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Abstract. The first main result of the paper is a criterion for a partially commutative group G to be a
domain. It allows us to reduce the study of algebraic sets over G to the study of irreducible algebraic
sets, and reduce the elementary theory of G (of a coordinate group over G) to the elementary theories
of the direct factors of G (to the elementary theory of coordinate groups of irreducible algebraic sets).
Then we establish normal forms for quantifier-free formulas over a non-abelian directly indecom-
posable partially commutative group H. Analogously to the case of free groups, we introduce the
notion of a generalised equation and prove that the positive theory of H has quantifier elimination and
that arbitrary first-order formulas lift from H to H % F, where F is a free group of finite rank. As a
consequence, the positive theory of an arbitrary partially commutative group is decidable.

1 Introduction

This paper can be considered as a part of a project the aim of which is to construct
algebraic (diophantine) geometry over partially commutative groups, and, more gen-
erally, to study the elementary theory of partially commutative groups.

Classical algebraic geometry is concerned with the study of the geometry of sets
of solutions of systems of equations, i.e., the geometry of algebraic sets. Taking the
collection of all algebraic sets as a pre-base of closed sets one gets a topology, known
as the Zarsiki topology. In the Zariski topology, every closed set is a union (maybe
infinite) of algebraic sets. In the case that the ring of coefficients or, equivalently,
the Zariski topology, is Noetherian, every closed set Y is a finite union of algebraic
setsY = Yy U --- UY. In the case that Y; Q Y, i # j, and Y; cannot be non-
trivially presented as a union of algebraic sets, this decomposition is unique and the
sets Yy, ..., Yy are referred to as the irreducible components of Y. In general, how-
ever, a finite union of algebraic sets is not necessarily again an algebraic set. In classi-
cal algebraic geometry, it suffices to require that the ring of coefficients be a domain.
Under these assumptions there exists a one-to-one correspondence between algebraic
sets and closed sets. Thus, the study of algebraic sets reduces completely to the study
of irreducible algebraic sets.

G. Baumslag, A. Miasnikov and V. Remeslennikov laid down the foundations of
algebraic geometry over groups and introduced group-theoretic counterparts of basic
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notions from algebraic geometry over fields [1]. The counterpart to the notion of a
Noetherian ring is the notion of an equationally Noetherian group: a group G is
called equationally Noetherian if every system S(X) = 1 with coefficients from G is
equivalent to a finite subsystem Sy = 1, where Sy C S, i.e., the algebraic set defined
by S coincides with the one defined by S;. The notion of a domain carries over from
rings to groups as follows: a group G is called a domain if for any x, y # 1 there exists
g € Gsuch that [x, y8] # 1.

The notions of equationally Noetherian group and domain, play an analogous role
(to their ring-theoretic counterparts) in algebraic geometry over groups (see [1]):

e agroup G is equationally Noetherian if and only if the Zariski topology is Noethe-
rian, in particular every closed set is a finite union of algebraic sets;

* if a group G is a domain, then the collection of all algebraic sets is a base for the
Zariski topology.

Our main interest in this paper is algebraic geometry over (free) partially commu-
tative groups. Partially commutative groups are widely studied in different branches
of mathematics and computer science, which explains the variety of names they were
given: graph groups, right-angled Artin groups, semifree groups, etc. Without trying to
give an account of the literature and results in the field we refer the reader to a recent
survey [4] and the introduction and references in [14].

Partially commutative groups are linear, see [17], hence, equationally Noetherian,
see [1]. In [1] the authors gave several sufficient conditions for a group to be a do-
main. In particular, any CSA group is a domain and various group-theoretic con-
structions preserve the property of being a domain. However, none of the criteria
obtained in [1] apply to the case of partially commutative groups. The major obsta-
cle here is that a partially commutative group may contain a direct product of two
free groups.

In Section[.2lwe give a criterion for a partially commutative group to be a domain.

Theorem[dI9 Let G be a partially commutative group. Then G is a domain if and
only if G is non-abelian and directly indecomposable.

Note that even if a partially commutative group is directly indecomposable, it still
may contain a direct product of free groups.

The proof of this theorem is given in Section @ It makes use of the technique
of van Kampen diagrams over partially commutative groups, which we present in
Section [3] and the description of centralisers in partially commutative groups (see
Theorem [2.3)).

The remaining part of the paper has a model-theoretic flavor. In Section 5] using
results from [20], we prove that the elementary theory of G (of a coordinate group
over () reduces to the elementary theories of the direct factors of G (to the elemen-
tary theory of coordinate groups of irreducible algebraic sets):

Corollary5.2] Let G be a non-abelian directly indecomposable partially commutative
group.
(i) IfY =Y, U - - UYy is an algebraic set over G, where Yy, . .., Yy are the irreducible

components of Y, then the elementary theory of the coordinate group I'(Y) of Y is
decidable if and only if the elementary theory of I (Y;) is decidable foralli = 1, ... k.
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(i) IfY =Y U---UYyand Z = Z, U - - - U Zj are two irreducible algebraic sets, where
Yi,...,Yyand Zy, ..., Z; are the irreducible components of Y and Z, respectively,
then I'(Y) is elementarily equivalent to I'(Z) if and only if k = | and, after a certain
re-enumeration, I'(Y;) is elementarily equivalent to I'(Z;) foralli =1, ... k.

It is known that coordinate groups of algebraic sets over G are separated by G (are
residually G); see [25]. If a coordinate group I is a coordinate group of an irreducible
set, then I is discriminated by G (is fully residually i), or equivalently, is universally
equivalent to G. Hence, the class of coordinate groups of irreducible algebraic sets is
much narrower and admits a convenient logical description.

In his seminal work, Makanin introduced the notion of a generalised equation
[21]. He used it in order to show that the existential theory (the compatibility prob-
lem) of free groups and monoids is decidable [22]. Since then this result has been
generalised in various ways. Schulz generalised Makanin’s result to the case of sys-
tems of equations over a free monoid with regular constraints [28], and Diekert,
Gutierrez, and Hagenah showed the decidability of the compatibility problem for
systems of equations over a free group with rational constraints [6]. Using the lat-
ter result, Diekert and Lohrey showed that the existential theory of a certain class of
graph products of groups is decidable [8]. Furthermore in [7], the authors showed
the decidability of the existential theory for an even wider class of groups. A common
feature of the results mentioned above is that that they reduce the problem to the one
for free groups with rational constraints.

One of the main applications of the decidability of the compatibility problem for
free groups is the decidability of the positive theory of the respective group. In the
case of free groups this is a very well-known result. Merzlyakov performed quantifier
elimination for positive formulas over free groups by describing the Skolem functions
[24]. Then, using the result of Makanin [22], one gets the decidability of the positive
theory.

The aim of Sections [] and [7] is to carry over the approach of Merzlyakov and
Makanin to the case of partially commutative groups. In Section[6] we prove that
any positive quantifier-free formula over a non-abelian directly indecomposable par-
tially commutative groups is equivalent to a single equation. In order to do so we
prove that

 for any finite system of equations $;(X) = 1,...,S5(X) = 1 one can effectively
find a single equation S(X) = 1 such that the algebraic set defined by the equations
Si, ..., Skand by S coincide for any non-abelian directly indecomposable partially
commutative group G;

* for any finite set of equations S;(X) = 1,...,S(X) = 1 one can effectively find
a single equation S(X) = 1 such that the union of algebraic sets defined by the
equations Sy, ..., S; coincides with the algebraic set defined by S for any non-
abelian directly indecomposable partially commutative group G.

In the case of free groups, the first result is due to Malcev [23], and Makanin at-
tributes the second result to Gurevich [22]. These results hold in fact in a much more
general setting (for groups that satisfy certain first-order formulas). For example,
in [19] it is proved that this is the case for torsion-free, non-abelian, CSA groups
that satisfy Vaught’s conjecture, in particular, for all non-abelian fully residually free
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groups and torsion-free hyperbolic groups. Note that a non-abelian directly inde-
composable partially commutative group is almost never a CSA group. We generalise
the results of Malcev and Gurevich to the case of partially commutative groups. The
exposition in this section as well as in Section [7]is based on [19]. As an immedi-
ate consequence of these results we get a normal form for first order formulas over
partially commutative groups (in fact, over a much wider class of groups).

In Section [Zl we use the normal form for Van Kampen diagrams obtained in
Lemma [3.3] to describe the finite number of all possible cancellation schemes for a
given equation. This allows us to introduce the notion of a generalised equation for
partially commutative groups. Then we introduce an analogue of the so-called Mer-
zlyakov words and perform quantifier elimination for positive formulas over non-
abelian directly indecomposable partially commutative groups.

Theorem[Z8 If G | Vx 3y - Vx3yk(S(X,Y,A) = 1), then there exist words
(with constants from G) q1(x1), . .., qe(x1, . . ., xx) € G[X], such that

(GI[X] |: S(qul(xl); e 7xk7qk(xl7 ... axk>A)) = 17

i.e., the equation S(x1, y1, . . . , Xk, Yk, A) = 1 (invariablesY ) has a solution in the group
G[X].

Our approach, therefore, is a natural analog of the classical approach of Mer-
zlyakov and Makanin to the positive theory of free groups and avoids the technically
involved language of constraints.

In particular, quantifier elimination gives a reduction of the decidability of
the positive theory of non-abelian directly indecomposable partially commutative
groups to the decidability of the compatibility problem of an equation, which is
known to be decidable; see [9].

Finally, in order to prove that the positive theory of any partially commutative
group is decidable, we need to study the positive theory of the direct product of
groups. In folklore, it is known that if G = H; X --- X Hjy, then the positive the-
ory of G is decidable if the positive theories of Hy, ..., Hy are decidable. However,
we were unable to find a reference until M. Lohrey pointed out that in [8], the authors
give a proof of this result. We present another proof of this fact in the Appendix. The
proof is purely model-theoretic and makes use of the ideas of the proof of Theorem
[A] which is due to Feferman and Vaught [16].

2 Preliminaries
2.1 Partially Commutative Groups

We begin with the basic notions of the theory of free partially commutative groups.
Recall that a (free) partially commutative group is defined as follows. Let I" be a finite,
undirected, simple graph. Let A = V(T') = {ay,...,a,} be the set of vertices of T’
and let F(A) be the free group on A. Let

R = {[aj,a;] € F(A) | aj,a; € A and there is an edge of I joining a; to a;}.
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The partially commutative group corresponding to the (commutation) graph I is the
group G(I") with presentation (A | R). This means that the only relations imposed
on the generators are commutations of some of the generators. When the underlying
graph is clear from the context we write simply G.

From now on A = {ay,...,a,} always stands for a finite alphabet, its elements
called letters. We reserve the term occurrence to denote an occurrence of a letter or of
the formal inverse of a letter in a word. In a more formal way, an occurrence is a pair
(letter, its placeholder in the word).

For a given word w denote a(w) the set of letters occurring in w. For a word
w € (G, we denote by W a geodesic of w. For a word w € G define A(w) to be the
subgroup of G generated by all letters that do not occur in w and commute with w.
The subgroup A(w) is well defined (independent of the choice of a geodesic W) (see
[15]). An element w € G is called cyclically reduced if the length of w? is twice the
length of w.

For a partially commutative group G consider its non-commutation graph A. The
vertex set V of A is a set of generators A of G. There is an edge connecting a; and
a; if and only if [a;, a;] # 1. The graph A is a union of its connected components
Ii,...,It. Then

(2.1) G=G() x -+ x G(I).

Consider w € G and the set a(w). For this set, just as above, consider the graph
A(a(w)) (it is a full subgraph of A with vertices o(w)). This graph can be either
connected or not. Ifit is connected we will call w a block. If A(a(w)) is not connected,
then we can split w into the product of commuting words

(2.2) wW=wj - wj, Wy Jis-o-0jr €7,

where | ]| is the number of connected components of A(a(w)) and the word wj, in-
volves letters from the j;-th connected component. Clearly, the words {w;,,...,wj }
pairwise commute. Each word w;, i € 1,...,t is a block and so we refer to presen-
tation as the block decomposition of w.

