterion we
are concerned with and several different classes of admissible strategies. Some preliminary
results are established. In particular, assuming that the process is nonexplosive, a discounted
version of the so-called Dynkin formula associated with the controlled process is derived (see
Lemma 3.2).

The first result provides a decomposition of the predictable projection v of the process into
two parts: one part being related to the component (y,?)neN* of an admissible control strategy
and the other part being related to the component (yn1 VneN*

Lemma 3.1. The predictable projection of the random measure  is given by v = vy + vy with

vo(ds, dy) = /Ag/XVO(dy | x,8)q(dx | X(§-), a)m(da | s)ds,

Yu(ds — T, | Hy)
Yu(ls — Ty, +o0] | Hy) '

vi(ds, dy) = Y v, (dy | Hy) 1z, <s=<7,01)

neN*
and
yOdy | x.0) =Y g, <<t v (dy | Hyt = Ty x), w(da | 1)
neN*
= Z 1{T,,<t§7",,+1}77n(da | Hyyt —Ty)
neN*
fort e RY.

Proof. First observe that by using integration by parts we obtain
G([t, +00] X Yoo | hn) = 8y, ({yoo}) + 8y, (V)e™ M XDy ([2, +00] | ).

Now, recalling the definition of v (see (2.3)) in terms of G (see (2.1)), a straightforward
calculation gives the result.

The cost rate C# associated with a gradual action is a real-valued mapping defined on
K&. The cost associated with an intervention y = (xg, ag, X1, ai, - . .) € Y is given by Ci y) =
ZkeNC (xk, ax), where ¢' is areal-valued mapping defined on X a x A satisfying ¢'(x, a) = 0
if (x,a) ¢ K'. For any (x,a) € K, ¢'(x, a) corresponds to the cost assocnated with a single
jump at x € X resulting from the impulsive action « € A'(x). The cost associated with a
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randomized intervention 8 € PY(x) forx € X is given by fY Ci(y)ﬂ(dy | x). Therefore,
the infinite-horizon discounted performance criterion corresponding to an admissible control
strategy u € U is defined by

) +00
V(u, x0) = / C'(y)uo(dy | xo>+EZ0[ / e ™ / CE(X(&-), a)m(da | s)ds]
Y 0 Ag

+EY [/ e M Cl(y)u(ds, dy)i|. (3.1
0,00)xY

In the previous expression, where n > 0 is the discount factor, V(u, x¢) is understood to be
equal to 400 if the integrals of both the positive and negative parts of the integrand are infinite.
Note that, for any control strategy u € U, the function V (u, -) is measurable. The optimization
problem under consideration is to minimize V(u, xo) within the class of admissible strategies
u € U, where xp is the initial state. In the following a control strategy u € U is called

° nonrandomized stationary, if wn( | hp) = 8,/,s(;(yn))(-), Tn(- | Ay ) = Bps @) ()

Va1 hn,t,) = B | ), and y, (- | hn) = "' (- | X(yn)), where " and ¢ are mea-

surable maps from X to R, 4 and X to A&, respectively, and by and b; are nonrandomized
stationary policies in M';

e nonrandomized almost stationary when bg and b; in the above definition are Markov
nonrandomized policies;

e uniformly or persistently optimal (respectively e-optimal for ¢ > 0), if V(u, x9) =
infycqy V(v, xo) (respectively V(u, xo) < V(v, x9) + € for any v € U) simultaneously
for all x9 € X and, hence, for any initial distribution.

The following lemma provides a discounted version of the so-called Dynkin formula asso-
ciated with the controlled process (&;)ser

Lemma 3.2. Suppose that a strategy u = (up)peN € U is fixed with u, = (Y, 7y, y,?, ynl)
for n € N* satisfying PY (Too = +00) = 1. Then we have

EY 6™ W(x(E)]
=/ W&E(y)uo(dy | xo)
+ EY |:/ /:456 77S|: nW(x(gv))-i-/ / W(x(y))y (dy | x,)g(dx | X(&), a)

— WEENg(X | X&), a)}r(da | S)dS}

=%

neN* (Tunt, Ty 1 AE]

/ W E(Y)) — WEE)]

nd_Tn Hn
« ) (dy | Hy)— TS = In | Hn) }

Yn([s — T, +00] | Hy) ’
for any bounded, real-valued measurable function W defined on X.

