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ON A CONJECTURE OF LITTLEWOOD IN

DIOPHANTINE APPROXIMATIONS

S. Krass

A conjecture of Littlewood states that for arbitrary

x = (x ..,xn)efRn,rLEZ, and any € > 0 there exist

re

n
my # 05 mys...sm SO that Imo 1,1;[1- (moxi'mi)[ < e. 1In this

paper we show this conjecture holds for all § = (El,...,En)

such that I, 51,...,£n is a rational basis of a real algebraic

number field of degree n+l.
1. Introduction

In a paper by Cassels and Swinnerton-Dyer in 1955, [2] they show

that if I, a o, is a basis (over (@) of a real cubic number field,

1’ "2
then, for any € > 0, there exist integers mo # 0, ml, m2 such that
- -m <

|m0(m0a1 m.) (m, o 2)| e
This result reinforces (but of course does not prove) for n = 2

. . . n
a conjecture by Littlewood that for arbitrary x = (:L'l,. ..,.‘rn) e R™,

+
n>2, and any € > 0 there exists m = (mo,ml,...,mn) e I 1 with

my # 0 such that
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n
|m, 11

2 (myz.-m.) | < e.

1=1]
In this paper we extend the Cassels, Swinnerton-Dyer result from

n =2 toall »n >2., That is to say if £=(£1,...,£n) with

1, £45...,€, a basis of F, a real number field of degree n + 1, then,

n

. n+
for any ¢ > 0, there exists me Z Z s my # 0 such that

n
lm, ;rl (mye-m.)| < e

If M is a full Z-module in F, ®(M) denotes the coefficient
ring of M. nNamely
&M = {a € F : oM< M.

We will first need to prove the following lemma concerning units. in

®&(M) which may be of independent interest.

LEMMA. M <s a full Z-module in F a real (algebraic) number field
of degree wn+l and &(M) the coefficient ring of M For all
@ =o€ F, oc[j], J =0,...,m denote the conjugates of o ordered so

that oy € R, j =0,...,n-2s, e€C, g = n-28tl,...,n-8

%31 T rsta
where s +1s the number of pairs of complex conjugates. Then there exists
an infinite sequence T = (Yk e RM), k=1,2,... ) with each Y @
wit in R(M)  such that

(i) klimwyk[jj/yk[n_s]ﬂ, J=1,...,n-s-1 (with Yk[j] = (Yk)[j] )

2. Proof of Lemma

By a theorem of Dirichlet the (multiplicative) group of units in
/(M) is generated by n-s independent units, [, p. 112] . Let

Bi’ i =1,...,n~8 be n-s independent units in ®&(M). For e > 0 it

is clear that the system of inequalities
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n-s
(2.1) | i_zl z; Zoglsi[j]/si[n-s]” <g, g=1,...,n-8-1.

e . . -8
has infinitely many (integer) solutions & = v = (vl, .. .,Un_s)e y/ka

let €, >0, k=1,2,... with lim €, =0 and let
k k
k=0
- -8 . .
Yy = (vkl”"’vk,n-s) e I be an integer solution of (2.1) for
€= g k=1,2,.... Then writing
e Vg
(2.2) by = [ B; , k =1,2,3...
1i=1

we have by construction

(2.3) kZ:z;rnw Iwk[j]/u’k[n—s]l =1,4=1,...,n-s-1.

Now we will write for all k (with ef(x) = e\—l an)

= 1 1 .
Yrriy T |"’k[g‘]| el®pi)s 5 <825 7 =0

Since wk[j] ceR, J =0,...,m-28, replacing Bi by Bi s 1 =1,.

if necessary, we may assume without loss of generality.

(2.4) ekj =0, g =20,...,n-2s.