An element w € G is called a least root (or simply, root) of v € G if there exists
an integer 0 # m € 7 such that v = w" and there do not exist w’ € G and m’ € Z,

|m'| > 1, such that w = w'™ . In this case we write w = v/v. By [11], partially
commutative groups have least roots; that is, the root element of v is defined uniquely.

The following proposition reduces the conjugacy problem for arbitrary elements
of a partially commutative group to the one for block elements.

Proposition 2.1 ([15, Proposition 5.7]) Letw =w; -wy---wyandv =vy - vy -« v
be cyclically reduced elements decomposed into the product of blocks. Then v and w
are conjugate if and only if s = t and, after some certain index re-enumeration, w; is
conjugatetov;, i = 1,...,t.

Corollary 2.2 Letw = W' - w?---w} and v = V! - v} - v} be cyclically reduced

elements decomposed into the product of blocks, where w; and v; are root elements,
liyrj e Z,i = 1,...,t, j = 1,...,s. Then w and v are conjugate if and only if
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s = t and, after some certain index re-enumeration, r; = I; and w; is conjugate to v;,
i=1,...,t

The next result describes centralisers of elements in partially commutative groups.
As the definition of “being a domain” relies on the structure of centralisers, we shall
make substantial use of the following theorem.

Theorem 2.3 (Centraliser Theorem [11, Theorem 3.10]) Let w € G be a cyclically
reduced word, w = vy - - - vy its block decomposition. Then the centraliser of w is the

following subgroup of G: C(w) = (\/v1) X - -+ x ({/vk) x A(w).

Corollary 2.4 For any w € G the centraliser C(w) of w is an isolated subgroup of G,
e, C(w) = C(/w).

2.2 Algebraic Geometry over Groups

In this section we recall basic notions of algebraic geometry over groups (see [1] for
details). For the purposes of algebraic geometry over a group G, one has to consider
the category of G-groups, i.e., groups that contain a designated subgroup isomorphic
to the group G. If H and K are G-groups, then a homomorphism ¢: H — Kis a G-
homomorphism if p(g) = g forevery g € G. In the category of G-groups morphisms
are G-homomorphisms; subgroups are G-subgroups, etc.

Let G be a group generated by a finite set A, F(X) a free group with basis X =
{x1,%2,...,%,}, and G[X] = G * F(X), the free product of G and F(X). A subset
S C GI[X] is called a system of equations over G. As an element of the free product,
the left side of every equation in S = 1 can be written as a product of some elements
from XUX ™! (which are called variables) and some elements from A C G (constants).

A solution of the system S(X) = 1 over a G-group H is a tuple of elements
hy,...,h, € H such that every equation from S vanishes at (hy,...,h,), ie.,
S(hy,...,h,) = 1in H. Equivalently, a solution of the system S = 1 over H is a
G-homomorphism ¢: G[X] — H such that S C ker(¢). Denote by ncl(S) the nor-
mal closure of S in G[X], and by Gs the quotient group G[X]/nd( s)- Then every
solution of S(X) = 1 in H gives rise to a G-homomorphism Gs — H, and vice versa.
By Vi (S) we denote the set of all solutions in H of the system S = 1 and call it the
algebraic set defined by S.

The normal subgroup of G[X] of the form

R(S) = {T(X) € GIX] | VA € H"(S(A) = 1 — T(A) = 1)}

is called the radical of the system S. Note that S C R(S). There exists a one-to-one
correspondence between algebraic sets V(S) of systems of equations in G[X] and
radical subgroups.

The quotient group Gr(s) = G[X]/R( s) is called the coordinate group of the al-
gebraic set V(S), and every solution of S(X) = 1 in H is a G-homomorphism
GR(S) — H.

A G-group H is called G-equationally Noetherian if every system S(X) = 1 with
coefficients from G is equivalent over G to a finite subsystem S, = 1, where Sy C S,
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i.e., the systems S and S, define the same algebraic set. If G is G-equationally Noethe-
rian, then we say that G is equationally Noetherian. If a G-group H is equationally
Noetherian, every algebraic set V in G" is a finite union of irreducible components
of V.

Let H and K be G-groups. We say that a family of G-homomorphisms F C
Homg(H, K) G-separates (G-discriminates) H into K if for every non-trivial element
h € H (every finite set of non-trivial elements Hy C H) there exists ¢ € J such that
h® # 1 (h® # 1 for every h € Hy). In this case we say that H is G-separated (G-dis-
criminated) into K by F. In the case that G = 1, we simply say that H is separated
(discriminated) by K.

A G-group H is called a G-domain if for any x, y # 1 there exists ¢ € G such that
[x, ¥8] # 1. In the case that G is G-domain, we say that G is a domain.

3 van Kampen Diagrams

In this section we present some preliminary results on van Kampen diagrams. We
refer the reader to [3,27] for a more detailed account on van Kampen diagrams.
Our aim here is to review some basic notions and techniques and apply them to the
particular case of partially commutative groups.

3.1 van Kampen Diagrams in Partially Commutative Groups

By van Kampen’s lemma (see [3]) the word w represents the trivial element in a fixed
group G given by the presentation (A | R) if and only if there exists a finite connected,
oriented, based, labeled, planar graph D where each oriented edge is labeled by a
letter in A, each bounded region (cell) of R? \ D is labeled by a word in R (up
to shifting cyclically or taking inverses) and w can be read on the boundary of the
unbounded region of R?\ D from the base vertex. Then we say that D is a van Kampen
diagram for the boundary word w over the presentation (A | R). If w = uy™!
we say that D is a van Kampen diagram realising the equality u = v. In the event that
a van Kampen diagram D realises the equality w = W we say that D is a geodesic van
Kampen diagram for w.

Any van Kampen diagram can also be viewed as a 2-complex, with a 2-cell at-
tached for each bounded region (see Figure[I]).

We shall further restrict our considerations to the case when G is a partially com-
mutative group.

Following [27], if we complete the set of defining relations adding the trivial rela-
tions1-a=a-1forall a € A, then every van Kampen diagram can be transformed
so that its boundary is a simple curve. In other words, as a 2-complex the van Kam-
pen diagram is homeomorphic to a disc tiled by cells that are also homeomorphic to
a disc (see Figure[Il). We further assume that all van Kampen diagrams are of this
form.

Let D be a van Kampen diagram for the boundary word w. Given an occurrence
a in w, there is a cell C in the 2-complex D attached to a. Since every cell in a van
Kampen diagram is either labelled by a relation of the form a~'b~'ab or is a so-called
0-cell, i.e., a cell labelled by 1 - a = a - 1, there is just one occurrence of a and one

=G 1)
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base point

base point

Figure I: van Kampen diagram and non-singular van Kampen diagram for w = caba™'b~'¢™*

over (a,b,c| [a,b] = 1).

occurrence of a~! on the boundary of C.
Since D is homeomorphic to a disc, if the occurrence of a~! on the boundary of
C is not on the boundary of D, there exists a unique cell C’ # C attached to this
occurrence of a~! in D. Repeating this process, we obtain a unique band in D.
Because of the structure of the cells and the fact that D is homeomorphic to a disc,
a band never self-intersects; indeed, since D is homeomorphic to a disc, the only way
a band can self-intersect is shown in Figure2l But then the cell corresponding to the

self-intersection of the band is labelled by the word aaa='a~!.

'
V]
e

base point

Figure 2: Bands do not self-intersect

Then since the number of cells in D is finite, in a finite number of steps the band
will again meet the boundary in an occurrence of a~! in w (see Figure[3).

We will use the notation L, to indicate that a band begins (and thus ends) in an
occurrence of a letter a € AL,
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base point

Figure 3: Bands in a van Kampen diagram

Remark 3.1 < If two bands L, and L, cross then the intersection cell realises the
equality a—'b~'ab = 1and so a # band [a, b] = 1 (see Figure[3).

* Everyband L, gives a decomposition of w in the following form w = wyaw,a™'ws,
where [a,a(w,)] = 1and a ¢ a(w,).

Lemma 3.2 Let G be a partially commutative group. A word w in G is not geodesic if
and only if w contains a subword aBa™" such that [a,«a(B)] = 1,a € AF! if and only
if there exists a geodesic van Kampen diagram for w that contains a band L, with both
ends in w.

A proof of this lemma can be found in [29].

It is known (see [15]) that if a word w represents the trivial element in G, it can be
reduced to the empty word using commutation relations of letters and free cancella-
tion. This reduction process of w to the empty word induces a pairing of occurrences
in the word w that cancel. This pairing is independent of the order in which the
letters are freely cancelled.

Lemma B2l reflects a consequence of a deeper fact: there exists a one-to-one cor-
respondence between van Kampen diagrams for w and pairings induced by proce-
dures of reductions of w to the empty word. Indeed, let D be a van Kampen dia-
gram for the boundary word w. Every band L, gives a decomposition of the form
W = wy.awy.a 'ws,. Let L, be a band such that the length of w;, is minimal.
Hence, every band L; with an end in an occurrence b in w, , cannot have the other
end in an occurrence b~ in w,,. Thus for every occurrence b in w,, the band L,
crosses the band L, and hence [a,a(w,)] = 1, a ¢ a(wy,). This implies that
W = WAy a0 W3, = Wi aWs a4 'ws, and thus there exists a process of reduc-
tion of w to the empty word in which the occurrence a is cancelled with the occur-
rence a~!. Collapsing the band L, in D, we get a van Kampen diagram D’ for the
boundary word w' = w ,w, ,w3 4; note that the number of cells in D’ is lower than
the number of cells in D. The statement follows by induction.

Conversely, if w represents the trivial element in G, w can be written in the form
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w = wiaw,a~'ws, where a € A*! and [a, a(w;)] = 1 and a ¢ a(w,). Construct a
|w|-polygon, designate a point, and orient and label its edges so that starting from the
designated point and reading clockwise (or, counterclockwise) one reads w. To every
edge labelled by an occurrence w,; from w, we attach a cell labeled by awzl-a’lw;.
Identifying, as appropriate, the edges labeled by a*™'! we get a band L, with ends in a
and a~! (see Figure[). We thereby get a (Jw| — 2)-polygon with the boundary word
w’ = wiw,w; and thus, by induction, the van Kampen diagram is constructed.

Wy LETY ° e w.

designated point

3

Figure 4: Constructing a van Kampen diagram by a process of reduction

If either in a geodesic van Kampen diagram for w both ends of a band L, lie in w
or equivalently, if the occurrences a and a~! freely cancel each other in a reduction
process of the word w to the empty word, we say that the occurrence a cancels with
a~'. Otherwise, if one of the ends of the band L, is in an occurrence of a in w and
the other is in an occurrence of a~! in W, we say that a does not cancel.

3.2 Cancellation in a Product of Elements

We now consider in detail van Kampen diagrams corresponding to a product of k
geodesic words w; - - - wy = 1.

By Lemma [3.2] for any van Kampen diagram D of w; - - - wy = 1 every band with
an end in w; has its other end in wj, j # i, 1, j = 1, ..., k. Since every occurrence in
w cancels, there is a band with an end in a given occurrence a of w; and another end
inw;, 1 < i < k. Then for any occurrence b in w; such that

* bisto therightof g, i.e., w; = wiaw| bw/"’ and
e the band L; with an end in the occurrence b has its other end in wj, j > 1,

the bands L, and L;, cross and thus [a, b] = 1 in G (see Figure[8). Therefore the word
wy equals the following geodesic word w; = wf - - - w?, where the band with an end

in any occurrence of wj has its other end in w;.
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A similar argument for w; shows that w; admits the following decomposition into
a product of geodesic words (perhaps trivial) (see Figure[3):

w) = Wfil .o 1,111114/5C .. .Wngl’

where the band with an end in any occurrence of w} has its other end in w;.

w, W,
4 3.2
W W Wy W w
2

1
3

Figure 5: Normal form of a van Kampen diagram, see Lemma[3.3]

We summarise the above discussion in the following lemma.

Lemma 3.3 Let G be a partially commutative group, let wy, . .. wy be geodesic words
in G such that wy - - - wy = 1. Then there exist geodesic words wij, 1 <i,j < ksuch
that for any 1 < | < k there exists the following decomposition of wy into a product of
geodesic words: wj = wi =" - wiwk - Wil where wi = wl™!