Proof. Recalling that v is the predictable projection of w and that PY (Too = +00) = 1, it
follows by using the product formula for functions of bounded variation (see, e.g. Theorem A.4.6
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of [17]) that
B le™ W (x(6))]
t
=E{ [WE(y] — E [/0 ne MW (X (&) ds:|

+E§§0[ / / e HIWEG)) — WERE-N Wy | x,5)
0,11y

X/ fﬁ(dx | X(&5—), a)m(da | S)dS]
A JX

+EZ / —ns W— —W_ »
O[Z (Ta At Tyy1 AL Ye (W) (x(&-)]

neN*

x v, (dy | Hy)

Yn(ds — T, | Hy) :|
Yu([s — Ty, +o00] | Hy) .

Now, from (2.2), it follows that EﬁO[W(E(yl))] = fY W (x(y))uop(dy | xp), showing the result.

4. Main results

This section is devoted to the analysis of the so-called Bellman equation associated with
the control problem described in the previous section, and to the existence of optimal and
e-optimal control strategies. The first result (Proposition 4.1) ensures that the continuous-time
controlled process is nonexplosive under some hypotheses. Then we provide two different sets
of conditions (Assumption (C.1) and (C.2)) ensuring the existence of a bounded measurable
solution to the Bellman equation. More precisely, in Propositions 4.2 and 4.3 we prove that this
solution can be calculated by the successive iteration of the associated Bellman operator, leading
either to an upper-semicontinuous or to a lower-semicontinuous solution. Moreover, we show
in Theorem 4.1 and Corollary 4.1, on the one hand, the existence of an optimal control strategy
and, on the other hand, the existence of a e-optimal control strategy. We also prove that the value
function of the optimization problem under consideration satisfies this optimality equation and,
as a consequence, the bounded solution of the Bellman equation is unique. We exhibit the
decomposition of the state space into two disjoint subsets X' and X&, where, roughly speaking,
one should apply a gradual action if the current state is in X&, and an impulsive action if the
current state is in X', to obtain an optimal or a e-optimal strategy, depending on the assumptions
under consideration. Another important and interesting consequence of our previous results
is as follows: the set of strategies that allow intervention at time t = 0 and only immediately
after natural jumps is a sufficient set for the control problem under study. (See Theorem 4.1
and Corollary 4.1.)

The Bellman equation reads as follows:

inf {—nV(x) +/ V(@) gdx | x,a) — V&x)g(X | x,a) + Cg(x,a)}
acAg(x) X

A inf {—V(x)+/ V()Z)Q(d)?|x,a)+ci(x,a)}
acAl(x) X
=0 4.1)
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for any x € X. If V is a solution to (4.1), we introduce the following subsets of X:

acAg(x)

X& = {x eX:nV(x) = inf {/ V(@i | x,a) — VE©)Z(X | x,a) +Cg(x,a)”,
X
and
X=X\ X¢C {x eX: V()= inf {/ V() QW% | x,a) +ci(x,a)”.
acAl(x) X

These sets will be used to construct an optimal or a e-optimal strategy in the proof of Theo-
rem 4.1. Below, we provide conditions under which there exists a measurable bounded solution
to the Bellman equation. These conditions also guarantee that the sets X and X" are measurable.

Assumption A. There exists a constant K € R such that, for any x € X, a® € A%(x), and
al e Al(x),

(A1) g(X | x,a®) = K,

(A.2) |CE(x,a®)| = K,

(A3) ci(x,d') > 0.

Assumption B. There exists ¢ > 0 such that ¢'(x, a) > ¢ for any (x, a) € K\.
The following proposition gives a sufficient condition for nonexplosion.

Proposition 4.1. Suppose that Assumptions A and B hold. If u € U and 'V (u, xo) < 0o, then
IE”’)‘CO(Too <00)=0.