Now the infinite set of "amplitude" vectors

0 =18 = (8, , popp 2% n-g’ k=L }

must contain at least one limit point ¢ =

(¢n-23+1’ ot "¢n-s) 2

. 1 1 .
say, with - —2-1 ¢J. 53, J = n-2s+1,...,n=-8.

vyl

If ¢ =0, then Y < wk satisfies (i) of the lemma. So we suppose

9 # 0. We may then choose an infinite subsequence of the (pk
p = 'ﬂpk 3 P = 1,2:”-
P %
such that
lim . .| = e(e.) j = n-28+1,...,n-5.
by 1opial = €055 7 :

p - oo
Finally we put
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Vi = Prer’%k -
Writing Yari = IY‘k[j]' e(¢kj) it is clear that
ltm ¢k J=n-2s + 1,...,n-s.
k - o

Of course ¢kj =0, Jj=0,...,mn=28 by (2.4).
Then we only need observe that, for J = 1,...,n-s-1,

+>1, as k » e

lYk[j]/Yk[n-s]| = Ipk+1, [j]/pk+1, [n—s]l |pk[j]/pk[n-s]|
to see that Ygr k =1,2,... satisfies (i) of the lemma.

Now the (homogeneous) simultaneous equation system

n-s

(2.5) I =; logle,

. | =0, 4=1,...,n-s-1
iZ0 7 L[J] 7,[71—8]

has at least one of the (n-s-1) x (n-s-1) submatrices of its coefficient
matrix non-singular (since the requlator is non zero). So the solution

set of (2.5) is the line, L, where

={xy :eR , and y #0, yc¢ R"®° is a solution of (2.5)}.
The set

n-s

(v, € 7% . T_B ok =1,2,...}

. -8 . .
is a subset of solutions & € Zn satisfying (2.1) and the elements are

lattice points lying "near" the line L.

n=s y,
Suppose for the present || 87:1’ # 1. Observe both x =y
1=1
n=s y.
and x = -y satisfy (2.5). Hence we may choose Yy with IIB
* =1

Then for any J > 0 there exists v, near Ay for some A > J,

establishing (ii) of the lemma. So we need only show

n-s y,
(2.6) T 81, 1, any y #0, y a solution to (2.5).
i=1
n-s y.
Suppose Tr BL . Then it follows easily that there exist solutions

=1
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n-s v.

z=2eZ"™ to (1) such that 6] = | TT 8,%|=1 and lopyql=- =18, g1
1=1

where ":" denotes equality up to any arbitrarily small fixed error.

n
But le[n—2s+j]l = [e[n_s+j]|, J=1,...,8 and 1 =J:[;ro Ie[j]l , SO
n-s

T 8
i=1

Y.
ii' = 1 = there exist irrational units 6 with all conjugates

arbitrarily near the unit circle. But this is impossible, see [3, p.137].
So (2.6) is established proving the lemma.

The following results follow trivially.
COROLLARY 1. The lemma holds with (i) replaced by

(i') lim vy
k> o

. =1, 4 =1,...,n.
k[JJ/Yk[n] s d =1, n

COROLLARY 2. Both the lemma and Corollary 1 hold with

(i) replaced by
(i2') im Y =0 -
k> o

3. Theorem

Let §=(§1,...,gn) so that 1, £ 1is a basis of F a real

number field of degree n+1. Then for any e > 0 there exist integers
m, # 0, Myseeosm 80 that

n
|m0 JE; (mo Ej_mj)l <e

Proof. Let go =1 and & v g = 0,..00m

.= (8)
(214 g [Z]
with conjugates ordered by the convention in the lemma. A 1is the matrix

A= (gfi]j P tl,d =0,...4m) .
It is well-known that det A # 0. So we may define
U= (u’l:j P, d =0,..., n) = A7,

By the row conjugate structure of A we have
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=0,...,0.

Zn+1}

U € F  and uij = (uiO)Ej] s Tyd
Thus Uppre+ sty 5 a base of the full Z-module
M= {m.ga = }:o Mo, s m= (mo,...,mn) €

We have used the notation

¢
= (U eyeeest L)
Yy 04 ng

By Corollary 1 there exists a sequence of units

r = (Yk e R(M), k

= j-th column of U, § = 0,...,".