Corollary 3.4 Let G be a partially commutative group, let wy, ... wy, v be geodesic
words in G such that wy ---wy = v. Then there exists geodesic words vy, w{ , 1 <

i, j,m < k such that for any 1 < I < k there exists the following decomposition of w

. ) _ ; ~1
into a product of geodesic words: w; = wf Lewlvwf Wit where wi = wl

ViV =

and

4 Partially Commutative Groups and Domains

It is well known that free groups are domains. The key point of the proof (which
relies on the fact that free groups are CSA) is that for a,x, y € F,x # 1if [x, y] = 1,
[x, y*] = 1, then y € C(a). Therefore, to see that free groups are domains it suffices
to apply the above argument for two elements a and b such that C(a) N C(b) = 1.

Although, directly indecomposable partially commutative groups are not CSA,
using the description of centralisers, in Section[f2lwe prove that for a, x, y € G, such
that x # 1 and C(a) is cyclic if [x, y] = 1, [x, y*] = 1, then either y € C(a) or
x € A(y*).

The aim of Section [£1]below is to find an element A € G with cyclic centraliser
for which A(y*) = 1. More precisely, we prove that for any a € G, such that C(a)
is cyclic, the element A = @ <im(©+4 possesses this property. Hence, for a,x, y € G,
such that x # 1 and C(a) is cyclicif [x, y] = 1, [x, y*] = 1, then y € C(A).
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4.1 Cancellation and Conjugation

Definition 4.1 We treat the graph A as a metric space with the metric d being the
path metric. Let y be a vertex of A, define adj(y) tobe {v € A | d(v,y) < 1}, i.e,
the closed ball of radius 1 centered at y. For a subset Y C A, set

adj(Y)={ve A |d(v,y) <1forsomey € Y}.

We set
adj"(y) = adj(adj(...adj(y)...)),

n times

thus adj”(y) = {v € A | d(v,y) < n} is the closed ball of radius # centered at y.
Similarly adj"(Y), Y C A is just an n-neighbourhood of Y in A,

adj"(Y)={ve A|d(v,y) <nforsomey €Y}

Let A, be a subgraph of A. Then by adj(Y)a, we denote the following set
adj(Y)a, = adj(Y) N A;.

We shall further use the notion of centraliser dimension cdim(G) of a group G
(see Definition@2)). An interested reader may consult [12,13,26] and the references
therein for a detailed discussion of this notion.

Definition 4.2 If there exists an integer d such that the group G has a strictly
descending chain of centralisers Cp > C; > --- > Cy of length d and no cen-
traliser chain of length greater than d, then G is said to have centraliser dimension
cdim(G) = d. If no such integer d exists, we say that the centraliser dimension of G
is infinite, cdim(G) = oo.

All partially commutative groups have finite centraliser dimension [13].

Lemma 4.3 Let G be a directly indecomposable partially commutative group and
y € A. Then adedlm(<°')(y) = A, i.e., the diameter diam(A(G)) of A(G) is less than
or equal to cdim(G).

Proof The group G is directly indecomposable, hence the non-commutation graph
A(G) is connected. Therefore for any pair of vertices g, h € V(A) there exists a path
p of minimal length connecting them. We claim that the length of p is less than or
equal to cdim(G).

Letp = (9 = &, &1,---,8 = h). The path p gives rise to a strictly descending
chain of centralisers of length

G > C(go) > C(go,81) > - >C(go,---,8—2) > C(gos .-+, &—1)-

Indeed, to see that each of the inclusions above is strict we use the minimality of
the path p. Suppose C(go,...,gi-1) = C(g,...,&) forsome 1 < i < r — L.
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Then since gi+1 ¢ C(go, - - -, &), we also have ;.1 ¢ C(go,...,gi—1)- So there exists
0 < j <i— 1, such that g; does not commute with g;,;, thus the distance between
them is 1. Then (go,gi,-..,&j,8i+1,- - -,&) is a shorter path from g to h, contradict-
ing the minimality of the path p.

As the length r of any strictly descending chain of centralisers is bounded by
cdim(@G), so is the distance between any two points in A, so adedim((G’) (g) = A. [ |

Remark 4.4 Note that the equality diam(A(G)) = cdim(G) can be attained. Set G
to be, for example, the partially commutative group whose non-commutation graph
is a path with an odd number of vertices.

Given two geodesic words w, v € @, if the product wv is again geodesic, we write
wov. Let g € G be a geodesic word. We refer to the decomposition g = gy o g 0g; ',
where g, is cyclically reduced as a cyclic decomposition of g.

Given a word g", we write g when we refer to the i-th factor g in the product
¢" = g---g. Similarly, given an occurrence a in g, we write a”), 1 < i < nto indicate
that the occurrence a is in g,

Lemma 4.5 Letg, z € G be geodesicand g = g1ag,, a € AT, Let D be a geodesic van
Kampen diagram for gz. If the occurrence a does not cancel, neither does any occurrence
b in g that belongs to adj(a).

Proof If a does not cancel, the band L, with an end in a has the other end in gz.
Then, for any b € g; that cancels, corresponding band L, has one end in this occur-
rence of b in g and the other in an occurrence b~ in z. Hence the band L; crosses
the band L,. By Remark[3l b # a and [b,a] = 1,s0 b ¢ adj(a). [ |

Lemma 4.6 Let g,z € G be geodesic and let g = gyagy, a € A*L. Let D be a geodesic
van Kampen diagram for 28 = gzg~". If the occurrence of a in g and the corresponding
occurrence a— ' in g~ do not cancel, then for b € adj(a), no occurrence of b in gy cancels
withb™Ving !

Proof The proof is analogous to the one of Lemmal[4.5 ]

Corollary 4.7 Let g, z € G be geodesic and let g be a cyclically reduced block. Let D
be a geodesic van Kampen diagram for gz. If there exists an occurrence a in g that does
not cancel, then g™ @tz — ¢ 0 2/, i.e., no occurrence in gV cancels.

Proof Let a be an occurrence of g that does not cancel in gz. Since g«dim(@1 jg
geodesic, the occurrence a“@m(@+1) jp g(cdim(@+1) qoes not cancel.

Since g is a block, by definition, the graph A(«a(g)) is connected, i.e., the subgroup
generated by a(g) is a directly indecomposable partially commutative group. Thus,
applying Lemma &3] to this subgroup and using the fact that the centraliser dimen-
sion of (a(g)) is less than or equal to the centraliser dimension of G (see [12]) we get

that adj(a)x(ns) = @(g)-

Recursively applying Lemma 4.3} we get that no occurrence in g that belongs to

adjgg(r;)(;mﬂ) 7 (a) cancels. Therefore, no occurrence from gV) cancels in gedim(@)+1,
.
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Corollary 4.8 Letg, z € G be geodesic and let g be a cyclically reduced block. Let
D be a geodesic van Kampen diagram for 28 = gzg~'. If there exists an occurrence
a in g, such that a and the corresponding occurrence a=' in g~ do not cancel, then

cdim(G)+1 _ B
28 ) =goz' og!, wherez' = z¢m©®),

1

Proof The proof is analogous to the one of Corollary[£7] ]

Definition 4.9 Let z € G be a cyclically reduced word and g,z; € G be so that
z = g~ oz (in the terminology of [15], ¢! is called a left-divisor of z). We say that
the word gzg~! = z;¢7 ! is a cyclic permutation of z.

Conjugating a cyclically reduced word z one gets a conjugation of a cyclic permu-
tation of z. In particular, all letters of z appear in a geodesic z€ for any ¢ € G. A more
precise description is given in the following lemma.

Figure 6: LemmalLI0 cancellation in z°.

Lemma 4.10 Letz,g € G, let z be cyclically reduced and g be a block. Then there
exist decompositions z = 21232y, 21 = 211212, Z2 = 221222, § = dzdlzzzzﬁlzzzfl, where
21 € A(2), z11 € A(z3), 220 € A(z3), such thatz8 = dy, 02y, 025, 023021, 021 © d{l.
Furthermore, if dy, = 1, then d; = 1. If d, = 1, then either z; = 1 or z; = 1, see
Figurel@l

Proof Let z; be the maximal (where the maximum is taken over all geodesic words
representing ¢ and z) common initial subword of zand g ', i.e., z = 212}, § = @17, .
Note that such z; exists and is well defined; in [15] the authors call it the left greatest
common divisor of z and g~ . Similarly, let z, be the right greatest common divisor
of zand g, i.e., z = z)2), ¢ = £2. Then z; ' and z, are both right divisors of g.
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Let e be the right greatest common divisor of z; ' and z,. By [15, Proposition 3.18],
zy L= ¢e,zp = ee,and ¢ = ¢'eseje, where e; € A(ey). Since z is cyclically reduced,
it follows that e = 1. Hence, Z1_1 =e,zn=e,9=g¢'nz"'z €Az).

Apply Corollary[3.4] (the notation of which we use below) to the product of

=1 _—1_ =1 — v — ol 1, ]
8 222y 2z, 214 = WIWW3WyWsWeW7 =V = £ 222, 22, 21§ .

Since g'z)z; ' = g is geodesic, w; = w) = w3 = wl = w; = wl = 1. By definition
of z; and z,, we get that wi = w5 = wi = w? = 1 and w3 = w}
wi=wi=1,i#4 Asa(z;)) Na(z) = 1,s0w§ = 1.

It follows that z, = w, = v,w) = 23125, and, analogously, z; = ws = Wwivs =
z M r _ 7.6 7.,—1 dl*l_ | _

11212 Moreover, g = w; = viwiw) = viw{z;, , and g = w; = wiwyv; =
-1
Zy, Wiy,

We obtain that ¢ = viw]z;;' = v; 'w]zy, thus, since a(z;;) N a(z2) = 1, we
have v| = dyzy, v; ' = dhz;,' and so ¢’ = dyzpydiz;,' = daz;,'d1z2;. This implies
that [thnZzz] = 1, and, since Z11 € A\(Zzz), we have [dl,Zn] = [dl,Zzz] = 1.

By CorollaryB4l z€ = v, ---v; =dy 025 0231 0230213 021; © dz_l.

Finally, since g = dzdlzzzzl_llzzzl_ Vifd, = 1and 4, = 1, then as shown above
[a(dy), a(z11)] = [ald)), a(z2)] = 1, and [al(dy), a(z12)] = [a(d)), a(z21)] = 1,
see Figure[l Hence g is not a block. If d, = 1, and so d; = 1, then since g is a block
and [a(z1), a(zy)] = 1, eitherz; = 1 or z, = 1. [ |

wi, ws = wi, so

Lemma 4.11 Letz,g € G, let z be cyclically reduced, g be a block and let [z, g] # 1.
Furthermore, suppose that g~ does not left-divide z and z='. Then 28 = g*z¢~2 =
g0z og !, whereg # 1isaleft-divisor of g, i.e., there exist occurrences | in g* and,
correspondingly, = in g2 that do not cancel.

Proof By Lemmal410] the notation of which we now use, 28 = d, 023, 0231 0 23 ©
zZipozyod, ' If d, # 1, the result follows by Lemma[£.8

Suppose that d, = 1. Then by Lemma[£.I0/d; = 1 and either z; or z, is trivial.
Without loss of generality, we may assume that z; = 1. Then z, # 1 is a block and

2 -1 -1
z8 :g(zzzzzﬂs)g = (202221222)(22222123) (222221222) ™

To prove the lemma it suffices to show that the word (z,2,222) ™! does not cancel
completely in the product of geodesic words (23,22122222222123) (222221222) .

If o(z31) is a subset of a(z3), then since z;; € A(z3), we get that z; € A(zy;), and
z; is not a block: a contradiction. Therefore, we may write the word 22—11 as A”1B71,
where A7 is the left greatest divisor of 22—11 such that a(A) C «a(z3) and B is non-
trivial. Note that A € A(zy;) and since [z;1,22;] # 1, one has that [B, z5;] # 1.