Proof. From Assumption A and the definition of the cost (3.1), we have

K .
V(u, x0) > —— +Ej [/ e C'(y)u(ds, dy):|
n (0,00[xY
K . ds — T, | H
Z——HE?O[Z/ e Cl(yyy, (dy | Hyy— s = T | Ho) }
n neN* (Tn, Tnt+11xY 1//n([s - Tl’h +OO] | Hl‘l)

Now, observe that if X(Y;,) ¢ X! then the measure

Yu(ds — T, | Hy)
Yu(ls — Ty, +00] | Hy)

e My (dy | Hy)

is 0 on the set (T, Ty1] x ¥ and if X(¥,) € X! then ) (- | Hy) € P¥ (X(¥,)), and that
C'(y) > cfor any y € Y* by Assumption B. Consequently,

K
V(u, x0) > ——+QEZO[Z
n

neN*

-ns,, 104 H, Yu(ds — T, | Hy) :|
/m,ml]xye Yy T, ool | Hy)
“4.2)

Moreover, from Assumption (A.1) we obtain

+00
Ex [/ / e_"sf f v’y | x, )g(dx | X&), a)n(da | S)dS} =— 43
0 A8 xXJy n

| =
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Combining (4.2) and (4.3), we have

+o00 +00
E% |:/ / e P u(ds, dz)i| =Ey, [f / e Pu(ds, dz)i| l|:'V(u xo0) + K] + 5
0 Y 0 Y ¢ n

- (4 4)
However, if P{ (Too < 00) > 0 then

+00
E, [ / / e u(ds, dz)} > B [e "% u(RE, Y) Ly <o0)] = +00. (4.5
0 Y

From (4.4) and (4.5), it follows that if u € U satisfies V(u, xg) < oo then on(Too < o00) =0,
showing the result.

In Assumption C below, we assume that metrizable topologies in the spaces X and A are
fixed.

Assumption C. (C.1) The sets K& and K are open in X x A% and X! x A, respectively. For any
continuous bounded function F on X, the functions fXF(Z)q(dZ | x,a)and fXF(Z) Q@z | x,
a) are continuous on K& and K!, respectively. The functions C2 and c' are upper semicontinuous
on K& and K, respectively.

(C.2) The sets A% and A® are compact, and the sets K& and K are closed in X x A% and Xi x A,
respectively. For any continuous bounded function F on X, the functions | xF@qdz | x, a)
and f xF(2)0(dz | x, a) are continuous on K& and K\, respectively. The functions C& and c'
are lower semicontinuous on K& and K1, respectively.

Introduce the stochastic kernel P on X given K& F(F | x,a) = (1/K)[q(T | x,a) +
85 (D)[K —q(X | x,a)]] forany I' € B(X) and (x, a) € K&, and consider the mapping 5B

defined on B(X) by
BF() = inf |~ fF(~>F<d~| )+ ——C(x, a)
X) = m _— X X a X,da
acAt) | K + 1 Jx - K+ '
A inf {f F(%)Q(d§|x,a)+ci(x,a)} (4.6)
acA'(x) X

for any F € B(X). The mapping ‘B will be called the Bellman operator for further reference.
The next two propositions ensure, under two different sets of conditions, the existence of
an upper-semicontinuous or a lower-semicontinuous solution of the Bellman equation, the
measurability of the corresponding sets X2 and X', and the existence of Borel-measurable
mappings ¢': X' — Al and ¢2: X& — A2 that will be used to construct optimal strategies.

Proposition 4.2. Suppose that Assumptions A and (C.1) hold. Then the decreasing sequence
of functions (V;)ieN defined iteratively by Viy1 = BV; with Vo = K/n belongs to B(X)
and converges to a bounded upper-semicontinuous function V on X satisfying the Bellman
equation (4.1). Moreover, the corresponding sets X& and X' are measurable and, for any
¢ > 0, there exist Borel-measurable mappings ¢': X' — Al and ¢2: X — AE, such that

¢(z) € {a c Al(z): f VE) QWX | z,a) + c'(z,a) < V(2) +s}, 4.7
X
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forany z € X' and

¢8(2) € {a € A%(2): / V(@X)gdx | z,a) = V(2)qg(X | z,a) + C8(z,a) <nV(z) +¢
X

(4.8)
forany 7 € X&.

Proof. By using simple algebraic manipulations and (A.1)—(A.2), it is easy to show that
V e B(X) is a solution of the Bellman equation (4.1) if and only if V € B(X) and V = BV
holds. Let us denote by U(X) the set of upper-semicontinuous functions defined on X. Clearly,
from Proposition 7.34 of [2] and (C.1), the operator 28 maps U(X) into U(X). Consider the
sequence (V;);cn defined by Vi1 = BV, with Vo = K /5. We will show that V; € B(X) for
any i € N. By the definition of ‘B and (A.1)—(A.2), we have

K ~ 1
V. < inf {—— | Vo(X)P(dX | x, CE(x,
= int Lt [ WP o+ et
K K K
< ~+
K+nn K+n
_ K
n
= Vo(x).