2,250 .. ) such that

lim Y = -

k—>oo

(3.1) im vy, -./Y =1, J=1,...,n; and
L Yk Y k)
For convenience, noting %0 # 0, U € M, we write
n
|Norm un0| = | JT_'I; unj[ =v > 0.

Clearly vy, u,, € M, with |Norm 1 un0| =v, all y e T.

Let
Z(r) = {m=m e T"

lm = U r}
= DB = Y& “no® Yk €

By (3.1) and this definition

klimm Ek'ﬂj/mk'ﬂn = unj/unn s d =1....,n
(3.2") ) | |
im jmy.u | = =
k > oo _k _0
Thus for any € > 0 and K > 1 we have for all sufficiently
large k
mk'uj/mk'gn - unj/unn = e Iekjl <e, j=1,...,m
(3.2')
g > K
n n n-1
Since v = | _]:r EkEJI = I‘—k —OH—k I -]:]- I—k U /m —kl
J=0 J=1
it follows from (3.2') for all m € Z(r) with k sufficiently large
n-1
v > K| T j=1 —u /unnHEk —nl
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= o .
So mp.u, = 0(K ) and then by (3.2%)

_ -1/n
(3.3 Myt = 0(K

We note, and it is easily shown, that there are only finitely many

)y 3= 1,057, m e Z(T)(sufficiently large) k.

me Z(T) with m, = 0. So without loss of generality we suppose

(3.4) _rgel(l‘)=>m0>0
as (3.2) holds if we replace mk by '.”lk .

Now suppose 1im m, .u,/m, ., = 0 . Then writing
% - ~%"=0""k0

©

W = (wka"“’wkn) 5 wkj =m Zj/mko , Jd=0,...,n

we have by this assumption together with (3.3) and (3.4)
. _ s 4
0 # 1lim ﬂk/mko = 1lim w U =0.

k »> o k > »

By this contradiction we have shown there exists w > 0 so that

(3.5) |mk.¥0/mk0| >w, moe Z(T) , all (sufficiently large) k.
~ 1/n n n-1
v = lmesg/molIme Mt JE; | 5/, |
: n-1
1 1/n n
= v JE; 2 i Y M0 Tty 1

So by the above result and the first part of (3.2) there exists J > 0

so that
1/n . o
(3.6) |mk0 ﬂk'ﬁjl <d, j=1,...,m, m € Z(T), (sufficiently large) k.
We now define an 7 x n submatrix of U = A—J by
Uy = (uij 2 iyd = 1,...05m)
We note (and it is easily shown) that
(3.7) det U, = det U # 0.
We define, for all me Zn+1 s
_ 1/n
h(m) = |m0| (MyEg = Mysunes my £ = m )
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and note the identity

(3.8) BmU, =~ |m, 11/”

For ﬂk e Z(T) we write

‘ek:(pkl""’pkn)’ P = Ikol M3 s j=1,...5n
Then by (3.8)

Bm) Ve == 0 = 00001 Pk 2P, e Pkn, 17 -

By (3.2") pkj/pkn = unj/unn * g lekg' < e J=l,...,m(ey, = 0).
So

ﬂ(r_r%) U, = - (pkn/u Ju SPTERRPL ) pkn(ekl’ ,ekn)
and

h(m) ==l /4 )(0,...,0,1) = (6 s0sby )
since (unl""’unn) U';Z = (0,...,0,1) and we write
-1
(8, g +ves 61 = (e ponnesey,) Ui

Finally writing h(gk) = ﬁk = (hkl" ""hkn) we observe
T T o] |
'[Th.|=|ﬂ-6.p/u +§ +0 as koo
=1 kg j=1 ki'Vkn' “nn kn
since by (3.6) pkn/unn = 0(1) and by (3.2') and (3.6)

+0, J=1,...,m as k +» o .,

kJ

This completes the proof of the theorem.
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