The word ¢ can be rewritten as follows:

2
_ SO\~ lp—l—1 _ PR R S
28 = (220201222)220B(Az3A™ " )zy) B 25, = (220201222)220B23250 B~ 25,

By construction, zy; € A(z}) and no occurrence in B~! cancels with an occurrence
in z5.
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If [B, z}] # 1, then there exists an occurrence in B~! that does not cancel and the
result follows. If [B, z;] = 1, then we have

2 —1p—1_-1
£ = (22222123/2222223)(222 B 1222 ).

If 22_21 cancels completely, then we get that both B and z,, are right divisors of the
word 2502512422022 B. Then by [15 Proposition 3.18], B = B’d and z, = z},d, where
7, € A(B'). Furthermore, since [z, B] # 1, then either [d, z},] # 1 or [d, B'] # 1.

Analogously, if 222 ~! cancels completely, then we have that both z,B and Bz,,
are right divisors of the word 23,27,2522222,B. Applying again [15, Proposition 3.18],
we get that z;,B = U D and Bz, = U,D, where U; € A(U,).

Combining the above equalities, one has z,B = z;,dB’d = U,D and Bz, =
B'dz},d = U,D. Since a(U;) Nel(U,) = &, a(B")Na(z5,) = & and either [d, z5,] #
1 or [d, B’] # 1; the above equalities yield a contradiction. Thus z;le_l does not
cancel completely in 2 = (22222123'2222223)(z;le_lz;zl) and the result follows. W

We now record some basic properties of A(w) which we shall use later. Given
x, y € G the following hold:

(A) x € A(y) ifand only if y € A(x);
(B) ifa(x) C a(y) then A(y) < A(x);
(C) if the centraliser of x is cyclic then A(x) = 1.

Lemma 4.12 (i) Letg € G be a cyclically reduced block and let z € G be so that
¢~ does not left-divide and right-divide z. Then one has g*dim(@*1zgedim(@+1 —
go gcdim(((n gcdrm ((J) og.

(ii) Letg € G be a cyclically reduced block and let z = z,z,z; " be the cyclic decompo-
sition of an element z € G. Suppose that g does not left-divide z, 27!, z,, and
2!, and [g,z) # 1. Then one has £ = go £ g

Proof We first prove (). We claim that in the product gzg there exist occurrences ;

and , in both subwords ¢ of gzg that do not cancel in gzg. Assume the contrary. Then

one of the subwords g cancels completely. Without loss of generality we may assume
that the second subword ¢ of gzg cancels completely. By Lemma [3.3] we get that

¢ = g1, where g cancels with z and g, cancels with g. In other words, z = z'g;""

and g = g’g; ". Since g~ does not right-divide z, we have that g, # 1. This yields a

contradiction, as g is right-divisible by both g, and g; '. The statement now follows

from Corollary[d.7l

We now prove (). Consider the product g )21, then no occurrence in gV
cancels. Indeed, since g does not left-divide z, there is an occurrence in g that does
not cancel in gz;. Applying Corollary[7] we get that no occurrence in g'") cancels in
g(cdim(@*z, - We thereby get gledim@+l)z — ¢ o ¢’ o 2/, where z/ is a right-divisor
(may be trivial) of z; and g’ is a left-divisor of g«dim(®),

Notice that since a(g’) C a(g) and g is a block, on one hand we get that gg’ is a
block and on the other that for any occurrence a in g’ there exists an occurrence b in
g such that b € adj(a).

If [z{,g] # 1 (or [z]{,¢’] # 1), then there exists an occurrence a in g (or in g’)
that belongs to adj((z{)). Since no occurrence in z; and in z{ ~! cancels in z88 A, by

(cdim(G)+1)
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Lemma[.@ neither does the occurrence a in g (orin g’), and, correspondingly a~! in
¢ " (oring’~"). Ifais an occurrence in g/, then there exists an occurrence b in g that
belongs to adj(a), and so by Lemma[4.] this occurrence b in ¢ and the corresponding
occurrence b~ in g*l do not cancel. Hence, in any case, there exists an occurrence

in g that does not cancel in ((z,)* ) )g. Therefore, by Corollary[4.8 we get that

cdim(G)+1

N )
() )* —gozjog™!

and thus
cdim(G)
(2 cdim(G)+1) )

(cdim(@)+1), | (& 2 cdim() _
2 = ((2)* '

Zl) =go Zg og

Assume now that [z],g] = 1 and [2{,¢'] = 1. If [gg’, 2] # 1 or [§%¢", 2] # 1,
since gg’ (and g?g’) is a block, by Lemma[TT] there exists an occurrence a in (gg’)?
(or in (g?¢’)?), and so an occurrence a in nglm @) *2¢’ (or in ng‘m((C' M40/ such that

a and the occurrence a~! in (g«dm(©+2g/)=1 (in (ng““ Grtaghy™ ") do not cancel in
cdim(G)+2 7 cdim(G)+4 7

z £ (in z;g ¢ )). If a is an occurrence in g’, then there exists an occur-
rence b in g«4m(@+2 (ip gedim(@+4) that belongs to adj(a), and thus by Lemma [£d

this occurrence b in g«dm(©@+2 (in gedim(@+4) and the corresponding occurrence b~ 1
in g— cdim(©=2 (jp o= cdim(@—4) 4o not cancel.
Now by Corollary[£.8 we get
(2 cdim(G
(zg)g fgozzlog*l
and thus
dim(G) cdim(G)
(3 cdim(G)+4) @adim(@+e) , | (8° cdim@)+4, 1,1\ (& )
2 = ((2)* “) = ()¢ &%)
, (g2 cdim((})+4) Z{ 3 edim(G)43
— (&) Lo g
V%) goz g .

Finally, suppose that [z{,g] = 1, [z],¢'] = 1, [gg/, 2] = 1, and [g°¢’, 2] = 1.
We have g®4m(©*2 — ¢2 0 ¢" 0 d, z; = d~'oz{. If g’ € (,/g), thend € (,/g) and

so [d, z{] = [d, z,] = 1. This contradicts the assumption that z = ZZ G is geodesic.
Thus, we may assume that ¢’ ¢ (,/g). In this case, we have that a(g’) C a(g),
[g,¢'] # 1 and g is a block. Therefore, by Theorem[2.3] from [g,z{] = [¢’,z/] =1
we get that a(g) C A(z]), and from [gg’,z] = [g%¢’,z] = 1 we get that a(g) C
A(z,). Since a(d) C a(g) we have [d,z{] = [d,z] = 1: a contradiction with the

-
assumption thatz =z, ' is geodesic. [ |

Remark 4.13 A more subtle argument shows that the exponent 3 cdim(G) + 4 in
Lemmal[4.12] can be replaced by cdim(G).

Corollary 4.14 Let g € G have cyclic centraliser. Then for any element z € G such
that g~ does not left-divide z, 27\, z5, and z; ', one has A(z%& "™ =
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Proof Letg = g1g,g; ' be the cyclic decomposition of g. We prove that no occur-
rence of gél) cancels in &™), therefore, by properties (B) and (C) of A, we get

3 cdim(G

)+4
Az ) CA(g) = 1.
’ 1 ( 3 cdim(G)+4
. . - 2 .
By LemmaI2} no occurrence in g cancels in (25 ) . Then, since
3 cdim(G)+4 &1
3 cdim(G)+4 -1.&
287 = () )
no occurrence in gi" 1 [ |
& cancels.

Corollary 4.15 Let g € G have cyclic centraliser. Then for any element z € G such
that A(z) # 1 one has A\(z(gmm@ﬂ)) =1.

Proof If g~ left-divides z*=' or z;', then by property (B) of A we get that A(z) C
A(g) = 1. [ |

Remark 4.16 In Lemmal412] Corollary 414] and Corollary [£15] we impose the
condition that g’1 does not left-divide z, z7 !, z,, and zy ! because we seek the bound
3 cdim(G) + 4 on the number of times one has to conjugate z by g. The reason for
this is that the notion of centraliser dimension is axiomatisable using (existential)
first-order formulas, [12] (we refer the reader to Section [ for consequences of this
result). If one does not impose this condition, Lemma could be rephrased as
follows.

Lemma Let g € G be a cyclically reduced block, then for any element z € G there
exists N € N such that 26 = go 28" Do gL,

4.2 Criterion To Be a Domain

Proposition 4.17 Let G be a non-abelian directly indecomposable partially commuta-
tive group. Let g € G have cyclic centraliser, x, y € G, x, y # 1 be such that [x,y] = 1

3 cdim((})ﬂ)

and [x, y€ ] = 1. Then C(x) = C(y) = C(g).
Proof Letx = wx(' ---x*w™!, wherex, ..., x are cyclically reduced root elements
such that x7', ..., x;* are the blocks of " and ,...,7% € 7. Since [x, y] = 1, by

Theorem[2.3] after a certain re-enumeration of indices, we may assume

(4.1) y=wxy - xjzw !,

wherez € A(x; -+ -x¢), 0 <I<kands,...,s € Z Thus,

3 cdim(G)+ : ~ : ~
(4'2) y(gs Gr+4) _ g3 cdlm(((J.)+4wxsll . x;’ZWﬁlgi(s cdlm(((n)+4).
Since [x, y© "] = 1, applying Theorem[Z3 once again, we get
cdim(G)+
(4.3) )/(g3 = wax)! cexim WL

Im
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wherez’ € A(x;---x;),0 < m < kandty,...,f, € Z. Equating (£.2) and (4.3), we
get

—1 3 cdim(G)+4
(4.4) () -ex2)" f Y=xxz
Suppose that I > 1. Then by Corollary22] I = m and for any q € {1,...,1} there
exists j € {1,...,m} such that a(x;) = a(x;,), s; = t;, and x, is conjugated to x;. by
W 1g3 cdim(G) +4W
Since a(x;) = a(x;;), and since x; and x;; are cyclically reduced root elements
whose powers x;/ and x? are blocks of the same word x* ", we get that xq = x;; for

—1
scd.m( +4) w

alll1 <g<lie, y" ~'and (y© ) have the same blocks.

From the above it follows that

w 1g3 cdim(G)+4

Xq = Xi; = Xg
i.e., x; commutes with w™! g3 cdim(@+41, Since the centraliser of g is cyclic, so is the
centraliser of w—!g3<dim(@+4y, and thus, so is the centraliser of x4. More precisely,

C(Xq) _ C(g3 cdim(((u)+4) _ C(g)W7

Since x, has cyclic centraliser, X" and yW_1 both have a unique block; further-
more, since z € A(x,) by property (A) of A, z is trivial. Therefore, x = y = (x;q)w
and so C(x) = C(y) = C(xy)" = C(g).

Next suppose that I = 0. We prove then that x is trivial, contradicting the assump-
tion. We rewrite equations (4.I) and (44) as follows

—1_3 cdim(G)+4
— !/
y=wzw ' and z =2z ¢ v

Notice that since z,z" € A(x; - - - xx) by property (C) of A, we get that x,...,x; €
A(z) N A(z"). Therefore, if either A\(z) or A(z') is trivial, so is x. Assume A(z) is
non-trivial. Since the centraliser of w™~'gw is cyclic, Corollary 15 applies to z' =
A0 O s A(2/) = 1and so x = 1. ]

Corollary 4.18 Let G be a non-abelian directly indecomposable partially commutative
group. Let a, b € G be elements with cyclic centralisers and such that C(a) N C(b) = 1.
Then for any solution x, y € G of the system

3 cdim (G )+4) (ba cdim(G)+4)

[x,y] = 1, [x,y“ =1, [x,» =1,

eitherx = 1lory = 1.

Proof Applying Proposition[dI7for the triples x, y, a and x, y, b we get that if x # 1
and y # 1, then C(x) = C(y) = C(a) and C(x) = C(y) = C(b), a contradiction
with C(a) N C(b) = 1. Note that the elements a and b satisfying the assumption of
the corollary exist (it suffices to take two distinct block elements such that [a, b] # 1
and a(a), a(b) = A). [ ]
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Theorem 4.19 (Criterion for a partially commutative group to be a domain) A
partially commutative group G is a domain if and if G is non-abelian and directly inde-
composable.