From the previous inequality and since the operator B is monotone, it can be easily shown by
induction that the sequence (V;);cn belongs to U(X) and satisfies

Vigr =BV =V, 4.9)

for any i € N. Moreover, it follows that sup, .y |V;(x)| < K/n. Indeed, from (4.9), it follows
easily that V;(x) < K/n. Let us show by induction that V;(x) > —K/n. Clearly, we have
Vo(x) = —K/n. Assume that V;(x) > —K /n fori € N. From the definition of B (see (4.6)),
we have, on the one hand,

K ~
inf {—[ Vik)P(dx | x,a) +
acAt(x)| K +1n Jx

and, on the other hand,

Cé(x,a)} > — — - =——,
o)

inf {f Vi(X)Q(dx | x,a)+ci(x,a)} > inf {/ Vi(X)Q(dX | x,a)} > —5,
acA'(x) /X acA'(x) /X n
since ¢! is nonnegative (recalling (A.3)). Finally, combining the two previous equations, we
obtain —K /n < V;11. Therefore, it follows that there exists a bounded function V4, such that
Vi(x) | Veo(x) asi — oo for any x € X, and so Vs, € U(X) (see [3, Theorem 4, Section 6,
Chapter 4]). Now, by using (4.9), we obtain BV, < BV, < V, for any n € N since the
operator ‘B is monotone. This implies that BV, < V. Again, from (4.9), it follows that
Voo < BV; for any i € N. Consequently, for x € X! and any a® € A2(x) and a' € Al(x), we
have

voo<x)<{ K fw<y>F<dy|xag>+ !
- K+17 X ’ K

n an(x, ag)}

A {/X V:(») 0y | x.a) +ci<x,ai>}.
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Now, by taking the limit asi — oo in the previous equation and using the bounded convergence
theorem, we obtain

Voolx) < { f Voo () Py | x,a®) + cg(x,ag)}
X

K +n K +n

A {fx Vo) Q(y | x, ) +ci(x,ai)},

showing that Vi (x) < BV (x). By using similar arguments, it is easy to show that the case in
which x ¢ X! leads to the same conclusion, that is, Voo (x) < BV (x) for all x € X. Finally,
we have shown that Vo, = BV and so the function V defined by V solves (4.1).

The set X8 coincides with

K ~ 1
X:Vx)= inf {—— | VX)) P(X | x, C&(x,
{xe (x) aelz?g(x){l(—l—nfx x)P(dx | x a)+K+17 (x a)}}

and, hence, is Borel measurable, as is X i
According to Proposition 7.34 of [2], for any & > 0, there is a measurable map ¢ from X
to A€ such that, forall z € X,

ag(z)e{zeAg(z):L/v@)ﬁ(d;|x,5)+ L cege
K+nJx K

+n

K —~
< inf {—/ VX)Px | x,a) +
X

! C¥&( )}+ ¢
X, d R
acAt(x)| K +1n n

K + K+n

The restriction of @& to X8 provides the mapping ¢¢ as required. The mapping @' is built in a
similar way, working in the space X' and passing to X'. This completes the proof.

Proposition 4.3. Suppose that Assumptions A and (C.2) hold. Then the increasing sequence
of functions (V;)ieN defined iteratively by Vi1 = BV; with Vo = —K /n belongs to B(X)
and converges to a bounded lower-semicontinuous function V on X satisfying the Bellman
equation (4.1). Moreover, the corresponding sets X2 and X' are measurable, and, for any
¢ > 0, there exist Borel-measurable mappings ¢': X' — Al and ¢¢: X¢ — A8 respectively
satisfying (4.7) and (4.8).

Proof. According to Proposition 7.33 of [2] and by considering the sequence (V;);cn defined
by Vit1 =BV, with Vp = —K/n, it can be shown using the same arguments as those used in
the proof of Proposition 4.2 that |V;(x)| < K/n, Viy1 = V;, and V; is lower semicontinuous
for any i € N. Consequently, (V;);en converges pointwise to a limit denoted by V., which is
lower semicontinuous.