Proof Since the direct product of two non-abelian groups is never a domain (see
[1,20]), the result follows immediately from Corollary[4.18] [ |

Note that Corollary [£I8] shows in fact that any non-abelian directly indecom-
posable partially commutative group is a domain with respect to only two elements
@3 <dim(@+4 ang p? edim(@+4 which are independent of the choice of x and y (in the
notation of the definition of domain).

Lemma 4.20 Leta € G be a cyclically reduced block element and let wy,w, € G be
geodesic words of the form wy = a’ o g oa‘wy=a‘ogo a52‘, where €,0,,0, = *1.
Then the geodesic word wiw, has the form wiw, = a% o ws 0 a®.

Proof We claim that no occurrence from the subword a® of w; cancels in the product
wiw,. Indeed, assume the contrary. Let I be the right divisor of a® of length one that
cancels in the product wyw,, i.e., a* = a’l. It follows that w, = I~ 'wj (see [15]).
Since a¢ and I=! are both left divisors of w,, by [15, Proposition 3.18] one has that
either 17! is a left divisor of a® or ™! € A(a). As a‘ is cyclically reduced and ! is a
right divisor of a¢, so I™! is not a left divisor of a. On the other hand, since / is an
occurrence of a¢, we have that [~} ¢ A(a). Therefore, no occurrence in the subword
a“ of wy cancels in the product wyw;.

Since no occurrence in a® of w; cancels and a is a block, by Lemmal[4.3] no occur-
rence in a” cancels in the product ww,.

An analogous argument shows that no occurrence in the subword a¢ of w, and in
a® cancels and the statement follows. ]

Theorem 4.21 Let G be a non-abelian directly indecomposable partially commutative
group. Then G[X] is G-discriminated by G.

Proof The group G[X] is a non-abelian directly indecomposable partially commu-
tative G--group, thus by Theorem [£19] G[X] is a domain. By [2, Theorem C1], it
suffices to prove that G[X] is G-separated by G.

Without loss of generality, we may assume that X = {x}. Take an element w €
G[X]. Without loss of generality, we may assume that w is cyclically reduced, w =
xMg g 1xMg, where g; € G, g1,...,9 # 1. Take a € G such that the centraliser
of a is cyclic (such a exists since G is directly indecomposable) and satisfies the as-
sumptions of Lemma [£.12] for every g, i = 1,...,I, where here, in the notation of
Lemma[412] a plays the role of ¢ and g; play the role of z.

Consider the homomorphism ¢,: G[X] — G, defined by x — a° dim(@)+8 Thep

Pa(w) = ah!
% (ﬂk2(3 cdim(G)+4)

3 cdim(G)+4) ( k13 cdim(G)+4) @ 46 cdim(<c.)+4))

ak2(3 cdim((G;)+4)) . (akl—1(3 cdim(G)+4) k(3 cdim((G)+4))

$) gi—1a

ki(3 cdim(G)+4)

X a g

By LemmaL.T2] every factor of ¢,(w) of the form (ki G cdim(@)+4) o ghivt (3 cdim(G)+4) )
has the form a*8"%) o g; o gsig"kint) | The statement now follows from Lemma20l
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Corollary 4.22  Let G be a non-abelian directly indecomposable partially commutative
group. Then the group G[X] is universally equivalent to G (both in the language of
groups and in the language L enriched by constants from G).

Proof The proof follows from [1, Theorem C2]. ]

Corollary 4.23  Let G be a non-abelian directly indecomposable partially commutative
group. Then G = VX(U(X) = 1) & G[X] E U(X) = 1, i.e., only the trivial equation
has the whole set G" as its solution.

Proof Since G[X] is G-discriminated by G, if the word U (X) is a non-trivial element
of G[X], then there exists a G-homomorphism ¢: G[X] — G such that U® # 1.
Then U(X?) # 1in G, a contradiction. [ ]

5 Applications to Algebraic Geometry

The results and exposition of this section rely on [20]. We recall here some necessary
definitions and restate some results in the case of partially commutative groups. We
refer the reader to [20] for details and omitted proofs.

A group code C is a set of formulas

(5.1) C = {U(X,P), E(X,Y,P), Mult(X,Y, Z, P), Inv(X,Y,P)}

where X,Y, Z, P are tuples of variables with [X| = |Y| = |Z]. If P = &, then C is
called an absolute code or 0-code.

Let C be a group code, H be a group, and B be a |P|-tuple of elements in H. We say
that C (with parameters B) interprets a group C(H, B) in H if the following conditions
hold:

(i) the truth set U(H, B) in H of the formula U (X, B) (with parameters B) is non-
empty;

(ii) the truth set of the formula E(X,Y, B) (with parameters B) defines an equiva-
lence relation ~5 on U(H, B);

(iii) the formulas Mult(X,Y, Z, B) and Inv(X, Y, B) define, correspondingly, a binary
operation (Z = Z(X,Y)) and a unary operation (Y = Y (X)) ontheset U(H, B)
compatible with the equivalence relation ~p;

(iv) the group C(H, B) consists of the set of equivalence classes U(H, B)/NB, which
form a group with respect to the operations defined by Mult(X,Y, Z, B) and
Inv(X, Y, B).

We say that a group G is interpretable (or definable) in a group H if there exists a
group code C and a set of parameters B C H such that G ~ C(H, B). If C is 0-code,
then Gis absolutely or 0-interpretable in H. The following two types of interpretations
are crucial. Let G be a definable subgroup of a group H, i.e.,, there exists a formula
U (x, P) and a set of parameters B C H suchthat G = {g € H | H = U(g, B)}. Then
G is interpretable in H by the code C¢ = {U(x,P),x = y,xy = z,y = x_ '} with
parameters B. If in addition G is a normal subgroup of H, then the code

Chig={x=x,Wx=yv AUW,P),z=xy,y =x'}
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interprets the factor-group H/G in H with parameters B. Every group code (5.1)
determines a translation T¢ which is a map from the set of all formulas F; in the
language L into itself. We define T¢ by induction as follows:

(i) Telx=y)=EX,Y,P)

(ii) Tc(xy =z) = Mult(X,Y,Z,P)and Tc(x~! = y) = Inv(X, Y, P);

(iii) if¢,9 € Fpand o € {A,V,—1}, then

Tc(¢ovp) =Tc(g) o Te(v) and  Te(—¢) = ~Tc(9)s
(iv) if ¢ € Fp, then
Tc(3xp(x)) = IX(UX, P) A Tc(9)),  Te(Vxp(x)) = VX(U(X, P) — Tc(9)).

Observe that the formula T¢(¢) can be constructed effectively from ¢.

We say that the elementary theory Th(G) of a group G is interpretable in the group
H if there exists a group code C(H, B) of the type (5I) and a formula W (P) such that
Th(G) = Th(C(H, B)) for any set of parameters B C H that satisfies the formula
W(P) in H.

Any partially commutative group is a direct product of finitely many non-abelian
directly indecomposable partially commutative groups and its centre Z(G), Z(G) ~
7¥, k € N. This decomposition is unique up to a permutation of factors. We refer to
them as (direct) components of G.

The centre Z((G) is a normal subgroup and a definable subset of G. It is the truth
set of the formula ®z(x) : Vy[x, y] = 1. Thus Z(G) is 0-interpretable in G. Conse-
quently, as shown above, the quotient (G'/ 7(G) 1 interpretable in G.

Therefore, to study partially commutative groups from a model-theoretic view-
point, it suffices to consider free partially commutative groups with trivial centre.

Let G be a partially commutative group without centre. As mentioned above, in
this event G is a direct product of directly indecomposable partially-commutative
groups, which in turn are domains by Theorem Thus Theorem A and Corol-
lary A of [20] apply and can be restated as follows.

Theorem A (cf. [20]) Let G be a partially commutative group with trivial centre.
Then for each component G; of G its elementary theory Th(G;) is interpretable in the
group G

Corollary A (cf. [20]) Let G be a partially commutative group and let G = Gy x
-+ X Gy X 77, where G is a non-abelian directly indecomposable partially commutative
group, i = 1,...,n. Then the following hold:
(i) IfG=H, then
(a) H=H; x---xH, xZ(H) is a finite direct product of domains and the centre
Z(H), with H; = G; and Z(H) = Z(G).
(b) any other decomposition of H as a direct product of domains and its centre has
this form (after a suitable re-ordering of the factors);

(ii) Th(G) is decidable if and only if Th(G;) is decidable for everyi =1,... n.
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Let G = Gy X --- X Gy be a direct product of groups G;. A subgroup H of G is
called a subdirect product of groups G; if m;(H) = G; for every i = 1,...,k, where
m;: G — G; is the canonical projection. An embedding

(5.2) AN H<— Gy X+ X Gy

is called a subdirect decomposition of H if A(H) is a subdirect product of the groups
G;. The subdirect decomposition (5.2)) is termed minimal if HN G; # {1} for every
i =1,...,k (here G is viewed as a subgroup of G under the canonical embedding).

Theorem B ([20]) Let H be a minimal subdirect product of domains. Then the ele-
mentary theory of each component of H is interpretable in the group H.

Corollary B ([20]) Let H be a minimal subdirect product of k domains and
H— Gy X -+ x G

be its minimal component decomposition. Then the following hold:

(1)  if Th(H) is decidable, then Th(G;) is decidable for everyi = 1,... k;
(ii) if Th(H) is A-stable, then Th(G;) is A-stable for everyi =1,... k.

Theorem 5.1 Let G be a directly indecomposable partially commutative group and Y
an algebraic set over Gi. Then the following conditions hold:

(i)  the coordinate group I'(Y;) of each irreducible component Y; of Y is interpretable
in the group I'(Y);

(ii) the elementary theory Th(I'(Y;)) of each irreducible component Y; of Y is inter-
pretable in the group I'(Y).

Proof Partially commutative groups are linear (see [17,18]), thus equationally Noe-
therian (see [1]). We can therefore decompose Y as a finite union of irreducible
algebraic sets, Y = Y; U --- U Yy (see [1, Corollary 12]). By [1, Proposition 12]
the coordinate group I'(Y) is a minimal subdirect product of the coordinate groups
I'(Yy),...,I'(Yy). Every group I'(Y;), being a coordinate group of an irreducible
algebraic set over a domain, is again a domain by [1, Theorem D2]. Now (i), (ii)
follow from Theorem B. [ |

Corollary 5.2 Let G be a directly indecomposable partially commutative group.

(1) IfY =Y, U---UYyisan algebraic set over G, where Yy, . .., Y are the irreducible
components of Y, then the elementary theory of I'(Y) is decidable if and only if the
elementary theory of I'(Y;) is decidable for alli = 1, ... k.

(i) IfY =Y, U---UYrand Z = Z,U- - -UZ are two irreducible algebraic sets, where
Yi,...,Yyand Zy,. .., Z are the irreducible components of Y and Z, respectively,
then I'(Y') is elementary equivalent to I'(Z) if and only if k = [ and, after a certain
re-enumeration, I'(Y;) is elementary equivalent to I'(Z;) foralli = 1,... k.
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6 Normal Forms of First-Order Formulas
6.1 Conjunctions of Positive Formulas
Let L, , be the language of groups enriched by two constants a and b, and let 8 be the

class of all groups G satisfying the following universal sentences.
M Vx(([x,a]l =1A[x,b] =1) = x=1);
(I)  VxVyVz(x*y?22 =1 — [x,y] =1 A [x,z] =1 A [y,2z] = 1);
() Vavy (& = > — x = y);
(V) Vx([x*al =1— [x,a] =1).
Let GROUPS be a set of axioms for group theory. Denote by Ag the union of
axioms (I),(II),(III), (IV), and GROUPS. Notice that axiom (II) is equivalent modulo
GROUPS to the following quasi-identity:

VaVyVz(x*y?2s = 1 — [x,y] = 1).
It follows that all axioms in Ag are quasi-identities.

Lemma 6.1 The class S contains all partially commutative groups with trivial centres.

Proof We first prove that in any partially commutative group G with trivial centre
there exist two elements a and b such that C(a) N C(b) = 1. Indeed, let G = G; x

- X Gy be the decomposition of G in the form 2.1). Since Z(G) = 1, each G;,
i =1,...,kisanon-abelian directly indecomposable partially commutative group.
For each i choose a pair of block elements a;, b; € G; such that Cg, (a;) NCg, (b;) = 1.
By Theorem[2.3] it follows that

Colay...a) = (Vay) x - x (Vag) and Cg(by...by) = (/b)) x -+ x (/b

and so Cg(ay - - - ax) N Cg(by - - - by) = 1. This proves that G satisfies Axiom ().
In [5] Crisp and Wiest proved the following theorem.

Let G be a partially commutative group. Then the equation x*y*z* = 1 has only
commutative solutions.

So G satisfies Axiom (II).

By [11], partially commutative groups have least roots, and thus G satisfies Axiom
(I1D).

By Corollary24 G satisfies Axiom (IV). [ |

Lemma 6.2 Let G € 8. Then the equation
(6.1) xPaxta ' (ybyb™")"r =1
has only the trivial solutionx = 1l and y = 1in G.

Proof Let x, y be a solution of equation (6.I) in G. Then we can rewrite (6.I) as
follows:

(6.2) (*a)’a=? = ((yb)*b~ %)%
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Since G satisfies (II), from (€.2) we deduce that [x?a,a~'] = 1, hence [x*,a"'] = 1.
Since G satisfies (IV), it follows that [x, a] = 1. Now, we can rewrite[6.2]in the form
() = ((yb)*b=2)?%, and then, since G satisfies (IIT) we get

(6.3) x* = (yb)*b 2.

Again, since G satisfies (II) it follows that [x, b] = 1 and [y, b] = 1. This implies that
[x,a] = 1 and [x,b] = 1. Therefore, applying (I), we get x = 1. In this event, (6.3)
reduces to y2 = 1,50 y = 1, as desired. [ |

Corollary 6.3 For any finite system of equations S;(X) = 1,...,Sx(X) = 1 one can
effectively find a single equation S(X) = 1 such that given a group G € §, the following
holds:

Vo(Si, ..., 8n) = Va(S).

Proof By induction it suffices to prove the result for k = 2. In this case, by the
lemma above,S; (X)?aS;(X)?a~1(S,(X)bS,(X)b~')~2 = 1 can be chosen as the equa-
tion S(X) = 1. |

Corollary 6.4 For any finite system of atomic formulas S1(X) = 1,...,5(X) =1l in
L1, one can effectively find an atomic formula S(X) = 1 in Ly, such that

k
(A Si(X)=1) isAg-equivalentto S(X) =1,
i=1

written

k
(A Si(X)=1) ~uy SX) = 1.

i=1

6.2 Disjunctions of Positive Formulas

Our next aim is to be able to rewrite finite disjunctions of equations into conjunctions
of equations.

Let Tp be the elementary theory (in the language L,; of groups enriched by
two constants) of non-abelian directly indecomposable partially commutative groups
whose centraliser dimension is lower than a fixed number D, i.e., the set of all first
order sentences in the language of groups enriched by two constants a and b which
are true in all non-abelian directly indecomposable partially commutative groups of
centraliser dimension lower than D, together with the following two formulas.

¢ The intersection of centralisers of a and b is trivial:
Vx([x,al =1 A [x,b]=1) > x=1

* The centralisers of a and b are cyclic. An interested reader may verify that this
condition can indeed be written using the first order language.

Remark 6.5 Note that any model of T lies in 8.
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In Section [l we consider models in the language Lg, that is, the language of
(G-groups enriched by all constants from G (where G is a directly indecomposable,
non-abelian partially commutative group). We denote the elementary theory in the
language L of directly indecomposable partially commutative G-groups whose cen-
traliser dimension is lower than a fixed number D by the same symbol Tp,. The results
of this and the next sections hold for both definitions of Tp.

Proposition 6.6 Let G be a model of Tp. Let a,b € G be elements with cyclic cen-
tralisers and such that C(a) N C(b) = 1. Then for any solution x, y € G of the system

(a3 cdim(G)+4) (b3 cdim(G)+4)

x,yl =1, [x,y =1, [xy =1,

eitherx = 1lory = 1.

Proof By Corollary[£.T8] any directly indecomposable partially commutative group
satisfies the following sentence in L, :

us cdim(G)+4 ) (b3 cdim((ﬂ)+4)

VxVy([x,y]:l/\[x,y( |=1A[x,y ]zl)%(x:IVyzl).

Since the class of all groups that have centraliser dimension D is universally axioma-
tisable (see [12]), any model G of the theory Tp satisfies the above sentence and the
statement follows. [ |

Combining Proposition[6.6land Lemmas[e.Iland[6.2]yields an algorithm to encode
an arbitrary finite disjunction of equations into a single equation.

Corollary 6.7 For any finite set of equations S;(X) = 1,...,5(X) = 1 one can
effectively find a single equation S(X) = 1 such that given any model G of Tp, the
following holds: V(S1) U -+ - U V(Sk) = Vg(S).

Corollary 6.8 For any finite set of atomic formulas S;(X) = 1,...,5(X) = 1 one
can effectively find a single atomic formula S(X) = 1 such that

k
(VSiX)=1) ~g, S(X) =1,
=1

Corollary 6.9 Every positive quantifier-free formula ®(X) is equivalent modulo Tp
to a single equation S(X) = 1.

6.3 Conjunctions and Disjunctions of Inequations

The next result shows that one can effectively encode finite conjunctions and finite
disjunctions of inequations (negations of atomic formulas) into a single inequation
modulo Tp.

Lemma 6.10 For any finite set of inequations S;(X) # 1,...,Sk(X) # 1, one can
effectively find an inequation R(X) # 1 and an inequation T(X) # 1 such that

k

k
(ASIX) #1) ~qy RX)# 1 and  (\ Si(X) # 1) ~g, T(X) # 1.
i=1

i=1
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Proof By Corollary[6.8]there exists an equation R(X) = 1 such that

=~

(Si(X)=1) ~g, RX) = 1.
1

1

Hence
k k
(ASX) #1) ~g, =(V SiX) = 1) ~g, 2(RX) = 1) ~g, RX) # L.
i=1 i=1

This proves the first part of the result. Similarly, by Corollary [6.4] there exists an
equation T(X) = 1 such that (/\f:1 Si(X) =1) ~g, T(X) = 1. Hence

k k
(VSiX) #1) ~a, 2 (A SiX) = 1) ~g, 2(TX) =1) ~g, TX) #1. W
i=1 =1

Corollary 6.11 For every quantifier-free formula ®(X), one can effectively find a for-
mula U(X) = \/:’:l(Si(X) = 1 A Ti(X) # 1) which is equivalent to ®(X) modulo Tp.
In particular, if G is a model of Tp, then every quantifier-free formula ®(X) is equivalent
over G to a formula W (X) as above.

7 Positive Theory of Partially Commutative Groups

In this section we present a procedure of quantifier elimination for positive formu-
las over partially commutative groups (an analog of Merzlyakov’s theorem for free
groups). Our approach to the positive theory of partially commutative groups is
based on the proof of Merzlyakov’s theorem given in [19].

7.1 Generalised Equations

LetA = {ay,...,a,} beasetof constantsand X = {x,...,x,} be a set of variables.
Set G = G(A) to be a partially commutative group generated by A and G[X] =
G * F(X).

Definition 7.1 A combinatorial generalised equation €2 (with constants from A*!)
consists of the following objects:

(i) A finite set of bases BS = BS()). Every base is either a constant base or a
variable base. Each constant base is associated with exactly one letter from A*!.
The set of variable bases M consists of 21 elements M = {4, ..., 2, }. The
set M comes equipped with two functions: a function e: M — {1, —1} and
an involution A: M — M (i.e., A is a bijection such that A? is an identity on
M). Bases p and A(p) (or fu) are called dual bases. We denote variable bases by
Ly Ay

(i1) A set of boundaries BD = BD(), where BD is a finite initial segment of the set
of positive integers BD = {1,2,...,p + 1}. We use letters 7, j,... for bound-
aries.
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(iii) Two functions : BS — BDand (3: BS — BD. We call a(u) and 3(p) the initial
and terminal boundaries of the base x (or endpoints of ;). These functions
satisfy the following conditions: a(b) < ((b) for every base b € BS; if bis a
constant base, then 3(b) = a(b) + 1.

(iv) A subset C of BD(2) x BD(f2).

To a combinatorial generalised equation {2 one can associate a system of equations
in variables hy, . .., h, over G(A) (variables h; are sometimes called iterns). This sys-
tem is called a generalised equation, and, abusing the notation, we denote it by the
same symbol (2. The generalised equation €2 consists of the following three types of
equations.

(i)  Each pair of dual variable bases (A, A(X)) provides an equation over a partially
commutative group G

(aybaoysn - - - ooy —11°N = [haaonbaaons - - Baaoy 117 EM.
These equations are called basic equations. In the case when S(\) = a()) +1
and B(A(N)) = a(A(N)) + 1, i.e, the corresponding basic equation takes the
form [ha(/\)]e(’\) = [ha(A(A))]E(A(’\)), without loss of generality, we shall assume
that the equality above is graphical.

(ii) For each constant base b we write down a coefficient equation h. )y = a, where
a € A*! is the constant associated with b.

(iii) For every element ¢ = (i, j) € C we write the following equation: [h;, h;] = 1.

Remark 7.2 We assume that every generalised equation comes associated with a
combinatorial one.

Let G = G(A). Then the monoid given by the presentation

T=TA*) = (AUA™" | [aF,aF'] = 1), where { [a*!,aT'] = 1in G}

] 7
is called partially commutative monoid associated with G. Partially commutative mon-

oids are also known as trace monoids and are extensively studied; see [10] and the
references therein.

Definition 7.3 Let Q(h) = {L,(h) = Ry(h),...,Li(h) = Ry(h)} be a generalised

equation in variables h = (hy,...,h,) with constants from AFL A sequence of re-
duced nonempty words U = (U, (A), ..., U,(A)) in the alphabet AE! is a solution of
Qif:

e all words L;(U), R;(U) are geodesic (treated as elements of G);
* Li(U)=Ri(U),i =1,...sin the partially commutative monoid T(AEY).

The notation (€2, U) means that U is a solution of the generalised equation 2.

Remark 7.4 Notice that a solution U of a generalised equation 2 can be viewed as
a solution of 2 in the partially commutative monoid T(A*!) (i.e., L;(U) = R;(U)
modulo commutation) which satisfies an additional condition: U € T(A*")” and U
is a tuple of geodesic words in G.
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Obviously, each solution U of ) gives rise to a solution of {2 in the partially
commutative group G(A). The converse does not hold in general, i.e., it might
happen that U is a solution of  in G(A) but not in T(A*!), i.e., some equalities
Li(U) = R;(U) hold only after a reduction in G. We introduce the following nota-
tion which will allow us to distinguish in which structure (T(AF) or G(A)) we are
resolving (2.

If S = {Li(h) = Ry(h),...,Ly(h) = Ry(h)} is an arbitrary system of equations
with constants from A*!, then by $* we denote the system of equations

S = {Li(WR (W)~ =1,...,L(h)R(h)~" =1}

over the group G(A).

7.2 Reduction to Generalised Equations

Similarly to the case of free groups, we now show how for a given finite system of
equations S(X, A) = 1 over a partially commutative group G one can associate a finite
collection of generalised equations GE(S) with constants from AT, The collection
GE(S) to some extent describes all solutions of the system S(X, A) = 1.

Informally, Lemma [3.3] describes all possible cancellation schemes for the set of
all solutions of the system S(X,A) in the following way: the cancellation scheme
corresponding to a particular solution can be obtained from the one described in
Lemma B3] by setting some of the words w!’s (and the corresponding bands) to be
trivial. Therefore, every partition table (to be defined below) corresponds to one of
the cancellation schemes obtained from the general one by setting some of the words
w!’s to be trivial. Every non-trivial word w/ corresponds to a variable z; and the
word W;- to the variable z~ ', If a variable x that occurs in the system S(X,A) = 1 is

subdivided as a product of some words w!’s, i.e., is a word in the w!’s, then the word
Vi; from the definition of a partition table is this word in the corresponding z’s.