Clearly, BV, > BV, > V, forany n € N, so BV, > V. To show the reverse
inequality, consider a sequence (a;); <N of measurable mappings from X to A satisfying a; (x) €
A&(x) U A'(x) and reaching the infimum in

K ~ i~
BV;(x) = inf {K—H/;(Vi(x)P(dx|x,a)+

acAg(x)

g
K+77C (x,a)}

acAi(x)

A inf {/ V,-()?)Q(d?ﬂx,a)—i-ci(x,a)}
X
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for any x € X. Fix an arbitrary x € X. There exists a subsequence (a;; (x)) jen 0f (a;(x))ieN
that belongs either to A8(x) or Al(x). Consider @; ;(x) € A8&(x) for any j € N (the other
possibility can be dealt with by using the same arguments). Moreover, there is no loss of
generality to assume that this subsequence converges to some a € A&(x) since AS(x) is
compact. Forn € Nand j € Nsuch thatn <i;, we have

K ~ 1
e — Vo(X)PX | x,a;, ——C8(x,a;.
oy [ P OPET |53 + e Co )

~ 1
< Vi, (X)PX | x,a;,) + ——C8(x, a;,
=%+ )y i;(X) (xlxaz_,)+K+n (x,ai;)

=BV, (x)
= ‘/i_,‘-i-](x)
< Voo (x), (4.10)

where the firstinequality follows from the factthat V;; > V),. The real-valued mapping on A% (x)
defined by (K /(K + n))fX Vi (x)P(dx | x, )+(l/(K + 1n))C&(x, -) is lower semicontinuous.
Consequently, it yields (K /(K + n))fX V. (x)P(dx | x,a)+ (1/(K +1)C&(x,a) < Vy(x)
by taking the limitas j tends to oo in (4.10). Finally, by using the bounded convergence theorem,
(K/(K +m) [x Voo () P(AX | x,@) + (1/(K + 1n)C8(x,a@) < Veo(x), and so BVeo(x) <
Vo (x), and, hence, BV,, = V4. This shows that the lower-semicontinuous bounded function
Voo solves (4.1). The rest of the proof is similar to that of Proposition 4.2, but is now based on
Proposition 7.33 of [2] and on the fact that V' is lower semicontinuous.

The next two technical lemmas are needed to construct optimal and e-optimal control
strategies in Theorem 4.1.

Lemma 4.1. Suppose that Assumption A and either (C.1) or (C.2) hold. Let V be a bounded
measurable solution of the Bellman equation (4.1). Then the following assertions hold.

(a) Foranyx € X and b € E, fY[Ci(y) + V(f(y)]ﬁb(dy | x) > V(x).

(b) If, additionally, Assumption B holds then, for any ¢ > 0, there is a Markov nonrandomized
policy b* € E for the controlled model M* such that, for any x € X,

/Y [CIo) + VEMIE @y | 1) < V) +¢

and
ﬂb*({er:f(y)eXg} | x) =1. .11

Moreover, under Assumption A, B, and (C.2), the statement of (b) can be strengthened. Indeed,
it holds for ¢ = 0 for a stationary nonrandomized policy b* € E.

Proof. Associated with the discrete-time MDP M, consider the cost per stage function
deﬁned on XA X AiA by D = A+ 1xx(a} V. Let x € X, and let b be an arbitrary policy
for M' generating the process (X;,d;) jen With initial distribution 8, and the corresponding
strategic measure B2(- | x)on (Xa X AiA)OO. Let Eﬁ['] represent the expectation with respect
to this strategic measure BP(- | x). Let T = inf{j € N: aj = A}. Then, using the bounded
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convergence theorem and the definition of Qa,

lim EY [Z IXX{A}(;j’;’j)V(fj)} = E; [Z 1XX{A}(35,-,5]-)V()7,-)}

e U j=0
=E2[V(E) Lr<og) . (4.12)
Moreover, since ¢! is nonnegative,
m 00
m@looEi [;)ci(saj,a,-)} =Eb [;ci(f,-,aj)}, (4.13)

by the monotone convergence theorem. Therefore, (4.12) and (4.13) yield
m o
. b ~ ~ b ~ ~
mlgnoolax[z D(xj,aj):| =IEX[Z D(xj,aj):|. (4.14)
j=0 j=0
Regarding item (a), we have ,Bb({t < oo} | x) = 1since b € E, and so

E? [Z D(;, %)} = /Y [C'(») + VEONIB @y | x). (4.15)

J=0

Consider the function V defined on XA by Va(z) = V(z) if z € X and VA(A) = 0. From
(4.1), it is easy to show that Vp satisfies the following inequality:

inf {D(x,a) +/ Va(2)Oa(dz | x,a)} > Va(x), x € Xa.
X

acAl (x)
We have

B [VaGnr1) | 0{(F.@)): j € Ny}l =/ Va(@)Qa(dz | Xin, dm)