If the bands corresponding to the words w! and wi cross, then the corresponding
variables z, and z; commute in the group I'. We refer the reader to the construction
of a partition table by a solution of the system S(X, A) given in the end of this section
to gain an intuition of the definition of a partition table.

Write {S(X,A) =1} ={S$ = 1,...,S,, = 1} in the form

riri ... Tlll = 1,

21722 . .. 1’212 = 1,
(7.1)

TmiTm2 -« Tml, = 1,

where r;; are letters of the alphabet X*! U A*L.
A pair (a set of geodesic words, a G-partially commutative group), T = (V,I") of
the form:

V ={Vij(z1,...,2))} CG+F(Z) = G[Z] 1 <i<m, 1< j<I), T =G(AUZ),
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is called a partition table of the system S(X, A) if the following conditions are satisfied:

(i)  Everyletter from ZUZ ! occurs in the words V; i, moreover it occurs only once;
(ii) The equality V;1 Vi --- Vi, = 1,1 <i < m, holds in I';

(iii) |Vij| <L—1;

(iv) iff,‘]‘ =ac Ail, then |Vij| =1.

Since |Vjj| < I; — 1, then at most |S(X,A)| = S (I = 1) different letters z;
can occur in a partition table of S(X, A) = 1. Therefore we will always assume that
P < |S|]. We call the number |S(X, A)| the size of the system S.

Each partition table encodes a particular type of cancellation that happens when
one substitutes a particular solution W(A) € G(A) into S(X, A) = 1 and then reduces
(in a certain way) the words in S(W (A), A) into the empty word.

Lemma 7.5 Let S(X,A) = 1 be a finite system of equations over G(A). Then

(1)  the set PT(S) of all partition tables of S(X,A) = 1 is finite, and its cardinality is
bounded by a number which depends only on |S(X, A);
(ii) one can effectively enumerate the set PT(S).

Proof Since the words V;; have bounded length, one can effectively enumerate the
finite set of all collections of words {V;;} in G[Z] which satisfy the conditions (i),
(iii), (iv) above. Now for each such collection {V;;} one can effectively check whether
or not the equalities V;; Vi, --- Vi, = 1,1 < i < m hold in one of the finitely many
(since |Z| < oo) partially commutative groups I'. This allows one to list effectively
all partition tables for S(X,A) = 1. [ |

To each partition table T = ({V;;},I") one can assign a generalised equation Qr
in the following way (below we use = for graphical equality, i.e., equality in the free
monoid). Consider the following word V in M(A*! U Z*1):

ViVHVlz...VUI...VmIV,nZ...lem :yl...yp’

where y; € A¥'UZ*! and p = (V) is the length of V. Then the generalised equation
Qr = Qr(h) has p + 1 boundaries and p variables hy, . .., h, which are denoted by
h=(h,... h).

Now we define bases of Q2 and the functions «, 3, €.

Let z € Z. For the (only) pair of occurrences of zin V

yi=2" yi=27 (¢,¢€{l,~1})
we introduce a pair of dual variable bases i, ;, 11, ; such that A(u,;) = p. ;. Put

alpzi) =1, Bluzi) =i+ 1, e(uzi) = e,
alpzi) = j, Blpz) =j+1, e(psj) =€

The basic equation that corresponds to this pair of dual bases is ki’ = h;j .
Let x € X. For any two distinct occurrences of x in S(X, A) = 1

rij =X, 1y =x% (€j,eq € {1,—1}),
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so that (i, j) precedes (s, t) in left-lexicographical order, we introduce a pair of dual
bases fiy; s and fiysy i such that A(py; o) = fixseij- Let Vij occur in the word
Vasasubword Vi; =y, -+ y4,and Vy =y, - - - y4,. Then we put

alpieiise) = ¢,  Blpxijse) =di+ 1, elpixijse) = €ij,
apiesrii) = €y Blpxseij) = da+ 1, e(fasrij) = €

The basic equation which corresponds to these dual bases can be written in the form

] €st

[ha(#x.i,j.s.r) t hﬁ(ﬂx.i.}s,r)*l]eu =T [ha(;ux.s‘t.i,f) T hl3(,ux.s.t.i.])7l

Letrjj =a € AE!, In this case we introduce a constant base pi; with the label a.
If Vij occurs in V as V;; = y,, then we put a(u;j) = ¢, B(uij) = ¢+ 1. The
corresponding coefficient equation is written as h, = a.

For any two distinct occurrences z;,z, € V such that [z;,2,] = 1in I

Vi = Zlfa )’] = ZZEJ) (€i76j S {1771})

we set (i, j) € C. The corresponding equation is [h;, h;] = 1. This defines the
generalised equation Q7. Put GE(S) = {Qr | T is a partition table for S(X,A) = 1}.
Then GE(S) is a finite collection of generalised equations which can be effectively
constructed for a given S(X, A) = 1.

By Gg(q) we denote the coordinate group of Q*, Gy = (G'[h]/R(Q*) (recall that
by Q* we denote the system of equation over the group G(A)). Now we explain
relations between the coordinate groups of S(X,A) = 1 and Q7.

For a letter x in X we choose an arbitrary occurrence of x in S(X,A) = lasr;; =
x%i. Let ft = e jss be a base that corresponds to this occurrence of x. Then V;;
occurs in V' as the subword Vi; = yo(.) - -+ ¥3(:)—1- Notice that the word V;; does not
depend on the choice of the base /i, ; ; ;; corresponding to the occurrence r;;.

Define a word Py(h) € G[h] (where h = {hy,...,h,}) as follows P (h,A) =
(ha(/,) s hﬁ(u),l)ﬁ"j, and put P(h) = (le Yoo ,Px”).

The tuple of words P(h) depends only on the choice of occurrences of letters from
X in V. It follows from the construction above that the map X — G[h] defined
by x — Py(h,A) gives rise to a G-homomorphism 7: Ggs) — Ggo,). Indeed, if
f(X) € R(S), then 7(f(X)) = f(P(h)). Then given a solution of {2r, it follows from
condition (ii) of the definition of partition table that f(P(h)) = 1, thus R(f(S)) C
R(€2}) and 7 is a homomorphism.

Observe that the image 7(x) in Gg(q,) does not depend on a particular choice of
the occurrence of x in S(X, A) (the basic equations of {2 make these images equal).
Hence 7 depends only on Q7.

To relate solutions of S(X,A) = 1 to solutions of generalised equations from
GE(S) we need the technique developed in Section 3.2

Let W(A) be a solution of S(X, A) = 1in G(A). If in the system (ZI)) we make the
substitution o: X — W(A), then (rjyrip - - - 1y1,) = 17155 - - - g, = 1in G(A) for every
i=1,...,m.
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Since every product R; = r{;rf,...r7 is trivial, we can choose a van Kampen
;

diagram Dy, for R;. Denote by Z; 1,...,Z ,, the subwords w];, 1 <j<k<lIof

r7;» where here wk are defined as in Lemma 33l Since, by Lemma B3 w* = w] 1,
the word r;; can be written as a word in Z;,...,Zp, 7= Vii(Zi1, ..., Zip,) for
some freely reduced words V;;(Z;) in variables Z; = {zi1,... 7z,»_p,.}. Observe that if
rij =a € A¥!, then r7; = aand we have |V;;| = 1. By Lemma[3.3} r7; is a product of
at most [; —1 words W’]?, we have |V;;| < ;—1. Denoteby Z = |J!" | Z; = {z1,...,2,}.
Take a partially commutative group I' = G(A U Z) whose underlying commutation
graph is defined as follows:

* two elements a;, a; in AE! commute whenever they commute in G;
* anelement a € A*! commutes with z; if and only if @ commutes with the word
k

w; corresponding to z;;

* two elements z;, z; € Z commute whenever the corresponding words w’; do.

In the above notation, the set T = ({V;;},T) is a partition table for S(X,A) = 1.
We define U(A) = (Zi,...,Z,) to be the solution of the generalised equation Qr
induced by W(A). From the construction of the map P(h) we deduce that W(A) =
P(U(A)).

The converse is also true: if U(A) is an arbitrary solution of the generalised equa-
tion Qr, then P(U(A)) is a solution of S(X, A) = 1.

We summarize the discussion above in the following lemma.

Lemma 7.6 For a given system of equations S(X,A) = 1 over G, one can effectively
construct a finite set GE(S) = {Qr | T is a partition table for S(X,A) = 1} of gener-
alised equations such that

(1)  if the set GE(S) is empty, then S(X, A) = 1 has no solutions in G;

(ii) for each Q(h) € SGE(S) and for each x € X one can effectively find a word
P.(h,A) € G[h] of length at most |h| such that the map x — Py(h,A) (x € X)
gives rise to a G-homomorphism mq: Ggesy — Grea);

(iii) for any solution W (A) € G" of the system S(X, A) = 1 there exists Q(h) € GE(S)
and a solution U(A) of Q(h) such that W(A) = P(U(A)), where P(h) =
(Py,, ..., DPy,), and this equality holds in the partially commutative monoid
T(A%);

Corollary 7.7 In the notation of LemmalZ@ for any solution W (A) € G" = G(A)"

of the system S(X, A) = 1 there exists Q(h) € GE(S) and a solution U (A) of Q(h) such
that the following diagram commutes

™

Tw /

G

Gr(s) Gre)
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7.3 Positive Theory of Partially Commutative Groups and Direct Products of
Groups

In this section we first prove a result on elimination of quantifiers for positive sen-
tences over a non-abelian directly indecomposable partially commutative group G =
G(A). This proof is based on the notion of a generalised equation. Combining this
result with a theorem of V. Diekert and A. Muscholl on decidability of equations over
partially commutative groups (see [9]) we get that the positive theory of free par-
tially commutative groups in the language of group theory L and the language L
enriched by constants is decidable. Note that V. Diekert and M. Lohrey, using a dif-
ferent method, prove a similar result in [8]. Furthermore, we apply the techniques
developed for the proof of quantifier elimination to obtain a result on lifting arbitrary
formulas from G to G * F, where F is a free group of finite rank (see Theorem[Z12]).
In order to prove that the positive theory of any partially commutative group is de-
cidable, we need to study the positive theory of the direct product of groups. In the
appendix of the paper we prove that if G = H; X - -- X Hy, then the positive theory
of G in both languages L and L is decidable if the positive theories of Hy, . . ., Hy are
decidable in L and Ly, correspondingly.

Recall that every positive formula W(Z) in the language L is equivalent modulo
Jp to a formula of the type

Vxi3yr -V dy(S(X, Y, Z,A) = 1),

where S(X,Y,Z,A) = 1 is an equation with constants from A*!, X = (x;,...,x),
Y = (.., %), Z = (21, ..,2m). Indeed, one can insert auxiliary quantifiers to
ensure the direct alternation of quantifiers in the prefix. In particular, every positive
sentence in Lg is equivalent modulo T to a formula of the type

Vxi 3y - Vg dy(S(X, Y, A) = 1).
Theorem 7.8 (Elimination of Quantifiers) If
G E Vxi3y1 -V dy(S(X, Y, A) = 1),
then there exist words (with constants from G) q1(x1), . . ., qr(x1, . . ., x%) € G[X], such
that G[X] = S(x1,q1(x1), - -+, Xk, qr(x1, - - -, Xk), A) = 1, i.e., the equation
SCer, Y1y ey Xy Vi, A) = 1
(in variables Y ) has a solution in the group G[X].

Proof Let GE(S) = {Q1(Z1),...,02.(Z,)} be generalised equations associated with
the equation S(X,Y,A) = 1in Lemmal[Z@ Denote by p; = |Z;| the number of
variables in ;.

Since the group G is directly indecomposable, there exists a path p in the non-
commutation graph A of G beginning in a vertex b; which goes through every vertex
of A at least once. Denote by by - - - b, the label of the path p. Set

b="biby - by_1byby—1--- b1, a=0bbby = bbby by_1byby—1 - brb1bs,

gl — bmamubmaml.zb - aml.nl bm’
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where 0 < my; < myy < --- < my,max{ps,...,pSX,A)| < n (recall that by
|S(X, A)| we denote the size of the system S; see Section[Z.2) and m € N is a constant
which depends only on the generalised equation.

For the word g; there exists h; such that

G = Vxo3y, - - - Vo Tye(S(g, b, %2, ya, oo X vi) = 1).

Suppose now that elements g, hy, . .., g—1, hi—1 € G are such that
G =V 3y - -V 3ye(S(g, My o oo Gim1y B 1, Xiy Vi - o Xk Vi) = 1).

We define

(7.2) g = b"a™p"am " - am b

such that

(1) 0<my <mjy < -+ < My

(i) max{pi,...,p }[S(X,A)| < n;;

(iii) no subword of the type b™a™ib™ occurs in any of the words g, I < i and in any
of the (finitely many) words k] such that ] = h; in TAEY, I < i.

Then there exists an element h; € G such that

G VX 3yicn - VaTye(S(g, b, o, & iy Xivts Vit -+ % vi) = 1).

By induction we have constructed elements g, h1, . . . , g, hx € G such that

S(g17hl7'-' )gkahk) =1

and each g; has the form and satisfies conditions (i)—(iii)

By Lemmal[Z.6 there exists a generalised equation Q(Z) € G&(S), words P;(Z, A),
Qi(Z,A) € G[Z] (i = 1,...,k) of length lower than p = |Z|, and a solution U =
(ur, ..., u,) of Q(Z) in G such that the following words are equal in TAFY):

g =Pi(U), h=QU) @(=1,,...k.

Notice that from the definition of a and b it follows that no two consecutive letters in
aand b, and thus in g; commute. Therefore, the equality g; = P;(U) is graphical, i.e.,
g = P;(U) in the free monoid.

Since n; > p|S(X, A)| (by condition (ii)) and P;(U) = y; - - - y,, where y; € U+,
q < p, the graphical equalities

(7.3) g =b"a"p"a"r " g g = P(U) (i=1,...,k)
show that there exists a subword v; = b™a™!b" of g; such that every occurrence of

. . . . 1 .
this subword in (73) is an occurrence inside some >, For each i fix such a subword
v; = b™a™b™ in g;. In view of condition (iii), the word v; does not occur in any of
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the words g; (j # i), hs (s < i), moreover, in g it occurs precisely once. Denote
by j(i) the unique index such that v; occurs inside uﬁ}) in P;(U) from (Z3) (and v;
occurs in it precisely once).

The argument above shows that the variable zj;) does not occur in words P;(Z, A)
(t # 1), Qi(Z,A) (s < i). Moreover, in P;(Z) it occurs precisely once. It follows
that the variable zj(;) in the generalised equation {2(Z) does not occur in either the
coefficient equations or in the basic equations corresponding to the dual bases related
tox; (t # 1), ys (s < ).

We “mark” (or select) the unique occurrence of v; (as Viil) inujgpi=1,...,k
Now we are going to mark some other occurrences of v; in the words u, ..., u, as
follows. Suppose that some u, has a marked occurrence of some v;. If ) contains an
equation of the type z; = 2, then uG = u® graphically. Hence u, has an occurrence
of the subword Viil which corresponds to the marked occurrence of viﬂ in uy. We
mark this occurrence of vijEl in u,.

Suppose €2 contains an equation of the type [z4, - - - 23,117 = [za, -+ 23,-1]%
such that z; occurs in it, say in the left-hand side of the equality. Then

[uu] e M‘Bl—l]Fl = [uuz o M;ﬁz—l]FZ

in the partially commutative monoid T(AEY). Since viil is a subword of 14, a sub-

word v;; = b™'a™1b™ ! occurs also in the right-hand side of the above equality,
say in u,. Indeed, let w;0™a™b"w, = w in the monoid T(A"). Since for any letter
£in wy, k = 1,2 there exists a letter £ in b such that [£,¢’] # 1 and since, by the
definition of a and b, no two consecutive occurrences in b~ 'a™b™~! commute, the
statement follows. We mark this occurrence of vijjl in u, and in all the previously
marked occurrences of vfcl = bvj1b. We continue the marking process, but now,
instead of v; we mark the occurrences of v; ;. The marking process stops in finitely
many steps and all the occurrences of the subword v; x = pm—kgmipm—k are marked.
For the above argument, it suffices to choose m > k, which depends on the gener-
alised equation only.

Now in all words u,...,u, we replace every marked occurrence of v;; =
b kamipm =k with a new word b™ *a™ix;b" ¥ from the group G[X]. Denote the
resulting words from G[X] by iy, . . ., ii,. It follows from the description of the mark-
ing process that the tuple U = (i, . . ., ii,) is a solution of the generalised equation
Q in G[X]. Indeed, by construction, all basic and coefficient equations in €2 hold
in the partially commutative monoid if we substitute z; by #;. Furthermore, since
any word that contains the word of the form b~ *a™ix;b" ¥ has cyclic centraliser, it
follows that U satisfies the same commutation equations as U and thus the commu-
tation equations of (2. Now, by Lemmal[Z.6l X = P(U),Y = Q(U) is a solution of the
equation S(X, A) = 1 over G[X] as desired. [ |

Corollary 7.9 There is an algorithm which for a given positive sentence
Vxi 3y -V dy(S(X,Y,A) = 1)

in Lg determines whether or not this formula holds in G, and if it does, the algorithm
finds words q1(x1), ..., qi(x1, - . ., x¢) € G[X] such that

(GI[X] ': S(xlvql(xl)a e 7xk7qk(xla cee ,Xk),A) = 13
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i.e., the positive theory of any directly-indecomposable partially commutative group is
decidable.

Proof The proof follows from Theorem [Z.8 and decidability of equations over free
partially commutative groups. Indeed, the compatibility problem for a system of
equations over a partially commutative group G reduces to the compatibility of a
system of equations S’ over a free group with rational constraints C, see [9]. In order
to prove the corollary it suffices to check the compatibility of S’ over a free group
with constraints C U {y; € F[X;]}, where X; = {x;,...,x}. [ |

The next result follows directly from Corollary[A2l
Corollary 7.10 Let G be an arbitrary partially commutative group. Then the positive
theory of G is decidable.

Definition 7.11 Let ¢ be a sentence in the language Lg; written in the standard form

¢ ZV?ClHJH "'kaa)’k ¢0(x17}’1,---axk7)’k)7

where ¢y is a quantifier-free formula in L. We say that G freely lifts ¢ if there exist
words (with constants from G) q;(x1), ..., qk(x1, . .., %) € G[X], such that

(G’[X] ': ¢O(xl7ql(x1)7-"axkaqk(xla"'axk)aA) =1

Theorem 7.12  Let G be a non-abelian directly indecomposable partially commutative
group. Then G freely lifts every sentence in Lg, that is true in G.

Proof Suppose a sentence
(7.4) ¢ =VxiIyy -+ VoaIye(U(xr, y1, %k, yi) = 1AV (%1, 1,0 %k, yi) # 1),

is true in G. We choose x; = g1, 1 = hi,...,Xx = gk, ¥k = hy precisely as in
Theorem[7.8 Then the formula

U(g17h17 .. 7gk7hk) =1A V(glahh . agkvhk) # 1
holds in G. In particular, U(gy, hy, . . ., g, hx) = 11in G. It follows from Corollary[Z9]

that there are words q; (x1) € Glx], ..., qk(x1, ..., xx) € Glxy, ..., xx] such that
(G[X] ': U(xla ql(xh e ,Xk), e 7xk7qk(x13 e ,Xk)) =1.
Moreover, it follows from the construction that by = q1(g1), - .., hx = qi(g1, - -+, gk)-

We claim that

G[X] ': V(xlaql(xla'"axk);"'7xk7qk(x1a"'7xk)) # L.

Indeed, if V (x1, q1(x1, . .., Xk), - - -, Xk, (X1, - . ., x%)) = 1 in G[X], then its image in
G under any specialization X — G is also trivial, but this is not the case for the spe-
cialization x; — gi,..., X — & which is a contradiction. This proves the theorem

for sentences ¢ of the form (Z4). A similar argument works for formulas of the type
n
O =Vx;3y1 -V Tye V (Uilxy, vy o %0, v6) = LA V(%1 vy -0 Xk, i) # 1),
i=1

which is actually the general case, by Corollary[6.1T} [ |
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A Appendix: Positive Theory of the Direct Product of Groups

In this section we prove that if G = H; X --- X Hjy, then the positive theory of
G in the language L (and in L) is decidable if the positive theories of Hy, ..., Hy
are decidable. Perhaps this result is known; nevertheless, we were not able to find a
reference.

The following theorem is due to Feferman and Vaught [16].

Theorem A.1 Let G = Hy X --- X Hy. Then the elementary theory of G in the
language L is decidable, provided that the elementary theory of H; is decidable in the
language Ly, i = 1,... k.

Proof Without loss of generality we may assume that G = A X B.

We use induction on the complexity of the formula to prove the following state-
ment. Given a formula ¢(xy, . . ., x,) in the language L, one can effectively construct
a finite family of formulas (¢) = {(¢i(y1, ..., ¥n),¥{(2z1,...,2,)) | i € I} such that
forallay,...,a,,by,...,b, wehave A x B = ¢((a1,b1), ..., (a,,by,)) if and only if
there exists i € I such that A |= ¢i(ay, ..., a,) and B = ¢/ (b1, ..., by).

o Letyp=(xi =x)),set(p) = {(yi = yj,z = zj)}.
* Letyp = (x; =c),wherec € G,c = (c1,0), set {p) ={(yi =1,z = ) }.

o Lety = @1 V ¢, and set () = (1) U (p2).
o Let © = Yo and set

) ={(A -, N\ )| JePD},

j€J iel\J

where P(I) is the power set of I and {(¢g) = {(¢;,%]) | i € I}.
e Let ¢ = Axgpo(x0, X1, - - ., X,) and set

<§0> = {(%’o%’(}’o»}’h <o 7}’n)7320¢i/(20721, v azn)) | i€ I}a

where (¢o) = {(¢i,¢]) | i € I}.
[ ]

Corollary A.2 Let G = Hy X --- X Hy. Then the positive theory of G in the language
L (in the language L) is decidable, provided that the positive theories of Hy, . . ., Hy are
decidable.

Proof In the notation of Theorem [AJ] we are left to show that if ¢ is a positive
formula in Lg, then for all i € I the formulas v); and 1)/ are also positive.

By construction of (¢) it follows that 1); and v; are positive when ¢ = (x; = x;),
¢ =X =0¢),p=Px,....%), ¢ = 1V, and ¢ = Ixopo(X0, X1, - -, Xn)-
We are left to consider the two following cases: ¢ = ¢; A ¢; and ¢ =
VX000 (X0, X1, -+ 3 X)-
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Let ¢ = Vxppo. Then ¢ is equivalent to =(Ixy—po(xo, X1, - - ., Xx,)). Thus,

(¥)

~{ (3% A %% A i) | TP}

jEJ iel\]
={(A (B A~), A ~(ExoA-)) | ] eP@D)}
JeJ’ j€] IeP\J’ i€l
={(AY Vv, A VoVe)| T eP@D)).
jeyrjej 1eP\yr el

Now let ¢ = @) A ¢, and (¢)) = {(wlﬂ'?"/}ll,i) | i € I}, 1 = 1,2. Then ¢ is
equivalent to —~(—¢; V —¢,). Thus,

(o) =~{{( /e\ i, A ) | Te P}

j€J ich\J

U{(A ¢, /\]_‘7/12,4') | JePh)}}

j€J i€h\

LA Y, N 1) | TePm)}

jeJ i€h\J
N={ (A s A ) | T€P)}
je] i€ehb\J
={(A ~(A-vj), A (A )| T eP@m)}
Jej’ je] IGT(II)\] iGII\]
N{(A ~(A~2i), A ~( A —5)) ]| T €P@h)}
NSK j€] I€P(L)\T iehL\]
={(A Vo, AV 9| ) eP@m)}
Je jej IePM)\] ieh\]
U{(A Vi, AV ¥ | ) eP@m)}
Jje]’ jej I€P(L)\] i€L\]
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