XA
> VA(;m) - D(im, 5m)

for any m € N. Since V) is bounded, we have

E? [Z D(%j, 5,-)} > Va(x) = EZ[VaGni )] = V(x) = B2 VAGoni1)]
j=0

forany m € N. Therefore, taking the limit as m tends to oo in the previous inequality and using
(4.14)-(4.15), we have [, [C'(»)+V &)1y | x) = V(x)—limsup,,_, oo E2[VA Gns)]-
But, |E2[VA (%)l < sup,cx V(@B (Im < T} | x), and so lim sup,,,_, oo E2[VA (%nt1)]1= 0
since ,Bb({r = oo} | x) = 0, yielding the result.

To prove item (b), we now introduce the Markov nonrandomized policy b* for the controlled
model M defined by b* = ((p} ) jeN, where, for j € N, <p‘l isthe AiA—Valued measurable mapping
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defined on X A satisfying the following requirements.

o If x € X! then
; . . 1\/t!
gj(x) € {a e A'(x): / V()QWz | x,a) +c'(x,a) < V(x) +8<§> }
X

which is not empty by the definition of X'.
e If x € X8 U{A} then goij(x) = A.

The existence of such a measurable mapping was established in Proposition 4.2 under Assump-
tions A and (C.1) and in Proposition 4.3 under Assumptions A and (C.2). Now, for any j € N
and x € Xa, D(x, ¢}(x) + [y, Va(2)Qa(dz | x, ¢} (x)) < Va(x) +&(3)/*". Indeed, the
previous inequality clearly holds for x € X2 U {A}, and if x € X' then it follows from the
definition of <pj. (x). Consequently,

EY [Va@ni1) | 0{().d)): j € Nu}l = / Va(2)Q(dz | X, dm)

Xa

~ ~ ~ i+1
< Valm) — DX, am) + 8(%)1-‘—
for any m € N. Therefore, by using the fact that V4 is bounded, we obtain

IS5 b a o 11— (12!
El; I:]ZO D(xj,aj):| < Va(x) —Ei [VaGma)] +8§w

and so lim sup,,_, ., B2’ >0 ¢'(X}, a@))] < co. Moreover, from Assumption B,

{t =00} C {limsuchi(fj,Ej) = oo}.

By the monotone convergence theorem, we have 8" ({t < oo} | x) = 1, implying b* € E.
Now, using similar arguments to those used to prove (a), we obtain

/Y [C') +VEOGNIE” @y | x) = lim EY [Z D, 5,-)} < Va@) +e= V@) +e.
j=0

Finally, observe that {t < oo} C {y € Y: Xx(y) € X8}, giving the last assertion.
The proof of the last statement is similar to part (b), with a reference to Proposition 4.3.

Lemma 4.2. Suppose that Assumption A and either (C.1) or (C.2) hold. Let B € PY and let
V be a bounded solution of the Bellman equation (4.1). Then, for any (x, a) € K&, let

— V) + /X /Y[V(Y(y)) +C'(M1By | 7z | x,a) = V(x)g(X | x,a) + CE(x, a)

> 0.
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Proof. From Lemma 4.1, it follows that, for any z € X, fY[V()?(y)) +Ci(y1BAy | 2) =
V(z), and so recalling that g is a positive kernel,

V) + /X /Y [VED)) + Ci)IBWy | 293(dz | x.a) — VGX | x,a) + CE(x. a)

= —nVx)+ /x V(2)g(dz | x,a) = V(x)g(X | x,a) + C¥(x, a)

for any (x, a) € K&. Now the result follows from (4.1).
The next result shows the existence of optimal and e-optimal control strategies.

Theorem 4.1. Suppose that Assumptions A and B hold. Let V be a bounded measurable
solution of the Bellman equation (4.1).

(@) If(C.1) or (C.2) hold then 'V (u, xo) > V (xq) for any control strategy u = ()neN € U
with u, = Yy, 75, y,?, ynl) for n € N*, and, for any ¢ > 0, there is a nonrandom-
ized almost stationary strategy u* such that V(u*, xo) < V(xo) + &, which satisfies
Yn(- | hp) = 600(+), that is, the interventions occur only after the natural jumps (and
maybe at the initial time moment t = 0).

(b) If (C.2) holds then there exists a nonrandomized stationary strategy u* such that 'V (u™,
x0) = V(xo), which satisfies ¥, (- | hn) = 800(+), that is, the interventions occur only
after the natural jumps (and maybe at the initial time moment t = 0).

Proof. (a) If V(u, x9g) = 400 then the inequality is clearly satisfied. If V(u, xg) < +o0
then we have P{ (T < 00) = 0 from Proposition 4.1. Since V' is bounded, Lemma 3.2 yields

Vi, x0) = fy VEuoWy | x0) + /Y Ci oy | %0)
+o00
+Eﬁéo[/ / e‘"f[—nvmm)+cg<x<ss_>,a>
0 A8
4 /X /Y (VED)) + Cy W@y | v, $)3(@dv | ¥(E), a)

~ VEEDTX | X)) |r(da | s)ds}

u
B, T
neN* (Tn,TnJrl

| /Y eIV EGD)) + C(y) — VEE)]

x yl(dy | Hy) (4.16)

Yu(ds — T, | Hy) j|
Yn(ls — T, +00] | Hy) .

Observe that v,/ (dy | h,) € PY(x(yn)) and y2(- | hn,s,-) € PY forany n € N*, 5 € R¥,
and h, = (y0,01,Y1,---,6n,yn) € H,. Consequently, it follows from Lemma 4.1 that

[ lVEO)+C' )=V Ea)]y, (dy | hy) > Oforanyn € N*and hy = (y0. 61, y1. - - . On,
yn) € H,,. Now, by recalling Lemma 4.2, we have

CVEGWD) + fx /Y VEO) + C YAy | b, s, 0)g(dx | Tom). a)

= VEGZX | X(yn), @) + CEE(yn), a)
>0
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forany n € N*, s € R%, h, = (b0, 01, Y1, ..., yu) € Hy, and a € A%(x(y,)). Observe
that &_ = Y, on the stochastic interval ]|7;,, T,,41] and that &_ = &; on stochastic interval
17, T,+11. Therefore, the two previous equations yield

+oo
/ f e [—HV(TC(SS)) + CE(x(55-). @)
0 Ag

+ /X /Y (VE) + C 0’y | x, $)g(dx | X&), a)

—VEENg(X | X)), a)]ﬂ(da | s)ds

+Zf

neN* (T Th+11

/Y eIV ED)) + C () — VEE)]

Yu(ds — T, | Hy)
Yn(ls — Ty, +00] | Hy)

x v, (dy | Hy)

>0 ]P’)’ﬁo—almost surely,

implying that V(u, x0) = [, V&(»))uo(dy | x0) + [y C'(»uo(dy | xo). Finally, we obtain
the first assertion, that is, V(u, xg9) > V(xp), by using Lemma 4.1(a) and recalling that ug €
PY (xo).

Fix an arbitrary ¢ > 0, and consider the following nonrandomized almost stationary control
strategy u™* = (u})pen Withu) = (Y, 7y, y,? , ynl) forn € N*, given by the following elements.
Let ¥, (- | hn) = 800(+) (i-€. the interventions occur only after the natural jumps and maybe at
the initial time moment # = 0). Set 77, (- | Ay, 1) = 8ye(w(y,) (-), Where, for X € X&,

PE(x) € {a € AX(¥): / Vgv | ¥,a) = V(&)X | X,a) + C2(X,a) <nV(X) + %‘9}
X

and, for ¥ € X', ¢2(-) is an arbitrary measurable mapping from X' to A2 with ¢&(x) € A%(x).
The existence of such a mapping follows from Proposition 4.2 under Assumptions A and (C.1)
and from Proposition 4.3 under Assumptions A and (C.2). Let y,?(- | hp, X) = ,Bb* (- | X), with
the policy b* € E introduced in Lemma 4.1(b) and satisfying the inequality

/ [C(y) + VEOGNIB [y | 1) < V) + min{ L i}f @.17)
Y K13

and (4.11) forany x € X. Consider ynl as an arbitrary stochastic kernel on Y given H,, satisfying
VG | hy) € PY(*(yn)) for any hy = (o, 01, ..., 0, yu) € H, with ¥(y,) € X'. Finally,
setuo = (- | x0).

Firstly, it follows that Pﬁg[j(@nﬂ € Lo | F1,) = [p, (X, Hy, e MK Hul) qr - from
Remark 2.1 and the definition of G, (see (2.1)). However, (A.1) ensures that A,,(X, H,, ) is
uniformly bounded by the constant K and so Pﬁ; (T < o0) = 0. Consequently, according to
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(4.16) and the definition of the strategy u*, we have
V(u*, xo)

_ /Y VEONBY [y | x0) + /Y B @y | x0)
+oo
+E [ /0 e =0V (F(E) + CEF(E ). <pg<f<ss_>>>1ds]
+oo _ .
+EY [ /0 e [ /X /Y (VEGD)) + C 0B @y | Madx | TE), o5 G (&)

= VEENGX | X)), wg(f(fs—)))]dS]-

Now, from inequality (4.17) we have

+00
V@™, xo) = V(xo) + g + 3KE$°[./0 e (X | X&) wg(f(és—)))dS}

+00
+ E%, [f e PW(s) ds], (4.18)
0

where
W(s) = —nV(x(E)) + CERX (), 9B (X(Ey)))
+/XV(X)6_1(dx | X(&), 92 (x(§5))) — VX (ENG(X | X&), 92 (X(§))).  (4.19)

Observe that, since V is bounded and by Assumption A, it follows that |' W| is uniformly bounded
by a constant K. By Fubini’s theorem,

+00
EY [ / e_’”W(s)ds:| <> E;O[lxg(f(yn))
0 neN*
+ Ky Y PYE(Y,) € X, (4.20)
neN*
Now, observe that P4 (x(Yn_H) e X' Fr,) = G,,(I‘1 x R% | Hy), where F‘ ={y €
Y:X(y) € X'}. However Y (F | Hy,t,x) = B2 (1"l | x) = 0 for any x € X accordlng
to (4.11), and so from the deﬁnmon of G, we have P/ (x(YnH) e X'| ¥1,) = 0, implying
that P (x(Yp+1) € X') = 0 for any n € N*. Moreover PE,(x(Y1) € XY = P F‘ | x0)
accordmg to (4.11). Consequently, from (4.20), it follows that

+00
Eﬁo [/(.) e S W(s) dsi| < Z ]Ezo [lxg x(Yy)

neN*

e PW(s) ds:|
[Tn,Tn-H)

e TW(s) ds],
[TnyTn-H)

and so, from (4.19) and the definition of @& on X8, it follows that
+00 e
EZO |:/ e PW(s) dsj| < —. 4.21)
0 3
Combining (4.18), (4.21), and (A.1), we obtain V(u*, x9) < V(xg) + ¢.

(b) The proof is similar to that of (a), now using Proposition 4.3 and the last statement of
Lemma 4.1.
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In the next result we will show the existence of uniformly optimal and e-optimal control
strategies.

Corollary 4.1. The following assertions hold.

(a) If Assumptions A, B, and (C.1) hold then, for any ¢ > 0, there exists a nonrandomized,
almost stationary, uniformly e-optimal strategy u™* with V(- | hy) = 8c0(-), that is, the
interventions occur only after the natural jumps (and maybe at the initial time moment

t =0).

(b) If Assumptions A, B, and (C.2) hold then there is a nonrandomized stationary uniformly
optimal strategy u™ satisfying ¥, (- | hy) = 800(-), that is, the interventions occur only
after the natural jumps (and maybe at the initial time moment t = 0).

(c) In either case, inf,cy V(u, x0) = V(x0), and the Bellman equation (4.1) has a unique
bounded measurable solution.

Proof. From the proof of Theorem 4.1, the control strategies #* do not depend on the initial
condition x.

Roughly speaking, one should apply the gradual action ¢&(x) if the current state is x € X8,
and one should apply the impulsive action ¢'(x) if x € X' (see Proposition 4.2).

The impulsive actions serve to push the original process away from the set X' which, e.g.
contains the states with very large cost rates C8(x, a). Itis intuitively obvious that these actions
must be applied as quickly as possible, namely, immediately after any natural jump leading to
anew state x € Xi. If x ¢ X 1 then there is no need to intervene, which explains the choice of
Yu (- | hp) = 80(-). The initial state x( of the original process can also be in X i In this case,
the controller needs to apply an initial sequence of impulses corresponding to the component u¢
of a strategy. Therefore, it is inevitable to have 8] = 0: &y_(w) = y corresponds to the given
initial state xo before any action is applied, and £y(w) = y; results in an initial intervention to
push the original process away from the set X'
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